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It is a familiar fact that certain systems of functions, although themselves

not independent, exhibit properties of independent random variables. For

example it is well known that if {w*} is a lacunary sequence of positive

integers, that is m+i/nk >q>l, then the sequence

(1) {pk cos (nk + ak))

where the ak are arbitrary and the pk satisfy certain order of magnitude con-

ditions, obeys both the Central Limit Theorem and the Law of the Iterated

Logarithm^). The system (1) is obtained by taking a sparse subsequence of

the trigonometric system, and it is natural to ask whether in every uniformly

bounded orthonormal system it is possible to select a subsystem imitating

independent random variables. In this direction, Morganthaler [6] has ob-

tained the following analogue of the Central Limit Theorem.

Theorem A. Let {d>n(x)} be a uniformly bounded orthonormal system of

real-valued functions on the interval [0, l]. Then there exists a subsequence

{<p„t(x)} and a real-valued function f(x), fQ1p(x)dx = 1, 0^/(x) ^B where B is

the uniform bound of {(pn(x)}, such that for any arbitrary sequence {a*} of real

numbers satisfying

2 2 2    1/2
An = (ai + a2 + • • • + a^)     —► °°  as N —* <*>,

aN = o(AN),

the distribution functions

\ I      N )
FN(y) = \<x: Y<tk(bnt(x)/AN g yV

I v     *-i )

converge to a limiting distribution F(y) at each point of continuity of the latter

and the characteristic function of F(y) is

(2) $(\) =  f   exp (-\*p(x)/2)dx.
Jo

It will be seen from (2) that the limiting distribution F(y) is not a true

Gaussian, but is a sort of Gaussian distribution with a weight function/(x).

Presented to the Society, February 25, 1956; received by the editors June 11, 1958.

(l) In this connection see references 1-6 at the end of paper.
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The purpose of this paper is to prove an analogue of the Law of the

Iterated Logarithm for orthonormal systems. We have the following theorem.

Theorem 1. Let {cpn(x) ] be a uniformly bounded orthonormal system of real-

valued functions on the interval [0, l]. Then there exists a subsequence {cp„k(x)}

and a real-valued function f(x), f0xp(x)dx = 1,0 ^/(x) ^B, where B is the uni-

form bound of [<pn(x)), such that for any arbitrary sequence {ak} of real num-

bers satisfying

2 2 2    1/2
An = (ffi + a2 + ■ ■ ■ + as)     —-> °°    as    N —> oo,

(3)
Ms = o(Ar?(iog log An) 1/2)    where    Mn = max | ak\

we have

SN(x)
(4) lim sup-5- = f(x)

(2A% log log As)1'*

where

N

Ssix) = Z akcb„kix).
k-i

We note that conditions (3) are the same as the conditions on the devia-

tions and maxima of the independent random variables in the theorem of

Kolmogoroff [7] on the Law of the Iterated Logarithm, and that the conclu-

sion there is the same as (4) except that for independent random variables

f(x) is equal to 1. In Theorem 1 the function/(x) can be taken to be the same

as in Theorem A.

We begin by extracting a subsequence {cj>„h(x) ] of {</>n(x)} for which there

is a function f(x) such that

2 2

<t>nt-—»/ (*)
weakly

that is to say,/(x) has the property that for every integrable function g(x),

I   g(x)cbnk(x)dx -» I    gix)f\x)dx.
Jo Jo

It is well known that the only condition needed on the sequence {cp„] in

order to find such a weakly convergent subsequence is that it be uniformly

bounded. From now on we will denote the subsequence {</>„,.} so chosen bv

Now the method of selection of the subsequence of Theorem 1 will involve,

for values of x for which /(x)>0, the use of cp„kix)/fix) and sums, products
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and integrals of such expressions. If/(x) is not bounded away from zero then

<t>nk(x)/f(x) may not be integrable. Therefore we first prove our theorem for

a fixed arbitrary set F on which f(x) is bounded from zero and for the set E

on which/(x) is zero. Then by using a diagonalizing procedure we can obtain

a subsequence which satisfies (4) for almost every x. That is, we will prove

the following theorem which implies Theorem 1.

Theorem 1'. // {<bn(x)} is a sequence of functions satisfying the hypotheses

of Theorem 1 for which the <pl(x) converge weakly to a function p(x), and if F is

an arbitrary fixed set on which f(x) is bounded away from zero, and E is the set

on which f(x) is equal to zero then there exists a subsequence {(bnic(x)} such that

for any sequence {ak} satisfying the hypotheses of Theorem 1 we have

Sn(x)
(5) lim sup-5-■ = f(x)

(2A% log log AN)l"

almost everywhere in EUF.

There are two main properties of our uniformly bounded orthonormal

system which we will use repeatedly in the proof which follows. The first is the

fact that the </>„(x) converge weakly to/2(x). The second is the fact that for

any integrable g(x),

(6) f g(x)4>n(x)dx->0.
•I 0 n»oo

This is the well-known Riemann-Lebesgue theorem and it holds for any

uniformly bounded orthonormal system.

We will divide the proof of Theorem 1' into two parts.

Part I. This part of the paper will be devoted to choosing a subsequence

for which

SN(x)
(7) lim sup-x- ^ f(x).

(2ANlog\0gANyi*-n

We first prove three lemmas.

Lemma 1. Let F be a fixed set on which f(x) is bounded away from zero. Then

we can choose a subsequence {(bnk} of {(pn} for which

1   ,     . /\AN/ \        r /XSN(x)\

(8) 2      2
3   .     . /\An \

£j\F\ «p(—-(! + „))
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where Sn, An, and Mn, have the same meaning as in the theorem and A, 17 are

any positive numbers satisfying

(9) 2Cal\Ms + (\MsY/2 < v,        \MNot < 1/2

where « = max,,„ |<?jn (x)//(x) | and C is any constant for which inequality (10),

below, holds.

The proof is based on the inequality

(10) I log (1 + z + z2/2) ~A   gC|*|»,

valid for |z| ^1/2. From the second of the conditions (9), we see that we

may take z = \akcpnJf(x). We obtain

(11) exp (***) = (l +X-^+ (**=Y.±W)
\/(«)  /      V        /(*)        \/(x)  /    2/

where

(12) \Rk\   g CI \akcj>njf(x) I 3 ̂  CX \kMa \

Clearly (11) and (12) imply

Inequalities (13) hold no matter what the subsequence {cAn*}. Next we pick

{</>„t}. We do so by induction. In order to simplify notation we write \pn

= cp„/f(x). First we fix two series of positive numbers, Zi" e* and Z" ft'i

satisfying Z" e* + Z" &«<t = 1/2. Then we choose cpHk inductively to satisfy

(H) Z I   f^-"/»';->n^    ̂ 4|F|,

(15) Z I   f *'i  •   •   • &$, ~ /n1,   •   •   • ̂ d*    £ ft I F I
0»i./>». • • - ./»*-»> I ̂  '

where the sums are taken over all possible k — 1 tuples with elements in

{0, 1, 2}. It is clear that the Riemann Lebesgue theorem and the weak con-

vergence principle allow us to do this.

Now we estimate
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S = j II (l + Xo*tf„t + — (Aa**»t) ) dx = J* ft U + — (AcT*iA„t) ) d*

+ J [ II (l + Xa**„4 + y (Xa**Bi)2) - II (l + — (Xa**„*)2)] Ac

= £+g.

We first investigate Q. We note that it is the sum of those terms in the ex-

pansion of 8 which are integrals of products containing at least one yp„k

raised to the power 1. Such a term is of the form

(\aiYx         (Xak-t)^-1        (Xay,)2           (Xay,)2
-— . . .-.-\at-. . .-

2" 2f 2 21 k—l

(16) /*     ^ fik_, 2 2
■   J   \A»,  •  •  ' ^nt-^nj   ̂    •   •   • fny/x

where \f/„k is the function with the highest index which is raised to the power

1, fii -1 if 0i = 2, p< = 0 if 0i = 1 or ft = 0. Since Xa,-< 1/2, the absolute value
of such a term is less than

(Xayj)2 (Xdy,)2| T   0i /Jt_i       2    2 2
(17)-•-      I    $ni   ■   ■   ■ tnt-ifn^nj^nj,   '   "   " tnjdx   .

2 L       \%J -p

We fix nk and (ray,, • • ■ , n,,), and consider the sum over all (Pi, • • • , Pk-i) of

terms of type (16). We call this sum G(ra*, ray,, • • • , Wy,). It is clear from (14)

and (15) that

<?(»*, »,„   ■   •   •  , My.)   ̂ - 2-, |   I    4>m   •   •   • ^nk.^nkdx
1 l O9l,-...0*-l)  I*7 *" I

,   Oy,)2 (Xay,)2                         (X^)2 (Xay,)2         / ,             \

^ ^                y>*               ^ ^              \        y>*    /

Hence

I QI ^          2            Z) G(nk, nh, • • • , ray.)
Jl<J»< • • •</•<#    mslf

as)        SM(i:,;+i>.)   r,   5a£...»fi£
\    1 1 /  31<---<).<N 2 I

,±,„ft(, + %
Now we estimate P. Clearly,
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P-\F\+       Z      —4- •■«*, I +lh---*lidx.
h<•••</,<»   ^ Jf

From (15) it follows that

/2 2 *
tfw ■ • • *., <** - | F |   ^ | FI   Z <*•

-* ' 1

Hence

l*l+M(l-£*)        Z       ̂ -ah-..al
\ 1      / j,<-<jT<s  lv

±P1k\F\  +|F|(l + t*)        Z       £*•••*
\ i      / 3i< • • •<>',<#   ^p

which implies

««w(.+£.)ft(.+s?).
Collecting (18) and (19) we have

y M n (i + ^-) ^ f n (i + Xfl^„ + - (\ak*nk)^ dx

<20> ' 4m?«)
The inequality e"(1~u) ̂  1+M^e", valid for positive m implies

22 44 22 22
(»\ak       "    \ak\       »/        \ ak\ /        \ ak\

(2D        exp(Z— -E—)^Il(l + — ) = exP(Z— )•

From (13), (20), and (21) it follows that

r /    Ssix)\ 3   , /X An \
g       exp(X —— )cfx^ — \F\ exp(-(1 + 2CXMa8) I.

J F       \    f(x)  / 2 \   2 /

Applying the first of conditions (9) to this inequality we obtain the conclusion

of our lemma.
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Lemma 2. Let £ be the set on which /(x) =0 and let

1
\Mn ^ — >        C\Mn < n-

2

Then there exists a subsequence {cf>nk} for which

/2     2

exp (\Ss(x))dx ^ 2 exp (r;X An).
E

We choose {cp„k] inductively to satisfy

(22) Z I    <i>n\<Pn\  •   •   •  4>nk-\<t>nkdx     g  «*',
01.---.0k-l) \J B

El 02.     $2 /J/fc—1      2
I    </>n,</>7ii,  •   •   •  <pnk-iCpnkdx     g  £*,

where tk, t{ and /3< are the same as in Lemma 1. We can choose {cp„k] to

satisfy (22) by the Riemann-Lebesgue and to satisfy (23) because of the fact

that on £ the weak limit of cpl is zero.

Following the proof of Lemma 1 we see that

f                                  (          \\s\  C  fV/                         &ak4>nk)2\
I    exp (\Ss)dx g exp I C\M-II    11 ( 1 + \ak<pnk -\-1 dx.

Now we will show that

(24) f ft (l + W»t + (Xa^"*)2) dx ̂  2.

Let us consider all terms in the expansion of the left side of (24) whose non-

constant factor of highest index is </>„,.. Since the conditions of the lemma

imply \ak<l/2, (22) implies that the sum of all such terms is less than e*.

Similarly (23) implies that the sum of all terms in the expansion of (24) whose

nonconstant factor of highest index is cp\k is less than e*. Thus

fn(i+^a-^U^i + i:*+i;^2.
J E    1     \ 2 / 1 1

Hence

j   eXSNdx g, 2 exp (C\M\aI) £ 2 exp (n\AN).
J E

Lemma 3. We can choose a subsequence {<p„k} of {</>„} such that if {a,} is

any sequence for which —2'^a,^2" and if
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2 1/2
/     Si(x) > f(x)(l + t)(2AN log log AN)      and )

ei.N.t —  \x: 2 1/2 /■ ,
I     St(x) g /(x)(l + t)(2AN log log An)     for all l< if '

2 1/2
, (     x E E, Si(x) > t(2AN log log An)      and')

Bi.N.t =    ■{*: 2 1/2 /
(     5i(x) ^ e(2^4iv log log 4at)     for all / < i )

then

(25) f       ((t>ni<Pnk/fi(x))dx g 4"* I *,*,. I ,
J 't,N,i

(26) f       (&Jf\x))dx = (1 + 1/4) I *.*.. I ,

(27) f      <t>ni<Pnkdx^A-"\ei,NiC\

(28) f ,    <blkdx =g (1/4) | eU,. |

provided N<i<j<k, \ ei,N,,\ > l/k2, \e'ts,\ > l/k2 and e is one of the numbers

1, 2, ■•• , l/k.

We proceed inductively. Suppose <£„,, • • • , <bnk-i have been chosen. Let

/,= [-2", 2']. For each N<i, and e a member of {l, 1/2, • • • , l/k} we

consider the mapping Tn,, of h Xh X • • • Xii into the metric space 9E of all

measurable subsets of [0, l] defined as follows:

Tn,,((Ii, • • ■ , ai) = ei,N,t.

Clearly this mapping is continuous. Hence the image of Ii X • • • Xii under

Tn., is totally bounded.

For fixed j, i<j^k—l we consider

f:i(l*i, • • • > <*<) = g..i(ei,N.i) =  I 4>ni(p./f2(x)dx
J ei.N.,

and

f.(ah ■ • ■ , ai) = g.(ei,N.t) =  I <pt/f2(x)dx.
J e. „

Clearly g,,y tends pointwise to zero and g, tends pointwise to | £,-,#,,|. It is

easy to see that if G, H are any elements of 9H and a has the meaning of

Lemma 1,

(29) \g.AG)-gsj(H)\   ^a2\GAH\,

(30) | g,(G) - g.(B) |   g a21 GAH | .

The above two inequalities imply that {g,,j} and  {g,}   are uniformly equi-
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continuous. But a pointwise convergent sequence of uniformly equicontinu-

ous functions is uniformly convergent. Therefore for 5 large enough,

(31) | g..iiei,N„) \   =\f       <t>nj<P./pix)dx  < — — ^ — | ei,s.e |
IJ ,iNi, 4    k        4

and

(32) | i,(ei,N.e) |   = I f        <pl/f\x)dx\ g (l + - | ei,N,t \) ■

Since for a fixed k there are only a finite number of values of i, N, e, and

j under consideration, it follows that for 5 larger than, say, So inequalities

(31) and (32) hold for all permissible i, N, e, and/. Hence we pick cp„k such

that nk>so.

We will now show that if {cpnk} is chosen to satisfy Lemmas 1,2, and 3 it

will satisfy (7), the inequality we are trying to prove. We have four lemmas.

Lemma 4. Let 6 be a fixed number greater than 1 and let Nj be a sequence of

integers satisfying

(33) ej g BNj < ei+1

(forj large enough, Nj clearly exists). Let t' be any number greater than zero and

let

(34) ry = {x E F: SNi(x) > f(x)(l + t?)(2ANi log log A*,)1'*}.

Then

(35) Z |ry| < «>.
7-1

By Lemma 1,

C /XSat(x)\ 3   . /\An< \

provided X is small enough. If we let X= (2ANf log log ^4jv,)1/2, then for/ large

enough the hypotheses of Lemma 1 are satisfied and (36) holds. We let

y= (l+e')(2^ log log An,)11*. Hence

IT/I   -  | {x:SNj(x)>f(x)y,xEF]\.

Clearly

//XSV\ 3   .     , /X^Ni \
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Thus

2     2

lTy|   Zj\P\ exp(^(l + e')-Xy)

£ — \F\  exp (-(l + O log log ANi)

Z—\F\ (log ey^'j-1-'

which implies

oo

Y I Til   < «.
;=i

Lemma 5. If e, 0, and N, satisfy the conditions of Lemma 4 and

I1/ = {x £ E:Snj(x) > e'(2ANj log log A*,)1'*}

then

Y |r/| < co.
y-i

If y = e'(2^ log log ANj)112 then F/ = {*££: SN(x)>e'y}. We take

X = (2/£')(2^4at2 log log An/)112, j; = £2/4. For j large enough the conditions of

Lemma 2 are satisfied and hence

/2     2

exp (KSNj)dx < 2 exp (ijX An,).
B

Clearly

e*» | I1/ |   ^   f exp (\SN/)dx ^ 2 exp (ijX^y)
t/ B

and hence

I T/ |   g exp (n\jA2Nl - Xy) ̂  exp (-2 log log /f^.) ^ (log 0)7 ~ .

Thus

£|r/| <-.
y-i

We now proceed to show that for the subsequence we have chosen that
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Sn(x)
(37) lim sup-= f(x)

V (2Alloglog An)112

almost everywhere in £. This is clearly implied by the following lemma.

Lemma 6. If e is any number of the form 1/ra for ra a positive integer, Nj

= Nj(8) a sequence of integers satisfying (33), and if

~*
Snj =      sup     Si(x),

#;_!<,• SAT,

fy ={x: Snj(x) > f(x)(l + f)(2ANj log log An,) ")

then there exist a 0 for which

Y \Tj\   < oo.
i-A

Clearly

~* 2 1/2,
fy C \x: SN,(x) > f(x)(l + «)(2^^._1 log log ANj_x)    }

Nj Nj

=       U      eNj-i.p,, =      U     ep
p-Nj-i+l p-Nj-i+l

where «#,_,,„,, has the same meaning as in Lemma 3. Hence

(38) |fy|   =      Y      \eP\.
p-w,_i+l

Now we consider those p for which | ep\ > 1/p2. If <Tj,(x) = Snj(x) — SP(x) then

Snj(x) ^ Sp(x) — | ffp(x) | and thus

| [x: x E ep, SNj(x)/f(x) > (1 + e)(2ANi.t log log AnjS'* - (2)mANj_x} \

^   | ep\   -   | {x: x E ep, op(x)/f(x) > (2)1I2Anj^} \   =   \ ep\   -   I dp \ .

To estimate \dp\ we write

j (o-P(x)/f(x))2dx = j  (J^Y «*<*>*) //(*)) dx.

Applying Lemma 3 we see that if ./Vy is large enough then

j  (( Y «***) //(*)) dx

Nj+l      2    r. r.

=   Y ak I   (4>k/f(x))2dx + Y aiah I   (<t>ti>k/f(x))dx
p+1 J ep i*k J e„

^ Y *l\ eP\ (1 + 1/4) + 2   Y ~   Y ^k  I ',\   iial\ep\(l + 1/2).
p+i k-p+i 2   ,_p+i 2 p+i
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Clearly,

vA    2 .2 ,2 y+i j-i j-i, 2
Z a* ^ ^wy - ^wy_, ^9      -0      = d     (8   - 1).
p+1

Now if 6 is close enough to 1, ANl-l^ei-1^d'-1(62-l) and hence

f 2 ^4   2,     , / 1 \       3   .
I   i<rvix)/f(x)) dx ^ 2^ ak | ep | I 1 + — 1 ̂  — | e„ | 4/y,^.

•J «p p+i \ 2 /        2

Thus clearly

2 | d,\ Ay,,, < f (ap(x)/f(x)Ydx < - | ep\ AHi_„
J eP 2

which implies

ii       3   .     .|<fpl  g- |ep|.

Collecting the last few inequalities we see that

Nj

| Ay |   = U        {x :x E ep, SNiix)/f(x)
v-tfj-i+i

> (1 + 6)(24.v,_,loglog AnjS'2 ~ i2)U2As,-,}

= |Zkl
4

where the sum is taken over all p for which |ep| >l/p2, iVy_l + l ^p^.N,-. Since

(39) Z I Ti|  ^Zr2 + 4Z |Ay|
7>70 P—l 7>j"o

we now must estimate [ Ay|.

If j is large enough then (log log ^4jvj-_1)1/2> e/2 which gives

(1 + «)(2i4»,_, log log ^y_,)1/2 - i2)U2An,-.,
(40) 2 l/j

^ (l + ,/2)(2^._,loglog^^._1)/.

Clearly

log log ANj-i
-► 1.
log log ANj

and

A*, ~ \d'+1)     ' e '
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Hence if/ is large enough and 6 is so close to 1 that (l+e/2)0~2> (l+e/4) we

have

(l + e/2)(2^._1loglog^,._1)1/2 ,

= (l + e/2) (2jlw, log log As,)    I ■   -;-)
\   2^,- log log 4/^.   /

—2 2 1/2 2 1/S
£ (1 + e/2)fl   (2^iVylog log ̂ ^.)      2i (1 + e/4)(2^. log log .4*,)     .

The above inequality and inequality (40) imply

| Ay |   £ \{x: Ss<ix) = (1 + «/4)(2id, log log Asf*] \ .

Taking e' = e/4 and applying Lemma 4 we see that

Z  |Ay|   <  oo,
7-1

which together with (39) gives us the conclusion of the lemma.

The following lemma easily implies that

Sxix)
hm-5-= 0

(2A*s log log AN)m

almost everywhere in £ and hence completes Part I of this paper.

Lemma 7. If e is any number of the form 1/n for n a positive integer, Nj

= Njid) a sequence of integers satisfying (33), and if

Ssjix) =      sup     Siix),
*y_lS«Sffy

f/ = {x: Sljix) > t(2ANj log log An,)1'2, x £ E\

then

Z |r/| <«>.
i

Arguing just as in Lemma 6 we obtain

t'i E{x:xEE, SNiix) > e(2ANj.i log log AnjJ'2 }

Nj ^

—      U      eNj-Lp.t = Uef',
p-Sj-i+l

and hence for j sufficiently large and \ep' | >p~2,

| {x: x £ ep', Sn^x) > e(2^iVj_1 log log Anj-,)     - 2    ANj-i) |  S — | ei | .
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Thus if

Ay  = {x: Snj(x) > t(2ANj-1 log log ANj^i)     - 2    AN,^; x £ E},

we have

E I r/1 = 2 Y I a/ i + £ r2-
yaj'o yaj'o l

Hence we need only show that

£   Uy|    <oo.

If j is so large that K(e/2)(log log ^^J_1)1'2 then

«(2^»i_1 log log ^._//2 - 21/2^jV,_I 2= (e/2)(2AKi.1 log log AnjS'2

Arguing as in Lemma 6 we see that if 9 is close enough to 1, then

(e/2)(2Alj_1 log log ANjS" ^ («/4)(2ii», log log AN,)X'\

and hence

| A/ |   £ | {*:.&,,(*) ^ (e/4)(2/l,v.loglog ,4.y,)1/2} | .

Applying Lemma 5 with e/4 = e' we obtain

Y I a; I < oo.
>e j'o

This completes the proof of Lemma 7.

As was remarked above, Lemmas 6 and 7 imply

Sn(x)
(41) lim sup-5- ^ /"(x)

(2,4 log log ,4*) >"  ~yW

a.e. in EVJF, which is what we wished to prove. However we should note

that we have proved (41) only for sequences {ak} satisfying — 2*^0*^2*.

This is not really a restriction, however since it is clear that for any {ak}

satisfying conditions (3) of the theorem, there exists a constant c for which

-2k£cak^2k for all j.

Part II. This part of the paper will be devoted to showing that we can

choose {<pnk} for which

Sn(x)
(42) lim sup -—— ^ /(*).

(2^ log log An)1'2

It should be noted that in Part I, for the set £ on which/(x) =0, we demon-

strated (41) with lim in place of lim sup. Therefore it suffices to show that
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(42) holds on every set F on which /(x) is bounded away from zero.

We first choose {cpnk} by induction and then show that it satisfies (42).

We suppose that #„„ • • • , cpnk-i have been chosen.

We begin by defining a mapping Tt,p of Ii Xl2 X • • • Xlj into the metric

space 31X of all measurable subsets of [0, l] where e is any number greater

than zero, P is any partition of (1, 2, ■ • • , j), and Jy= [ — 2*, 2*]. Let 1 <ii

<^2< • • • <it+i=j be the sequence of integers defining P. For each point

(ai, • • • , aj) of 7i XfsX • • • Xlj we consider the 5 + 1 tuple of functions

fStl(x)    Sh(x) - Sj,(x) Su+i(x) - S,.(x)\

\/(*)  ' /(*) '" ' /(*) /

where Sipix) is of course Z&i ai<pni(x). Consider the following sets

Ex = {x: x £ F; Sh(x) > f(x)(l - e)(2A-t log log Aif* ],

£2 = {x:xEF - Ei; 5,-,(x) - Sit(x)

> /(x)(i - e)(2(A2t - 4) log log (4 - 4))1/2}>

£.+i - {x: x E F - (Ei + ■ ■ ■ + E,);Sj(x) - 5,,(x)

> /(x)(l - e)(2(A) - 4) log log (A) - 4))1"} ■

We then define

T..p(ai, • ■ ■ ,a,) = £(£...,<.,-> = F-(£i+---+ £,+i).

We have the following lemma. (As in Part I, we write ^n=cpn/fix).)

Lemma 8. Let e, P,j, and k, where j <k, be fixed. Then the functions

fsiai,  ■  •   ■      a,)   =  g/fiFa1,---.a,)   = Z {   lAny+I  '   '   ' ^i-i"'^    ,
Wl.--./J»_y_l)   \J

and

fsiai, ■ ■ ■ , a,) = lsiFau---.<i/)

EC  /"' ,*W-i,s ,01 .fih-i-l,
I    fns+l   •   •   • ^„t_,     VS  -  Yn,+1  •   •   ■ \(>»t_,     Cfx

(3,, •• •,/}*_,_i) \J

where the sums are taken over all k—j—1 tuples with elements from {0, 1, 2},

and the integrals are taken over the set F%*...ta. converge uniformly to zero on

IiXhX ■ ■ ■ Xlj as /V-»«>.

Clearly TC:p is continuous. Since hX ■ • • Xlj is compact, its image in

3TC under T,,p is totally bounded. Now gs and gs are uniformly equicontinu-

ous sequences of functions. For



546 MARY WEISS [September

I gN(G) - gN(H) |   ^  | GAH | as<*-«3*-',

I gy(G) ~ gN(H) |   g  | GAH \ (2a)2<*-»3*->

where a has the meaning of Lemma 1. Clearly gN and gN tend pointwise to

zero. But it is easy to see that if a uniformly equicontinuous sequence of

functions on a totally bounded metric space tends pointwise to zero it tends

to zero uniformly.

We now choose (pnk. We are going to choose it in such a way that we will

be able to use Lemma 1 of Part I for certain sets G and certain blocks of

terms of our series. We assume now that $„,- has been chosen for all j<k. For

eachj<k we consider all possible partitions of (1, 2, • • • , j) and the following

values of e: € = 1, 1/2, • • • , l/k. For each such e and each partition we apply

the preceding lemma and find an No(P, e) so large that if N>No(P, e) then

p, 1
(43) fN (ax, • • • , ciy) < — e*',

k

-p., 1
(44) fN (ax, • • • , ay) < — e*

k

where {e*} and {ei } are defined in the proof of Lemma 1. Since for fixed

k there are only a finite number of partitions and a finite number of values

of e allowed, we can pick No so large that for N>N0 (43) and (44) hold for

all these values of P and e. We then pick ra* to be any integer greater than N.

From now on we denote our fixed subsequence {<pnk} by {d>n}.

The following lemma contains the major part of the proof of Part II.

Lemma 9. Let

Nz N?

S(x) = Y «»*.(*).       A2 =Y «£>       X = 20(2^"2 log log A)m.
Ni !fx

Let e be one of the numbers 1, 1/2, • • • , l/k, and F be Fa\i...aN for some par-

tition P. Then there exists an n depending only on e such that if the hypotheses

(9) of Lemma 1 are satisfied and if A is larger than some A 0 depending only on

e and if furthermore

I F |   ^ 1/Nx,

then

W((l - e)(2A2 log log A)1'2) £ | p\ (log A)~\

where

W(y) = | {x: x £ F, S(x)/f(x) >y}\.

Inequalities (43) and (44) together with \F\ ~=1/N, imply
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fn(ax, ■ ■ ■ , aNl-x) £*i\F\,

and

fn(ai, - ■ ■ , ajv,_i) ^ en | F | .

We note that the above two inequalities are identical with (14) and (15) of

Lemma 1, which were the only conditions needed on the subsequence for the

lemma to hold. Also the hypotheses of our lemma imply the hypotheses of

Lemma 1. Therefore

1   .     . /XM2 \       r        (   S(x)\

3   .     . /\2A2 \

stM«p(— d + 4
For the remainder of this lemma we will denote 5(x)//(x) by S(x).

We take the following values of v,  8,  e',  and a:

(1 - e')2(l + 45) = 1, (1 - e')(l - I) - 1 - •,        r, = 52/8,

a = (1 - e')(2A~2 log log A)1'2.

We consider

/P /%  00 /%  00ef^Mdx = —  I    e*vd°W(y) = a I    e°ny(y)<iy
F 7 — oo J — oo

aO naAl{X-i) n aA2(X+S) s. SaA* /* M   \

+ +    I +    I )
-oo        ^ 0 «/a^2(l-{) •/a^2(l+{)   J SaA%/

=   «(/l + /! + /» + /« + /.)•

First we will show that

(45) a(Jx + h + h + 7.) < (5/6) f «•*</*,

and hence

(46) aJ3 > (1/6) f «"*d*.
7 f

This latter inequality implies, by Lemma 1,

(47) «73 > (1/12) | F | exp (^- (* ~ *)) •

It is this inequality which we will then use to obtain the estimate for

-W((l-e)(2A2 log log A)1'2).
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Estimation of aJi: Clearly,

(48) aJi = a f   ea»V?(y)dy g a f   e°»| F\ dy g  | F| .
J — OO «/ — 00

Estimation of aJ6: We let X = 8a and apply Lemma 1. Hence

C     - 3   .     . /XM2 \
V?(y)e^ g  I   exscfx g — | F | exp f -—- (1 + ij) J

which implies W(y)g (3/2)| F| exp ((l+?/)32a2.42-8ay). If y£8a4s then

(1 + 7?)32a2^2 - 8ay g 4(1 + v)ay - Say g - 2ay,

and hence W(y) g (3/2) | F| e~*a'J. This implies

3 r00 3
(49) o/6 ^ — | F |  a I      <ravcfy g — | F | .

2 J 8a^2 2

Estimation of aJ2 and aJ4: Let X = y^4~2. Since in J2 and Jt, y^8aA2

g8(2,42 log log A)1'2, we have Xg8(2.4-2 log log A)1'* which allows us to

apply Lemma 1. Thus

V?(y) =g - | F\ exp (-^-(1 + „) - Xy) £ - | Fl exp (-(1 - 7,)yM-2/2)

^- \F\ exp(-(l-SV8)y2£-2/2),

and hence

a, ayl!(l—J) /» 8oA2 3 \
+ — I F I exp (ay - (1 - 52/8)y2^-2/2)cfy )«

o »'oxa(i+j) 2 /

The maximum of the function ay— (1 — 52/8)yyl_2/2 is located at the point

y = a,42(l - 82/8)-1. Hence in the interval (a^2(l + 5), 8a.42), ay

— (1 — 52/8)y2/l~2/2 is majorized by its value at y = aA-(l+h) which is

a2^2(l + 5) - (1 - 52/8)(l + 5)V.42/2 g (1 - Si/2)aiAi/2.

Similarly, in the interval (0, a,42(l-5)) we have ay-(l -52/8)yM-2/2

g(l-52/2)aM2/2. Hence

(50) a(J2 + /4) ^ 12 | F | a*A"- exp ((1 - 8*/2)aiA*/2).

If A is so large that 12a2^42g(3/16)ea2jl22/8, the above equation and Lemma 1

give us

3   ,     . 1   F    ~
(51) a(J2 + J*)g—\P\  exp ((1 - 52/4)a2^2/2) ^ — I  efsdx.

16 2 J p
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If A is so large that 151 £| g | £|exp((l -n)a2A2/2), then equations (48) and

(49) together with Lemma 1 give us

(52) a(Jx + 76) g — | £|   g — | F\  exp ((1 -v)a2A2/2) < — f e°*dx.
2 6 3 J f

Equations (51) and (52) imply

(53) a73 > —     e°sdx > — \ F\  exp ((1 - 5)aM2/2).
6 J f 12

We now investigate aJs:

J.oA'd+J)
e°vw(y)dy ^ 2a2^2 exp (a2A2(l + 8))V?(aA2(l - 5)).

aA^iX-S)

Hence from (53) it follows that

— | F\  exp ((1 - 6)a2A2/2) g 2aM2 exp (aM2(l + 8))°W(aA2(l - 8)).

This implies

-W(aA2(l - 5)) ^  \F\ (24a2A2)'1 exp (-(1 + 35)aM2/2).

If A is so large that log 24aM2<a2^l25/2, then

*W(aA2(l - 8)) >  \F\  exp (-(1 + 45)a2^2/2)

(54) ^  | £ | exp (-(1 - e')2(l + 45) log log A)

=  | F j (log A)-1.

Since a^2(l-5) = (l-e')(l-8)(2^12 log log Ay2= (l-e)(2A2 log log A)1'2,

equation (54) implies the conclusion of the lemma.

We will prove the remaining part of the theorem in the following modified

form.

Lemma 10. If e>0, 5>0, arc given (small) quantities, and W0 is a given

integer then there exists a finite sequence of integers No<Nx< ■ ■ ■ <Nk such

that

SnAx)
(55) max-i-'—-^ (1 - e)/(x)

usygfc (2ANj log log An/)1'2

for xina set of measure greater than \ F \ — o where F is the set on which f(x) > 0.

The general idea of the proof of the above lemma is as follows.

We fix A7^, e, 5 and begin by cutting up our series Yx a$v(x) into succes-

sive disjoint blocks of terms in a manner which we will now explain. Let
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As, = (Z«y/2

where the sum is taken over all the coefficients in the jth block. Let C be a

large number to be chosen later. We define the first block of terms to be the

first terms of the series taken until

ANl ^ C

We note that

1 ^ AsJC2 ^ Asi-i/d + aNl/C2 g 1 + aljC*

and since ak/Ak—>0, a\JC* is very small if C is large. Thus

1 ^ AnJC   ^1 + y

where y can be taken as small as we please if only C is large enough.

The/th block of terms starts where the/— 1st leaves off and is taken until

1 ^ An JO.

Thus

(56) 1 ^ 4,/C2 £ 1 + y.

The jth block of terms, and hence the number Nj, is thus defined inductively.

We denote the sum of the jth block by Fy(x).

Clearly if C is very large then in some sense the/th block of terms is the

major portion of the partial sum Sns(x), and we would expect it to determine

the behavior of Snj(x).

To prove the lemma it is sufficient to show that for C large enough the

following three points hold:

There exists a k for which

(1) max —^--^ /(x)(l - «/4)
i«/*» (2livy log log ANjy»

for all x in a set of measure greater than | F| — 8/2,

Sni ,(x) t
(2) -2       ' '    - ^ —f{x)

(2A2Nj log log An,)112      2J

for attj^k, and all x in a set of measure greater than | F\ —8/2,

/2iy,logloglyA'" ^ i _ ±

\2A2N,loglog ANiJ      = 4

Since
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Ssj(x)

(2ANiloglogANj)112

Fj(x) fli^loglogly,)1" Snj^(x)

" (2AN. log log An,)1'2 (2ANj log log An,)1'2      (2A% log log An,)1'2 '

points (1), (2) and (3) imply

Sn,(x) / e \ / e \ €
max --2-^--£ (1-) (1-)/(x)-f(x) £ (1 - e)/ x
1^^(2^1oglog^yy)1'2      V        4/V        4/yW       2nJ

is a set of measure greater than | £| —5.

It is easy to see that (3) holds provided C is large enough. We take up

point (1). Let £o be a set such that f(x) is bounded from zero on £o and

|£o| > | F\ -8/4. Let p be the least integer for which l/p^e/4. Let

Ex= {x:xE Fo, Fx(x) > f(x)(l - l/p)(2ANl log log ANl)    },

Ej = {x: x £ Fo - (£i + • • • + £y-i), Fj(x)

> f(x)(l - 1/P)(2Anj log log An,)1"}.

We wish to show that if k is large enough then

(57) | Fo -(£,+ •••+£*) |   g 5/4.

This clearly will imply point (3). If

1 1
(58) — £ -,

Nx      p

and

(59) \F0 - (Ex + ■ ■ ■ + £y_i)    > — ,
?*i

and if furthermore C is large enough, then the hypotheses of Lemma 9 are

satisfied for

c - —,        S(x) = £y(x),        F = Fo-(Ex+--- + £y_x).
P

If (59) does not hold then we have (57) for k=j—l and hence we have point

(3). Thus we can assume (59).

|£i|   >  iFolOogi*,)-1

and hence
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|F0-£i|   <   iFola-Og/ltf,)-1).

Also by Lemma 9,

| £2 |    >   I Fo - £1 I (log ly,)"1

and hence

I Fo - (£, + £2) I   < I Fo| (1 - (log AsJ-'Kl - (log As,)-1).

It is clear that by induction

I Fo -(£,+ ••• + £y) I   < I Fo I II (1 - (log As,)-1)
1

^ \Fo\  IKl-^logC)^  |Fo| exp(--l-Z-)-
1 2i \    2 log C ,=1   1 /

Since Zi=i 1/*—»°° . | Fo| exp ( — (1/2 log C) Zi 1/*) is verY small if/ is large
enough. Thus for k sufficiently large,

I Fo - (£1 + • • • + Ek) I < 5/2.

We now attend to point (2). If

X = i2ANj.i log log Aitj-,)    ,       57 = .4,

then for C large enough,

r      /xsjv, ,(x)\       3 . _ .      /x:4,_, \

(60)   J^bsrHy |p°! -p(-ri(,+4
if

Ty = {x: Ssj-,ix) > f(x)2    (2.4/vy_, log log As,..,)    }

then from (60) it follows that

22

I ry I   ^ j I Fo|   exp r    *'" (1 + 17) - X2"2(24.v,„, log log ̂ _,)"2)

iS — I Fo j  exp ((1 + rr2)2m) log log Asj-d

5iy iFolGogO-H/- l)"1-4.

Clearly

U   Ty     g—  |Fo|   (logCJ-'ZO'-l)-1-4-
y-2 2 y_a
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If C, and hence log C is large enough, this implies

00

U ry < 5/2.
y=2

Thus we have shown points (1), (2), and (3) and in consequence have com-

pleted the proof of the theorem.

References

1. R. Salem and A. Zygmund, On lacunary trigonometric series, Proc. Nat. Acad. Sci.

U.S.A. vol. 33 no. 11 (1947) pp. 333-338.
2. J. Ferrand and R. Fortet, Sur des suites arithmetiques equireparties, C. R. Acad. Sci.

Paris vol. 224 (1947) pp. 516-518.
3. P. Erdos and I. S. Gal, On the law of the iterated logarithm, Nederl. Akad. Wetensch.

Proc. Ser. A. vol. 58 (1955) pp. 65-84.
4. R. Salem and A. Zygmund, La loi du logarithme ittri pour les series trigonometriques

lacunaires, Bull. Sci. Math. (2) vol. 74 (1950) pp. 209-224.
5. M. Weiss, On the law of the iterated logarithm for lacunary trigonometric series, Trans.

Amer. Math. Soc. vol. 91 (1959) pp. 444-469.
6. G. Morgenthaler, A central limit theorem for uniformly bounded orthonormal systems,

Trans. Amer. Math. Soc. vol. 79 no. 2 (1955) pp. 281-311.

University of Chicago,

Chicago, Illinois


