NATURAL OPERATIONS ON DIFFERENTIAL FORMS

BY
RICHARD S. PALAIS

1. Introduction. Suppose that from a given mathematical structure(!) S
we have constructed in some canonical fashion two vector spaces over the
same field, say V and W. If g is an automorphism(!) of S then there will be
induced by g automorphisms R, and RY of V and W respectively, and the
mappings R”: g—R) and R7: g—R} will be representations of the group G
of all automorphisms of S in the vector spaces V and W. Let us denote by
4(V, W) the space of intertwining operators for these two representations,
that is to say the vector space of linear mappings T" of V into W which are
equivariant in the sense that TRY =RYT for all gEG. Now in general the
space of intertwining operators is the basic object of interest in studying th«
relation between two representations of the same group. In the case of repre-
sentations arising as above moreover the space of intertwining operators is
of considerable interest in its own right, for the equivariance condition be-
comes in this setting what is usually referred to as a “naturality” condition,
so that elements of 9(V, W) might well be termed the natural linear maps of
V into W. The “natural” here means relative to the way that ¥V and W are
constructed out of .S of course.

In the present paper we will solve explicitly the problem of determining
the spaces 9(V, W) for the case that S is a differentiable manifold and ¥ and
W are certain spaces of tensor fields on S. Before stating the results we intro-
duce some notation which will be fixed for the remainder of the paper.

2. Notation. M will denote a connected, n-dimensional differentiable(?)
manifold. For some purposes M will have to be compact but this assumption
will always appear explicitly. The tangent space to M at a point m will be
denoted by M,, and we use (M,); to denote the space (®"M,) ® (Q* M) of
tensors at m contravariant of rank r and covariant of rank s. Elements of
this space are multilinear functionals on the cartesian product of 7 copies of
M} and s copies of M,,. A tensor field T contravariant of rank r and covariant
of rank s is a function on M which assigns to each m& M an element
TwE(M,);. Defining differentiability for tensor fields in the customary man-
ner, the set of differentiable tensor fields on M which are contravariant of
rank r and covariant of rank s becomes a real vector space V; under pointwise
linear operations. As is usual we identify each (M,)5 with the field of real
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1 Metamathematical terms are notoriously difficult to define in a precise sense that has the
proper degree of generality. Since any reasonable interpretation of these terms will be acceptable
for present purposes we have not attempted to make them precise.

2 By differentiable we shall always mean of class C~.
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numbers so that V{ is the space of differentiable real valued functions on M.
We denote by 3(M) the direct sum ®,,-, V;.

An automorphism of M is what is usually called a diffeomorphism, that
is a nonsingular differentiable homeomorphism of M. We denote by G the
group of all diffeomorphisms of M, and by §¢ the differential of an element
¢ of G. Thus for mE M d¢ maps M, isomorphically onto Mym. Since each
V% is canonically constructed from M, each ¢ G induces an automorphism
Ry of VI. If TE V] then Ry is given explicitly by

Ry(T)m(01 - - 0r501 - - - 0,)
= T4 1(m)(8¢*(01) - - - 8¢*(6:); 8¢~ (v1) + + - 697 1(2s)).

If T is given in local coordinates x; - - + x, at ¢~1(m) by

T = E d;i;:Xu R Q X.‘r ® dle - Q dxj, (where X;: = (a/ax,),
then R4(T) is given near m by:
(*) Ry(T) =

S a0 56(Xy) ® - ®(X.) ® dx;06 )@ -+ ®d(x, 08 ),

a formula which we will have occasion to refer to several times during ex-
plicit computations.

These representations R: ¢—R, of G in each V; define a representation of
G also denoted by R in 3(M). By an M-tensor space we mean an invariant
subspace of 3(M) under this representation and we will use the already over-
worked symbol R to denote the restricted representation of G in each M-
tensor space.

We now introduce a topology T in G which will be used only to define
the notion of continuous arcs. A neighborhood base for the identity is given
as follows: let (x)=(x; - - - x,) be a coordinate system in a coordinate
neighborhood U of M, let K be a compact subset of U and € a positive num-
ber; then a typical element of a neighborhood base at the identity is given by
N((x), U, K, k, €) which consists of all &G for which ¢(K)ZS U and for
which all derivatives up to order k of the functions x; o ¢ with respect to the
x; are uniformly within e of the corresponding derivatives of x; on K (k is
any non-negative integer and we consider the identity operator a zero order
derivative). This topology makes G into a topological group(®). An arc in G

3 This can be seen by the following more intrinsic definition of T%. Define B*(M) induc-
tively by BO(M) =M, B¥1(M)=the bundle of frames of B¥(M). Then each ¢ &G induces a
diffeomorphism ¢® of B®(M) and i®: ¢—¢® is an isomorphism of G into the group G®
of diffeomorphisms of B® (M). Now it is known that the compact-open topology makes G® a
topological group (cf. Theorem 4 of R. Arens’ Topologies for homeomorphism groups, Amer.
J. Math. vol. 68 no. 4 (1946)). Carrying the compact-open topology for G® back to G via i®
we get a topology T® which makes G a topological group. Clearly T® C T*+D and it is easily
shown that T is the union of the T'®,
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relative to T is called an isofopy. Let G, be the subgroup of G consisting of
those ¢ for which there exists a compact subset K of M such that ¢ maps
M —K identically and let G, be the arc component of the identity in G, rela-
tive to T*. It is easily seen that Gy is a normal subgroup of G.

If V is an M-tensor space we will denote by R° the restriction to G, of the
representation R of G in V. If V and W are two M-tensor spaces then we will
denote by 9(V, W) the space of intertwining operators for the representations
R of Gin V and W, and by 9°(V, W) the space of intertwining operators for
the representations R® of Go in V and W. Clearly 4(V, W) 9%V, W). Gen-
erally speaking 9°(V, W) may have a few interesting operators not in 4(V, W),
and it is easy to determine 9(V, W) once 9°(V, W) is known. In succeeding
papers we expect to investigate the general problem of determining these
spaces of intertwining operators. In the present paper we solve what are
perhaps the most interesting special cases; namely when V and W are spaces
of differential forms.

3. Results. Let ®»C V? be the space of differential forms of degree p on
M, d»: d»—Pr+! the exterior derivative restricted to ®?, Z?=null space of
d? =space of closed forms of degree p, and B? =image of d»~! =space of exact
forms of degree p. For each of the above spaces we denote the subspace of
elements with compact support by using a subscript ¢; thus B? is the space
of exact p-forms with compact support. Our results are the following(%):

go(Pr, 1) =4g(P?, P9)=0if 0Sp=<mn, 0<q¢=n, and g5#p, p+1;

9(®P?, ) =4 (P?, P?) =constant multiples of the identity map if p>0

g9(Pr, Prt1) =g(Pr, r+1) =constant multiples of d»;
if M is compact then in addition

9o(Pr, B0) =g(®?, P9 =0if 0<p<m;

9o(PO, B0) =g(P°, $%) =constant multiples of the identity map;

4°(®", ) =constant multiples of [» (where [ is integration of an z#-form

over the fundamental cycle) if M is orientable;
=0 if M is nonorientable;

g9(®", #°) =0 if M is nonorientable, or if M is orientable and reversible(%);

=constant multiples of [ if M is orientable and irreversible(®);

9%(Z», ®9) =9g(Z», $9) =0 if ¢>0 and p ¢ (this holds even if M is not com-

pact);

*+ A suggestion by Professor I. E. Segal that amounted to a conjecture of this fact was the
motivation for the author’s work on this paper. I would like to thank Professor Segal both for
this and for many interesting conversations concerning the general subject matter of this paper.
We note in passing that this particular result says that the exterior derivative on p-forms is
determined to within a scalar factor by the condition that it be a linear mapping into p+1
forms which commutes with all diffeomorphisms. This is a considerably simpler and more
intrinsic axiomatic characterization of the exterior derivative than the usual one (cf. p. 10 of
Lie groups and differential geometry, K. Nomizu, Tokyo, 1956). In particular the fact that
@?*1 o @¢? =0 follows automatically from 9(®?, ¥#*2)=0.

% An orientable manifold is called reversible or irreversible according as it does or does not
admit an orientation reversing diffeomorphism.
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94%(Z9, ) =4(Z9, ®9) =constant multiples of the inclusion map if ¢>0
(this holds even if M is not compact);

go(Z», d°)~H (M), the p-dimensional real homology space of M;

4(Z», ®%)=N,(M), the subspace of H,(M) consisting of elements which
are “natural” in the sense of being left fixed by all the auto-
morphisms of H,(M) induced by diffeomorphisms of M.

4. A remark concerning finite coverings. In this section all topological
spaces are assumed to be locally connected and Hausdorff. A mapping
f: X—Y is called a local homeomorphism if for each x&X a neighborhood of
x is mapped homeomorphically by f onto a neighborhood of f(x). If X and ¥V
are connected and if f is a mapping of X onto ¥V with the property that each
yE Y has a neighborhood V such that each component of f~1(V) is mapped
homeomorphically onto V by f, then f is called a covering map. In this case
an obvious and well-known connectivity argument show that the cardinal
number » of the set f~!(y) is the same for all y& V; » is called the number of
sheets of the covering and if v is a finite integer # then f is called a finite cover-
ing or more specifically an n-sheeted covering.

It is clear that a covering map is a local homeomorphism. The converse
is false and the difference between the two concepts is rather complicated in
general. However for finite coverings we have

4.1. LEMMA. If X and Y are connected and f: X—Y is a local homeomor-
phism for which there is an integer n such that f~'(y) has exactly n points for
each yE Y then f is an n-sheeted covering.

Proof. Given yE Y let f~1(y) = {«1, - - -, x”} and let W1, ..., W be
disjoint neighborhoods of the x* such that f maps each W homeomorphically
onto a neighborhood of y. Let V be the component of y in N}_, f(W?) and let
Ui=component of x* in f~'(V)NW:. The fact that f is uniformly n-to-one
insures that U!, - - -, U are all the components of f~!(V) and each is clearly
mapped homeomorphically onto V. q.e.d.

It is well-known that if X and ¥ are connected and X compact then a local
homeomorphism of X into Y is a finite covering. The following generalization
of this fact is perhaps also fairly well-known, but it does not seem to appear
in the literature.

4.2. THEOREM. Let X and Y be connected, locally connected, and locally
compact Hausdorff spaces. A necessary and sufficient condition for a local homeo-
morphism f: X—Y to be a finite covering is that the inverse image by f of each
compact subset of Y is a compact subset of X.

Proof. Necessity is obvious so we prove only sufficiency. Let Y,
={yEY:f-1(y) contains at least n distinct points}. Clearly the fact that f
is a local homeomorphism implies that each ¥, is open. We show next that
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each V, is closed. In fact let § be adherent to ¥, and let {y,} be a netin ¥,
approaching j. Let x}, - - -, x» be distinct points in f~!(y,). By passing to a
subnet of {y,} if necessary we may suppose that each {xf,} approaches a
limit x¢ in the one point compactification of X. It follows from the property
assumed of f that actually x*€X. It will suffice to show that the x* are dis-
tinct. But if xi=x7=2z with 47j there would be distinct points x} and x’
arbitrarily close to z with f(x}) =f(x)) =v,, contradicting the local homeo-
morphism property of f at 2. It follows now that each Y, is either empty or
all of Y. Let y be in the range of f. The properties assumed for f imply that
f7Y(y) is both discrete and compact, and hence contains only finitely many,
say n, points. Then yE€ Y, but y&V,y1s0 VYo=Y and YV,u= so Y=Y,
— Y41 and by (4.1) f is an n-sheeted covering. q.e.d.

In the following ||x|| denotes the distance of a point x in R” from the origin
of R»: ”x”2= > n.. x5 If f: R*—R" then a necessary and sufficient condition
that f~! map compact sets into compact sets is clearly that lim|z{|. ” f(x)“
= o. Recalling that R" is simply connected the implicit function theorem
gives the following corollary of (4.2), which by all rights should be a very
classical theorem.

4.3. COROLLARY. Let fi, - « -, fn be n real valued functions of n real vari-
ables. Necessary and sufficient conditions that the mapping f: R*—R" defined by
f@x) =(fi(x), + - -, fa(x)) be a diffeomorphism of R™ onto itself are:

(1) det (3f:/0x;) never vanishes.

(2) limjja)) e [|f@)]| = 0.

5. Extending germs of diffeomorphisms.

5.1. LEMMA. Let ¢ be a differentiable mapping of a neighborhood of a point
m of M into M such that (m) =m and such that 8 maps M., identically. Then
if U is any neighborhood of m we can find a smaller neighborhood V and an
isotopy s—¢* of [0, 1] into Go such that ¢° is the identity map of M, each ¢*
maps the complement of U identically, and ¢;b1| V———xﬁ[ V.

Proof. By introducing a coordinate system at m this lemma becomes an
immediate consequence of the following one.

5.2. LEMMA. Let fi - - - fu be n differentiable real valued functions defined
in a neighborhood of the origin in R™ such that fi(0) =0 and (9f:/dx,)o=20;,.
Then for every sufficiently small positive number r there exists a differentiable
mapping F of R* X [0, 1] into R™ with the following properties:

(1) F*:x—>F(x, s) is a diffeomorphism of R onto itself for each s in [0,1].

(2) F°is the identity map of R™.

(3) Pr(x)=x if ||x||>27 and 0 <5<1.

4) F@)=(fi(x), - - -, fa(0)) of ||l <7.

(5) s—F®is an isotopy.
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Proof. Let us write fi(x) =x;+A4:(x). Then by the hypotheses on the f; it
follows that the A4; are differentiable functions defined near the origin of R"
and that 4;(0) =(d4./9x;)(0) =0. Given r>0 let o, be a differentiable func-
tion of one real variable such that o,(#) =1 if 0Su=r? o, (u) =0 if u=4r?,
while for all « 0=<¢.(x)<1 and |a,’ (u)[ <1/r% The existence of a class C!
function with these properties is trivial, and by regularization (that is, con-
voluting with a C* function of integral unity and support a small neighbor-
hood of the origin) we can replace the C! function by a C* one. For 7 so small
that all the f; are defined in the ball of radius 37 about the origin we define
F:R*X [0, 1]>R" by

Fu(x, 8) = x: + so.(||#]|) 4:(2), for ||«|| < 2r,
Fi(x,5) = x; for ||«f| = 2.

Once conclusion (1) is established; the remaining conclusions are obvious.
Since F*(x) =x for ||x|| = 27 it follows from (4.3) above that the lemma will be
established if we can show that provided r is sufficiently small det(d F;/dx;)
does not vanish in the ball ||x|| £27. Now since dF}/dx;=8:;+sa:;(x, r) where

aii(x, r) = 20/ (|| 2l])2;4:2) 4 o.(||ol| ) (4:/92)) (),

it will suffice to show that a.;(x, r) approaches zero as r goes to zero, uni-
formly on ||x|| £2r. Now since the 4, are differentiable functions satisfying
A:(0)=(34./9x;)(0) =0 it follows from Taylor’s theorem that we can write
A(x) =||%/|?Bi(x) and (84 ./3x;)(x) =||#|| B:j(x) where the functions | B;| and
I B ij’ are bounded. Letting N be a bound for the latter functions and recalling
that Ia,’l <1/r? and o’,| <1 we have la.',-(x, r)| éNlIx][(Z”x]|2/r2+1) so that
on ||x|| £27 we have |a;(x, r)| S9Nr which goes to zero uniformly in x as 7
goes to zero. The lemma is thereby proved.

Let B(M) denote the bundle of frames of M. Each ¢ €G induces a diffeo-
morphism ¢’ of B(M): ¢’ maps the frame e= (e, - - -, €,) into the frame

¢'(e) = (8¢(er), - - -, d(en)).
5.3. LEMMA. Gy acts transitively on each component of B(M).

Proof. Since each element of G, is isotopic to the identity it is clear that
the partitioning of B(M) into orbits under Gy is at least as fine as the parti-
tioning of B(M) into components. Since we wish to show that it is not a
properly finer partitioning it will suffice to show that given m& M and a
frame e at m the orbit of ¢ under G, contains a neighborhood of ¢ in B(M).
Introducing a coordinate system at m this follows easily from the following
lemma.

5.4. LEMMA. Given r>0 there exists an €>0 such that given a &R" and
TEGL(R, n) satisfying |a;| <e and |8,;— T:j| <e there is a differentiable map-
ping F: R*X [0, 1]>R" with the following properties:
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(1) Fe:x—F(x, s) is a diffeomorphism of R™ onto itself for each s in [0, 1];
(2) F°is the identity map of R*;

3) F(x)=x1f ”x” =2r;

(4) Fi(x)=Tx+a if ||| <7;

(5) s—F* is an isotopy.

Proof. Let o, be a function with the properties described in the proof of
(5.3). Define:

F(x,s) = x4+ sar(”x”z)(Tx — x+ a).

Then as in the proof of (5.3) once (1) is demonstrated the properties (2)—(5)
are obvious. Now (1) will follow from (4.3) once it is shown that det (3 F;/dx;)
never vanishes on ||x|| <27, provided e is chosen sufficiently small. Since

(?F:/ax] = 5,’,‘ + Zija,' (||x”2) ( Z T;jxj — X; + a,~>
J

+ so,(||o||)(Ts; — 815).

Remembering that |o,] <1 and |o/| <1/72 we see that for 0<s=<1 and
l+ll =27

| 0F /0%, — 85| < @/N(|T = I|r + ¢ + e

Since ||[T—I|| can be made arbitrarily small by making e small enough the
proof is complete.

5.5. THEOREM. Let ¥ be a differentiable mapping of a neighborhood of a
point m of M into M, and suppose that 0. is nonsingular. If M 1is orientable
assume in addition that 8. is orientation preserving. Then there exists a ¢ in
Gy such that qSI V=¢| V for some neighborhood V of m.

Proof. Let e be a frame at m, and let ¢/ =(8y(e1), - - -, &Y(en)), a frame at
Y(m). If M is nonorientable then B(M) is connected. If M is orientable then
B(M) has two components, but in this case the extra assumption on &},
assures that nevertheless e and ¢’ belong to the same component. By (5.3)
we can find ¢ €G, such that ¢'(e’) =e. Then o o Y (m) =m and é(c o y) maps
M, identically so it follows from (5.1) that we can find 8&G, such that
ao¢| V=0| V for some neighborhood V of m. Then clearly if we put ¢
=01 0 6 the conclusion of the theorem is satisfied.

A coordinate system (x)=(x; : - - x,) in a coordinate domain U of M
will be said to be centered at mE U if x,(m)=01=1, - - - | n.

5.6. COROLLARY. Let (x) and (y) be coordinate systems in M centered at m,
and me respectively. If M 1is orientable assume in addition that (x) and (y) are
similarly oriented. There exists a G, such that x,-l V=y;0 ¢>| Vyi=1, .- - ,m.
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The theorems of this section will be needed later on when we will need to
know that there exist certain diffeomorphisms in G, having specified proper-
ties near a given point. We will need one more theorem of this type.

5.7. THEOREM. Let r and € be positive numbers and let 0 <c <1. Then there
exists a differentiable map F: R* X [0, 1]—R" with the following properties:

(1) F*: x—F(x, s) is a diffeomorphism of R™ onto itself for each s in [0, 1],

(2) F° is the identity map of R",

(3) Pe(x)=xif ||x|| >r+eand 0<s<1,

(4) F'(x)=cx if ||« <7,

(8) s—F¢ is an isotopy.

Proof. Construct as in (5.2) a differentiable function o of one real variable
such that o(u)=1if 0=Su=r? o(u)=0if u>(r+¢)?2, and o’(u) =0 if r2=u
= (r+¢€)% Define

F(x,5) = (1 4 s(c — l)a(”xllz))x.

An easy calculation shows that the Jacobian matrix of F* is the sum of a
positive multiple of the identity matrix and a positive semi-definite matrix.
Hence F* is nonsingular at every point and by (4.3) each F* is a diffeomor-
phism of R* with itself. Properties (2)—(5) are then as usual easily verified.

6. Localizable operations.

DEeFINITION. Let V and W be M-tensor spaces. A linear transformation of
Vinto W will be called localizable if whenever v; and v, in V agree in a neigh-
borhood of a point m it follows that T and T, also agree in a neighborhood
of m. Equivalently T is localizable if whenever ¥& V vanishes in a neighbor-
hood of a point m it follows that Tv vanishes at m.

6.1. THEOREM. Let V and W be M-tensor spaces and suppose W V; where
r—s3=0. Then 9°(V, W) consists entirely of localizable operators.

Proof. Let m& M and suppose v& V vanishes in a neighborhood U of m.
Letting T denote an arbitrary element of 9°(V, W) we must show that
(T9)m=0. If ¢q is a real number sufficiently close to unity it follows directly
from (5.4) that we can find ¢ EG, such that ¢(m) =m, 6¢, is multiplication
by ¢, and ¢ maps the complement of U identically. We note that the iso-
morphism of (M,), induced by 8¢ is ¢"*. Now since v vanishes in U while ¢
maps the complement of U identically it follows that R,v = v. Since
TV, W) we get (T0)m=(TRy0)m=(RsT¥)m=¢"*(T¥)m. Since r—s50 it
follows by taking g1 that (7v),=0. q.e.d.

6.2. COROLLARY. If g0 then the spaces 9(®?, ®9), 9%(®?, ®9), 9(Z7, $9),
and 9°(Z», ®9) consist entirely of localizable operators.

We note that the restriction g0 is essential. For example if M is compact
and orientable then w— [yw is a nonlocalizable element of 9°(®", $°).
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6.3. COROLLARY. Let T be an element of one of the spaces listed in (6.2).
Let w' and w? be in the domain of T and suppose there exist coordinate systems
(x) and (y) centered at mi and mq respectively such that

w! = Z @ipeip(X)day N\ - - - N dxy,
W= 3 @i,y A - - N dys,

near my and ms respectively (the sums are over all p-tuples (i1, - - - , 1) such that
1fa< -+ <5,2m). If

Tw! = ), bjyooi (®)dxiy N\ - - - N daj,
near my, then

Tw? = 2 bjpos Ny A\ - - - N dy,
near ms.

Proof. Choose ¢ EG, satisfying (5.6). From the formula (*) in §2 it fol-
lows that (Rs1w?),, =}, for m in a neighborhood of m,. Since T is localizable
it follows that (Tw')m=(TRsw?). for m in a neighborhood of m;. Since T
is an intertwining operator we get (Tw'),=(R41Tw?).,, for m in a neighbor-
hood of m,. Once again using the formula (*) our result follows directly.

7. Basic differential forms.

DEFINITION. Let w&®9, 0<g<n. We say that w is a basic g-form of the
first kind at mE M if there is a coordinate system (x) centered at m with
spherical domain U such that the support of w is a compact subset of U and
w=fda, A\ - - - Adx,, where f| V=x,,+1| V for some neighborhood V of m. We
say that w is a basic g-form of the first kind if it is such at some m& M:

DEFINITION. Let w&E®, 0 =g=<n. We say that wis a basic g-form of the
second kind at m& M if there is a coordinate system (x) centered at m with
spherical domain U such that the support of w is a compact subset of U
and w=fdx;/\ - - - Adx, where f is constant near m. We say that w is a basic
g-form of the second kind if it is such at some m&E M.

7.1. THEOREM. Let (x) be a coordinate system with spherical domain U
centered at mE M. Let w be a g-form with compact support included in U. If
0=g<n then w is the sum of a finite number of basic q-forms of the first and
second kind at m.

Proof. Writing w= Zagl....-quil/\ ++ + /\dx;, we note that each sum-
mand on the right, after a reindexing of (x), takes the form gdx: A\ - - - Adx,
where g is a differentiable function with support a compact subset of U,
hence we may assume that w has this form. Let ¢ be a positive real number
so large that (%, - - -, %g, Xet1+8/¢, Xgte, * * *, X4) is a coordinate system in
U. Let h be a differentiable function which is unity on the support of g and
vanishes outside U so that g=gh. Then clearly
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w = (chraps + g/ — gm)/dzs A -+ - A dxp)
+ (—chxgpdrr N\ - - - N\ dxg) + (hg(m)dxy N\ - - - A dxg).

Now the first two forms on the right are basic g-forms of the first kind at m
while the third is a basic ¢g-form of the second kind at m so the theorem is
proved.

7.2. COROLLARY. Let wc®, 0=q=n, and let mES M. Then there is a
neighborhood of m in which w is equal to the sum of a finite number of basic g-
forms of the first and second kinds at m.

Proof. First assume ¢g<» and let U be a spherical coordinate domain
centered at m. If f is a differentiable function which is equal to unity on a
neighborhood of m and has as its support a compact subset of U then fw
is equal to w in a neighborhood of m and we can apply (7.1) to fw. If g=#n we
can find an (#—1)-form ¢ and a neighborhood of m in which w=do. We can
by the first part of the proof express o in a neighborhood of m as the sum of
basic n—1 forms at m. It then suffices to note that the exterior derivative of
a basic (n—1)-form of the first (second) kind at m is a basic n-form of the
second kind at (is zero in a neighborhood of) m.

7.3. LEMMA. If 0=¢g<n and w is a basic q-form of the second kind at m,
then there are points m’ arbitrarily near m such that w is the sum of a basic g-
form of the first kind at m and a basic g-form of the first kind at m'.

Proof. Let (x) be a coordinate system with spherical domain U centered
at m such that the support of w is a compact subset of U and such that in the
coordinate sphere of radius 2r centered at m the form w is given by
cdxi/\ - - - N\dx, for some real number ¢. Let m’ be the point of U with
coordinates x;(m’) =0, t3£q+1, x41(m’) =r. Then

w = (1/n)2w + (1 — (1/n)xg1)w.

Putting y; = xi, 2 # ¢+ 1; o1 = (¢/7)%er1 and 3; = x4, 1 # ¢ + 1; 2411
=c(1 —(1/7)x,41) it is clear that (y) and (2) are coordinate systems with do-
main U centered at m and m’ respectively provided ¢#0. Moreover near m
we have (1/7)xe 1w =918/ * - -+ Ady, while near m’ we have

(1 — (1/r) 2gp1) W = zg41dz1 N\ - - - N\ dzq.

If ¢=0 let ¢ be any basic g-form of the first kind at m with support in U.
Then w=(w—0)+0 and both terms on the right are basic ¢g-forms of the
first kind at m.

7.4. THEOREM. If wEP?, 0<qg<n then w is the sum of a finite number of
basic g-forms of the first kind.

Proof. Because of (7.3) it will suffice to show that w is the sum of a finite
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number of basic g-forms of the first and second kinds. Let K be the support
of w so by assumption K is compact. Let { U, - - -, Uy} be a covering of K
by spherical coordinate neighborhoods, and let f1, - - -, fr41 be a differentiable
partition of unity subordinate to {Ul, c oo, U, M—K} so that for 1=k,
fiis a differentiable function with support in U; and fi+ - - - +fi=1 identi-
cally in K. Then w=fiw+ - - - +fiw and we can apply (7.1) to each of the
f.~w.

7.5. LEMMA. If w is a basic g-form of the first kind then there exists &Gy
such that for every sufficiently small positive real number ¢ we have w-+cRyw
=Ryw for some Y EG,.

Proof. Let U be the spherical domain of a coordinate system (x) centered
at m such that w=fdx:/\ - - - Adx, where the support of f is included in
the coordinate sphere of radius L about m and f=x,,, in the sphere of radius
r about m. By (5.7) we can find ¢ EG, such that x; 0 ¢ =(r/L)x; within the
sphere of radius L while ¢ maps M — U identically. We note that R,w
=(L/n«(fo¢d~Vda A\ « -+ Ndxg=gdxi/\ - - - A\dxy where the support of g
is included in the sphere of radius r about m. Now let ¢ be the map of M
onto itself defined by x; 0 y°=x;, 1#¢+1 and x4y, 0 Y =2%x4,+cg in U and by
Ye(m')=m' for m'EM— U. It is clear that each y¢ is differentiable and also
that for sufficiently small ¢ that y¢ is nonsingular. It is then immediate from
(4.2) and the implicit function theorem that for such small ¢ the y* are all
diffeomorphisms of M. Moreover letting ¢—0 we get an isotopy of these ¥°
with the identity map of M so each of these ¥ is contained in G,y. From the
formula (*) of §2 we see that if we denote the inverse of ¥° by ¥ then Ryw
=w+cR,w. q.e.d.

The following innocuous looking result is actually the basic fact behind a
number of our more difficult theorems.

7.6. THEOREM. If wC® 0=<q<n then w is a finite sum of g-forms of the
form o — R, where 0 €® and gEG,.

Proof. Because of (7.4) we can assume that w is a basic ¢g-form of the first
kind. Then by (7.5) we can find ¢>0 and ¢, ¥ €G, such that w+cR,w=R,w.
Then putting g=¢"W¢ and o =R,.((1/c)w) we get w=0—R,0. q.e.d.

8. Invariant linear functionals. The space ®° of differentiable functions
on M contains as an invariant one dimensional subspace the constant func-
tions. Since M is connected this space is just Z° We will identify Z° with the
field of real numbers so that a linear map of a real vector space into Z° is to
be regarded as a linear functional. We note that if c€Z° and ¢ &G then
Ryc=c; in other words R induces the identity representation of G on Z° It
follows that if V is any M-tensor space then 9(V, Z9) is just the space of G-
invariant linear functionals on V, i.e. linear functionals L on V such that
Lo Ry,=L for all p&G. Similarly 9°(V, Z°) is the space of G-invariant linear
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functionals on V. Since Z° is a subspace of ®° it is clear that 9(V, Z° is a
subspace of 9(V, ®°) and that 9°(V, Z9) is a subspace of 9°(V, ®°). In fact
since d=d°& d4(P°, $!) we have:

8.1. ScuoLiUM. If V is any M-tensor space and TSI(V, ®°) (respectively,
TE9(V, &%) then do TES(V, ®') (respectively, do T&gd°(V, ®Y)), and
TE9I(V, 2° (respectively, T9d%(V, Z°) if and only if d o T =0.

Using the above fact we will be able to show that in a number of cases
9(V, ®%) =49(V, Z9. It is clear for example that this will always be the case
when 4(V, ®!) =0.

It seems very unlikely to the author that there could ever exist G-
invariant linear functionals on ®¢ if ¢<# (if M is compact, orientable, and
irreversible(®) then [ is a G-invariant linear functional on ®*), however all
we can prove is the following somewhat weaker theorem.

DEFINITION. If V is a subspace of ®? then we denote by V° the annihilator
of Vin (®9)*, i.e. the set of linear functionals on ®¢ which vanish identically
on V.

8.2. THEOREM. If g<n then 9°(®2, Z°%) = (P)°.

Proof. Let L& (®9)?, wE®?, and ¢ EG,. Since ¢ maps the complement of
some compact set K identically it is clear that Ryw—w has its support in K
and hence belongs to ®¢. But this implies that L(Ry;w—w) =0so L&J°(®9, Z°).
That conversely every Go-invariant linear functional on ®? must vanish on
®? is an immediate consequence of (7.6). q.e.d.

8.3. COROLLARY. If M is compact and q<n, then 9°(®?, Z°) =0 and a
fortiori 9(®e, Z9) =0.

8.4. COROLLARY. If g<mn, then 9(®¢, Z°) S(¥7)°.

Perhaps the deepest result of this paper is contained in (8.3). In particular
(8.3) states that there are no nontrivial linear functionals on the space of
differentiable functions on M which are invariant under all diffeomorphisms,
provided M is compact. This raises the following interesting question: if M
is compact and C(M) is the space of all continuous real valued functions on
M can there exist linear functionals on C(M) which are invariant under the
group of all homeomorphisms of M? It follows from (8.3) that any such linear
functional must vanish on all functions which are differentiable in any
differentiable structure for M and more generally on any function which can
be written as a sum of functions each of which is equivalent to a differentiable
function under a homeomorphism, but this does not completely settle the
problem.

9. The effect of localizable elements of 9%®?, ) on basic forms.

9.1. THEOREM. Let T be a localizable element of 9°(®?, ®9) and let w be a
basic p-form of the first kind at m& M. Then:
(a) Tw vanishes near m unless g=p or g=p+1.
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(b) If g=p then Tw is a constant multiple of w near m. The constant de-
pends on T but not on w or m.

(c) If g=p+1 then Tw is a constant multiple of d*w near m. The constant
depends on T but not on w or m.

Proof. Let (x) be a spherical coordinate system centered at m such that
w=xp11dx1/\ + + - A\dx,in a neighborhood of m. If a1, « - -, @, are sufficiently
small real numbers then by (5.4) we can find ¢ &G, such that x; 0 ¢ =x;+a;
near m. Now by the formula (*) of §2 if

Tw = Z ail...iqu;, /\ LR /\ dx,-q
R.,,Tw = Z a,'l...,'qodrldxil VANKIRIEIVAN dx;q.

If apy1=0 then clearly Ryw=w near m so, since T is localizable, Tw= T'R,w
=RyTw near m, and by the above formula it follows that the a;,...;, are
functions of x,41 alone near m. Appealing to (5.4) again given real numbers
b and c sufficiently close to unity we can find Y €G, such that near m we
have x; 0¥ =bx;, 1< p, x;0 Y =cx;, 1 = p+2, and xp41 0 Y =%p41. Using (*) and
the fact that the a;,...;, depend only on x,41 near m we see that near m we
have

then

RyTw = D b/ i1 iR Gre i) RGir-idg |y day N+ ++ N\ dxiq,

where J(41 - « - 44) is the number of the indices 4 - - - 7, which are less than
or equal to p, and K(4; - - - 4,) is the number of them greater than or equal to
p+2. On the other hand it is clear that Ryw=>5b*w near m, so by the local-
izability of T we have near m

RyTw = TRyw = b?Tw = D bPa;,...;0d%:, /\ + + + N dy,.

Comparing these two expressions for RyTw it follows that a;,...;, vanishes
near m unless exactly p of the indices are less than or equal to p and none are
greater than p+41. Conclusion (a) of the theorem is now immediate. More-
over if g=p we see that Tw=f(xp11)dx1/\ -+ - Adxpnear m. If r is sufficiently
close to unity then as above we can find ¢ E€G, such that near m x,41 007!
=rxp41 and x; 007 '=x; if 1#p+1. Then by (*)

flrxp)dzs A+« - N\ dxp = R,Tw = TRw = rf(%pr1)das N\ - -+ N dxp,

from which it follows that f(x,41) = kxp41 near m for some constant k. That k
depends only on T and not on w or m follows from (6.3). This completes the
proof of conclusion (b). Finally if =21 then the above restrictions on the
@iy . .5 imply that Tw=g(xp41)dx1/\ + + + Adxps1. Letting o be as above

rg(rxpr)dxs N\ - - - A dxpp1 = R Tw = TRw = rg(xp1)dxs A + - - N\ dxp.

This clearly implies that g is constant near m, and just as above we see that
the constant depends only on 7. This completes the proof of conclusion (c)
and of the theorem.
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9.2. THEOREM. Let T be a localizable element of 9°(d?, ®9) and let w be a
basic p-form of the second kind at mS M. Then

(a) Tw vanishes near m unless g=1p.

(b) If g=p then near m Tw is a constant multiple of w. The constant de-
pends on T but not on w or m.

Proof. Since the proof follows along lines very close to those of the pre-
ceding theorem we mention only the necessary changes. Let (x) be a spherical
coordinate system centered at m such that w=adx, A\ - - - Adx, in a neigh-
borhood of m where a is a constant. The restriction @, =0 in the definition
of ¢ is no longer necessary to insure that Ryw =w near m. As a result it follows
that the a;,...;, are constant near m. In the definition of ¢ we demand that
Xp41 O ¥ =cxpi1 Near m rather than x,41 0 ¥ =x,41 near m as before. We then
have Ryw=>b?w near m as before and there is an obvious change in RyTw
which implies that a;,...;, vanishes near m unless z; =j. The conclusions of the
thecrem are then immediate.

9.3. THEOREM. Let p and q be positive integers and let T&9°(Z», $9). If w
s a basic p-form of the second kind at m & M and if wSZ? then

(a) Tw vanishes near m if ¢#=p,

(b) If g=p then Tw is a constant multiple of w near m. The constant de-
pends on T but not on w or m.

Proof. Since ¢>0 it follows from (6.2) that T is localizable. The proof
continues exactly as the proof of (9.2).
10. The spaces 9%(P», $9) and 9(d?, $9) when ¢>0.

10.1. THEOREM. 9°(®?, $9) =0 provided g¢#p, p+1, or O.

Proof. Suppose that T&€d°(®?, 1), wecP?, and m& M. With the given re-
striction on ¢ we must show that (Tw).=0. By (6.2) T is localizable, so by
(7.2) it suffices to consider the case where w is a basic p-form at m. But then
(9.1a) and (9.2a) complete the proof.

10.2. CoROLLARY. 9(®?, ®9) =0 provided q#=p, p+1, or O.

10.3. THEOREM. 9°(®?, ®?) consists of the constant multiples of the identity
mapping provided p#0.

Proof. Let T&4%®», ®7). Since T is localizable by (6.2) it follows from
(7.2) that it will be enough to show that there is a constant ¢ such that
(Tw)n =cw, whenever w is a basic p-form at m. Now by (9.1b) there is a
constant a such that for any basic p-form of the first kind at m, say 6, 70 =af
in a neighborhood of . Similarly by (9.2b) there is a constant b such that
if 6 is a basic p-form at m of the second kind then 78 =56 in a neighborhood
of m. We will complete the proof by showing that a=5. Let m& M and let w
be a basic p-form of the second kind at m with w, 0. Let V be neighborhood
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of m in which w does not vanish and Tw=>bw. By (7.3) we can find m'€V
such that w is the sum of a basic p-form of the first kind § at m and a basic
p-form of the first kind ¢ at m’. Then bwn =(TW)n =(T0)m 4+ (T0)m = a0m
+ao. =aw, from which it follows that a=b.

10.4. CoROLLARY. 9(®?, B9) consists of the constant multiples of the identity
mapping provided p#0.

10.5. THEOREM. 9°(®?, ®»*1) consists of the constant multiples of d».

Proof. Let T&494°%(®», &»+1) so that T is localizable by (6.2). By (9.1c)
there is a real number ¢ such that if w is a basic p-form of the first kind at m
then Tw=c(d?w) near m. If w is a basic p-form of the second kind at m then
clearly d?w vanishes near m and by (9.2b) so does Tw. It then follows from
(7.2) that if w is any p-form then (Tw),=c(d*w)n for each m&E M. q.e.d.

11. The spaces 9%®», °) and 9(P», ).

11.1. LEMMA. If p>0 then 9°(®, ®9) = 99(@», Z9) and 9(®», %) = 9(&, Z°).

Proof. We will prove only the first equality since it plainly implies the
second. If p>1 then the desired result follows directly from (8.1) and (10.1),
so we assume that p=1. Now by (8.1) and (10.3) if T €4°®!, $%) then
d o T'=cI where I is the identity map of ®! and ¢ is some constant. If ¢c=0
then by (8.1) T&€9°(d?, Z° as desired, so assume that ¢0. Then for each
one form w on M we get w=d((1/c)Tw), i.e. every one form on M is derived.
But if this is the case then ®!=2Z! and the lemma follows as a special case of
(13.1) which will be proved shortly. q.e.d.

11.2. LEMMA. 9(P°, %) = [I]D9(®°, Z° and 9°(®°, ®°) = [I]| D 9D, Z9)
where [I] is the one-dimensional space spanned by the identity map I of ®°.

Proof. We prove the second equality since it implies the first. Since [I]
and 9°%(P°, Z9 are clearly disjoint subspaces of 9°(®°, ®°) it will suffice to
show that any TE94°(®°, #°) can be written as L+cI where LEJ%(®°, Z°) and
¢ is some real number. For this it will in turn suffice, because of (8.1), to
show that we have d(T'—cI) =0, or d o T=cd for some real number ¢. But
since d o TE€49%®°, ') the latter is an immediate consequence of (10.5).

11.3. THEOREM. If 1 Sp<n every element of 9°(®?, ®°) vanishes on P,
while the restriction of any element of 9°(®°, ®°) to ®? is a constant multiple of
the identity map. In particular if M is compact then 9°(®?, ®9) =4g(P», $°) =0
when 1 £ p <n while 4°(®°, ®%) and 9(P°, P°) consist of constant multiples of the
identity mapping.

Proof. Immediate from (11.1), (11.2), and (8.2).

Among the 9%(®», ®?) and 9(®?, $9) only 9°(®*, ) and 94(P", $°) are now
unaccounted for. Since " =Z" the nature of these spaces can easily be read
off from the results of §13 and we state the results here without proof.
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11.4. THEOREM. If M is compact and orientable then 9°(®", ®°) consists of
constant multiples of [m. If M is compact and nonorientable then 9°(d», %) =0.
If M is compact, orientable, and irreversible then 9(®*, ®°) consists of constant
multiples of [u. If M is compact and nonorientable or compact, orientable, and
reversible then 9(P*, ®°) =0.

12. The spaces 9°(Z», %) and 9(Z», $7) when ¢>0.

12.1. THEOREM. If ¢>0 then 9°(Z4, ®9) and 9(Z9, B?) consist of constant
multiples of the inclusion mapping while for p=q 9°(Z», 1) =9(Z», $2) =0.

Proof. We can assume that p >0 since the case p =0 is trivial. Let w&Z?
and m& M. By the Poincaré lemma we can find §&®?~! such that w=d?"10
in a neighborhood of m. Since the exterior derivative of a basic p—1 form
of the first kind at m is a basic p-form of the second kind at m, while the ex-
terior derivative of a basic p —1 form of the second kind at m vanishes near
m it follows that, near m, w is the sum of a finite number of derived basic
p-forms of the second kind at m. Now by (6.2) elements of 9°(Z», ®9) are
localizable so the theorem is immediate from (9.3).

13. The spaces 9°(Z», ®°) and 9(Z», ).

13.1. LEmMA. If T€9%(Z!, ®°) then do T =0.

Proof. Since d o TE€49%Z!, $1) we at least have do T'=cI by (12.1). It
remains to show that in fact ¢=0. Now T 0 d&€4%(®°, ®°) and so by (11.3)
restricted to ®? it is a constant multiple of the identity, k. If f is a differenti-
able function with compact support Ek(df)=d(kf) =d(T(df))=d o T(df)
=¢(df), so k=c. Now let (x) be a coordinate system centered at m&E M. If a is
a positive number sufficiently close to unity then by (5.7) we can find ¢ &G,
such that in a neighborhood V of m we have x; 0 ¢ =(1/a)x;. Let f be a differ-
entiable real valued function with support a compact subset of V. Then

Ry (df) =a(df) so
acf = a(T(df)) = T(a(df)) = T(Re(df)) = Re(T(df)) = c(Rsf).

If ¢#0 we would get R,f =af. But since a need not be equal to unity we would
then get an immediate contradiction by taking the supremum of both sides
of this equation. It follows that ¢=0 and the lemma is proved.

13.2. LEMMA. 3°(Z7, %) =4°(Z?, Z°).

Proof. Let T&9°(Z», ®°). Then d o TE9°(Z?, ') hence if p#1 then
do T=0 by (12.1), while if p=1 then d o T'=0 by (13.1). The lemma now
follows from (8.1).

In what follows given a subspace V of Z? we will denote by V? its anni-
hilator in (Z?)*, i.e. the set of linear functionals on Z? which vanish identically
on V. We recall that V°is canonically isomorphic to (Z?/V)*.
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13.3. LEMMA. 9°(Z7,®°) C(d»—'®2" )0, Hence if M is compact then $°(Z», ")
C(B»)°,

Proof. If p =0 there is nothing to prove. If >0 then in any case by (13.2)
any element T of 9°(Z?, ®°) is a linear functional on Z? so it will suffice to
show that T o d*~! vanishes on ®~'. Now if p=1 then the proof of (13.1)
gives the desired result while if p>1 then since T o d?~1&4d°%(®?-1, %) the
proof is completed by (11.3).

13.4. THEOREM. If M is compact then 9°(Z», ®°) is isomorphic to Hy(M),
the real p-dimensional homology space of M. In the isomorphism, which is natu-
ral, 9(Z», ®°) is carried into N,(M), the subspace of H,(M) consisting of homol-
ogy classes which are natural in the sense that they are left fixed by all the iso-
morphisms ¢x of Hy(M) induced by diffeomorphisms ¢ of M.

Proof. On the one hand we have the canonical isomorphism (B?)°
~(Z?/B?)*, and on the other hand the de Rham isomorphism Z?/B?
~H,(M)*. Since M is compact, H,(M) is finite dimensional and therefore is
reflexive. Hence we get the chain of isomorphisms

Hy(M) >~ H,(M)** =~ (Z?/ B?)* ~ (B?)".

Tracing through these isomorphisms given [c,|EH,(M) we get an element
Ly, of (B?)° by defining L., (w) =/, w for all wEZ?. Every element of
(B?)° arises in this way from a uniquely determined homology class [c,].
In particular every element of 4°(Z?, ®%) arises in this way by (13.3). We now
show that conversely everything arising in this way is an element of 9°(Z», $9).
If EG then

Lic,)(Rew) = f ¢*w = f W = Ligye)(w) = Lpyiep1(w)
cp $xcp

s0 Ly, 0 Ry=Ly,pc,1- Now if $ &G, then ¢ is isotopic, and a fortiori homotopic

to the identity map of M and ¢« is therefore the identity mapping of H,(M),

$0 Ly, 0 Ry =Ly, for all $&Go. This shows that L., is always in 99(Z?, $°)

and at the same time we see that Ly, is in 4(Z7, ®°) if and only if ¢« [c,] =¢,

for all EG. q.e.d.

If M is not compact then essentially the same arguments as above allow
us to compute 9%(Z%, ®°). The result is that this space is isomorphic to the
dual of the p-dimensional cohomology space of M with compact support.
This in turn is known to be naturally isomorphic to the p-dimensional locally
finite homology of M.
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