ON INTEGRATION OF QUASI-LINEAR PARABOLIC
EQUATIONS BY EXPLICIT DIFFERENCE
METHODS(Y)

BY
J. WOLFGANG SMITH(?)

Introduction. Our subject begins, in a sense, with the classic paper of
Courant, Friedrichs and Lewy [1] on the difference equations of mathemati-
cal physics. These authors considered certain linear difference equations
which formally represent the basic partial differential equations of second
order. We would say, following present terminology, that the difference equa-
tions satisfied compatibility or consistency conditions determined by the
corresponding differential equation. The question was to determine whether
the solutions of these difference problems tend, in some sense, to a solution
of the corresponding differential problem, as the mesh size tends to zero. It
was found that this does happen, provided that the difference equation
satisfies an additional requirement which, in present terminology, would be
referred to as a condition of stability. This condition was required to establish
certain a priori estimates for the solutions of the difference problem, on the
basis of which one can prove the existence of a subsequence of difference
solutions which converges to a solution of the corresponding differential
problem. It is important to note that the existence of the latter was not as-
sumed, but rather was established by the argument.

The property of difference equations which Courant, Friedrichs and Lewy
had required, and which had led (in the parabolic and hyperbolic cases) to
certain algebraic conditions on the ratios of the mesh constants, was later
made the defining property for the notion of stability appropriate to difference
equations. This was done by Fritz John [5] in his important paper on the
integration of parabolic equations by difference methods. Roughly speaking,
Fritz John defined stability for initial value difference problems as follows:
Let there be given a sequence of lattices on which the difference problem is
defined, with mesh size tending to zero. The difference equation (which
depends on certain ratios of the mesh constants) is said to be stable if the
amplification of arbitrary initial data (in some norm) is bounded uniformly
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for all lattices of the given sequence. The importance of this stability notion
is evidenced by the theorems which follow. First it is shown that if a difference
equation is stable and compatible with a parabolic differential equation of
the given kind, and if the latter has a solution which is sufficiently regular,
then the sequence of difference solutions determined by the given initial data
will converge to the given solution of the differential problem. From this
result Fritz John derives a uniqueness theorem for the differential equation.
Finally, using again the fact that the latter may be represented by a stable
difference equation, he establishes an existence theorem for the differential
equation by an argument which is essentially that of Courant, Friedrichs
and Lewy.

The relationship between stability (in this sense) and convergence of the
difference solutions has been further investigated by P. D. Lax and R. D.
Richtmyer [7] for linear initial value problems of considerable generality.
Utilizing certain notions and theorems from the theory of Banach spaces,
these authors have proved that stability is in a certain sense a necessary and
sufficient condition for convergence of the difference solutions corresponding
to arbitrary initial data.

These papers contain the elements of a general theory of linear initial
value problems, in which stable difference equations play the central rdle.
Stability of the difference equation not only implies convergence, but what
is more, one may expect that it leads as well to existence and uniqueness
theorems for the differential equation. Furthermore we note that given a
stable difference representation and sufficiently regular coefficients, it is pos-
sible, in principle, to calculate the solution of the differential equation to any
desired degree of accuracy by solving the difference problem for a sufficiently
small value of the mesh size. The question of rounding error, which has been
much emphasized by some authors and has inspired alternative definitions of
stability for difference equations(?), need not be troublesome. If the difference
equation is stable in the present sense, and if the rounding error at each step
is accounted for by adding an inhomogeneous term to the difference equation,
the effect of the latter on the difference solution may be estimated by Du-
hamel’s principle. Thus one may control the effect of rounding error by in-
creasing the number of decimal places in some inverse proportion to the mesh
size of the calculation.

The chief theoretical difficulty lies in the verification of stability, i.e. in
obtaining suitable a priori estimates for the solutions of a difference problem.
This has so far been accomplished only for some special cases, e.g. for equa-
tions with constant coefficients. For such equations one is led, by elementary
arguments, to a simple necessary condition for stability, referred to as the
von Neuman: condition(4), which in many cases is also sufficient. When the

(3 See, for instance, O'Brien, Hyman and Kaplan [8].
(4) See P. D. Lax and R. D. Richtmyer [7]. See also J. Douglas, Jr. [2].
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coefficients of the difference equation are arbitrary functions of the inde-
pendent variables, these elementary methods become inapplicable, and there
exists at present no general theory which can cope with the problem. As a
matter of practical expediency, it has been found that the von Neumann
condition (or a slight modification thereof) may be applied locally to yield
adequate stability criteria, and this has led to the conjecture that a local
condition of this type is generally applicable to difference equations with
nonconstant coefficients. In spite of much effort this conjecture has so far
received verification only in two special cases(5). Apart from this, certain
techniques have been applied successfully to establish stability for certain
types of difference equations which are used in applications to physics and
engineering(®).

Some attempts have been made to extend this kind of analysis to initial
value problems of nonlinear type. Perhaps the most notable result in this
connection is Fritz John’s treatment [5] of certain semi-linear problems, in
which the inhomogeneous term is allowed to depend on the solution. Beyond
this, a general theoretical development along the indicated lines seems to be
missing in the nonlinear case. It is the aim of this paper to supply such a
development for a class of quasi-linear initial value problems which (in the
limit) involve partial differential equations of parabolic type. The heart of
the theory lies again in certain a priori estimates for the solutions of the
difference equation, which now depend critically on an application of a fixed
point theorem.

Specifically, we shall have to deal with a pure initial value problem for
the quasi-linear difference equation(?)

P

1 u(x, t 4+ Al = Y (=, ¢, u; Z)ulx + rAx, ) + Atd(x, ¢, u; 2)

r=—p
defined on a rectangular lattice Z, which consists of points (x, £) with
x=0, +Ax, +2Ax, - - -,
t=20,At---,vALt £ 7,
At = NAx2.

Here p is a positive integer; N\, 7 & Ax are positive numbers; and the unknown
function u, as well as the coefficients ¢* & d, are real-valued. §1 contains a
stability analysis for the given difference problem. In the succeeding sections,

(5) Fritz John [5] and Peter Lax [6].

(®) Many linear hyperbolic problems of mathematical physics may be handled by the
stability theorem of K. O. Friedrichs [4] for positive operators. J. Douglas, Jr. [3] has estab-
lished the stability of an implicit difference scheme for the numerical solution of mixed bound-
ary-initial value problems involving quasi-linear parabolic equations. See also M. E. Rose [9].

(") The case where the coefficients ¢” do not depend on # has been fully investigated by
Fritz John [5].
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equation (1) is regarded as representing a quasi-linear partial differential
equation of parabolic type. Convergence of the difference solutions is estab-
lished in §2. Existence and uniqueness theorems for the differential equation
are obtained in §3. According to the author’s knowledge of the literature, the
conditions involved in these theorems are not covered by previously known
results.

1. Local stability. Let the quantities \, 7 & Ax be given. This determines
a lattice 2. Let X denote the set {0, +Ax, +2Ax, - - - } and let A & B de-
note, respectively, the class of real-valued functions defined on X & Z. Given
an element v in ¥, one can solve(8) Equation (1) on Z, subject to initial
values . This determines a unique element % of 8B, and defines thus a trans-
formation T of 9 into 8. Given an element % of B, we define its norm:

il = Lub. {]ux 0},

the norm being infinite when the least upper bound does not exist. Let 8
denote a set of (p+1) positive numbers B, 81, * * *, Bp. We define a subset
B(B) of B by the conditions

(n)

(1.1) “u ”éﬁn’ n=01---,p;

where(®)

wl (e, 1) = — 2 (—1) < )u(x + vAzx, 1).
Ax™ .50

Let v be an element of A and % an element of B. Substituting % into the
coefficients of Equation (1), one obtains a linear difference equation which
can be solved on Z subject to initial values v. This determines a transforma-
tion .S, of B into itself. We can now state a result which is basic for the sub-
sequent discussion.

LeEMMA 1. Let v be an element of . If
(1.2) S.[8(8)] CB(B),
then Tv belongs to B(B).

One easily sees that T belongs to 8(8) if and only if S, has a fixed point
in B(B), and the lemma is therefore essentially a fixed point theorem. In the
special case of explicit difference equations, with which we are presently
concerned, it turns out to be a trivial fixed point theorem, as will be apparent
from the argument(!°) given below. For general implicit difference equations,

(8) It will be assumed, for simplicity, that the coefficients ¢” & d are defined and real-valued
for all real values of u.

(°) The quantity ui") is the nth divided difference of », multiplied by n!.

(1% This argument was suggested to the author by the referee.
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on the other hand, the corresponding result is essentially equivalent to the
Brouwer theorem, and may be established with its aid(!).
To prove the lemma, let us set w= Tv and suppose that

(1.3) we(x, (v — 1)A)| = Bay n=01,---,p;

for all x€X and for some integer » such that 0 <vAf=r. It is clear from
Equation (1.2) that Equation (1.3) holds for at least ¥ =1. Let # be an arbitrary
function in B(8) which coincides with w for ¢=(v—1)At. The function S,z
will then coincide with w for ¢ =vAt. By Equation (1.2) it follows that

(n)
Wy (x,vAt)Iéﬁ,., n=0,1,”’»?;

for x&X. By induction we conclude that w belongs to 8B(8), as was to be
proved.

Let a denote a set of (p+1) positive numbers ay, a1, * * *, ap; and let
A(c) denote the subset of A which is determined by the conditions

llo”|| < am, n=0,1, +,p;
where

llw|| = Lub. {|w()|} forw € A.
z€X

A slight generalization of the ordinary stability concept for difference equa-
tions may now be stated in the following terms(!?): Let there be given a
sequence of lattices T with A\ & 7 fixed and Ax tending to zero. It will be re-
membered that the sets 9, B, etc. and the transformation T are functions of
2. Given a, one requires that there exist a 8 independent of Ax such that

(1.9 T[A(a)] C B®B)

for all 2 of the given sequence. This is a property which a difference problem
may have for certain values of N and 7. Unfortunately no such values will
exist for general quasi-linear difference problems of the given type, and one
is therefore led to reformulate the stability condition along the following
lines: Given a, there shall exist a 8 and positive numbers A* & 7%, all inde-
pendent of Ax, such that Equation (1.4) is satisfied for every lattice £ with
A=MA* and 7=7*. Since 7, in particular, is restricted by a choice of «, the
theory will assume a local character which is entirely analogous to the classi-
cal theory of nonlinear ordinary differential equations. Stability, in this
sense, may therefore be referred to as local stability. Although the essential

(1) See §1 of the author’s thesis: Stability of quasi-linear difference equations, Columbia
University, 1957. Here one must assume that the ¢* & d depend continuously on %.

(%) Ordinary stability corresponds roughly to the case p=0. The reason for considering
general p-values will presently be pointed out.
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idea of local stability is contained in the statement as given, we shall prefer
a slightly stronger and more elaborate definition of this term, for reasons
which will become apparent in the next section.

Before stating the definition in its final form, we would like to point out
the general significance of Lemma 1 for the stability theory of quasi-linear
difference equations. Let L, denote the transformation of U into B which
maps an element » in A on S,u, where u is a fixed element of B. We ask now
whether, for an arbitrary value of «, there exist quantities 8, A* & 7* inde-
pendent of Ax such that

(1.5) L[] CB®

for all 2 with AS\* & 7=7* and all % in B(B). This is a problem in the
stability theory of linear difference equations. If the quantities 3, A\* & 7*
exist, then, according to Lemma 1, the quasi-linear difference problem will be
locally stable in the present sense. The theorems which must be applied to
establish the existence of 3, N* & 7* will frequently assume that the coeffi-
cients of the linear difference equation representing L, are defined at all
points (x, ) in a continuous region of the plane and have bounded derivatives
in x up to some positive order p. We cite Fritz John’s Theorem 3.1(*) as an
example corresponding to the case p =2. It is for this reason that a compre-
hensive study of quasi-linear difference problems along the present lines will
require Lemma 1 in its full generality. For the remainder of this paper we
shall be concerned with the special case(*) p =0, which is not only of some
interest in itself, but suggests also methods and results which can be expected
to hold in the general case.

To state the notion of local stability in its final form, one requires linear
operators L, , mapping % into ¥ which are analogous to certain operators
defined by Fritz John. Let ¢, & d. denote, respectively, the functions of
x, t & 2 which result when a given element » of B is substituted into the
coefficients ¢” & d of Equation (1). Let v be an arbitrary element of ¥ and
let m be a non-negative integer. The operator L, , maps v on w, where w
shall satisfy the homogeneous equation
(1.6) w(x, t + Al) = 2 ci(x, t; Z)w(x + rAx, §)

at points of T with ¢=mAt, and shall assume values
v(x) for ! = mAl,
w(x, 1) =
0 for ¢ < mAt
at the remaining points of =. Let @(A\*, 7*, Ax*) denote the class of rectangular

(13) Fritz John [5, p. 166].
(1) The sets « & B will consist now of a single element, and it will simplify the notation to
identify « & B8 with ao & B, respectively.
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lattices 2 with N SA*, 1 <7* & Ax <Ax*. The quasi-linear difference equation
(1) is henceforth called locally stable, when the following two conditions are
satisfied: Given >0 and Q>1, there exist positive numbers A\*, 7%* & Ax*
such that

1.7 | Zumtl] = Qlf1l]
for ZTEQ/MN*, 7% Ax*), ucB(B), v&EA & m=0. There cxists also a positive

number v, such that

(1.9) mas ()], o} =

for ZERMN*, 7**, Ax*) & u&B(B).
The connection between local stability and the condition stated earlier is
given by the following result.

LeMMA 2. Let Equation (1) be locally stable. Given a, there exist posiitve
numbers B, N*, 7* & Ax* such that Equation (1.4) holds for every lattice 2 in
QNE, 7*, Ax*).

To show this, we note first that the solution L,v of the inhomogeneous
equation can be written in the form

(1.9) Lo = Lo+ At Ly mdym,

m>0

where d,,» denotes the function in % which assumes values d,(x, mA¢; Z) on
X. Given a positive number «, we choose 3>« and Q0>1 such that Qa<g.
If Equation (1) is locally stable, one may apply Equations (1.7), (1.8) and
(1.9) to obtain

| Lo < Qe+ )

for ZTELMN*, 7**, Ax*), ucB(B) & vEA(a). Equation (1.5) holds now for
ZELN*, TF, Ax*) & uE&B(B), where

7 = min {T**, f- Qa} .
1007

This implies by Lemma 1 that Equation (1.4) is satisfied for
2 € QO T AxY).

We consider now an important difference equation for which local stabil-
ity can be established by elementary methods.

LEMMA 3. Let the difference equation(15)
(1.10) wi(x, ) = ao(x, b, u; Z)thealx — Ax, 1) + a1, 8, u; Z) (2, 1) + as(x, t, u;Z)

(*5) w¢ denotes the forward divided difference in ¢; w., & w, denote wiz) & w:l), respectively.
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be defined for ZELXWN', 7', Ax’). Given B3>0, we assume that there exist positive
numbers v & 6 <1 such that

(1.11) mgx{ | i, t, 05 2) |} < v [&]) aolx, 8, 45 2) = 6

identically for |u| =B. Equation (1.10) is then locally stable.
Equation (1.10) has the form of Equation (1), with coefficients given by

r r
¢ = ¢y + Axcy,

30 + N(81 — 280 + 8_1)aq,

S
o
I

(1.12) r ro
= )\(51 - 50)01,

d=dz.

Given 8>0 & 0>1, we set A¥* =min {)\’, y~i(1 —5)/2} & 7**=71'. By Equa-
tions (1.11) and (1.12),

colx, b, u; T) = 6 [&] oz, b, u; ) =

for ZEL\*, 7**, Ax') & uEB(B). Hence there must exist a positive number
Ax* £Ax’ such that c"(x, ¢, u; Z) 20 for ZTEQN*, 7**, Ax*) & u&B(B). For
Z & u thus restricted, the operators L,,» may be estimated as follows: From
Equation (1.6) one obtains

|'w(x,t+Al)l = {E Ic;|} li}lI)Hw(x,t)[}

Since the coefficients ¢}, are now non-negative, we have by Equation (1.12)
Z,. Icf,l =1, which implies

[ L] = [loll < @lle]].

The remaining condition of local stability is obviously satisfied.
2. Convergence of the difference solutions. Let there be given a quasi-
linear parabolic differential equation

2

du d*u
(2.1) 5 = ao(x, ¢, u) —l— ai(x, ¢, u) + asx(x, t, u)

for which the coefficients a; are defined on the region JN: — o <x< 0,
0=t=<71y, —® <u< . In this section it will be assumed that Equation (2.1)
has a solution #(x, ¢) which is sufficiently regular. We shall establish condi-
tions which imply that the solutions u(x, ¢; Z) of Equation (1), determined
by initial values «(x, 0), will converge to #(x, t) as Ax tends to zero.

A first set of conditions is obtained in the following way. Let the functions
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o Ju Ju

_— —

w
" 9x  9x ot

be uniformly continuous and bounded on the infinite strip R(r9): — ® <x
< 0, 0=t=7,. One then obtains by Taylor’s theorem

r*Ax2

(2.2) u(x+ rAx,t) = u(x, 1) + rAx 2

ou(x, t) azg(x, 1) + o)),

(2.3) u(x,t+ A1) = u(x,t) + At

ou(z, y)
Py + o(A1).

Substituting these expressions into Equation (1), one obtains
ou 1 1 %u
—= =2, —rik rc
at {)\ ; 2 }axz {AAx ,E }

1 r r
+ {sz Z (c — ao)}u + d + €(Al),

(2.4)

where €(At) denotes a function which tends to zero with A¢, uniformly on R(ry).
We may regard Equation (2.4) as holding at every point (x, t) of a lattice Z,
the coefficients ¢" & d being evaluated at the points (x, ¢, u(x, £); 2). In order
that Equation (1) should represent the given differential equation as Ax tends
to zero, one requires that

— E r%c" = aq,,

(2.5) Jim RTZ“' = oy [&] dlx, 1, u; 2) = as(x, 1, w),

Z(c'—&o)—-o

ANAx? 7

Following Fritz John, we shall suppose that the coefficients ¢* are given in
the form

(2.6) ¢ (x,t,u; ) = colx, t, u, \) + Axci(x, t, u, \) + szc;(x, t, u, \, Ax)

where the functions ¢} are defined for (x, ¢, ) ER, and

2.7 lim ca(x, ¢, u, \, Ax) = ca(x, 8, u, \, 0),

Az—0

uniformly when « is bounded. We assume further that the coefficient d does
not depend on Z. Equations (2.5), (2.6) and (2.7) lead to the relations
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1 2.
Z 7 ’250(x7 ¢ u, >‘) = >“10(:""’ I3 u))

r

Z rc;(x, l u, )‘) =0,

r

Z C:J(x’ Lyu,\) =1,

T

> rea(, £y, \) = aa(®, 4, u),

r

Z C;(xy L, u, )‘) =0,

T

> calx, 4, u, N, 0) = 0,

T

d(x, t, u; ) = asx, ¢, u)

(2.8)

which are referred to by Fritz John as the compatibility conditions for Equa-
tion (1).

Given a lattice 2, one may solve Equation (1) on Z, subject to initial
values u(x, 0), and determine thus an element %(2) in B. The given function
u(x, t), defined on R(ry), may likewise be regarded as an element % in B
when 7=7,. The solutions %#(Z) of Equation (1) are said to converge locally
and uniformly to the function u(x, t), if there exist positive numbers A* & 7«
<7, and a function e(Ax) tending to zero with Ax, such that ||u(Z)—u|
<e(Ax) for ZTELN*, 74, Ax). Let R(B) denote the following subset of
N —0<x< 0,050, —B2Uu=P.

THEOREM 1. Let the coefficients a; of Equation (2.1) satisfy a Lipschitz con-
dition in u, uniformly on every subset R(B)(*). Let u(x, t) be a solution of
Equation (2.1) for which

ou 9*u Ou
(29) Uy, — ) —— > —

dx 9dx* 9!
are uniformly continuous and bounded on R(ro). Let the difference equation (1)
be locally stable and satisfy the compatibility conditions (2.8) identically. The
solutions u(Z) of Equation (1), determined by initial values u(x, 0), will then
converge locally and uniformly to u(x, t).

To prove the theorem, we note first that there exists a positive number
a such that |u(x, t)| <« on R(7y). One can select numbers 3>« and Q>1
such that Qa<B. Since Equation (1) is locally stable, there exist positive
numbers A*, 7*¥* <7y & Ax* such that

(2.10) | Zuwa|| = Qlloll

(%) This means that there exists a positive number L such that lai(x, ¢, utw) —ailx, ¢, u)]
=L|w| for (x, t, ER®).
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for 2EQXN*, 7**, Ax*) & u&B(B). It follows again (") by Lemma 1 that there
exists a positive number 7* £7** such that #(Z) belongs to B(B) for every 2 in
LN*, 7%, Ax*). We agree henceforth that all equations, whose terms depend
on Z, are asserted to hold for every lattice in R(A\*, 7*, Ax*). Thus we may
say, by the second condition for local stability, that there exists a positive
number 7y such that

(2.11) lmlix{“d”» lewll, 1], lduell} = .
rl<p

The regularity conditions on #(x, ¢) imply that Equations (2.2) and (2.3)
are satisfied. Using Equations (2.2), (2.7), (2.8) and (2.11), one obtains

> culx, t; 2)ulx + rAx, §)
’ o%u du

+ ailx, ¢, u(x, 1)) —} + o(Ad).
2 dx

oz

= u(x, ) + Al {ao(x, t, u(x, 1))
Since u(x, t) satisfies Equations (2.1) and (2.3), this becomes
(2.12) w(x,t+4 Al = Y, c:,(x, £ 2u(x + rAx, 1) + Atd,(x, t; Z) + o(Ad).
Subtracting Equation (2.12) from Equation (1), one obtains
(2.13) du(x, t + Al = ; c;(z)(x, t; 2)ou(x + rAx, £)
+ > bcr(x, £ 2)ulx + rAx, 1) + Asd(x, t; Z) + o(Al)

where
ou = u(Z) — u,
r T
8C" = Cy(z) — Cu,
8d = dy(z) — du.
It will be necessary to obtain suitable estimates for the second group of

terms on the right side of Equation (2.13). For this purpose we use Equation
(2.2) once more, to obtain

> 8c(x, £y D)ulx + rAx, 1)
’ . r , ou 1 0%u
= Z {660 + Axécy + Ax2652} {u + rAx — + — rQsz — 4+ o(Al)} ’
r ox 2 dx?
where the dc; are defined in the obvious way. Applying again the compatibility
conditions (2.8), one finds that the terms of zero’th and first order in Ax

(1) See proof of Lemma 2.
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vanish, and what remains is
Al {a O s a“} + o(Al)
ay— + da; — 0
° dx? ' ox ’

where the da; are functions of x, ¢ & Z, determined by the relation
da; = {ai(x, b u(x, t; Z)) — aix, ¢, u(x, t))}.

The functions éu therefore satisfy an equation

(2.148)  du(x,t+ A1 =D, c:‘(;;)(x, t; Z)ou(x + rAx, t) + Ate + o(Ad)

with initial values zero, where

0%u ou
e = 8ag—— + 6a; — + 4d.
dx? ox

So far u, u(2) & éu have been regarded as given elements of B, and it has
been shown that éu satisfies Equation (2.14) with certain initial values. We
shall now set

Bai(x, L w) = {ai(x; A u(x’ l) + w) - ai(xy I3 u(x: t))}

and regard da; as a function of x, t & w, where w is an arbitrary element of B;
and we do likewise for 8d. The term e becomes thus a function of x, ¢ & w.
Let v denote the zero element of ¥, and let S, denote the transformation of B
into itself which maps w on w’, where @’ is determined by the linear equation

(2.15) w'(x,t+ A) = D, c:,(z)(x, 5 2w (v + rAx, 1) + Ate(x, t, w) + o(Al)

and initial values ». If w is replaced by »’ in Equation (2.15), there results
a quasi-linear difference equation which determines a transformation T of
A into B. The given function du satisfies Equation (2.14) with initial values
v, which implies that éu=Tv. We are now ready to apply Lemma 1 once
more to obtain the desired estimate for éu. For this purpose we note that the
term o(Af) has the form Ate(x, ¢; Z), where €(x, ¢; 2) is majorized by a mono-
tone function e(Ax) which tends to zero with Ax. The bound for S, may now
be estimated in terms of the given bounds for the original operators Ly, m.
Applying Equations (2.10) and (1.9), one obtains

S| < Qrlle(x, £, w) + €=, t; 2.

Since the coefficients a; satisfy a Lipschitz condition in %, uniformly on
R(B), and the quantities (2.9) are bounded on R(r,), there exists a positive
number £ such that ||e(x, ¢, w)|| <%||%||. Hence

1Seell = Qr{l|wll + e(ax))
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which implies that
S.[B(e(ax))] C B(e(Ax))

for Z&LQ(\*, 7, Ax), where 74« = min {r*, (Q(k+1))t } It follows by Lemma 1
that || Tv|| < e(Ax) for ZCQ\*, 74, Ax), as was to be proved.

3. Uniqueness and existence theorems for parabolic equations. With the
differential equation (2.1) we now associate the difference equation

(3.1)  ulx, t) = ao(x, t, Wt(x — Ax, £) + ar(x, ¢, w)u(x, £) + as(x, ¢, u)

which is a special case of Equation (1.10). Equation (3.1) satisfies the com-
patibility conditions (2.8) and is locally stable, by Lemma 3, provided Equa-
tions (1.11) are satisfied. Theorem I leads then to a local uniqueness theorem
for the parabolic equation (2.1), by a simple argument which is due to Fritz
John(18), Let u(x, t) be a solution of Equation (2.1) for which the quantities
(2.9) are uniformly continuous and bounded on R(7), and let the coefficients
a; satisfy the required Lipschitz condition. There exist then, by Theorem I,
positive numbers A* & 7« such that ||(Z) —#|| tends to zero with Ax for =
in @\*, 14, Ax). Let (x, t) be a point of R(rx). One can choose a sequence
{Z,} of lattices with =, in (\*, 74, Ax,) and Ax, tending to zero, such that
(x, t) belongs to Z, for every value of ». Since u(x, ¢; Z,) is uniquely determined
by the initial values u(x, 0) and
u(x, £) = lim u(x, ¢; Z,),

y—

one obtains the following result:

TueorREM I1. Let the coefficients a; of Equation (2.1) be bounded and uni-
Sformly Lipschitz continuous in u, and let ao be positive and bounded away from
zero, on every subset R(B) of N. Let u(x, 0) be defined for — o <x < . There
exists a positive number T« =To such that the initial values u(x, 0) uniquely
determine a smooth solution of Equation (2.1) on R(r«). This means, more pre-
cisely, that there can exist at most one solution u(x, t), defined on R(ry) and as-
suming the given initial values, for which the quantities (2.9) are uniformly
continuous and bounded on R(7x).

We proceed now to establish a local existence theorem for quasi-linear
parabolic equations, using the fact that the differential equation can be ap-
proximated by a difference equation which is locally stable. This has been
carried out by Fritz John for the linear case(*?), and our argument will deviate
from his only in the method whereby the difference solutions %(Z) and their
divided differences are estimated. This is done in the quasi-linear case by
application of Lemma 1.

(*8) Fritz John [5, p. 171].
(*%) Fritz John [5, Theorem 4.1, p. 175].
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Let Ci(r) denote the class of functions g(x, ¢), for which
al
_g} I=0,1,-,i;
dx!
are uniformly continuous and bounded on R(7). Let €¢ denote the class of
functions g(x, ¢, #), for which
al+mg

oxou™ ’

I4+m=0,1,---,73;

are uniformly continuous and bounded on every subset R(3) of 3.

THEOREM III. Let the coefficients a; of Equation (2.1) belong to €S, let a,
be positive and bounded away from zero on every subset R(B) of R, and let the
quantities

dag da; daz

—_—, =, =
at at at

belong to G°. Let u(x, 0) belong to C8(0). There exists a positive number v/ Z7¢

and a solution u(x, t) of Equation (2.1), which belongs to C*(r') and assumes

the initial values u(x, 0).

Before proving this result, it will be convenient to introduce a new lemma.

LEMMA 4. Let g(x, t, u) belong to €7, and let N, 7" Z710, Ax"', Bo, By, - -+, By
be positive numbers. Let = be an arbitrary laitice in (N, 7', Ax""), let (x, t) be
a point of T and w(y) a function defined for y=x, x+Ax, - - -, x+pAx; such
that

@ .
wﬂ(x)léﬁjy ]=0717"')?-
Let h(y) denote the function g(y, t, w(y)). There exists a positive number M,
independent of Z, (x, t) & w(y), such that [hf,”)(x)l =M.

This follows by an elementary argument which we relegate to the ap-
pendix.

With the differential equation (2.1) we associate again the difference
equation (3.1). The latter may be solved on every lattice = with 7 =7, subject
to initial values u(x, 0), and determines thus a function u(x, ¢; Z). We shall

establish first the existence of positive numbers N/, 7/, Ax’, Bo, B1, - -+, Be
such that

&) .
(3.2) " ()| < 8j j=0,1,--+,6

for SEQ(N, 7', Ax’). We then obtain bounds for certain additional differences
of (), and apply this information finally to establish the existence of u(x, t)
on R(7').
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Since u(x, 0) belongs to C°(0), there exists a positive number «, such that
]u(x, 0)[ =, identically. Equation (3.1) clearly satisfies the conditions of
Lemma 3 and is therefore locally stable. It follows by Lemma 2 that there
exist positive numbers By, Ny, 7a <7, & Axj, such that |[u(Z)||<B, for
ZELN, 7o, Axp).

We shall show now that «{(Z) satisfies a difference equation

wi(x, £) = agj)(x, b w; Z)we(x — Ax, £)
3.3) G o)
+ 0 (%, 1, w; )walx, 1) + a5 (%, 4, w; Z).

This is clearly the case for #{?(Z), which is determined by Equation (3.1).

In general, let us suppose that u{’(Z) satisfies an Equation (3.3) for j=g¢.
Then u&"(2) will satisfy the difference equation

@ @
wi(x, ) = ao (%, L, s ; Z)was(x — Ax, 1)

@ @ A @
(34) + {alq (xa t: uzq 3 E) + _A_:; an (x’ t) Uz E)}wz(xr t)

A A
+ {— a;ﬂ(x, t ufv; 2) + u,(q)(x + Ax,1;Z) — aiq)(x, t ufn; 2)} R
Ax Ax

where A/Ax denotes the “total” difference operator, defined by the functional
equation

il f(x, t, w(x, 1) = L &+ Ax, 1, w(x + Ax, ) — f(x, 1, w(x, )},
Ax Ax

We now replace #? (x+Ax, t; 2) by {u;")(x, £ 2) +Axw} in the expression for
(A/Ax)a® and regard u{® as a given function of = & (x, £). The coefficients of
Equation (3.4) thus become functions of Z, (x, ) & w, which we denote by
alM. The function «@*V(Z) then satisfies Equation (3.3) for j=q+1.

We suppose now that there exist positive numbers B0, 81, * - -, B, NF, 74
=70 & Ax} such that
o)

”u-‘"‘ (2)“ = ﬁf’ j = 07 1’ s g

for ZER'NS, 77, Ax}). Let the coefficients a; of Equation (3.1) belong to
G+, and let u(x, 0) belong to C+*+1(0). We would like to show that Equation
(3.3) for j=g+1 is locally stable. This difference equation is defined for T in
R(\;, 75, AxY) and the coefficients depend continuously on w. Since

(g+1)
a0’ (x, b, w3 ) = aolw, 4, ulx, t; 2))

and [u(x, t;Z)| £ By identically for SERWNS, 15, Ax)), aft? is certainly posi-
tive and bounded away from zero. Let a positive number 8 be given. We
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show that there exists a positive number v such that
@+D)
max { | 6" (x,, w; 2)| } S v
%

identically for |w| <B. Let T be an arbitrary lattice in ¥, 7%, Ax¥), let
(x, t) be a point of Z and w a real number such that |w| <B. We define a func-
tion w(y) for y=x, x+Ax, - - -, x+(¢+1)Ax; such that

(€)) (€)] . (g+1)
Wy (x) = Uz (x) t; 2)) J = 0,1,--- s 45 qu (x) = w.

Then a{®*V(x, ¢, w; Z) is a linear function of the quantities
A\P
(35) (E) aj(xst’w(x))x j=0)1)2;P=05 1,"‘,q+1;

with coefficients whose bounds do not depend on Z, (x, ) & w. It remains
then to establish similar bounds for the quantities (3.5). But this is an im-
mediate consequence of Lemma 4, since the coefficients a; belong to €? for
p=<q+1. The local stability of Equation (3.3) for j=¢+41 may now be in-
ferred by Lemma 3.

Since u(x, 0) belongs to C4+1(0), there exists a positive number a,;: such
that |#@*"(x, 0)| a4 identically. The function 4% (Z) satisfies a locally
stable difference equation and assumes initial values «%(x, 0). It follows by
Lemma 2 that there exist positive numbers Bgi1, Njp1 SNF, 7o S70 & Ax),,
<Ax*, such that ||af*P(Z)|| SBert for TERNY,, Thy, Axly).

This consideration shows that, under the assumptions of Theorem III,
there exist positive numbers N, 7/ =7¢, Ax’, B0, B1, - + + , Bs such that Equation
(3.2) holds for ZELQN’, 7/, Ax"). We agree henceforth to consider only lattices
= belonging to this class. Our next task is to obtain bounds for the quantities

ut(z); utz(z)’ Sty ulzzzz(z), uu(z).

The estimate for u,(Z) is obtained directly from Equation (3.1), since %(2),
u.(Z) & u,.(Z) are bounded by By, 81 & B, respectively, and the coefficients
a; belong to €° Operating on both sides of Equation (3.1) by A/Ax, one ob-
tains an equation for #,.(Z). Since the quantities #(Z), #:(2), %:2(T) & Uzz2(Z)
are bounded by B, 01, B: & B, respectively, and the coefficients a; belong to
@, one obtains an estimate for u(Z). In this way one can estimate %:..(Z),
Utzz:(Z) & Uizz22(Z). Finally one operates on both sides of Equation (3.1) by
the “total” difference operator A/At, which yields an equation for u..(Z).
Since estimates for #(2), #z(2), 4::(Z), u:(2), #::(Z) & u:2.(Z) are known, and
the functions da;/d¢ belong to €°, one obtains an estimate for u.(2).

From this point the proof proceeds exactly as in the linear case, and the
argument becomes identical with that of Fritz John [5, pp. 174-175]. One
can select a sequence {Z,} of lattices in @(\’, 7/, Ax’) such that Z, is a subset
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of Z,, for n<m, and the union Z, of all these sets is everywhere dense in
R(7'). Since the functions u(x, ¢; Z,) are uniformly bounded and 2 is denu-
merable, there exists a set S of positive integers # such that

(3.6) lim  w(x, t; Z,) = u(x, t)

neS;n—w

exists on Z,,. It follows from the uniform boundedness of %.(Z,) that

(z'—z) [Azy
w(@, 1 2,) — u(x, £;2,) = Az, D, w(x + (0 — 1Az, §; Z,) = 0 — x),
y=1
where (x, t) and («', t) are points of Z,, and #» is large enough to insure that
u(x, t; Z,) and u(«’, ¢; Z,) are both defined. This implies by Equation (3.6)
that

u(x', t) — u(x, ) = O(x' — x) on Z,.

By a similar argument, utilizing the uniform boundedness of u,(Z.), one
obtains

u(x, 1) — u(x, t) = O(’ — 1) on Z,.

Since u(x, ¢) is thus uniformly continuous and bounded on Z, it can be
continued into the whole set R(7") such that the resulting function (which
we again denote by u(x, ¢)) belongs to C°(7’).
From the uniform boundedness of #..(Z,) it follows that
u(x,’ ¢ En) - u(xy L En)
3.7 = u,(x,t;Z,) + 0O(x' — %),

x —x

where (x, t) and (x/, £) belong to 2, and #» is sufficiently large. Since the left
side of Equation (3.7) tends to a limit as # tends to infinity through values
in S, the right side does likewise. Regarding the right side as a function
F(x', n; x, t), one can write
lim F({, n;x, 1) = G@&'; x, f).

neS;n—w
Now let {x,} be a sequence tending to x, such that (x,, f) belongs to =, for
all »; and let a positive number € be given. There exists an integer M such
that IO(x,—x)l <e/3 for v> M and » sufficiently large. For », u> M one has
| G(xy; %, ) — G(x,; %, 1) | = lim IF(x,, n;x,8) — F(x,, n;x,1) l = 2¢/3 <

neSn— e

which shows that {G(x,; x, t)} is a Cauchy sequence. Let v(x, ¢) denote its
limit. One easily verifies that

lim  w,(x, t; 2,) = v(x, £).
neS;n—w
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From the uniform boundedness of u..(Z,) and %,,(Z,) one concludes again
that v(x, ¢) is uniformly continuous on 2., and that it may consequently
be extended to a function of class C°(7’). It follows by Equation (3.7) that
u(xl) l) - u(x) t)
———— =(x, 1) + 0(@' — x)
¥ —x
for (x, t) and («/, ) in 2. By continuity of u(x, ¢) and v(x, ¢) this equation

holds for all (x, t) and (x/, t) in R(7’), and one concludes that

du(x, 1)
ox

= 9(x, {) on R(7').

Procecding in this manner, one can prove that the quantities
uzz(zn); uzzz:(zn)) uZZZI(En)) ut(zfl)

converge respectively to the corresponding derivatives of #(x, t), which be-
long to C°7’). Hence u(x, t) belongs to C*(r") and du/dt belongs to C°(7’).
From the difference equation (3.1) one concludes by passage to the limit that
u(x, t) satisfies the differential equation (2.1) on Z,, and therefore on R(7').
This completes the proof of Theorem III.

The same argument leads to a more general result, viz.

THEOREM 1V. Let the coefficients a; of Equation (2.1) belong to €12, where
q=2; let ay be positive and bounded away from zero on every subset R(B) of R,
and let the quantities da;/0t belong to C°. Let u(x, 0) belong to C*+2(0). There
exists a positive number 7 <1o and a solution u(x, t) of Equation (2.1), which
belongs to C4(1’) and assumes the initial values u(x, 0).

Appendix. Proof of Lemma 4. Let u(y) denote the pth order polynomial
which coincides with w(y) at the points x, x+Ax, - - -, x4+pAx. Let f(y)
=g(y, t, u(y)). Since g belongs to €», f(y) has a continuous pth derivative.
Hence there exists a number z in (x, x+pAx) such that

w, 9
by (x) = dy

But the expression on the right is a polynomial in the quantities
d'g d'u(z)
P dy

) a+B=V}V=O;1,"',P§

the partial derivatives of g being evaluated at the point (z, ¢, u(3)). Since g
belongs to G», the desired estimate for hﬁ,”)(x) will follow when it has been
established that the quantities

du(z) dru(z)
dy 7 dyr

(1 u(2),
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have bounds which depend on B, 8, - -, B, & Ax’ alone.
Since u(y) is a polynomial of degree p, one obtains

d*u(y) o »

2 =w, (x for all y,
©) @ y
which implies

dru(z) <5
dy | =7

Since #(y) has a continuous derivative of order (p —1), there exists a number
2’ in (x, x+(p —1)Ax) such that

a7 tu(z’) -1
T T Wy (x).
dyr—!
It follows now by (2) that
aru
‘—(—y—)— < Bp1 + pAx"B,  forall yin (x, x + pAx).
dyr!

Continuing in this manner one obtains the desired bounds for the quantities
(D).
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