ON THE LAW OF THE ITERATED LOGARITHM FOR
UNIFORMLY BOUNDED ORTHONORMAL SYSTEMS

BY
MARY WEISS

It is a familiar fact that certain systems of functions, although themselves
not independent, exhibit properties of independent random variables. For
example it is well known that if {#:} is a lacunary sequence of positive
integers, that is m.41/7:>¢> 1, then the sequence

(1) {ox cos (m + i)}

where the a; are arbitrary and the p satisfy certain order of magnitude con-
ditions, obeys both the Central Limit Theorem and the Law of the Iterated
Logarithm(!). The system (1) is obtained by taking a sparse subsequence of
the trigonometric system, and it is natural to ask whether in every uniformly
bounded orthonormal system it is possible to select a subsystem imitating
independent random variables. In this direction, Morganthaler [6] has ob-
tained the following analogue of the Central Limit Theorem.

THEOREM A. Let {¢o,.(x)} be a uniformly bounded orthonormal system of
real-valued functions on the interval [0, 1]. Then there exists a subsequence
{¢n (%)} and a real-valued function f(x), [of*(x)dx=1, 0<f(x) < B where B is
the uniform bound of { @a(x) }, such that for any arbitrary sequence {ak} of real
numbers satisfying

Av=(ai+a+ - +an) > as Now,
0N=0(AN)7

the distribution functions

Fn(y) =

< 1
{x: 2 kdbn(2)/ An S ¥y

k=1

converge to a limiting distribution F(y) at each point of continuity of the latter
and the characteristic function of F(y) s

@ () = f exp (—\Y2(x)/2)dx.

It will be seen from (2) that the limiting distribution F(y) is not a true
Gaussian, but is a sort of Gaussian distribution with a weight function f(x).

Presented to the Society, February 25, 1956; received by the editors June 11, 1958.
(1) In this connection see references 1-6 at the end of paper.
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The purpose of this paper is to prove an analogue of the Law of the
Iterated Logarithm for orthonormal systems. We have the following theorem.

THEOREM 1. Let {¢,.(x) } be a uniformly bounded orthonormal system of real-
valued functions on the interval [0, 1]. Then there exists a subsequence {dn,(x)}
and a real-valued function f(x), [of?(x)dx=1, 0=f(x) < B, where B is the uni-
form bound of {qS,.(x) }, such that for any arbitrary sequence {ak} of real num-
bers satisfying

3 Av=(t14a+ -+a) —>wo a Now,
3
My = o(An(loglog An)"Y?) where My = max I akl
<N
we have
Swn(x)
4 lim su = f(x
“) P (24% log log An)2 J@)
where

N

Sw(x) = 22 aidni(2).

k=1

We note that conditions (3) are the same as the conditions on the devia-
tions and maxima of the independent random variables in the theorem of
Kolmogoroff [7] on the Law of the Iterated Logarithm, and that the conclu-
sion there is the same as (4) except that for independent random variables
f(x) is equal to 1. In Theorem 1 the function f(x) can be taken to be the same
as in Theorem A.

We begin by extracting a subsequence {¢n,(x)} of {#.(x)} for which there
is a function f(x) such that

2 2
b ——— f (%)
weakly
that is to say, f(x) has the property that for every integrable function g(x),
! 2 ! 2
[ sontis - [ g @
0 0

It is well known that the only condition needed on the sequence {¢.} in
order to find such a weakly convergent subsequence is that it be uniformly
bounded. From now on we will denote the subsequence {q.’>,,k} so chosen by
{9.}.

Now the method of selection of the subsequence of Theorem 1 will involve,
for values of x for which f(x) >0, the use of ¢,,(x)/f(x) and sums, products
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and integrals of such expressions. If f(x) is not bounded away from zero then
¢, (x)/f(x) may not be integrable. Therefore we first prove our theorem for
a fixed arbitrary set F on which f(x) is bounded from zero and for the set E
on which f(x) is zero. Then by using a diagonalizing procedure we can obtain
a subsequence which satisfies (4) for almost every x. That is, we will prove
the following theorem which implies Theorem 1.

THEOREM 1. If {d),.(x)} is a sequence of functions satisfying the hypotheses
of Theorem 1 for which the 2(x) converge weakly to a function f2(x), and if F is
an arbitrary fixed set on which f(x) is bounded away from zero, and E is the set
on which f(x) is equal to zero then there exists a subsequence {Gn,(x)} such that
for any sequence {ak} satisfying the hypotheses of Theorem 1 we have

Sn(x)
(24% log log Ax)12

5) lim sup = f(x)

almost everywhere in E\JF.

There are two main properties of our uniformly bounded orthonormal
system which we will use repeatedly in the proof which follows. The first is the
fact that the ¢2(x) converge weakly to f2(x). The second is the fact that for
any integrable g(x),

1
(©) [ ssa@az—so.
0 n -+
This is the well-known Riemann-Lebesgue theorem and it holds for any
uniformly bounded orthonormal system.
We will divide the proof of Theorem 1’ into two parts.

Part 1. This part of the paper will be devoted to choosing a subsequence
for which

Swn(x)
(24% log log Ay)12

(7 lim sup =< f(x).

We first prove three lemmas.

LEMMA 1. Let F be a fixed set on which f(x) is bounded away from zero. Then
we can choose a subsequence {$.,} of {éa} for which
2,2

(o) Lo (520
8 2, 2

3 Adn
§—2‘|F|exp( (1+n)>

A
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where Sy, An, and My, have the same meaning as in the theorem and \, 7 are

any positive numbers satisfying
©) 2CaA\My + AMnN)?¥/2 < 9, AMya < 1/2

where a =max;,, [¢,,(x) / f(x)[ and C is any constant for which inequality (10),
below, holds.

The proof is based on the inequality
(10) |log (1 + 5+ 32/2) —z| <C|s]3,

valid for |z| =1/2. From the second of the conditions (9), we see that we
may take z=MAaxp,,/f(x). We obtain

>\ak¢n),) ( )‘ak¢nk <>\ak¢nk )2 1 )

11 =1({1 ) pRE()
(an ex ( 7@ " Tw 7w ) 2)°
where

(12) | R| = C|Nardn/f@)|° < ON'uMa’

Clearly (11) and (12) imply

N Aaidn 1 /Ao, \?2
exp (= CAMa\’ A%) II(1+ i "+—< o "))dx,

_— f(x) 2\ f(x)
ASn(x)
(13) = f . exP( 1) )dx
3.2 2 N A, 1 (Aardni\?
< exp (CAMa'\ Ay) . I;I<1 + 1(®) + 2 < f(=) ) )dx.

Inequalities (13) hold no matter what the subsequence {tb,.,,}. Next we pick
{¢n,,}- We do so by induction. In order to simplify notation we write ¥,
=¢,/f(x). First we fix two series of positive numbers, D & and Y r €/,
satisfying > v &/ + 2.1 kex<1/2. Then we choose ¢,, inductively to satisfy

8 Bk~
(14) 2 Vi Ynpmdx | < 6| F,
B1.82,+* +,Bk-1) F
] Bk—1,2 8 Bk
(15) )y f Yy i < 6| P
(81,82, +.Br-1) 4

where the sums are taken over all possible 2—1 tuples with elements in
{0, 1, 2}. It is clear that the Riemann Lebesgue theorem and the weak con-
vergence principle allow us to do this.

Now we estimate
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N 1 2 N 1 2
H (1 + x‘llc'//n;, + — (Xak\bnk) ) dx = H (1 + — ()‘a‘k'l’ﬂk) ) dx
F1 2 F1 2

+ f F[ fl(l + N, + % ()\leﬁnk)”) - ]IfI (1 + % ()\a;,gb,.,)”)] dx

=P+0.

We first investigate . We note that it is the sum of those terms in the ex-
pansion of 9 which are integrals of products containing at least one Y,
raised to the power 1. Such a term is of the form

(Aap)# (Agx—)Pt \ (Aaj)? (Mf.)2
n - o ® a . .
28 2’ P

k—1

16 ot
(1o f‘l’m : ‘bﬁk-x'pﬂk 'p»,,'l c ¢:,"dx

where ¥, is the function with the highest index which is raised to the power
1,B8! =1if 8;=2, 8! =0if B;=1 or 8;=0. Since A\a;<1/2, the absolute value
of such a term is less than

(Aajp)? ()\a x P) 2
(17) 2“ b d f‘l/nl * wn:_l#’n;,‘pnjl'/’nj, ¢t ¢,.;.dx .
We fix npand (n;,, - - -, #;,), and consider the sum overall (8, - « -, Bi1) of
terms of type (16). We call this sum G(nz, 7;,, « + + , n;,). It is clear from (14)

and (15) that

Mot ()
2 2 ﬂk-l)

)‘1'12 )\1. )\J'x )‘J,
+(a) ot (a | IEQ—(G) © (a |F|(€k+E€:)

2 2 >k 2 >k

G(nk’ Njyy * ° ° ”i.) =

f e

Hence

| Ql = Z Z G(nk’ Rjyy * ° ° "’la)

J1<ja<  <j<N nysN

-, 5 (Aaj)? Aa;,)?
(18) glﬂ(2q+2m) > o) | (e
1 1

N<e<i<N 2 2

Now we estimate P. Clearly,
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AP, 2 2 2
P=IF[+ Z —pafl"'aip ¢njl""//"jpdx’
F

S1< e <ig<N 2

From (15) it follows that

Hence

‘F|+|F|<1—E€k> 2 o5 W
1 S1< - <ip<N
d AP, 2
sPs|F| +|F|<1+2ek) Do
1 SN 2P
which implies

-5 922
<P<|F| (1 +§ek>llf[(1+ (M")z).

2

(19)

Collecting (18) and (19) we have

— I F| H(l 42 "") < INI<1 + Aoln, + % (xam,)z) dx
319 fi (1 222),

The inequality e*(—% <14u <e*, valid for positive # implies

o exp(% Now E )\ak) II(1+ )\a,,> < exp<2 x°ai>.

1 2 1 2
From (13), (20), and (21) it follows that

1 N Ay N
— | F| exp( 1———2C)\Ma’>)
2 2 2

§fpexp (x Sf’zg))dxg % | F| exp (322'12(1+20Maa)>.

(20)

Applying the first of conditions (9) to this inequality we obtain the conclusion
of our lemma.
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LEMMA 2. Let E be the set on which f(x) =0 and let
AMy = %—» CA\My <.
Then there exists a subsequence {¢n,} for which
f e (WSw(@))dx = 2 exp (I A%).
We choose {#,,} inductively to satisfy

’
é €ky

(22) >
BrsBk—1)

8, B Bk~
f Gy * * * Byt
E

(23) >
Bive e Bk-1)

B1 B2 Br-1,2
f¢"1¢nz e ¢nk—1¢"kdx
E

§ €ky

where €, e/ and B; are the same as in Lemma 1. We can choose {dm} to
satisfy (22) by the Riemann-Lebesgue and to satisfy (23) because of the fact
that on E the weak limit of ¢2 is zero.

Following the proof of Lemma 1 we see that

2 2
A4 N AGida)?
f exp (ASn)dx = exp (C)\M —-——N> 11 (1 + N, + M) dx.
E 2 E 1 2
Now we will show that
N A n 2
(24) 11 (1 + Aaxgn, + %) dx £ 2.
E 1

Let us consider all terms in the expansion of the left side of (24) whose non-
constant factor of highest index is ¢,,. Since the conditions of the lemma
imply Nax <1/2, (22) implies that the sum of all such terms is less than ¢/ .
Similarly (23) implies that the sum of all terms in the expansion of (24) whose
nonconstant factor of highest index is ¢>f,k is less than €. Thus

N 2
II (1 + Aaidn, + —(MkT‘“—)

E 1

N N
dx <14+ Y a+ 2 &= 2.
1 1
Hence
f e Vix < 2exp (CNMN AY) < 2 exp (1) 4%).
E

LEMMA 3. We can choose a subsequence {¢n,} of {¢n} such that if {a,} is
any seruence for which —2’<a,=<2’ and if
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{ Si(®) > f(@®) A + ¢ (24 log log 4x)""" and }
€i,N,e = x:
v Si(%) £ f(#) (1 + & (2A4x log log Ax)*foralll < if ’
, { % € E, Si(x) > (24 log log Ax) " and}
€i,N,e = (¥X: 2 1/2 .

Si(x) < e(2An loglog Ay) foralll < i

then
(25) f O PRE
(26) fw G/ N S (1 + 1/8) | eanec]
(27 f . nbndr S 4F| ey
€4,N e
(28) f L dmdr < (1/8) | el
e

provided N <i<j<k, |e,~_~,¢l >1/k2, |e,’,N,¢[ >1/k? and € is one of the numbers
1,2,---,1/k.

We proceed inductively. Suppose ¢, * * +, ¢na,_, have been chosen. Let
I,=[-2, 2’]. For each N <1, and € a member of {1, 1/2, - -+, l/k} we
consider the mapping Ty, of I; XI; X - - - XI;into the metric space 9 of all

measurable subsets of [0, 1] defined as follows:
Tn.e(ay, - -+, 8) = €iN,e

Clearly this mapping is continuous. Hence the image of I, X - - - XI; under
T~ . is totally bounded.
For fixed j, 1<j<k—1 we consider

s+ ) = useawd) = [ buplP@an
and
f-i(a‘l) Sty ai) = gs(ei,N,e) =f ¢f/f2(x)dx.
ei,N.e

Clearly g,,; tends pointwise to zero and g, tends pointwise to Ie;,N,‘| Itis
easy to see that if G, H are any elements of 9 and « has the meaning of
Lemma 1,

(29) | .4G) — gus(H)| < o?| GAH|,
(30) | 2.G) — 2.(H)| < o?| GAH|.

The above two inequalities imply that {g.,;} and {g,} are uniformly equi-
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continuous. But a pointwise convergent sequence of uniformly equicontinu-
ous functions is uniformly convergent. Therefore for s large enough,

11 1
(31) | gc.i(et‘.N.e)l = j‘“'N,. ¢ﬂj¢‘/ﬁ(x)dx = F F = E I ei.N.el
and
2 1
(32) l ga(el',N.e)l = f ¢,/f2(x)dx = <1 + y I €i,N,e |> .

€{,N,e

Since for a fixed %k there are only a finite number of values of 4, N, ¢, and
j under consideration, it follows that for s larger than, say, so inequalities
(31) and (32) hold for all permissible 7, N, ¢, and j. Hence we pick ¢,, such
that 7,> so.

We will now show that if {4:,.,,} is chosen to satisfy Lemmas 1, 2, and 3 it
will satisfy (7), the inequality we are trying to prove. We have four lemmas.

LEMMA 4. Let 0 be a fixed number greater than 1 and let N; be a sequence of
integers satisfying

(33) 6 < By, <6

(for j large enough, N; clearly exists). Let ¢ be any number greater than zero and
let

(34) I, = {x € F: Sn,(®) > f(@)(1 + ¢) (24, log log 4x)"""}.
Then

(35) > < .
By Lemma 1,
ASn(x) 3 N Ay, )
(36) fpexp( e )dxé S 7l exp( ; (1+e))

provided X is small enough. If we let A= (24 5] log log Ax;)!/?, then for j large
enough the hypotheses of Lemma 1 are satisfied and (36) holds. We let
y=(1+¢)(24%, log log Ax,)'/2. Hence

[ 15| = | {#:Sw,(®) > f(x)y, = € F} | .
Clearly

2 2

AS 3 A Ay,
| Ty | _s_fpexp<f(-71;)dx§—2— | F| exp( 2N' (1+e’)).
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Thus
3 A 4w,

=< | F| exp (—(1 + ¢) log log Awn;)

=

3
2
3 x ’
? I Fl (lOg 0)—1—(]—1—(

which implies
2Ty < =
j=1
LeEMMA 5. If ¢, 0, and N; satisfy the conditions of Lemma 4 and

I/ ={z€ E:Sy;(x) > e’(2A12v,. log log ANf)llz}
then

2| <.

J=1

If y=e’(2A§,,. log log Ax;)'% then T/ = {xEE: SN(x)>e’y}. We take
A=(2/¢€) (2A§i2 log log An;)!?, n=¢€%/4. For j large enough the conditions of
Lemma 2 are satisfied and hence

f exp (\Sw,)dx < 2 exp (n\"Ax,).
E
Clearly
M| Ty = f exp (\Sw,)dx = 2 exp (7 Ax,)
E

and hence
IT/| £ exp (n)\?jAzN, — A\y) < exp (—2loglog 4n,) = (log 0)_?_2.
Thus

o

ZII‘J‘,I < .

j=1

We now proceed to show that for the subsequence we have chosen that
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@37 lim su Sv() = 1)
P (243 log log An)*/?

almost everywhere in F. This is clearly implied by the following lemma.

LeEMMA 6. If € is any number of the form 1/n for n a positive integer, N;
= N;(0) a sequence of integers satisfying (33), and if
S‘;,. = sup Six),
Ni—l<‘i§N,‘

f; ={2:3w,(x) > f@) (1 + (24w, log log 4x,) '}

then there exist a 0 for which

2] < .
Jj=1
Clearly
T, C = S';rj(x) > f(x)(1 + e)(ZA:,vj_1 log log AN,._I)W}
N; N;
= U eN,_l,,,‘ = U €p
p=Nj_1+1 p=N;_1+1

where ey; | . has the same meaning as in Lemma 3. Hence
Ni
(38) It = 2 el
p=Nj—1+1

Now we consider those p for which Ie,,[ >1/p2 1f ,(x) = Swn;(x) — Sp(x) then
Sw,;(x) Z Sp(x) — | op(x)| and thus

| {21 2 € e Sw,(@)/1(@) > (1 + Q2Aw,_, log log Aw, )" — @) 4n,_} |
Z |e| — [{2:2 € e, 0@ /f(x) > (24n,_} | = || — 1d,].

To estimate |d,| we write

J @y = [ (( 5 ) /10

Applying Lemma 3 we see that if N; is large enough then

[ (L) /o)

Nji+1
=3 i @)z + T e f G/ (@) dx

p+1 ep 1%k ép

Ni oo Yiioap *L gy Nio,
SYalea|+1/4+2 20 — X — |e| =2 a]e|+1/2).

P+l bept1 2F oy 2F et
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Clearly,
Nii g 2 2 J41 j—1 j—1, 2
D o< Ay, — An;, S0 —06 =6 (6 —1).
p+1

Now if 8 is close enough to 1, A},—; =60i126071(62—1) and hence

Ni

2 2 1 3
f (0p(®)/f(x) dx £ 2 ac| & (1 + 7) =~ |eo] An;_,.

Pl
Thus clearly

2 3 )
24, A5 [ @@ s S el 4k,

€p

which implies

| d,|

IIA

3
Zl%"-

Collecting the last few inequalities we see that

Nj

U {2:2 € ey, Sn;(x)/f(x)

p=N;_1+1

[Af|

> (1 + &)(24x,_, loglog dw, )" — (2" 4y,_}
1
= — e
215 ol
where the sum is taken over all p for which ] e,,| >1/p? N;.1+1=p =< N;. Since

(39) 2Nl =X+ aX |4
i>jo p=1 7>70
we now must estimate |A;].
If j is large enough then (log log An;_,)!/2>¢/2 which gives

(1 + 924y, , loglog 4n;)"" — " 4n,_,

40
(40) 2 (1 + ¢/2)(24x,_, log log Ax,; )"
Clearly
log log Aw,_,
— =TTy,
log log Ax;
and

Aw,_, (0:’—1)1/2 1
e e
AN,' @i+t /]
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Hence if j is large enough and 6 is so close to 1 that (14¢€/2)0—2> (1+¢/4) we
have

(1 + /2)(24x,., log log Ax, )"
= (1 + ¢/2)(24%, log log A”f)m(

ZAI’V,'_I log log AN,_,>”2
2A§¢j log log Aw;

> (1 + ¢/2)6 "(24xjloglog Ax,) "= (1 + ¢/4)(24x, log log Ax) "
The above inequality and inequality (40) imply
| a;] = | {#:8wx) = (1 + e/4)(2A12v, log log AN,)m} | .
Taking ¢ =¢/4 and applying Lemma 4 we see that
2 4] <=,
J=1

which together with (39) gives us the conclusion of the lemma.
The following lemma easily implies that

Sw(x)
m 2 =
(ZAN log log AN)"2

almost everywhere in E and hence completes Part I of this paper.

li

LEMMA 7. If € is any number of the form 1/n for n a positive integer, N;
= N;(0) a sequence of integers satisfying (33), and if

Svi@ = sup  Si(x),
N, i-1 SisN i

£ = {x: 5%,(x) > e(24x, log log Ax)"", x € E}
then
2| <=
1
Arguing just as in Lemma 6 we obtain

I/ C {x: % € E, Sy, (%) > e(24n,_, loglog 4x,_) "}
Nj
= U eIV','_l.p.t = U e?”
p=Nj—1+1

and hence for j sufficiently large and ]e,’ | >p2,

1
| {2: % € ¢, Swy(®) > e(2An,_, log log Aw, )" — 2" 4w, )} | 2 Y les|.
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Thus if

Al = {a: Sw;(x) > e(2A12v,._, log log /Iz\rj_l)l/2 — 2”2AN,_1; x € E},
we have
2 s2 X (Al + X
jzdo jzdo 1
Hence we need only show that

2|4 <=

jado
If j is so large that 1 <(e/2)(log log Ax;_,)'/? then
(24x,_, loglog An, )" — 2 Ay, = (¢/2)(24n,_, log log Ax, )"

Arguing as in Lemma 6 we see that if 0 is close enough to 1, then

(e/2)(24x,_ log log Ay, )" 2 (¢/4)(24x, log log Ax,)""*

and hence

)

|af] = | {x:Sw,(0) 2 (e/4)(24 ¥, loglog 4v)) "} ]| .
Applying Lemma S with ¢/4=¢€ we obtain
S 8] <.
Jalo
This completes the proof of Lemma 7.
As was remarked above, Lemmas 6 and 7 imply

SN(x)
(245 log log Ay)1/?

(41) lim sup =< f(x)

a.e. in EUF, which is what we wished to prove. However we should note
that we have proved (41) only for sequences {a:} satisfying —2*<a, < 2*.
This is not really a restriction, however since it is clear that for any {ak}
satisfying conditions (3) of the theorem, there exists a constant ¢ for which
—2k=Zca, < 2* for all j.

Part I1. This part of the paper will be devoted to showing that we can
choose {#,,} for which

Sn(x)
(24% log log An)'/?

(42) lim sup = f(x).

It should be noted that in Part I, for the set E on which f(x) =0, we demon-
strated (41) with lim in place of lim sup. Therefore it suffices to show that
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(42) holds on every set F on which f(x) is bounded away from zero.

We first choose {¢,,} by induction and then show that it satisfies (42).
We suppose that ¢,,, * + , ¢n,_, have been chosen.

We begin by defining a mapping T.,p of Iy XIs X - - - XI;into the metric
space 91 of all measurable subsets of [0, 1] where € is any number greater

than zero, P is any partition of (1, 2, - - -, ), and I;=[—27, 2¢]. Let 1<%
<ip< - -+ <t,1=J be the sequence of integers defining P. For each point
(@1, -+ -, a;) of I} XIp X - - - XI; we consider the s+1 tuple of functions

<S‘1(x) S.-,(x) - Sil(x) e St't-“(x) - S..(x))

f(®) f®) f®)

where S; (%) is of course S, aidn,(x). Consider the following sets
Ei = {w:2 € F;Su(®) > f(@)(1 — (241 log log 4:)""},

E, = {x: x & F — Ey; Sig(x) - S‘x(x)

> f(@)(1 — (2(4iy — A3,) log log (43 — 43))""},

Epi={2:2a EF — (E1+ - - - + E.); Si(x) — S;,()
> f@)(1 — (4] — 43) log log (45 — 45)"}-
We then define
Tepas, - -1 8) = Foveooap = F = (Ex+ - - + Eup).
We have the following lemma. (As in Part I, we write ¥, =¢,/f(x).)

LeMMA 8. Let €, P, j, and k, where j <k, be fixed. Then the functions

. B Br—j—
fw(asy, » -+ @) = gn(Fay,...0;) = > f Yngpr * * * Ynay ¥nda
Birse s Br—j—1)

and

fN(ah Tty d,’) = ZN(FM .... aj)
81 Br—j-1,2 B1 Br—j—1
= Z ’f‘l/"j+l S Wnsy YN — Wngy 'pﬂk—’l dxl
B1y+ - Brk—j—-1)

where the sums are taken over all k—j—1 tuples with elements from {0, 1,2 } ,
and the integrals are taken over the set FoF ...,q; COnverge uniformly to zero on
L XIgX - - - XI,' as N>«

Clearly T p is continuous. Since Iy X - - - XI; is compact, its image in
on under T p is totally bounded. Now gy and gy are uniformly equicontinu-
ous sequences of functions. For
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| gn(G) — gn(H) l =< | GAH| k=D k=i
l gn(G) — gn(H) I = I GAHI (2a)20—D 3k

where a has the meaning of Lemma 1. Clearly gy and gy tend pointwise to
zero. But it is easy to see that if a uniformly equicontinuous sequence of
functions on a totally bounded metric space tends pointwise to zero it tends
to zero uniformly.

We now choose ¢,,. We are going to choose it in such a way that we will
be able to use Lemma 1 of Part I for certain sets G and certain blocks of
terms of our series. We assume now that ¢,; has been chosen for all j <k. For
each j <k we consider all possible partitions of (1, 2, - - -, 7) and the following
values of e: e=1,1/2, - - -, 1/k. For each such e and each partition we apply
the preceding lemma and find an No(P, €) so large that if N> Ny(P, €) then

P.e 1
(43) fN (ah"';ai)<?ek,r

~P,e 1
(44) (e, - -,8) < 7

where {e.} and {€/} are defined in the proof of Lemma 1. Since for fixed
k there are only a finite number of partitions and a finite number of values
of € allowed, we can pick N, so large that for N> N, (43) and (44) hold for
all these values of P and e. We then pick #; to be any integer greater than N.
From now on we denote our fixed subsequence {¢..} by {¢.}.
The following lemma contains the major part of the proof of Part II.

LEMMA 9. Let
Ne Yoo, —2 1/2
S(x) = 2 anpa(x), AZ= 2 an, A=20(24 loglog 4)".
N, Ny

Let € be one of the numbers 1,1/2, - - -, 1/k, and F be F‘a'f...,,w, for some par-
tition P. Then there exists an n depending only on € such that if the hypotheses
(9) of Lemma 1 are satisfied and if A is larger than some A, depending only on
€ and if furthermore

|F| = 1/Ny,
then
W((1 — )(24* log log 4)'/%) = | F| (log 4)7,
where
W) = |{x: 2 € F, S@/f(%) > 3}
Inequalities (43) and (44) together with ]F | =1/N, imply
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fn(ah Ty aNl—l) = € I FI ’
and
jn(al, Tty aNl—l) é enl FI .

We note that the above two inequalities are identical with (14) and (15) of
Lemma 1, which were the only conditions needed on the subsequence for the
lemma to hold. Also the hypotheses of our lemma imply the hypotheses of
Lemma 1. Therefore

% | F| exp(z‘-z_f—z(l —n)) éfFexp()\ ;(:)))dx

<—3—|F| e (ﬁ—z(l-l— ))
=7 Xp 2 n)]-

For the remainder of this lemma we will denote S(x)/f(x) by S(x).
We take the following values of 7, 8, €, and a:

-2+ 45) =1, A=) =08 =1—¢ n = 6%/8,
a= (1 —¢)(2472log log A)'/2.
We consider

fe“§<’)dx = —f evdW(y) = af eV W (y)dy
F —00

-0

0 aa?(1-5) aA2(148) 8aA? ™
(ST s e )
— 0 aA?(1-35) aa?(148) Y 8aa?
=an+Je+ s+ Ju+ J).

First we will show that

(45) o1+ T2 + Jo + ) < (5/6) f ebdx,
F
and hence
(46) oJs > (1/6) f eSix.
F

This latter inequality implies, by Lemma 1,
at4?
(47) aJs> (1/12) | F| exp (—-2-— a- 1,)).

It is this inequality which we will then use to obtain the estimate for
W((1—¢€)(242 log log 4)1/?),
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Estimation of aJ,: Clearly,
0
(48) aJ,=af e""’W(y)dy§af ev|Fldy s | F|.

Estimation of aJs: We let A\=8a and apply Lemma 1. Hence

2

2 3 A242
W(y)er < f eMdx = B | F| exp( 5 1+ 77))

which implies W (y) §(3/2)| F| exp ((1+41)32¢242—8ay). If y=8aA? then
(14 9)32a24% — 8ay = 4(1 4+ n)ay — 8ay = — 2ay,
and hence W(y) <(3/2)| F | e~%_This implies

3 ® 3
(49) a]sé—|F|af eovdy < — | F|.
2 8aA? 2
Estimation of aJs and aJs: Let A=yA~2 Since in Jp; and Jy, y=8a4?

<8(24% log log A)'2, we have AN=<8(2472 log log A)'? which allows us to
apply Lemma 1. Thus

3 A2A2 3
wW(y) £ 0 | F| exr>< > aA+9 - ky) < y | Flexp (—(1 — n)y24-%/2)
3
< I Fl exp (—(1 - 8/8)y"B~%/2),
and hence

aA?(1—8) 8aA? 3
U+ 79 < a ( [+ ~1Flexpay— (1~ 62/8)y2A-2/2>dy)a
0

aA2(145)

The maximum of the function ay— (1 —2082/8)y4—2/2 is located at the point
y = aA?(1 — 82/8)~.. Hence in the interval (ad2(1 + 0), 8ad?), ay
—(1—1062/8)y2A~2/2 is majorized by its value at y=aA?(1408) which is

a?A(1 + 8) — (1 — 8%/8)(1 + 8)224%/2 = (1 — 8%*/2)a%4?%/2.

Similarly, in the interval (0, aA4?%(1--8)) we have ay—(1—28%/8)y?4%/2
<(1-382%/2)a?4%/2. Hence

(50) a(Js+ Jo) S 12| F| a24% exp ((1 — 82/2)a?A?/2).
If A is so large that 124242 < (3/16)e”’4™/%, the above equation and Lemma 1

give us

3 1 .
(51) a(J + J) £ % | FI exp (1 — 82/4)a24%/2) < 0 f eSdx.
F



1959] ON THE LAW OF THE ITERATED LOGARITHM 549

If A4 is so large that 15| F| =< | F]exp((l —n)a?A?/2), then equations (48) and
(49) together with Lemma 1 give us

S 1 1 .
(52) a1+ Js) = > |F| = i | F| exp (1 —7)a24?%/2) S g—feaﬂdx,
| F

Equations (51) and (52) imply

1 A 1
(53) s> — f eSdx > — | F| exp (1 — 8)a?4%/2).

6 Jr 12

We now investigate aJs:

aA?(1435)
al; = af W (y)dy < 2a2A%exp (a?42(1 + 8))W(ad2(1 — 9)).
aA?(1-5)

Hence from (53) it follows that
1
3 | F| exp ((1 — 8)a242/2) < 20242 exp (a24%(1 + §))W(ad2(1 — 8)).

This implies

W(ad(1 —8)) = | F| (240242~ exp (— (1 + 35)a242%/2).
If 4 is so large that log 24a24? <a?425/2, then

W(ad(1 — 8)) > | F| exp (—(1 + 48)a24%/2)
(54) = | F| exp (—(1 — ¢)(1 + 45) log log 4)
| F| (log 4).

Since aA2(1—-8)=(1—¢")(1—10)(24% log log 4)'2=(1—¢€)(24?2 log log 4)'/2,
equation (54) implies the conclusion of the lemma.

We will prove the remaining part of the theorem in the following modified
form.

LeEMMA 10. If €>0, 6>0, arc given (small) quantities, and Ny is a given

inleger then there exists a finite sequence of integers No<N < -+ + « <Ny such
that

Sw,(x
(55) oL O

max 2
155k (ZAN,- log log AN,.)”2
for x in a set of measure greater than | F| — 8 where F is the set on which f(x) > 0.

The general idea of the proof of the above lemma is as follows.
We fix Ny, €, § and begin by cutting up our series ¢ a.b,(x) into succes-
sive disjoint blocks of terms in a manner which we will now explain. Let
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ng = (Z abllz

where the sum is taken over all the coefficients in the jth block. Let C be a
large number to be chosen later. We define the first block of terms to be the
first terms of the series taken until

Ay, = C.
We note that

1< Ay/C" < Ant/C' + an,/C" < 1+ an/C”
and since ar/A,—0, a¥,/C? is very small if C is large. Thus

1< dn/C <14+

where v can be taken as small as we please if only C is large enough.
The jth block of terms starts where the j— 1st leaves off and is taken until

1 < Aw,/Ci.
Thus

(56) 1= dy,/C <1+ 1.

The jth block of terms, and hence the number N, is thus defined inductively.
We denote the sum of the jth block by F;(x).

Clearly if C is very large then in some sense the jth block of terms is the
major portion of the partial sum Sy;(x), and we would expect it to determine
the behavior of Sy;(x).

To prove the lemma it is sufficient to show that for C large enough the
following three points hold:

There exists a k for which

Fi(x)
max ——= —
152 (24%, log log Aw))

(1 Z f(x)(1 — ¢/4)

for all x in a set of measure greater than |F| —68/2,

SNf—l(x) < if(x)
(24%, log log An)"2 ™ 2

2

for all j<k, and all x in a set of measure greater than |F| —8/2,

72 1 1/2
(3) (ZANjIOgIOgANj) _2_ 1 — €

24%; log log A, 4

Since
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Sw;(x)
(24%; log log Ax,)'/2
B F;(x) (2/112\5. log log z‘Ly,.)”2 Sw;_, (%)
- (2/1},} log log Ay,)/? (247, log log AN,.)W_ (24%, log log A" ’

points (1), (2) and (3) imply

Dz (1= D) (1- D) - S0 2 1 - o

max — >
1575k (2ANi log log An;)'/?

is a set of measure greater than |F| —8.

It is easy to see that (3) holds provided C is large enough. We take up
point (1). Let Fo be a set such that f(x) is bounded from zero on F, and
| Fo| > | F| —8/4. Let p be the least integer for which 1/p<e/4. Let

Ey = {25 € Fo, Fi(x) > f@)(1 — 1/p)(24x, log log )"},
Ej={x:a€F— (B1+4 - + Er), Fi(®)

> f()(1 — 1/p)(24x, log log Ax)""}.
We wish to show that if % is large enough then

(57) | Fo— (Bx+ - - - + E)| <8/4
This clearly will imply point (3). If
1 1
(58) —=—
T
and
- 1
(59) IFo—(E1+"'+Ej—1)|>]V"
1

and if furthermore C is large enough, then the hypotheses of Lemma 9 are
satisfied for

€ =

1 —
;' S(x) = Fi(x), F=Fy— (E1+ -+ -+ Ei).
If (59) does not hold then we have (57) for k=j—1 and hence we have point
(3). Thus we can assume (59).
| Er| > | Fol (log Ay

and hence
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| Fo— E1| < |Fo| (1 — (log an,)™).
Also by Lemma 9,
| E:| > | Fo — Ei (log Ay~
and hence
| Fo — (Ex+ Eo)| < | Fo| (1 — (log An,)")(1 — (log Aw,)™Y).

It is clear that by induction

| Fo— (E1+ -+ -+ E)| < |Fo|f1(1 — (log Ax)™)

<|F 1——logC) < | F - =)
< IR 10 p1oe 0 = [ Bl ewp (-5 5 1)

Since D i, 1/i— o, |Fo| exp (—(1/2 log €) >} 1/4) is very small if j is large
enough. Thus for % sufficiently large,

lFo—(E1+ = '+Ek)l < 8/2.
We now attend to point (2). If
X = (24x,, loglog Ax,.)'", 7 =4,

then for C large enough,

2

ASw, (%) 3 N A,
(60) Lo exp <_—_];(xTx—>dx§ ‘2' |Fo| exp( ;v-— (1 «}-—17))

If

T, = {x: Sw,_,(#) > f(x)2""(24%,_, log log 4w, )"}

then from (60) it follows that

2 2
3, - N Aw,,
[Tl = = [Fol exp (" ;’ (1) = A2 (245, , log log ANf-'y/Z)

30—

= | Fo| exp (1 + 772)2'?) log log Aw;,_))
3 - .

< - | Fo| (log C)=1(j — 1)1+

Clearly

© 3 had
[U rfl < — | Fol (log O 20 (j — 7.
J=2 =

j=2
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If C, and hence log C is large enough, this implies

ur,

j=2

< é8/2.

Thus we have shown points (1), (2), and (3) and in consequence have com-
pleted the proof of the theorem.
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