ON A DECOMPOSITION THEOREM OF FEDERER(®)

BY
EARL ]J. MICKLE

1. Introduction. 1.1. We shall be concerned in this paper with a funda-
mental decomposition theorem of Federer [2] (numbers in square brackets
refer to the bibliography at the end of this paper). In the next few sections we
shall give some definitions leading to the statement of this result of Federer
and the statement of the results of the present paper. Points in Euclidean
three space R? will be denoted by x and the distance between two points
x, yER?® will be denoted by Ix—y[ . For x€R?3 and >0, K(x, ) denotes the
open sphere and C(x, r) denotes the closed sphere with center at x and
radius 7.

1.2. The 2-sphere |x| =1 will be denoted by U and points on U will be
denoted by P. For sets EC U, o(E) will denote the Hausdorff 2-dimensional
measure on E. For P& U, R!(P) is the line through the origin and P, R*(P)
is the plane through the origin with normal R(P) and for s=1, 2, Tp: R?
=Ri(P) is the orthogonal projection of R? onto R P). For x&R? P& U,
RY(P, x) is the line passing through x and parallel to R'(P). For a set
ECR2(P), Ly(E) is the Lebesgue planar exterior measure of E.

1.3. Let A be a Carathéodory outer measure (written for brevity C.o.m.)
in R? (see, for example, Saks [6, p. 43]). A is called Borel regular if every set
is contained in a Borel set of equal A measure. A will be said to satisfy the
projection inequality if for every set EC R3 and every PE U, A(E) >L,T%(E).
A will be said to satisfy a weak projection inequality if for every set ECR?
with A(E) < « there is a set ZC U with ¢(Z) =0 such that

A(E*) = LyTp(E*) for E* CE,PE U — Z.

In §2 we show that there is a smallest Borel regular C.o.m. p in R? which
satisfies a weak projection inequality and hence, if for ECR?, u(E) =0 then
LyT3(E)=0 for ¢ a.e. PEU. In §6 (see Theorem 6.11) we show that if
u(B) < © for a Borel set B then u(B) is equal to the integral geometric
Favard 2-dimensional measure of B.

1.4. A set ECR3is called rectifiable if there is a Lipschitz transformation
from a bounded set in a plane onto E, countably rectifiable if it is the union
of a countable number of rectifiable sets and A unrectifiable if for every
rectifiable set E¢CE, A(E¢) =0 where A isa C.o.m. in R3.
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1.5. Let A be a Borel regular C.o.m. in R? that satisfies the projection
inequality. For a A measurable set 4 with A(4) < « Federer [2, Theorem
9.6] has shown that 4 can be decomposed into three A measurable sets
Al, Az, Az for which A=A1UA2UA3, Alf\A2=A2f\A3=A3f\A1=,®' and
each of these sets satisfies certain properties. In this paper we shall be con-
cerned with the following of these properties.

(i) A is countably rectifiable.

(11) u(42) =0 (see 1.3).

(iii) lim sup,.o A[K(x, )NA]/r2=0 or « for xEA;. In this paper we
shall show (see Theorem 6.10) that if A is a Borel regular C.o.m. in R? that
satisfies a weak projection inequality and if A is a A measurable set with
A(A) < o then A can be decomposed into two A measurable sets AF, 45 for
which 4 =A7UAS, ATNA; = and A}, A satisfy the following proper-
ties.

(i*) AF¥ is countably rectifiable.

(ii*) u(4z)=0.

1.6. The results of the present paper would follow as a corollary to the
results of Federer and the following statement. If 4, CR3 is a 4 measurable
set and lim sup,.o u[K(x, 7)NA,]/r2=0 for xC A, then u(d,) =0. Actually
this statement is true and follows from the results of the present paper. How-
ever, the writer was unable to prove this statement directly and to prove
(i*) and (ii*) had to essentially repeat the proof of Federer by modifying
certain intermediate results.

While we have limited ourselves in this paper to a discussion of 2-dimen-
sional measures in 3-space the reader will have no difficulty in seeing that the
results are valid for the corresponding (7 —1)-dimensional measures in #-
space.

2. The weak projection inequality. 2.1. Let ® be the family of Borel sets
in R%. For BE®, ECU, let vg(B)=lu.b. LyT3B) for PEU—E and for
B&® set

uwe(B) = Lu.b. Z vp(B;) for

B=UB,BNBj=Ffori=j B, ®fori=1,2, - .

7

It is easily verified that ug(B) is a measure over ®. Let Z be the family of
sets ZC U for which ¢(Z) =0. For BE® we set

w(B) = gr.l.b. uz(B) for Z © z.

In the next few sections we shall be concerned with some properties of this
set function .

2.2. LEMMA. For BE ® there is a ZE Z such that u(B) =uz(B).
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Proof. If u(B)= « then w(B)=puz(B) for every ZEZ. If u(B) < « then
for each integer ¢ there is a Z;EZ such that uz,(B) <u(B)+1/:. Hence tor
Z=Z\JZ,\J - -.,Z€EZ,

F(B) = I-‘Z(B) = #Z.‘(B) < I‘(B) + 1/1; 1=1,2,---.
Thus u(B) =uz(B), ZEZ.

2.3. LEMMA. u(B) is a measure on ®.

Proof. Let By=Bi\UB,\U - - - , B{C®, Bi{\B; = fori=j,i,j=1,2, « - - .
By Lemma 2.2, for=0,1, 2, + - -, there is a Z;E Z such that u(B;) =uz,(B:).
Hence, for Z=ZOUZIU c oy, ZEZ,

p(B,‘) = ;lz(B,‘), 1 = 0, 1, 2, e,
Since wz is a measure on ®, u(Bo) =u(B1)+u(Bs)+ - - -, and hence pu is a

measure over ®.

2.4. LEMMA. For BE® with u(B) < « let ZEZ be such that u(B) =uz(B).
If B¥*CB, B*€ ®, then
(1) w(BY) 2 LTp(B¥)  for PEU — Z.

Proof. There are sets Z’, Z"" &€ Z such that

u(B*) = uz/(B*)  w(B — B*) = uz(B — B¥).
Set Zy=2\JZ'"UZ". Then Z,EZ,
u(B) = uz(B) = uz(B*) + pz(B — B*) Z pz(B*) + pz,(B — B*)
= u(B*) + w(B — B*) = u(B).

Since the equality sign must hold in (2) we have

3) [uz(B*) — uw(B"] + [uz(B — B*) — w(B — BH)] = 0.

(2)

Since both the quantities in square brackets in (3) are non-negative, it follows
that each is zero. Hence u(B*) =uz(B*) and (1) follows from this fact and the
definition of uz.

2.5. THEOREM. For ECR?
w(E) = gr.l.b. u(B) Jor EC BE ®,

is an extension of the measure yu over ® to a Borel regular C.o.m. in R® that
satisfies a weak projection inequality.

Proof. The fact that this extended u is a Borel regular C.o.m. in R? follows
readily. The fact that u satisfies a weak projection inequality follows from
Lemma 2.4.
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2.6. THEOREM. If A is a Borel regular C.o.m. in R?® which satisfies a weak
projection inequality then u(E) SA(E) for ECR3.

Proof. Since A and u are both Borel regular it is sufficient to prove this
inequality for the case where E is a Borel set B. Let Z' & Z be such that u(B)
=uz(B) and let Z"’E€Z be such that for B*CB, B*€®, A(B*) = L,T5(B*)
for PcU—-Z". Set Z=2'UZ". For B=B,\UB,J - - -, B,E®, B,N\B,=
& for 177,

2 v2(B) £ 22 A(B) = A(B).
Thus p(B) =pz(B) SA(B).

2.7. For PE U let xp designate a point in R*(P). For ECR? we denote
by N(xp, T3, E) the number (possibly + ®) of points xEE for which
xp=T3(x). If BE® then it is well known that N(xp, T3, B) is an L, measura-
ble function of xp in R2(P).

LeMMA. If BE® and ZE Z is such that u(B) =puz(B) then
(1) w(B) = ff N(xp, Tp, B)dL, forPC U — Z.

Proof. For each positive integer 7, R? is the union of a countable number of
mutually disjoint Borel sets Bj, B, - - - each of which is of diameter less
than 1/i. For PE U —Z let fi(xp) be the characteristic function of T3(BNBI),
j=1,2,-- -, and set fi(xp) =fi(xp) +fi(xp)+ - - - . Then

f f Fixp)dLy = JZ f f Fixp)dLy = ; L.T»(B N B)

(2) j
< X u(BN BY) = u(B).
j
Since fi(xp)—N(xp, Tp, B) for i— <, (1) follows by the lemma of Fatou
from (2).

2.8. THEOREM. If EqCR? is a rectifiable set then u(Ey) = H?(E,) where H?
is the Hausdorff 2-dimensional measure in R3.

Proof. Since H? satisfies the projection inequality (and hence a weak
projection inequality), by Theorem 2.6

(1) w(E) € HYE)  for E C R

Since E, is a rectifiable set there is a Lipschitz transformation from a bounded
set in a plane onto E,. Thus there is a Lipschitz transformation T from a
bounded set in the unit square Q: 0=u <1, 0=<v<1, in the uv-plane onto E,.
By Mickle [3] this transformation can be extended to a Lipschitz trans-
formation from Q into R3. Since u[7(Q)] S H?[T(Q)] <  and since u and
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H? are both Borel regular, to prove that u(E,) = H?(E,) it is sufficient to
prove that

(2) w(B) = H*B), B = T(Q).

For PE U the Jacobian Jp(u, v) of the transformation 73T exists L, a.e. in
Q, is a Borel measurable function and is summable on Q. Let J(u, v) be a
vector whose componentsare Jp(#,v) for P=(1,0,0),P=(0,1,0),P=(0,0,1).
There is a Borel set B*CQ for which the following conditions are satisfied.
(i) T is one-to-one on B*,
(1) J(u, v) exists everywhere and 0 < l J(u, v)| < on B*,
(iii) u[B—T(B*)]|=H[B—T(B*)]=0.
Let us now consider PE U as a vector in R3. Then Jp(u, v) =P - J(u, v). Let

ZEZ be such that u(B) =uz(B) and let Py, P,, - - -, be a dense setin U—Z
(and hence dense in U). Fori=1, 2, - - -, the sets
BX = {(u, v)l (#,v) € B* 0 = |J(u, v)| — lJp{(u, 'u)l < e}

are Borel sets and B¥*=B\UB;\U - - - . Thus the sets

Bi=B., Bi=B —(BiU---UBL), i=23:--,

are mutually disjoint Borel sets and B*=B;\UB,U - - .. By Federer
[1, Theorem 4.5; 2, Theorem 5.9] and Lemma 2.7

H*(B) = HY[T(B*)] = ffB.lJ(u, v) | dLy = lfoBilJ(u, v) | dLs

IIA

Eff | Jp(u,v) | dLs + ¢ = fo Nlxp, Tr, T(B)]dLs + ¢
S 2 u[TB)] +e=uB) +e

Since €>0 is arbitrary, H*(B) =u(B) and hence, by (1), (2) holds.

3. Outer measures. 3.1. Let M be a metric space with metric d(x, ).
For xEM, 0<r< o we set ¢(x, r)= {nyEM, d(x, y) ér}. Throughout this
section ¢(E) will be a Borel regular C.o.m. in M which satisfies the following
condition. There is a N, 1 <A< =, such that for any closed sphere ¢(x, r),
olc(x, 5r)] <Aalc(x, r)]. This condition implies that 0<c[c(x, r)] < = for
xEM, 0<r< . In our application of the results of this section 3 will be
the unit sphere U and o will be the Hausdorff 2-dimensional measure on U.

3.2. A set function ¢(E) defined for all sets EC M will be called an outer
measure if it satisfies all the conditions for being a C.o.m. except the condi-
tion that it be additive on any pair of sets that are a positive distance apart.
It follows readily (see, for example, Mickle and Radé [4]) that

lim soup Yle(x, n)]/elc(x, 7))



1959] ON A DECOMPOSITION THEOREM OF FEDERER 327

is a Borel measurable function of x in M.

3.3. LEMMA. Let Y be an outer measure in M. If E is a ¢ measurable set for
which

(1) Y(E) =0
2 0 < lim sup ¢[e(x, r)]/c[c(x, r)] < © for x € E,
then o(E) =0.

Proof. By (1), for x&E M,
(3) lim sup ¥[c(x, N]/o[c(x, N] = lim sup ¢[c(x, ) N (M — E)]/o[c(x, n)].

By a simple modification of a result of Mickle and Radé [4],
(4) lim sup ¢[c(x,7) N\ (M — E)]/clc(x,7)] = Oor » forsa.e.x € E.

T—0
From (2), (3) and (4) it follows that ¢(E)=0.

3.4. THEOREM. Let y; be a sequence of outer measures in M and let Z; be
a sequence of o measurable sets in M for which the following conditions are
satisfied.

(1) Vir(E) S¥,(E)  for ECM,j=1,2,---.
(2) V(M — Z;) =0 Jorj=1,2,-.-.

(3) Zinn C Z; fij =1,2,.--.

Set

W_,'= {x
Xj= {x

z=Nz, WwW=Nw, X=UZX,,

i=1 =1 j=1

x € M, lim sup ¥;{c(x, 7)]/o[c(x, 1] = w} ,
70

% € M, tim sup %;[e(x, N]/o[e(z, )] = 0 } ,
r—0

then, for

we have that
(4) oM —(WUXU2Z)]=0.

Proof. By the remark in 3.2 X and W, are ¢ measurable sets. Thus
M—(Z;UW;UX) is a o measurable set, ¥;[M—(Z;UW;JUX)]=0 and
0 <lim sup,.o¥;[c(x, r)]/o[c(x, )] < o for xE M —(ZJW,UX). By Lemma
3.3
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(5) oM - (Z;UW,UX)]=0,j=1,2,---.
By (1) and (3) W;and Z; are monotone decreasing sequences of sets and hence
6) M—-—ZUWUX)=UI[M-(Z,UW;UX)].

j=1

(4) then follows from (5) and (6).
4. Lemmas on measurability. 4.1. For PE U, xER?, 0 <np<1 we set

2. 1/2

oPm ) = |y ER, |y — x| <(W+2)"| o) - Tr®)| )
= {3y ER, | Te() = Tr@| <n| Tr) — T |}
= {yly E R, y = 1,y € UR(P*, 5) for | P* — P|
< 2sin 271 arc tan 7}.
Fora C.om. Ain R3, ACR? PEU,0<n<1,0<r< o, xER? we set
V(A, A, P, n, 7, x) = A[A N O(P, m, x) N K(x, 7)]/mri?,
and for j=1, 2, - - -, we set

VA, 4, P, n, x) lub. V(A, 4, P, n, 1, x),

0<rs1/j

I

I

vj*(Ay Ay P: x) lim sup Vj(A, Ar P) n, x)
70

4.2, LeMMa. V(A, A, P, 7, x) is a lower semi-continuous function of
(P, n, 7, x).

Proof. For (Py, 70, 70, Xo) let X be any number less than A [AN O (P, no, xo)
MK (%o, 7o) |. Then there is a closed set F such that

FCO(P(), No, xo)f\K(xo, 1’0), A\(AmF) > A

For (P, n, r, x) sufficiently close to (Po, 10, 70, %0), FC O(P, 0, x)MK(x, )

and
AlAN O(P, 1, 2) NK(x, ] = A(4NF) >\

Thus A[AN O(P, 7, x) \K(x, r)] is a lower semi-continuous function of
(P, n, r, x) and hence sois V(A, 4, P, n, 7, x).

4.3. LEMMA. V;(A, A, P, n, x) is a lower semi-continuous function of
(P, n, x).
Proof. Follows from Lemma 4.2.

4.4, Lemma. VF(A, A, P, x) is a Borel measurable function of (P, x) in
the cartesian product space UXR3.

Proof. Follows from Lemma 4.3.
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4.5. LEMMA. If A CR? is a Borel set then in the cartesian product space
UXA,
WA, A) = {(P,2)[ (P,x) EU X 4, V4, 4, P, x) = |,
XJ'(Ar A) = {(P; x)| (P7 x) e U X A) Vj*(A, A: Pv x) = 0}7
W(Ay A) = n WJ'(A7 A)’ X(A’ A) = U XJ'(A: A);
j=1 i=1
are Borel sets.
Proof. Follows from Lemma 4.4 and the fact that 4 is a Borel set.

4.6. LEMMA. If A CR? is a closed set then in the cartesian product space
UXA

V(4) = {(P,%)| (P,x) € U X 4, x is a cluster point of RY(P, ) N A4}
is a Borel set.
Proof. For ¢, j=1,2, - - -,
Vii={(P,2)|(P,x) EU X 4, AN [C(x,1/i) — K(x,1/( + 5)]
N RY(P, x) # &}

is a closed set in UX A and since

D8
s

V(4) = '

K5

Vi'j

1

I
I

17

it follows that V(4) is a Borel set in UXA.
5. A unrectifiable sets.

5.1. THEOREM. If ACR?3, P& U and for each x&A there are numbers
0<n<1,0<r< o such that AN\ O(P, m, x)\K(x, r) =& then A is countably
rectifiable.

Proof. See Federer [2, Theorem 4.3].

5.2. LEMMA. Let A be a C.o.m. in R3 and for a positive integer j let A be a
set in R? of diameter less than 1/j. If, for PEU,0<6<1,0<y< =,

(1) Vi(A, A, Py, x) <v  forx € 4,0 < g <3,

and

(2 B={x|2E 4, AN &@,n,2) NK(x,7) = & for r> 0,0 < 5 < 1},
then for a B, a'' = T3(a),

3) AMBN(TH K@, 1]} < 10ar"  for 0 <r < 8/12j.
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Proof. The proof given here is with certain necessary modifications the
proof given in Federer [2, Theorem 4.5]. Since the diameter of 4 is less than
1/7, (1) implies that

(4) V(A A, Py, 1) <y forx© 4,0 <9 <8, r>0.
Set &' = Th(x), " = Th(x) for xER3. For aEB, 0<r<§/12j set n=12rj <3,
e=n/12=rj. Set
= EBN (T;)_I[K(a”, n].

For xEE set

h(x) = Lub. |y — &' fory © AN O(P, ¢, 2) N (To) " [K(a”, 7).
By (2) and the fact that the diameter of 4 is less than 1/7,

0 < h(x) = 1/5.
For each xEE we associate a point 2EAN O(P, €, )N (TP '[K(a”, )]
such that
(5) 12]& — &' | > 11h(x).
Since £& O (P, €, x) (see 4.1)
(6) | & — o] <el& —a].
For x&EE we set -
0@ = {3y € B [y — o] < Seh(n)}.
Part 1. For xEE, Q(x) C O(P, 1, x)\J O(P, n, &).
Proof. Assume that there is a point y&Q(x) for which Iy" —-x"l <5eh(x),

|y”—x"‘ ;nly'—x’l , ly”—o’c”l gﬂ y'—a’c’[ . From these inequalities, (5), (6)
and the fact that 12e=7 we obtain
0 < 1leh(x) < 12¢] & — o' |
0| & —y| +aly -
lyn_x//l + Iy//_x//
Ix”_x”| +2|y// _ x//l
<e|a’ —&| 4 10eh(x) £ 1leh(x) < .
This is a contradiction. Hence Part 1 holds.

ParT 2. If x€E then K|[x", eh(x)] CK(a", 27).
Proof. If |y”—x”‘ <eh(x) we have (since |z —a"'| <r)

ly"—a"‘ < |y —a"| + |2 —a"| <eh(x) +r<r+7r=2r

Part 3. If yEQ(x) then [y’—x'l <5h(x).
Proof. Assume that there is a yEQ(x) with |y’——x’l 25k(x). Then

|y’ — 2| < Seh(x) €|y — o).
Thus yEAN O(P, & x)N\(TH)[K(a”, 7)] and hence

IATIA - 1IA
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1z hx) = |y —«| = 5k > 0.

This is a contradiction and Part 3 holds.
PART 4. If xEE then A[Q(x)] £2-84%ym [eh(x) |2
Proof. By Part 3, y&Q(x) implies that

| y— xl =< l y — x’l + | vy — x"[ < Sh(x) + Seh(x) = 5(e + 1)h(x) < 6h(x),
]y——xl < ’y—xl + |x—&| S5+ Dh@) + | —&] + |x”—a‘c”
<S(e4+ D) + (e+ 1) o — & |
< (e + 1)6k(x) < (13/12)6k(x)
< Th(x).
Hence
(7 Q(x) C Klx, Th(x)] N K[z, Th(x)].

From (7) and Part 1,
Q@) C{AN OP,n,0) N K[z, Th(@)]} Y (4N (P, 7, %) N K[z, Th(2)]}.
Thus by (4) and the fact that n=12¢,

AlQ@)] £ 2yaTh(x) 22 = 2-84%ym[eh(x) ]2,

PARrT 5. A(E) £ 10%ynr?,
Proof. Since T%(E) CUK [x"”, eh(x)] for xEE, by a covering theorem of
Morse [5] there is a sequence of points x1, %3, - - +, in E such that

®) Tr(E) C U K[x',5eh(x)],  K[el’,eh(x)] N K [5", eh(w)] = &
fori # k.

Now xE E implies that there is an x; such that |x” -—x{'| <5¢(x;) and hence
that xE€Q(x;). Thus ECU; Q(x;). From Parts 2 and 4 and (8) we have that

A(E) £ Z A[Q(x)] < 2-84%yr Z [en(2)]? < 2-84%ymdr? < 105ymr2.

Thus (3) holds.

5.3. THEOREM. Let A be a C.o.m. in R?, let A be a A unrectifiable set in R?,
let PE U and set (see 4.5)

X*(A, 4, P) = {x| 2 € 4, (P, x) € X(A, 4)}.
Then A[X*(A, A, P)]=0.

Proof. Set
X7 (A, 4, P) = {x| 2 € 4, (P, x) € XA, 4)}, F=1,2 .
Since X*(A, 4, P)=X*A, 4, P)UXFA, A, P)U - - ., to show that

A[X*@A, 4, P)]=0 it is sufficient to show that A[X*(A, 4, P)]=0 for
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j=1,2, ... We have that
viA, X5 P,x) =0 forx E X
Assume that A(X}*)>0. Using Lemma 4.3 there is a set AF#CX* and a se-
quence of positive numbers 8y, 02, - - -, such that
A4D) >0, VA, 4, Py, x) < 1/i for 0 <n <8, xC 4]
Since A(4}) >0, A} contains a subset 4 ; of diameter less than 1/j for which
A(4;) > 0, vi(A, 4;, P, n, x) < 1/i for0 <9 < b, xE Aj
Let
Bj = {x|xC 4;, 4; N\ O(P,n, x) N K(x,7) % Fforr>0,0<n<1}.

Since 4; is A unrectifiable, by Theorem 5.1, A(4;— B;)=0. Hence A(B;)
=A(A4;)>0. Thus there is a point a € B; such that

(1) limsup A{B; N (T [K(a", ]} /zr" > X > 0, a" = Ts(a).

70

Choose 7 such that 1/2<X/10°. By Lemma 5.2

) AMB; N (Ty) (K@’ N} <A for 0 < r < 8,/125.

Since (2) contradicts (1) it follows that A(X ) =0.

6. The decomposition theorem. 6.1. Throughout this section o(E) will
denote the Hausdorff 2-dimensional measure of a set EC U and for PE U,
0<r< =,

c(P,r)={P*|P*c U, | P*— P| =},
P, r) = {P¥|P*C U, | P*—P| <1}

As noted in Federer [2, §6.2], there is a X\, 1 <A< o, such that o[c(P, 57)]
<o le(P, r)] for PEU, 0<r< .
6.2. For the sets defined in 4.5 and 4.6 we set

I/VJ'*(A)A, x) = {})ilD GE l])(loax) EE PV}(A)‘A)}r

WHA, 4, P) = {x|x C 4, (P, 2) © WA, 4)}.
W*(A,4,x), W*(A,A,P), X}, A,x), X}(A,A,P), X*(A,A,x), X*(A, 4, P),
V*(A4, x) and V*(A4, P) are defined in the same way with respect to W(A, 4),
XA, A), X(A, A), V(A) respectively.

6.3. Fora C.om. A in R3, ACR3} xER? ECU, j=1,2,- - -, we set
YA, A, E, x) = Lub. A[(4 — x) N\ K(x,r) N\ {URY(P, 2) for P € E}]/r
0<r=s1/j

The proof of the following lemma is easily verified.
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LEMMA. For j=1,2, - - - ,Y;(A, A, E, x) is an outer measure in U and for
e=2 sin 2~ larc tan 7, 0<9<1,
(1) ¥ilA, 4, (P, ¢), ]/mn? = V(A 4, P, n, x).

6.4. LEMMA. For the sets defined in 6.2

Wk, 4,%) = {P

Pec U, lim sup ‘//J'[Ay 4, CO(P, 5)7 x]/a[co(P, e)] = ® } )

€—(

XF*(A, A, %) = {Pl P € U,lim sup ¢;[A, 4, (P, €), x]/a[c*(P, ¢)] = 0} .
€—0
Proof. These relations follow from (1) of 6.3 and the fact that for e
=2 sin 27! arc tan 7,
lim {a[c"(P, e)]/7re2}(e/‘:7)2 = 1.
n—0
6.5. LEMMA. If A is a C.o.m. in R A is a closed set in R3, xER? and for
i=1,2,---,Z;={P|PEU, (A—x)NK(x, 1/))NRY(P, x) = F }, then
(i) Z;is a Borel set for j=1,2, -+ -,
(i) ¥;(U—Z;)=0 for j=1,2, - - -,
(i) Z;CZ; for j=1,2, - - -,
(iv) V¥4, x)=N>2, Z;.

Proof. (ii), (iii) and (iv) are easily verified. To prove (i), form=2,3, - - -
set

z; ={P|PE U, AN [Cx, m/j(m + 1)) — K(x, 1/jm)] N\ RY(P, x) = &}.
Z7 is a closed set and Z;=Z7\UZ}\U - - - is a Borel set.

6.6. LEMMA. Let A be a C.o.m. in R® and let A be a closed set in R3. Then
(1) o{U = [V*(a, 4, 2) U WA, 4, 2) U X*(A, 4, %)]} =0  forx € A.

Proof. The outer measures ¥;(A, 4, E, x) and the sets Z; defined in 6.5
satisfy the conditions of Theorem 3.4. Since ¢ [c(P, 7)—c*(P, 7)]=0 for
PeEU, 0<r<1, either closed or open spheres can be used in finding upper
densities. Hence, by Lemma 6.4, (iv) of Lemma 6.5 and Theorem 3.4, (1)
holds.

’

6.7. LEMMA. If A isa C.o.m. in R® A is a set in R® with A(A) < ©, PE U,
then LyT[W*(A, A, P)]=0.

Proof. For ECR*(P) let Ap(E)=A[AN(T})~'(E)]. Then Ap is a finite-
valued C.o.m. in R%*(P). Hence, for xp & R%(P),

(1 lim sup Ap[K(xp, )] /712 < w for L, a.e. xp € R2(P).
t—0
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If xEW*(A, A, P), xp=Tp(x) then, for 0<n<1,0<r< o,

O(P,m, 9) N K(x,7) C {y| y € R, Tr(y) € K(xp, 7))
and there is a sequence (n;, 7;)—(0, 0) for j— « such that
hm AP[K(xP) 771'71')]/7”73712‘ = llm V(Av A) Py N5 Ty x) = .
J—m J—e
It thus follows from (1) that LT3[ W*(A, 4, P)]=0.

6.8. LEMMA. If A is a Borel regular C.o.m. in R3 that satisfies a weak pro-
jection inequality, A CR? is a Borel set with A(A) < ©, Z&EZ is such that u(A4)
=uz(A4) then

(1) L.Tp[V¥(4, P)| =0 for PEU — Z.

Proof. By Theorem 2.6, u(4)<«. By Lemma 2.7, for PEU—Z,
N(xp, T2, A) is an L, summable function and hence N(xp, T3, A) < » for
L, a.e. xpER2(P). Since xEV*(4, P) implies that N[Th(x), T}, A]= o,
(1) follows.

6.9. THEOREM. If A is a Borel regular C.o.m. in R® which satisfies a weak
projection inequality and A is a A unrectifiable closed set in R® with A(A) <
then u(A)=0.

Proof. By Lemma 6.6
1 AU = [V¥(4, x) U W*(A, 4, 2) U X*(A, 4, 0)]} =0 forx € 4.

By Lemmas 4.5 and 4.6, V(4), W(A, A), X(A, A) are Borel sets in the car-
tesian product space UX A4 with product measure 0 XA. By applying Fubini’s
theorem to the characteristic function of UXA4 — [V(4)UW(A, 4A)JX (A, 4)]
it follows from (1) that

(2) A4 —[V¥4, P)\UW*A, 4, P)\U X*(\, 4,P)]} =0 forcae. PCU.
Let ZE Z be such that (2) holds for PEU—Z and p(4) =pz(A4). Set
3) Ao = A — [V¥(4, P) U W*(4, 4, P) U X*(A, 4, P)].

By (2), Lemma 6.8, Lemma 6.7, Theorem 5.3 we have respectively

(4) LiTp(Ag) < u(do) £ A(4) =0 for PEU — Z,

() LTH[V¥(4, P)| =0 for PE U — 2,

(6) L.Tp[W*(A, A, P)] =0 for PC U,

(1) L.Tp[X* (A, 4, P)] < u[X* (A 4, P)] < A[X*(1,4,P)],=0,P E U.
From (3), (4), (5), (6), and (7) it follows that Ly;T3(A) =0 for PEU~Z and
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hence u(4)=0.

6.10. THEOREM. Let A be a Borel regular C.o.m. in R? that satisfies a weak
projection inequality and let A be a A measurable set in R?® with A(A) < «.
Then A can be decomposed into two A measurable sets A, Ay with A =4,\JA,,
ANAs=F, Ay is countably rectifiable and u(As) =0.

Proof. Let y =1l.u.b. A(4,), A CA4, A, rectifiable. For each positive integer
1 there is a rectifiable set B;C A4 such that A(B;) >y —1/17. Then there is a
Lipschitz transformation from a bounded set E; in a plane 7 onto B; and by
Mickle [3] this transformation can be extended to the whole plane = with
the same Lipschitz constant. If F; is a bounded closed set in 7 containing
E; then the intersection of A and the image of F; under this extended trans-
formation is a A measurable and rectifiable subset of A containing B;. Hence
we may assume that B; is A measurable for each 7. Set 4,=B,UB,U - - -,
Then A, is countably rectifiable and A measurable. The set 4,=A4—A4;is A
measurable and A unrectifiable, 4 =A4,\UA4,, A1MNA;=. Since A4, is the
union of a countable number of closed (and necessarily A unrectifiable) sets
and a set of A measure zero (and hence of u measure zero), it follows from
Theorem 6.9 that u(4,)=0.

6.11. THEOREM. If A CR? and u(4) < « then u(A)=1*A) where I* is the
Borel regular integralgeometric Favard 2-dimensional measure in R3.

Proof. Since u and I? are Borel regular we can assume that A4 is a Borel
set. By Theorem 6.10 4 can be decomposed into two Borel sets 41, 42 such
that 4 =4, JUA,, AiNA,=F, A: is countably rectifiable and u(4:) =0. Then
I*(4;) =u(4:) =0 and by Theorem 2.8 and Federer [2, Theorem 5.14],
u(A4) =H?*(4,)=1%2(4:). Hence u(4)=1%(4).

The problem as to whether u(4) =12(A4) for all sets A C R3 is unsolved and
is equivalent to the problem of showing that Theorem 6.10 is true if the
assumption that A satisfies a weak projection inequality is replaced by
A=12
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