
ON INTEGRATION OF QUASI-LINEAR PARABOLIC
EQUATIONS BY EXPLICIT DIFFERENCE

METHODS(1)

BY

J. WOLFGANG SMITH?)

Introduction. Our subject begins, in a sense, with the classic paper of

Courant, Friedrichs and Lewy [l ] on the difference equations of mathemati-

cal physics. These authors considered certain linear difference equations

which formally represent the basic partial differential equations of second

order. We would say, following present terminology, that the difference equa-

tions satisfied compatibility or consistency conditions determined by the

corresponding differential equation. The question was to determine whether

the solutions of these difference problems tend, in some sense, to a solution

of the corresponding differential problem, as the mesh size tends to zero. It

was found that this does happen, provided that the difference equation

satisfies an additional requirement which, in present terminology, would be

referred to as a condition of stability. This condition was required to establish

certain a priori estimates for the solutions of the difference problem, on the

basis of which one can prove the existence of a subsequence of difference

solutions which converges to a solution of the corresponding differential

problem. It is important to note that the existence of the latter was not as-

sumed, but rather was established by the argument.

The property of difference equations which Courant, Friedrichs and Lewy

had required, and which had led (in the parabolic and hyperbolic cases) to

certain algebraic conditions on the ratios of the mesh constants, was later

made the defining property for the notion of stability appropriate to difference

equations. This was done by Fritz John [5] in his important paper on the

integration of parabolic equations by difference methods. Roughly speaking,

Fritz John defined stability for initial value difference problems as follows:

Let there be given a sequence of lattices on which the difference problem is

defined, with mesh size tending to zero. The difference equation (which

depends on certain ratios of the mesh constants) is said to be stable if the

amplification of arbitrary initial data (in some norm) is bounded uniformly
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(') This work was done while the author was University Fellow in mathematics at Colum-

bia University. The material in this paper is contained in a thesis prepared under the direction
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425



426 J. W. SMITH [June

for all lattices of the given sequence. The importance of this stability notion

is evidenced by the theorems which follow. First it is shown that if a difference

equation is stable and compatible with a parabolic differential equation of

the given kind, and if the latter has a solution which is sufficiently regular,

then the sequence of difference solutions determined by the given initial data

will converge to the given solution of the differential problem. From this

result Fritz John derives a uniqueness theorem for the differential equation.

Finally, using again the fact that the latter may be represented by a stable

difference equation, he establishes an existence theorem for the differential

equation by an argument which is essentially that of Courant, Friedrichs

and Lewy.

The relationship between stability (in this sense) and convergence of the

difference solutions has been further investigated by P. D. Lax and R. D.

Richtmyer [7] for linear initial value problems of considerable generality.

Utilizing certain notions and theorems from the theory of Banach spaces,

these authors have proved that stability is in a certain sense a necessary and

sufficient condition for convergence of the difference solutions corresponding

to arbitrary initial data.

These papers contain the elements of a general theory of linear initial

value problems, in which stable difference equations play the central r6le.

Stability of the difference equation not only implies convergence, but what

is more, one may expect that it leads as well to existence and uniqueness

theorems for the differential equation. Furthermore we note that given a

stable difference representation and sufficiently regular coefficients, it is pos-

sible, in principle, to calculate the solution of the differential equation to any

desired degree of accuracy by solving the difference problem for a sufficiently

small value of the mesh size. The question of rounding error, which has been

much emphasized by some authors and has inspired alternative definitions of

stability for difference equations(3), need not be troublesome. If the difference

equation is stable in the present sense, and if the rounding error at each step

is accounted for by adding an inhomogeneous term to the difference equation,

the effect of the latter on the difference solution may be estimated by Du-

hamel's principle. Thus one may control the effect of rounding error by in-

creasing the number of decimal places in some inverse proportion to the mesh

size of the calculation.

The chief theoretical difficulty lies in the verification of stability, i.e. in

obtaining suitable a priori estimates for the solutions of a difference problem.

This has so far been accomplished only for some special cases, e.g. for equa-

tions with constant coefficients. For such equations one is led, by elementary

arguments, to a simple necessary condition for stability, referred to as the

von Neumann condition(4), which in many cases is also sufficient. When the

(3) See, for instance, O'Brien, Hyman and Kaplan [8].

(4) See P. D. Lax and R. D. Richtmyer [7]. See also J. Douglas, Jr. [2].
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coefficients of the difference equation are arbitrary functions of the inde-

pendent variables, these elementary methods become inapplicable, and there

exists at present no general theory which can cope with the problem. As a

matter of practical expediency, it has been found that the von Neumann

condition (or a slight modification thereof) may be applied locally to yield

adequate stability criteria, and this has led to the conjecture that a local

condition of this type is generally applicable to difference equations with

nonconstant coefficients. In spite of much effort this conjecture has so far

received verification only in two special cases(6). Apart from this, certain

techniques have been applied successfully to establish stability for certain

types of difference equations which are used in applications to physics and

engineering^).

Some attempts have been made to extend this kind of analysis to initial

value problems of nonlinear type. Perhaps the most notable result in this

connection is Fritz John's treatment [5] of certain semi-linear problems, in

which the inhomogeneous term is allowed to depend on the solution. Beyond

this, a general theoretical development along the indicated lines seems to be

missing in the nonlinear case. It is the aim of this paper to supply such a

development for a class of quasi-linear initial value problems which (in the

limit) involve partial differential equations of parabolic type. The heart of

the theory lies again in certain a priori estimates for the solutions of the

difference equation, which now depend critically on an application of a fixed

point theorem.

Specifically, we shall have to deal with a pure initial value problem for

the quasi-linear difference equation(7)

(1) w(x, t + At) = JZ cr(x, t, u; 2)w(x + rAx, t) + Ald(x, I, w; S)
r=—p

defined on a rectangular lattice 2, which consists of points (x, t) with

x = 0, +Ax, ±2Ax, • • • ,

t = 0, At, • ■ ■ , vAl ^ t,

At = AAx2.

Here p is a positive integer; X, t & Ax are positive numbers; and the unknown

function w, as well as the coefficients cr & d, are real-valued. §1 contains a

stability analysis for the given difference problem. In the succeeding sections,

(6) Fritz John [5] and Peter Lax [6],

(6) Many linear hyperbolic problems of mathematical physics may be handled by the

stability theorem of K. O. Friedrichs [4] for positive operators. J. Douglas, Jr. [3] has estab-

lished the stability of an implicit difference scheme for the numerical solution of mixed bound-

ary-initial value problems involving quasi-linear parabolic equations. See also M. E. Rose [9].

0) The case where the coefficients C do not depend on u has been fully investigated by

Fritz John [5].
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equation (1) is regarded as representing a quasi-linear partial differential

equation of parabolic type. Convergence of the difference solutions is estab-

lished in §2. Existence and uniqueness theorems for the differential equation

are obtained in §3. According to the author's knowledge of the literature, the

conditions involved in these theorems are not covered by previously known

results.

1. Local stability. Let the quantities X, t & Ax be given. This determines

a lattice 2. Let X denote the set JO, + Ax, ±2Ax, • • • } and let 21 & S3 de-
note, respectively, the class of real-valued functions defined on X & 2. Given

an element v in 21, one can solve(8) Equation (1) on 2, subject to initial

values v. This determines a unique element u of 33, and defines thus a trans-

formation F of 21 into 33. Given an element u of 33, we define its norm:

||«|| = l.u.b. { \u(x,t)\ },
(x,t)es

the norm being infinite when the least upper bound does not exist. Let j3

denote a set of (p + 1) positive numbers ft, ft, • • • , ft. We define a subset

33(/3) of S3 by the conditions

(1.1) •   ||^n)|| SA., » = 0, 1, • • ■ ,p;

where(9)
(n) 1    " / n\

ux"(x,t)=-X) (-!)'(      )u(x+vAx,t).
Ax" ,=o \v/

Let v be an element of 21 and u an element of 33. Substituting u into the

coefficients of Equation (1), one obtains a linear difference equation which

can be solved on 2 subject to initial values v. This determines a transforma-

tion Sv of S3 into itself. We can now state a result which is basic for the sub-

sequent discussion.

Lemma 1. Let v be an element of 21. If

(1.2) S,[33(ft] C S3(ft,

then Tv belongs to S3 (ft).

One easily sees that Tv belongs to 33(ft) if and only if Sv has a fixed point

in 33(j3), and the lemma is therefore essentially a fixed point theorem. In the

special case of explicit difference equations, with which we are presently

concerned, it turns out to be a trivial fixed point theorem, as will be apparent

from the argument(10) given below. For general implicit difference equations,

(8) It will be assumed, for simplicity, that the coefficients C & d are defined and real-valued

for all real values of u.

(9) The quantity u" is the Mth divided difference of u, multiplied by n\.

(10) This argument was suggested to the author by the referee.
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on the other hand, the corresponding result is essentially equivalent to the

Brouwer theorem, and may be established with its aid(u)-

To prove the lemma, let us set w=Tv and suppose that

(1.3) | wfXx, (v ~ 1)A/) |   ^ ft,, w = 0, 1, • • •,/>;

for all x^X and for some integer v such that 0<vAt^r. It is clear from

Equation (1.2) that Equation (1.3) holds for at least v = l. Let w be an arbitrary

function in 33(/?) which coincides with w for t = (v — l)At. The function Svu

will then coincide with w for t = vAt. By Equation (1.2) it follows that

| wxn (x, vAt) |   ^ fin, n = 0, 1, ■ ■ ■ , p;

for x(£X. By induction we conclude that w belongs to 93((3), as was to be

proved.

Let a denote a set of (p + 1) positive numbers ao, _i, • • • , ap; and let

21(a) denote the subset of 21 which is determined by the conditions

\\vx" || _i «„, n = 0, 1, • ■ ■ , p;

where

\\w\\ = l.u.b. { | w(x) | } for w G 21.
XSX

A slight generalization of the ordinary stability concept for difference equa-

tions may now be stated in the following terms (l2): Let there be given a

sequence of lattices 2 with A & r fixed and Ax tending to zero. It will be re-

membered that the sets 21, S3, etc. and the transformation T are functions of

2. Given a, one requires that there exist a /3 independent of Ax such that

(1.4) r[2I(«)]CS8(/3)

for all 2 of the given sequence. This is a property which a difference problem

may have for certain values of X and r. Unfortunately no such values will

exist for general quasi-linear difference problems of the given type, and one

is therefore led to reformulate the stability condition along the following

lines: Given a, there shall exist a & and positive numbers X* & r*, all inde-

pendent of Ax, such that Equation (1.4) is satisfied for every lattice 2 with

X^X* and t^t*. Since r, in particular, is restricted by a choice of a, the

theory will assume a local character which is entirely analogous to the classi-

cal theory of nonlinear ordinary differential equations. Stability, in this

sense, may therefore be referred to as local stability. Although the essential

(") See §1 of the author's thesis: Stability of quasi-linear difference equations, Columbia

University, 1957. Here one must assume that the cr & d depend continuously on u.

(12) Ordinary stability corresponds roughly to the case p = Q. The reason for considering

general ^-values will presently be pointed out.
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idea of local stability is contained in the statement as given, we shall prefer

a slightly stronger and more elaborate definition of this term, for reasons

which will become apparent in the next section.

Before stating the definition in its final form, we would like to point out

the general significance of Lemma 1 for the stability theory of quasi-linear

difference equations. Let LM denote the transformation of 21 into 33 which

maps an element v in 21 on Svu, where u is a fixed element of S3. We ask now

whether, for an arbitrary value of a, there exist quantities ft X* & r* inde-

pendent of Ax such that

(1.5) Fu[2t(a)]C33(ft

for all 2 with X^X* & tSt* and all u in S3(ft. This is a problem in the

stability theory of linear difference equations. If the quantities ft X* & r*

exist, then, according to Lemma 1, the quasi-linear difference problem will be

locally stable in the present sense. The theorems which must be applied to

establish the existence of ft X* & t* will frequently assume that the coeffi-

cients of the linear difference equation representing Lu are defined at all

points (x, t) in a continuous region of the plane and have bounded derivatives

in x up to some positive order p. We cite Fritz John's Theorem 3.1 (13) as an

example corresponding to the case p = 2. It is for this reason that a compre-

hensive study of quasi-linear difference problems along the present lines will

require Lemma 1 in its full generality. For the remainder of this paper we

shall be concerned with the special case(14) p = 0, which is not only of some

interest in itself, but suggests also methods and results which can be expected

to hold in the general case.

To state the notion of local stability in its final form, one requires linear

operators F„,m mapping 21 into S3 which are analogous to certain operators

defined by Fritz John. Let cTu & du denote, respectively, the functions of

x, t & 2 which result when a given element u of 33 is substituted into the

coefficients C & d of Equation (1). Let v be an arbitrary element of 21 and

let m be a non-negative integer. The operator Lu,m maps v on w, where w

shall satisfy the homogeneous equation

(1.6) w(x, I + At) = X) cruix, t; 2)w(x + rAx, /)
r

at points of 2 with t^mAt, and shall assume values

I v(x)    for / = mAl,
w(x, t) => <

10        for / < mAl

at the remaining points of 2. Let 8(X*, r*, Ax*) denote the class of rectangular

(») Fritz John [5, p. 166].
(") The sets a & 0 will consist now of a single element, and it will simplify the notation to

identify a & (3 with ao & ft, respectively.
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lattices 2 with A^X*, t^t* & AxgAx*. The quasi-linear difference equation

(1) is henceforth called locally stable, when the following two conditions are

satisfied: Given /3>0 and Q>1, there exist positive numbers X*, r** & Ax*

such that

(i.7) ||-_._»|| _: elMI
for 2GS(X*, r**, Ax*), wG©(/3), *>G2I & m^O. There exists also a positive

number y, such that

(1.8) max {||c„||, \\du\\} g y
IrISp

for 2G?(A*, r**, Ax*) & «GSfj8).
The connection between local stability and the condition stated earlier is

given by the following result.

Lemma 2. Let Equation (1) be locally stable. Given a, there exist positive

numbers 8, X*, t* & Ax* such that Equation (IA) holds for every lattice 2 in

8(A*, t*. Ax*).

To show this, we note first that the solution Luv of the inhomogeneous

equation can be written in the form

(1-9) LUV   =   Lu,oV +  At JZjLu.mdu,m-l,
m>0

where du,m denotes the function in 21 which assumes values du(x, mAt; 2) on

X. Given a positive number a, we choose 8>a and Q>1 such that Qa.<8.

If Equation (1) is locally stable, one may apply Equations (1.7), (1.8) and

(1.9) to obtain

\\Luv\\ ^ Q(a + ry)

for 2G?(X*, r**, Ax*), WG9303) & »G2t(a). Equation (1.5) holds now for

2G?(X*, r*, Ax*) & wG93(/3), where

t* = mm <t**, -> .
X Qv    J

This implies by Lemma 1 that Equation (1.4) is satisfied for

2 G 8(A*, t*, Ax*).

We consider now an important difference equation for which local stabil-

ity can be established by elementary methods.

Lemma 3. Let the difference equation^)

(1.10) ut(x, t) = ao(x, t, u; Z)uxx(x — Ax, t) + ax(x,X, u; _)„*(„, t) + a2(x, I, w;2)

(16) wt denotes the forward divided difference in t; wxx &wx denote w,   & w,  , respectively.
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be defined for 2G?(X', r', Ax'). Given /8 > 0, we assume that there exist positive

numbers y & 5 < 1 such that

(1.11) max { | o,-(x, /, u; 2) | }  ^ y [&] a0(x, I, u; 2) ^ 5
i

identically for \u\ SP- Equation (1.10) is then locally stable.

Equation (1.10) has the form of Equation (1), with coefficients given by

r r r

c   = Co + Axcx,

Co = So + X(5i — 2So + 5_i)ao,

(1'12) '       MS       ftcx = \{ox — dojoi,

d = a2.

Given l3>0 & Q>1, we setX* = min {X', y~1(l-b)/2} & t**=t'. By Equa-

tions (1.11) and (1.12),

c0(x, t, u; 2) ^ 5 [&] ct\x, t, u; 2) ^ X5

for 2G?(X*, t**, Ax') & wG33(j3). Hence there must exist a positive number

Ax*^Ax' such that C(x, t, u; 2)^0 for 2G2(X*, r**, Ax*) & mG33(/3). For

2 & u thus restricted, the operators Lu,m may be estimated as follows: From

Equation (1.6) one obtains

| w(x, t + At) |   S \ X) I c» I [ 1-u.b. { | w(x, t) | } ■
I   r )      zeX

Since the coefficients c£ are now non-negative, we have by Equation (1.12)

y,r |ej,| =1, which implies

||f«,^|| s \\v\\ <q\\v\\.

The remaining condition of local stability is obviously satisfied.

2. Convergence of the difference solutions. Let there be given a quasi-

linear parabolic differential equation

du d2u du
(2.1) — = a0(x, I, u) —- + ax(x, t, u)-1- a2(x, I, u)

dt dx2 dx

for which the coefficients a; are defined on the region 9t: — °o<x<co,

OStSTo, — °o <u< oo. In this section it will be assumed that Equation (2.1)

has a solution u(x, t) which is sufficiently regular. We shall establish condi-

tions which imply that the solutions u(x, t; 2) of Equation (1), determined

by initial values u(x, 0), will converge to u(x, t) as Ax tends to zero.

A first set of conditions is obtained in the following way. Let the functions
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du    d2u    du
u, — t -> —

dx     dx2    dt

be uniformly continuous and bounded on the infinite strip 7?(r0): — °° <x

< oo, O^j^T0. One then obtains by Taylor's theorem

du(x, t)       1 d2u(x, t)
(2.2) u(x + rAx, t) = u(x, t) + rAx-\- — r2Ax2-L-!— + o(Al),

dx 2 dx2

du(x, y)
(2.3) w(x, t + At) = u(x, t) + At-— + o(Al).

dt

Substituting these expressions into Equation (1), one obtains

du       I 1  _,   1        ) d2u        7   1    _      ) dw

dt       U   ,     2       j dx2        lAAx   ,       j dx
(2.4)

+  j~ £ (c ~ 3ro)| u + d+ e(At),

where e(At) denotes a function which tends to zero with At, uniformly on R(rj).

We may regard Equation (2.4) as holding at every point (x, t) of a lattice 2,

the coefficients C & d being evaluated at the points (x, t, u(x, t); 2). In order

that Equation (1) should represent the given differential equation as Ax tends

to zero, one requires that

— __ — r2cr = a0,

<2-5) Jj™ ■ T7~ ^ rcr = ai f&] d{-x' l> u; 2) = fl2(*' '• u)'
KiXX     r

-J1Z(^-«o)=0.
. XAX2    r

Following Fritz John, we shall suppose that the coefficients C are given in

the form

(2.6) c (x, t, u; 2) = Co(x, t, u, X) + Axei(x, /, w, X) + Ax c2(x, t, u, X, Ax)

where the functions c\ are defined for (x, t, w)G9t, and

(2.7) lim c2(x, t, u, X, Ax) = c2(x, t, u, A, 0),
Al-»0

uniformly when w is bounded. We assume further that the coefficient d does

not depend on 2. Equations (2.5), (2.6) and (2.7) lead to the relations
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/„ — r co(x, I, u, X) = \a0(x, I, u),
r        2

X) rc0(x, I, u, X) = 0,
r

X Co(*, *, M, X)   =   1,

(2-8) '     ,.
2^, rcx(x, I, u, X) = Xai(x, /, u),

T

2^, c\(x, t, u, X) = 0,
r

X) c2(x, I, u, X, 0) = 0,
r

d(x, t, u; 2) = a2(x, /, u)

which are referred to by Fritz John as the compatibility conditions ior Equa-

tion (1).

Given a lattice 2, one may solve Equation (1) on 2, subject to initial

values u(x, 0), and determine thus an element w(2) in 33. The given function

u(x, t), defined on R(to), may likewise be regarded as an element u in 33

when tSto- The solutions m(2) of Equation (1) are said to converge locally

and uniformly to the function u(x, t), if there exist positive numbers X* & t*

Sto and a function e(Ax) tending to zero with Ax, such that ||w(2) — w||

^e(Ax) for 2G2(X*, r*, Ax). Let 3t(ft) denote the following subset of

9?: -oo <x<°o, O^r^ro, -fiSuSP.

Theorem I. Let the coefficients ai of Equation (2.1) satisfy a Lipschitz con-

dition in u, uniformly on every subset 9?(ft)(16). Let u(x, t) be a solution of

Equation (2.1) for which
du    d2u    du

(2.9) u, —, -, —
dx    dx2     dt

are uniformly continuous and bounded on R(to). Let the difference equation (1)

be locally stable and satisfy the compatibility conditions (2.8) identically. The

solutions w(2) of Equation (1), determined by initial values u(x, 0), will then

converge locally and uniformly to u(x, t).

To prove the theorem, we note first that there exists a positive number

a such that \u(x, t)\ See on R(t0). One can select numbers /3>a and Q>1

such that Qa<!3. Since Equation (1) is locally stable, there exist positive

numbers X*, t**St0 & Ax* such that

(2.io) II£».«»!I ^ Qh\\

(16) This means that there exists a positive number L such that | o,-(*, /, u+w) —ai(x, I, u) \

■&L\w\ for (*, /, «)Gffl(0).
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for 2G£(A*, t**, Ax*) & wG93(|S). It follows again (17) by Lemma 1 that there

exists a positive number r* ^t** such that w(2) belongs to 33(/3) for every 2 in

8(X*, r*, Ax*). We agree henceforth that all equations, whose terms depend

on 2, are asserted to hold for every lattice in 8(X*, t*, Ax*). Thus we may

say, by the second condition for local stability, that there exists a positive

number y such that

(2.11) max{||c„||, ||cu(S)||, ||_u||, ||-«<_)||} = y.
Id_p

The regularity conditions on w(x, t) imply that Equations (2.2) and (2.3)

are satisfied. Using Equations (2.2), (2.7), (2.8) and (2.11), one obtains

JZ cu(x, t; 2)w(x + rAx, t)

I d2u du)
= u(x, t) + At\ao(x, t, u(x, t))-h ai(x, I, u(x, t)) — > + o(Al).

{ dx2 dxj

Since u(x, t) satisfies Equations (2.1) and (2.3), this becomes

(2.12) u(x,t + At) = JZ Cu(x, t; 2)w(x + rAx, /) + Atdu(x, t; 2) + o(At).
r

Subtracting Equation (2.12) from Equation (1), one obtains

Su(x, t + At) = JZ cu(s)(x, t; 2)6w(x + rAx, /)
(z.lo) r

+ JZ 8cr(x, t; 2)w(x + rAx, /) + Atod(x, t; 2) + o(Al)
r

where

Su = w(S) — w,
r r

Scr =  CUCE)  — Cu,

bd = du(2) — du.

It will be necessary to obtain suitable estimates for the second group of

terms on the right side of Equation (2.13). For this purpose we use Equation

(2.2) once more, to obtain

JZ ScT(x, t; 2)w(x + rAx, t)
r

S-^   (      r r 2r)(' du 1       2        2   d2U \
= 2_ [Sco + AxSci + Ax 8c2) <u + rAx-1-r Ax-\- o(At)> >

r ( 3x       2 dx2 J

where the 5c[ are defined in the obvious way. Applying again the compatibility

conditions (2.8), one finds that the terms of zero'th and first order in Ax

(n) See proof of Lemma 2.
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vanish, and what remains is

I      d2u du)
AlUao-h oax — > + o(At),

{      dx2 dx)

where the 5a,- are functions of x, t & 2, determined by the relation

8ai = {ai(x, t, u(x, t; 2)) — at(x, t, u(x, I))}.

The functions bu therefore satisfy an equation

(2.14) 5u(x, t + At) = X Cumix, I; 2)5m(x + rAx, *) + Ale + o(At)
r

with initial values zero, where

d2u du
e = Sao-h oax-h od.

dx2 dx

So far u, m(2) & bu have been regarded as given elements of S3, and it has

been shown that bu satisfies Equation (2.14) with certain initial values. We

shall now set

Sai(x, t, w) = {aj(x, /, u(x, t) + w) — a,(x, t, u(x, t))\

and regard 5a,- as a function of x, t & w, where w is an arbitrary element of 33;

and we do likewise for 5d. The term e becomes thus a function of x, t & w.

Let v denote the zero element of 21, and let S„ denote the transformation of 33

into itself which maps w on w', where w' is determined by the linear equation

(2.15) w'(x, t + Al) = Y, cum(x, t; 2)w'(x + rAx, t) + Ate(x, I, w) + o(At)
r

and initial values v. If w is replaced by w' in Equation (2.15), there results

a quasi-linear difference equation which determines a transformation F of

21 into S3. The given function bu satisfies Equation (2.14) with initial values

v, which implies that 5m = Tv. We are now ready to apply Lemma 1 once

more to obtain the desired estimate for bu. For this purpose we note that the

term o(At) has the form A/e(x, t; 2), where e(x, t; 2) is majorized by a mono-

tone function e(Ax) which tends to zero with Ax. The bound for Sv may now

be estimated in terms of the given bounds for the original operators F„,OT.

Applying Equations (2.10) and (1.9), one obtains

||S>|| S Qr\\e(x, t, w) + e(x, t; 2)||.

Since the coefficients a< satisfy a Lipschitz condition in u, uniformly on

3t(/3), and the quantities (2.9) are bounded on R(t0), there exists a positive

number k such that ||e(x, t, w)\\ Sk\\w\\. Hence

||S,w|| S Qr{k\\w\\ +e(Ax)}
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which implies that

S.[»(e(A_))] C S3(«(Ax))

for2G8(A*,r*, Ax), where r* = min {t*, (Q(k + 1))~1}. It follows by Lemma 1

that ||7\>|| ^e(Ax) for 2G?(A*, r*, Ax), as was to be proved.

3. Uniqueness and existence theorems for parabolic equations. With the

differential equation (2.1) we now associate the difference equation

(3.1)     w*(x, l) = ao(x, t, u)uxx(x — Ax, t) + ax(x, t, u)ux(x, t) + a2(x, t, u)

which is a special case of Equation (1.10). Equation (3.1) satisfies the com-

patibility conditions (2.8) and is locally stable, by Lemma 3, provided Equa-

tions (1.11) are satisfied. Theorem I leads then to a local uniqueness theorem

for the parabolic equation (2.1), by a simple argument which is due to Fritz

John(18). Let w(x, t) he a solution of Equation (2.1) for which the quantities

(2.9) are uniformly continuous and bounded on R(rj), and let the coefficients

a, satisfy the required Lipschitz condition. There exist then, by Theorem I,

positive numbers X* & r* such that ||w(2)—w|| tends to zero with Ax for 2

in 8(A*, Tif, Ax). Let (x, t) be a point of R(rj). One can choose a sequence

{2„} of lattices with 2, in S(A*, t*, Ax,) and Ax„ tending to zero, such that

(x, t) belongs to 2, for every value of v. Since w(x, t; 2,) is uniquely determined

by the initial values u(x, 0) and

u(x, t) = lim w(x, /; 2,),
P—.0B

one obtains the following result:

Theorem II. Let the coefficients a< of Equation (2.1) be bounded and uni-

formly Lipschitz continuous in u, and let ao be positive and bounded away from

zero, on every subset 9i(/3) of di. Let u(x, 0) be defined for — co <x< oo. There

exists a positive number r*^ro such that the initial values u(x, 0) uniquely

determine a smooth solution of Equation (2.1) on R(rj). This means, more pre-

cisely, that there can exist at most one solution u(x, t), defined on 7?(r*) aw^ as-

suming the given initial values, for which the quantities (2.9) are uniformly

continuous and bounded on R(rj).

We proceed now to establish a local existence theorem for quasi-linear

parabolic equations, using the fact that the differential equation can be ap-

proximated by a difference equation which is locally stable. This has been

carried out by Fritz John for the linear case(19), and our argument will deviate

from his only in the method whereby the difference solutions w(2) and their

divided differences are estimated. This is done in the quasi-linear case by

application of Lemma 1.

(ls) Fritz John [5, p. 171].

(") Fritz John [5, Theorem 4.1, p. 175].
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Let Ci(r) denote the class of functions g(x, t), for which

d'g
— , 1-0,1,...,*;

are uniformly continuous and bounded on R(t). Let E* denote the class of

functions g(x, t, u), for which

dl+mg

———> l + m = 0, 1, • • • , i;
dxldum

are uniformly continuous and bounded on every subset $R(ft of 9f.

Theorem III. Let the coefficients a,- of Equation (2.1) belong to E6, let ao

be positive and bounded away from zero on every subset 5R(j3) of di, and let the

quantities

dao       dai       da2

dt dt dt

belong to S°. Let u(x, 0) belong to C6(0). There exists a positive number t' Sto

and a solution u(x, t) of Equation (2.1), which belongs to C(t') and assumes

the initial values u(x, 0).

Before proving this result, it will be convenient to introduce a new lemma.

Lemma 4. Let g(x, t, u) belong to Ep, and let X", r" Sto, Ax", ft, ft, • • • , ft
be positive numbers. Let 2 be an arbitrary lattice in 8(X", r", Ax"), let (x, t) be

a point o/2 and w(y) a function defined for y = x, x+Ax, • • ■ , x+pAx; such

that

| wj (x) |   S ft, j = 0, 1, • • • , p.

Let h(y) denote the function g(y, t, w(y)). There exists a positive number M,

independent o/2, (x, /) &w(y), such that \h{f\x)\ SM.

This follows by an elementary argument which we relegate to the ap-

pendix.

With the differential equation (2.1) we associate again the difference

equation (3.1). The latter may be solved on every lattice 2 with tSto, subject

to initial values u(x, 0), and determines thus a function u(x, t; 2). We shall

establish first the existence of positive numbers X', t', Ax', ft), ft, • • • , ft

such that

(3.2) \\u?(2)|| S ft, / = 0, 1, • • • , 6

for 2G8(X', t', Ax'). We then obtain bounds for certain additional differences

of m(2), and apply this information finally to establish the existence of u(x, t)

on R(t').
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Since w(x, 0) belongs to C°(0), there exists a positive number a0 such that

|w(x, 0)| |a0 identically. Equation (3.1) clearly satisfies the conditions of

Lemma 3 and is therefore locally stable. It follows by Lemma 2 that there

exist positive numbers Bo, A*, t*^t0 & Ax*, such that ||w(2)|| ^Bo for

2GS(Ao*, t0*, Ax*).

We shall show now that w^(2) satisfies a difference equation

0')
wt(x, t) = ao  (x, t, w; 2)wM(x — Ax, /)

+ ax  (x, I, w; 2)wx(x, t) + a2  (x, t, w; 2).

This is clearly the case for w£0)(2), which is determined by Equation (3.1).

In general, let us suppose that w^(2) satisfies an Equation (3.3) tor j = q.

Then w!j?+1)(2) will satisfy the difference equation

wt(x, t) = a0  (x, t, ux  ; X)wxx(x — Ax, t)

.       /    (9),       ,        (9)     _,      .       A (9) (3) 1
/     .s + \ai   (x, t, ux   ; 2) -\-■ a0   (x, /, ux   ; 2) > wx(x, I)
(3.4) ( Ax )

+ <-a2  (x,t,ux   ; 2) + ux  (x + Ax, I; 2.) -ax   (x,t,ux   ;2)>,
l Ax Ax J

where A/Ax denotes the "total" difference operator, defined by the functional

equation

A 1
-f(x, t, w(x, t)) = - \f(x + Ax, t, w(x + Ax, t)) — f(x, t, w(x, t))\.
Ax Ax

We now replace w£s)(x+Ax, t; 2) by {w^x, /; 2)+Axw} in the expression for

(A/Ax)a1to) and regard uxQ) as a given function of 2 & (x, t). The coefficients of

Equation (3.4) thus become functions of 2, (x, t) & w, which we denote by

a(«+D  The funct;on M^+D(S) then satisfies Equation (3.3) lor j = q + 1.

We suppose now that there exist positive numbers Bo, Bi, • • • , Bq, A*, t*

^to & Ax* such that

||wf(2)|| ^ Bi, j = 0, 1, • • • , q;

lor 2G2(A*;, r*, Ax*). Let the coefficients at of Equation (3.1) belong to

_«+1, and let w(x, 0) belong to Cq+1(0). We would like to show that Equation

(3.3) for j = 0 + 1 is locally stable. This difference equation is defined for 2 in

%(\, t„, Axa) and the coefficients depend continuously on w. Since

a0      (x, I, w; 2) = ao(x, /, w(x, t; 2))

and |w(x, t; 2)| = Bo identically for 2G£(X*, t*, Ax*), a05+,) is certainly posi-

tive and bounded away from zero. Let a positive number B be given. We
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show that there exists a positive number y such that

max { | a,      (x, t,w;Z)\\ g y
i

identically for \w\ SP- Let 2 be an arbitrary lattice in £(X*, r*, Ax*), let

(x, t) be a point of 2 and w a real number such that \w\ SP- We define a func-

tion w(y) for y = x, x+Ax, • • • , x + (g + l)Ax; such that

w» (x) = ux (x, t; 2),       j = 0, 1, • • • , g;       a>„     (x) = w.

Then af+1\x, t,w;\Z) is a linear function of the quantities

(3.5) (—J aj(x, I, w(x)), j = 0,1, 2; p = 0,1, • • • , q+ 1;

with coefficients whose bounds do not depend on 2, (x, t) & w. It remains

then to establish similar bounds for the quantities (3.5). But this is an im-

mediate consequence of Lemma 4, since the coefficients at belong to £p for

pSq + i- The local stability of Equation (3.3) for j = q + l may now be in-

ferred by Lemma 3.

Since w(x, 0) belongs to C3+1(0), there exists a positive number aq+i such

that |w!i?+1)(x, 0)| Sctq+i identically. The function «^+1>(2) satisfies a locally

stable difference equation and assumes initial values ux+1)(x, 0). It follows by

Lemma 2 that there exist positive numbers ft+i, X*+i^X*, t*+i^t* & Ax*+J

gAx*, such that ||«?+1)(S)|| gft+, for 2G?(X*+1, r*+1, Axa*+1).

This consideration shows that, under the assumptions of Theorem III,

there exist positive numbers X', t'Sto, Ax', ft, ft, ■ ■ • , ft such that Equation

(3.2) holds for 2G?(X', t', Ax'). We agree henceforth to consider only lattices

2 belonging to this class. Our next task is to obtain bounds for the quantities

wi(2), «(x(2), • • • , u,xxxx(2), UuCZ).

The estimate for m((2) is obtained directly from Equation (3.1), since m(2),

ux(/Zi) & uxx(2) are bounded by ft, ft & ft, respectively, and the coefficients

a,- belong to S°. Operating on both sides of Equation (3.1) by A/Ax, one ob-

tains an equation for m(i(2). Since the quantities w(2), mx(2), mxi(2) & mim(2)

are bounded by ft, ft, ft & ft, respectively, and the coefficients a, belong to

S1, one obtains an estimate for m(i(2). In this way one can estimate utxx(S),

M(xzx(2) & Mixxxx(2). Finally one operates on both sides of Equation (3.1) by

the "total" difference operator A/At, which yields an equation for tt«(2).

Since estimates for w(2), Mx(2), uxx(L), m((2), m«x(2) & m(xx(2) are known, and

the functions da{/dt belong to E°, one obtains an estimate for w(i(2).

From this point the proof proceeds exactly as in the linear case, and the

argument becomes identical with that of Fritz John [5, pp. 174-175]. One

can select a sequence {2„} of lattices in 8(X', r', Ax') such that 2„ is a subset
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of 2m for n<m, and the union 2W of all these sets is everywhere dense in

R(t'). Since the functions w(x, t; 2„) are uniformly bounded and 2M is denu-

merable, there exists a set 5 of positive integers w such that

(3.6) lim    u(x, I; 2n) = w(x, t)
n6<S;n—»«

exists on 2W. It follows from the uniform boundedness of ux(2j) that

(.x'—z) IAxn

u(x', t; 2„) - w(x, t; 2„) = Ax„     JZ     ux(x + (v - l)Ax„, /; 2„) = 0(x' - x),
F-l

where (x, /) and (x', t) are points of 2W and w is large enough to insure that

w(x, /; 2„) and w(x', t; 2n) are both defined. This implies by Equation (3.6)

that

«(x', t) — u(x, I) = 0(x' — x) on 2a,.

By a similar argument, utilizing the uniform boundedness of w<(2„), one

obtains

w(x, I') — u(x, f) = 0(f — t) on 2„.

Since w(x, t) is thus uniformly continuous and bounded on ~E„, it can be

continued into the whole set R(r') such that the resulting function (which

we again denote by w(x, t)) belongs to C°(t').

From the uniform boundedness of „M(Z„) it follows that

w(x', /; 2„) — u(x, t; 2„)
(3.7) ,-A^A = Ux{Xj t] 2n) + 0(x' - x),

X   — X

where (x, t) and (x', t) belong to 2M and w is sufficiently large. Since the left

side of Equation (3.7) tends to a limit as w tends to infinity through values

in S, the right side does likewise. Regarding the right side as a function

F(x', n; x, t), one can write

lim    F(x', n; x, t) = G(x'; x, t).
neS;n—»«

Now let {x„} be a sequence tending to x, such that (x„ t) belongs to 2M for

all v; and let a positive number e be given. There exists an integer M such

that | 0(x, — x) ] <e/3 for v> M and w sufficiently large. For v, p> M one has

| G(xy; x, t) — G(xll; x,t)\  =     lim     | F(x„ n; x, t) — F(x„, n; x,t)\  ^ 2e/3 < e,
ne<S;n—>«

which shows that {0(x,; x, /)} is a Cauchy sequence. Let v(x, t) denote its

limit. One easily verifies that

lim    ux(x, t; 2„) = v(x, t).
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From the uniform boundedness of Wxx(2„) and utx(2n) one concludes again

that v(x, t) is uniformly continuous on 2„, and that it may consequently

be extended to a function of class C°(t'). It follows by Equation (3.7) that

u(x', l) — u(x, t)
- = v(x, t) + 0(x' — x)

for (x, /) and (x', t) in 2M. By continuity of u(x, t) and v(x, t) this equation

holds for all (x, /) and (x', t) in F(r'), and one concludes that

du(x, i)
- = v(x, l) on R(t').

dx

Proceeding in this manner, one can prove that the quantities

«Xx(2„),    Wxxx(2„),    Uxxxx(2n),    M((2„)

converge respectively to the corresponding derivatives of u(x, t), which be-

long to C°(t'). Hence u(x, t) belongs to C*(t') and du/dt belongs to C°(t').

From the difference equation (3.1) one concludes by passage to the limit that

u(x, t) satisfies the differential equation (2.1) on 2„, and therefore on R(t').

This completes the proof of Theorem III.

The same argument leads to a more general result, viz.

Theorem IV. Let the coefficients ai of Equation (2.1) belong to S9+2, where

q 2; 2; let ao be positive and bounded away from zero on every subset 9£(ft of Sfi,

and let the quantities dat/dt belong to 6°. Let u(x, 0) belong to Cq+2(0). There

exists a positive number t' Sto and a solution u(x, i) of Equation (2.1), which

belongs to C"(t') and assumes the initial values u(x, 0).

Appendix. Proof of Lemma 4. Let u(y) denote the pth order polynomial

which coincides with w(y) at the points x, x+Ax, • • • , x+pAx. Let f(y)

= giy, t, u(y)). Since g belongs to (£p, f(y) has a continuous pth derivative.

Hence there exists a number z in (x, x+pAx) such that

,<*>,,      d"f(z)
ky    ix)  = —-" •

dy"

But the expression on the right is a polynomial in the quantities

d'g d"u(z)
-->    -> cx + /3 = v; v = 0, 1, • • • , p;
dxadu<1 dy"

the partial derivatives of g being evaluated at the point (z, t, u(z)). Since g

belongs to S>, the desired estimate for hvv)(x) will follow when it has been

established that the quantities

du(z) dpu(z)
(1) u(z), ——-, • • ■,—-

dy dyp
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have bounds which depend on Bo, Bi, ' ' ' , Bp & Ax" alone.

Since w(y) is a polynomial of degree p, one obtains

r-r>                                   dPuiy) ip)< \       t      n
(2) -= wv  (x)       for all y,

dyp

which implies

d*u(z)

A/A   =^'dy"

Since u(y) has a continuous derivative of order (p — 1), there exists a number

z' in (x, x + (p — l)Ax) such that

do-^z') (p_d
-    =    Wy (X).

dy1^1

It follows now by (2) that

dp-^y)
-   = Bp-i + pAx"BP        for all y in (x, x + />Ax).

ay"-1

Continuing in this manner one obtains the desired bounds for the quantities

(1).

Bibliography

1. R. Courant, K. O. Friedrichs, and H. Lewy, Uber die partiellen Differenzengleichungen

der mathematischen Physik, Math. Ann. vol. 100 (1928) pp. 243-255.
2. J. Douglas, Jr., On the relation between stability and convergence in the numerical solution

of linear hyperbolic and parabolic differential equations, J. Soc. Indust. Appl. Math. vol. 4 (1956)

pp. 20-37.
3. -, On the numerical integration of quasi-linear parabolic differential equations,

Pacific J. Math. vol. 6 (1956) pp. 35-42.
4. K. O. Friedrichs, Symmetric hyperbolic linear differential equations, Comm. Pure Appl.

Math. vol. 7 (1954) pp. 345-392.
5. F. John, On integration of parabolic equations by difference methods, Comm. Pure Appl.

Math. vol. 5 (1952) pp. 155-211.
6. P. Lax, Difference approximation to solutions of linear differential equations—an operator

theoretical approach, Lecture Series Symposium on Partial Differential Equations, University of

Kansas, 1957.

7. P. Lax, and R. D. Richtmyer, Survey of the stability of linear finite difference equations,

Comm. Pure Appl. Math. vol. 9 (1956) pp. 267-293.
8. G. G. O'Brien, M. A. Hyman and S. Kaplan, A study of the numerical solution of partial

differential equations, J. Math. Phys. vol. 29 (1951) pp. 223-251.
9. M. E. Rose, On the integration of non-linear parabolic equations by implicit difference

methods, Quart. Appl. Math. vol. 14 (1956) pp. 237-248.

Columbia University,

New York, N. Y.


