SPACES OF FUNCTIONS WITH VALUES
IN A BANACH ALGEBRA()

BY
G. PHILIP JOHNSON (?)

Introduction. In the following pages certain spaces of abstract-valued
functions are examined. Throughout the paper 4 will denote a commutative
Banach algebra. In analogy to the group algebra L!(G) of a locally compact
Abelian group G, that is, the space of absolutely integrable complex-valued
functions on G, we form the set B!=B!(G, A) of Bochner integrable functions
defined to A from G. B! is first of all a Banach space and it becomes a com-
mutative Banach algebra if multiplication of two elements f, g& B! is defined
by the convolution formula, (f*g)(x) = [ef(xy)g(y—")dy.

For the theory of the Bochner integral we shall rely mainly on the presenta-
tion in Hille’s book [2, pp. 35-49]. Although the development there uses the
Lebesgue measure for finite dimensional Euclidean spaces, the theorems
which we shall need hold as well for more general measure spaces, in par-
ticular for a locally compact group with Haar measure. The calculus for the
generalized convolution carries over directly from that for numerical func-
tions and will be assumed. We note that the convolution of a function in B!
and a function in L!(G) is well defined and in B

To the greatest possible extent the notation and definitions are those of
Loomis [3]. “Maximal ideal” means regular maximal ideal throughout. Spe-
cial conventions are as follows: f=f(x), g=g(x), - - -+ denote elements of B
For the most part complex-valued functions are assigned Greek letters re-
gardless of the set on which they are defined. x is always used for the char-
acteristic function of a set and u is the Haar measure on G. M3 denotes the
maximal ideal space of B!, 9, that of 4, and G, the character group of G,
is the maximal ideal space of L'. Typical elements are Mg, M, and « respec-
tively. Subscripts distinguish the various norms. For example, H f“ B
= JIlf(0)|| adx, fEB™.

For any complex or A-valued function on G and x&EG, the subscript x
applied to the function denotes its translate by x. The symbol ~ used with
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an element of a Banach algebra denotes its abstract Fourier transform and
E’ is the complement of the set E.

The principal tool in this development is the Gelfand representation and
there is a consequent preoccupation with the maximal ideals of B!. In the
first section some of the L! results connecting translation invariance and ideals
are shown to hold in B'. An analogue of the theorem stating that a convolu-
tion is in the span of translates of either of its arguments is proved. (This
theorem has been proved for almost periodic functions by von Neumann
[4, p. 457] and its statement for elements of L! is given by Segal [6, p. 94].)
These results are applied in the second section in an analysis of the structure
of Mp. It is found that a maximal ideal of B! is an ordered pair (a, M),
aEG, MENMy; and, in fact, NMp is homeomorphic to G X9, with the weak
topologies. The connection between the pairs (o, M) and the Mp is a gen-
eralized integral formula for the Fourier transform. In the third section it is
shown that if A4 is a group algebra, B! is (isometric and isomorphic to) a
group algebra. The fourth section is concerned with an isometric isomorphism
T of BY(G, A) onto a like algebra B!(G, A). We obtain conditions under which
T gives rise to isomorphisms of G onto G and of 4 onto A4 in terms of which
T can be expressed in a particularly simple fashion. An example shows that
in general neither G and G nor 4 and A4 need be isomorphic.

1. Approximation of convolution and translation invariance in ideals. Let
f be a continuous A-valued function with compact carrier C and let V be a
measurable open neighborhood of the identity e. There exists a finite set
{a.-V}, 1=1, 2, - - -, n, of translates of V which cover C. Let E;=CNa,V,
E,=CNa;VNE!, -+ -, E,=CNa, VNUZ! E;)’. These are disjoint meas-
urable sets whose union is C and for each ¢, E;Ca;V. Form a simple function
fv=2_if(xi)xr, where x, is arbitrary in E;. (If E; is empty, the choice of x;
is immaterial.)

LemwMA 1.1, If f is continuous with compact carrier C and €>0, there exists a
measurable open neighborhood V. of e such that for any measurable open neigh-
borhood V of e contained in V. and corresponding fv,

” [ s~ [ iwas

Proof. If f#0& B!, there exists, by the uniform continuity of f, a neighbor-
hood W of e such that xy=!€ W implies ||f(x) —f(¥)||4 <e/u(C). Choose V.
such that V.V-ICW. If x&EC, then xEE; for some 7, whence xx71&VV-!
CW. Therefore

“ff(x)dx ——ffv(x)dx

The following lemma contains the essentials of the convolution approxima-

< e
A

. “f f(x)dx — Zi:f(xl')/"(Ei)

) < f”f(x) — fr(@)||adx < e
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tion referred to in the introduction. The lemma will also be used in the second
section.

LEMMA 1.2. Let V, be a measurable open neighborhood of e and let €>0 be
given. If fEB! and g is a continuous A-valued function with compact carrier
C,, then there exists a measurable open neighborhood V of e contained in Vo such
that for a measurable subdivision {E;} of C, obtained as above from V and
yieEi; ’i=1, crty L,

Proof. We assume that neither f nor g is the zero element of B!, for other-
wise the assertion is trivial.

Cask 1. f is continuous with compact carrier Cy. Then f * g is continuous
and

< e

fxg— 2 frog(yu(Es)

B

(f*ox) = f . flxyNg(y)dy.

If y&C, and x & C,Cy, then xy~ & Cy, so that f * g vanishes outside the com-
pact set C=C,C;.

Let {E;} be any finite collection of disjoint measurable sets whose union
is C, and take y;€ E;. By virtue of the uniform continuity of f and f # g, one
can find a neighborhood U of e such that x1x31& U implies

Z [fleryr)) — flxaye) Jg(iu(Es) )
= 2 ey = flaye)all sl an(E) < ¢/3u(C)

and
1(f % ©)(®1) — (F* ) (®x)]|a < ¢/3u(C).

Let U, be a measurable open neighborhood of e such that U,Us'C U. As
before, construct from the translates of U, a finite collection {W,.},
n=1, - - -, N, of disjoint measurable sets whose union is C. Pick x,E W,.
Since for each #, f(x.y~1)g(y) is continuous and vanishes outside C,, there
exists by the preceding lemma a neighborhood V, of e such that

(n),—1 (n)

(n)
| [ sarstiay = £ st I | < e/suc)
i 4
where { E™} is a subdivision of C, provided by V, and YWEEM, i=1, -,
L,. Let V=(N, V)NV, Then VCV, and for {E;}, a subdivision of C,
given by V, y;€E;, i=1, - - -, L, and for every =,
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(7 * &) (@) — h(x)]|l4 < ¢/3u(C), where k=2 firig(y)u(Ey).

Now if x&C, there exists an n such that x& W,. Since W, is contained in
a translate of Uy, ax,'E U Us'C U. Hence

N(* ) @) — h@)||la | F* @) — (T Q) a)lla +|[(F* &) (@n) — Azl
2 [y = flaye) lg(u(ED

*|

< ¢/u(C)
A

for all x&C. Since for every 1, f,— vanishes outside C,
If* g — Hl|s < u(C)-¢/n(C) = e

CAsk 2. f is arbitrary in B'. It is possible to select a continuous function
f® with compact carrier and from some VC V, to construct, as in Case 1, a
function AV = Z;f,f:llg(yi)u(E;) such that Hf—f“)HB and [[f® * g—h(””y are
arbitrarily small. Let % be the function obtained from A} by replacing f
by f. Then since g is bounded, || —k®)|| 5 and, consequently, ||f * g—hl| 5 are
small.

THEOREM 1.1. If f, gE B! and €>0, there exists a finite sum h of A multiples
of translates of f such that ||f + g—h|| s <e.

Proof. For some continuous function g with compact carrier and, by
Lemma 1.2, for a finite sum % of 4 multiples of translates of f, Hg—g(”HB
and ||f * g —}|| » are small, whence |If * g— || 5 is small.

THEOREM 1.2. Any closed translation invariant subspace of B! which admits
multiplication by elements of A is an ideal.

Proof. Let I be the subspace and take f&EI, g&EB'. By Theorem 1.1, f * g
is the limit of sums of A multiples of translates of f. Each of these is in I and
therefore, since I is closed, f * g& 1.

The converse of this theorem holds if the ideal is closed and regular. We
shall use an approximate identity in the proof.

DEFINITION. A directed system {u} of functions in L!is called an approxi-
mate identity for B! in case lim, ||« *f—f”B-——O for every f& B!

The following theorem, a paraphrase of Theorem 3.7.1 of [2], asserts that
approximate identities for B! exist.

THEOREM 1.3. Let € >0 be given. Corresponding to f & B! there exists a neigh-
borhood V of the identity such that if u is any non-negative function of L' vanish-
ing outside V and [udx=1, then ||u* f—fl|z<e.

TrEOREM 1.4. A regular ideal in B! is translation invariant. A closed ideal
admits multiplication by elements of A.

Proof. Let I be a regular ideal in B! and % an identity modulo I. Under
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the homomorphism of B! induced by I, « is carried into the identity % of
B'/I. Let fEI. Since f * u,=f, * u, we have in B!/I, 0=fu,=f.4=f,. Hence
f-€1I.

Suppose I is a closed ideal. For a€A and each € {u}, an approximate
identity, u * af=au * fE€I, and lim, % * af =af. Since [ is closed, afE1.

2. The maximal ideals of B!. The fact that each pair (¢, M), aEG,

MEM,, gives rise to a maximal ideal of B! is easily arrived at, and indeed
follows immediately from the next result.

THEOREM 2.1. For any character &G the mapping f— Jf(x)a(x)dx is a con-
tinuous homomorphism of B! onto A.

Proof. The mapping is obviously linear and we have by the Fubini theorem
frg— f f f(xy)g(ydya(x)dx = f f f(xy)a(xy)dzg(ya(y)dy

= f f(x)a(x)dx f s()a(y)dy.

Since ||ffadx|| 4 <|f||s, the homomorphism is continuous. To show that it
maps B! onto 4 we take A€ L! such that A(a) =1. If a €4, we have aAE B!
and aA—af\(x)a(x)dx = ak(a) =a.

Thus if M is any maximal ideal of A4, the product homomorphism
- Jf(x)a(x)dx—([f(x)a(x)dx)” (M) is a homomorphism of B! onto the com-
plex numbers. It follows that to each pair (o, M) there corresponds a maxi-
mal ideal M§™ of B! where

JUE) = ( [ f(x)&(x)dx)A(M)

for every f& B*. Because the homomorphism given by M is a bounded linear
transformation on 4,

(a,M)
*) fars™ = [ g~ naeis, sew.
THEOREM 2.2. If (ou, Mh) is distinct from (aw, Ma), then the corresponding

maximal ideals of B! are distinct.

Proof. If M;# M,, take a€ M1\ M7 and NEL! such that A(as) 0. Then

(o), M

(aM)~(Mp

(az,M3)

Y) = Man)d(M1) = 0 5 Max)2(M2) = (aN)~ (M5
If oa#ay, for a € M, and NE L such that A(a;) =0, A(az) %0,

).

).

(a1,M,)

(aN)" (M 5

) = 0 % (a\)~(Ms
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The integral formula (*) thus defines a one-to-one correspondence between
G XM, and a subset of M. We have vet to prove that all 9 p is accounted
for in this way, or equivalently, that for each MpE My, a character and a
maximal ideal of A can be found which are related to Mp through the integral
formula. The generalization of a well-known result due to Raikov [5] pro-
vides a candidate for the character.

THEOREM 2.3. For any Mp&EMp and fEBYN\ Mg, the function ap defined by
ap(x) =J.(Mp)/f(Mp) is independent of f and is a character of G.

The proof in [3, p. 135] applies virtually unchanged.

If A has an identity e, then Ne@© B! whenever A& L. In fact, if we assume,
as we may, that ||¢[|4=1, then L! is isometric and isomorphic to the sub-
algebra L'e of B! Since this feature considerably facilitates working in B!,
several of the next results assume the presence of e in 4.

THEOREM 2.4. If A has an identity and M &N g, then MM\ Lle is a maximal
ideal of L'e and {\:Ne€& MpML'e} is the maximal ideal of L' corresponding
to ap.

Proof. Let {u} be an approximate identity. Since not every element ue can
be in Mg, MM\ L'e## L'e and hence is a maximal ideal.

Let a be the character corresponding to {N:Xe©€ MpNLle}. If vEL! is
such that #(a) =1, clearly ve is an identity modulo MM Le. Since v, = s, (a)v
+No, where Ao(a) =0, (vz¢) " (Mp) = (v.e) " (MpML'e) = p,(a). Therefore

ap(x) = (v:6)" (Mp)/(ve)" (M) = 9z(a)/5(a) = a(x)
for every xEG.

THEOREM 2.5. If A has an identity and if Ne& L'e is an identity modulo
MpE Mg, then the mapping a—(aX)” (Mp) is @ homomorphism of A onto the
complex numbers. It is independent of N, and the corresponding maximal ideal
MBS, is such that for every f& B!

fag) = f f(x) " (M ®)ag(x)dx.

Proof. If a different identity ve modulo M p is used, then Ae—ve & M p and
by Theorem 1.4, aN—avE&E Mg for every a&A. Hence the mapping is inde-
pendent of . In particular, since (\ ¥ Ne) " (M) = [(\e) " (Mp) ]2 =1, (aN) " (M5)
=(a\ *\) " (M3p). Let a=(a\)" (My). a—a is linear and for a,, a,E A4

ads = ((11>\) ~ (M];) (agA) ~ (MB) = (alaﬁ\ * )\) ~ (AIB)
= (a1a:\) " (Mp) = (a1a2)".
a—d is therefore a homomorphism of 4 onto the complexes.
Now let E be a set of finite measure in G and let f=axg, aE€A. Since
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xe € L', we may write xg = Xz(as)N+X\o, where Ao(as) =0. Then f(x) = Xe(as)a\
+aXo, and [f(x) " (M®)ap(x)dx=xrp(as)d(M®). On the other hand, since
ako € Mp, J(Mp) = Re(as)(@\)” (Ms) = Xs(as)d(M®). Hence J(Mp)
= [f(x)" (M ®)ap(x)dx. The integral formula has thus been proved for func-
tions of the form axg. Since such functions constitute a fundamental set of
B! and since the left and right hand sides of the formula are each linear func-
tionals on B! which are equal on this set, they are equal throughout B!. This
completes the proof.

If A does not have an identity, it can be embedded in a Banach algebra
A.={a+tce:aCA4,c complex } which does. Let B!(e) = B!(G, A.). An element
of Bl(e) is the sum of an A-valued function and a complex-valued function
multiplied by e. If f4-Ae is one such, then

I+ rellaco = [ 1+ relladz = llfla + I

Thus B!(e) consists of the functions f+\e, where f&€ B!, N\& L. We note that
Blis a closed ideal of B'(e). This follows from Theorem 1.2; for Blis a trans-
lation invariant subspace which admits multiplication by elements of 4., and
it is closed because it is complete with respect to the B(e) norm.

LeMMA 2.1. If fEB, NE L', and MpEMp, then (A * f)" (Mp) =A(as)f(M3z).

Proof. Since M5 is a closed subspace of B!, it is a closed subspace of B!(e).
By Theorem 1.4, it is translation invariant and admits multiplication by
elements of A,. Hence by Theorem 1.2, Mp is an ideal of Bl(e). Thus if
fEMp, N+ f=N\e*fE Mp. Therefore (\*f)" (Mp)=0=2~(az)f(Mz), which
proves the formula for this case.

If f& M3, then ap(x) =f.(Mg)/f(Ms). Suppose \ is a continuous function
with compact carrier C and let €>0 be given. Since Lemma 1.1 applies to
Napg, there exists an open measurable neighborhood V, such that

[ 30a03ay = Zaimtiues]| < o2,

where { E;} is a subdivision of C obtained from V,and y.€E;, i=1, - - - , n.
Because Ae is a continuous A.-valued function with compact carrier, there
exists, by Lemma 1.2, a neighborhood V C V. such that for a subdivision
{E,} obtained from V and y,€E;, j=1,-- -, L,

|
H AeS = A

<= |JMs)|
i 2](3).

Therefore

(A *f)"(M5) sy Ny (R | < £
T = T aso o) | < -
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Since VCV,,

(A *)* (Mz)
J(Mp)

Thus (A * )" (M) = \(as)f(M3z).
The two sides of the formula are continuous functions of A and are equal on
a dense subset of L!. Therefore (A * f)" (Mg) =A(ap)f(Mp) for every NEL!.
For MpEMp the linear mapping f+Ae—f(Mp) +X(as) is also multiplica-
tive, for by the lemma

(FHr)x(g+ve) > (Fxg+ Nxg+vxf)"(Ms) + (A %) (as)
= [f(M5) + Mar)|[g(MB) + #(a5)].

The mapping is therefore a homomorphism of B!(e) onto the complex num-
bers. Let Mpgw be the associated maximal ideal. Since Mpe M L'e
= {N\e: \(as) =0}, ape=ap (see Theorem 2.4). Therefore, by Theorem 2.5,
there exists a maximal ideal M8 of A, such that

= [0ty < e

(f + 7)) (M) = f (/@) + A(@)e]> (B ap(x)dx

- f ) (M ®)ap(x)ds + Mas),

where M8 = MBE)MNA4. Note that M® cannot be 4; for if it were, all B!
would be mapped by Mj into zero. Hence M®) is a maximal ideal of 4 and
F(Mp) = Jf(x)" (M®)ap(x)dx.
The following characterization of Mg has been completely demonstrated.
THEOREM 2.6. The mapping («, M)—>MEM is o one-to-one mapping of
G XMy onto My, and

(a,M)

Jars™y = f 1) (M)a(x)d

for all fEBL.

The remainder of this section is given to showing that in the sense of the
weak topology the correspondence between G X9, and 9y is a homeomor-
phism.

LEMMA 2.2. Let UCG be open with respect to the weak topology of G. Then
{Mpy: as€E U} is open in the weak topology of Mp.

Proof. Let MY = (ao, M) be an arbitrary element in { Mp: apE U}. It
suffices to show that there exists a neighborhood N of M such that
NC{Mp: agE U,}, where Uy = {a: | \(a) —\(an) |<e},NEL. Therefore pick
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fEB! such that | f(ME)| >1 and let
Ni= {Mg: |f(Ms)| > 1}.

N, is then an open neighborhood of M%) as are

No= {Ms: | A %f)"(M5) — A +)"(M5) ]| <e/2},
and

Ns= {Ma: | }(Ms) — J(M5")| < ¢/2 max (| Mao)|, D}

By Lemma 2.1, for all Mg&N=N,N\N\N;
| Mas) — Mao) | < | Mas)/(Ms) — Mao)f(M5) |

< N M) — A2 N"M5) | + | Mao) | | (M5 = J(M5)|

<.

LEMMA 2.3. If fEB!, then [f(x)a(x)dx is in the weak topology a uniformly
continuous A-valued function over G.

The proof is omitted since the proof in [3, 34C] can be applied readily.

THEOREM 2.7. With the weak topologies on G, M4, and My, GX M4 and Mg
are homeomor phic.

Proof. We first choose a G X914 sub-basis element N(a, M,) about a
point (ao, M) and find an 9Mp-neighborhood of M = (as, M) contained in
it. For A\EL!, aEA, let

N(ao, Mo) = {(a, M): | A(@) — Aao) | <¢ | &(M) — a(Mo)| < ¢}.
If vEL! is such that lﬁ(ao)l >1, then, by Lemma 2.2,
Ny = {Mg: | 5(az)| > 1}

is a neighborhood of M¥. Similarly

Na= {Ms: | (a»)*(M5) — (a)* (M3 )| < ¢/2},

Ny = {Mg: | 5(as) — #(ao) | < ¢/2 max (| &(Myo)]|, 1)},

Ny = {MBZ iX(aa) - ;\(ao)l < é},
are neighborhoods of MY). Let N(M$) be the intersection of these four sets.
Since (av)” (M) =4(M®)5(ap), it follows, as in the proof of Lemma 2.2,
that N(M8) C N(ao, Mo).

Conversely, let

NMR) = {Ms: | J(M5) — JME)| < ¢},

for some fE B!, represent a sub-basis element of the weak topology of M p.
By Lemma 2.3, there exists an open G-neighborhood N(a) of ay such that
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a& N(ap) implies Hff(x) [a(x) — ao(x) ]dxHA <e/2. If

N(Mo) = {M] [ 117 a0 = 19" (0 Jaa(adas

< 5/2} ,
tpen N(M,) is open in M,. Therefore N(ao, Mo) = N(ao) X N(M,) is open in
G XM, and it contains (g, Mo). For each (a, M)E N(ao, M,) we have

(a,d)

Jors™y = jg) | <

[ 1697 001 = au(@)las

+ ‘f [/()* (M) = f(x)* (Mo)]ao(2)dx| < e.

Thus N(ao, Mo) CN(ME).

3. Semi-simplicity and the case where 4 is a group algebra. Some of the
properties of L! can be given B! by assuming these properties for 4. State-
ments like the next theorem have been proved in the author’s thesis for regu-
larity and the Tauberian condition (the set of elements whose Fourier trans-
forms have compact carriers is dense) by extensive use of Theorems 2.6 and
2.7. We shall deal here with semi-simplicity.

THEOREM 3.1. B! 15 semi-simple if and only if A is semi-simple.

Proof. Let B! be semi-simple and let aENgpy, M. Let NEL! be such that
IIN]|: 0. By Theorem 2.6, (a\)” (Mz) = a(M ®)A(ap) =0 for every MpEqys.
Thus aAENgi, Mz =0 so that 0=||a\||z =]|a||4||]\]], whence a=0.

Now suppose 4 is semi-simple and let f&ENan, Ms, where f is continuous.
Then F(Mz)=0 for all Mz and hence [f(x)" (M)a(x)dx=0 for all aEG,
MEM,. f(x) (M) is for each M a continuous function in L. Its Fourier
transform is identically zero and thus, because L! is semi-simple, f(x) " (M) =0
a.e. (almost everywhere). In fact, since it is continuous, f(x) " () =0. Hence
for each x, f(x)ENy, M =0, so f=0.

We now consider any fENg, My and assume that f(x) is not a.e. zero.
By Theorem 1.3, there exists a uniformly continuous function #&L?! such
that Hu *f[|3>0. Since each Mg is an ideal of B!(e) (see proof of Lemma 2.1),
u*f=uex fEMp for all Mp&EMp. Furthermore u * f is continuous. This
contradicts the preceding paragraph and completes the proof.

We shall now treat the special case where 4 is a group algebra. Let
A =LY(H), where H is a locally compact Abelian group. A function represent-
ing an element of B!(G, L'(H)) takes at each x&G a value which is an ele-
ment of LY(H) and this element can be represented by a function over H.
Thus elements of B! may be thought of as functions over G X H. This double
representation of elements of B' does not, however, lead directly to an
identification of B! with LY(G X H). Suppose, for example, that G and H are
the reals and let S be Sierpinski’s nonmeasurable plane set which intersects
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each line in at most two points [7]. The characteristic function of S repre-
sents no element of L!'(G X H), but in the above sense quite properly repre-
sents the zero element of BY(G, L1(H)). It is nevertheless true that the two
algebras are isomorphic. The difficulty we have mentioned is easily avoided
for elements of a certain dense set and an isomorphism can be established by
means of an extension. In the following proof the symbol ~ will be used
to distinguish a function from the equivalence class to which it belongs ex-
cept when the representative is a characteristic function. For any function
A, N(A) means {x:X(x)=0}.

THEOREM 3.2. If H is a locally compact Abelian group, then BY(G, L'(H))
is isometric and isomorphic to LY (G X H).

Proof. Let By be the subspace of B! generated by elements of the form
7\, nELY(H), NELYG). Since B, contains the simple functions, it is dense in
B! For f€Bo, f= 2_s-1 ni\i, We pick representatives 7; of 7, A; of \; and de-
fine the function (Tf)" by the equation

(TN~ (x,9) = 2 L(N(2).

We shall show that the equivalence class Tf to which it belongs is in
LY(GXH).

Let 7/ (y) =#:(y) a.e. and X! (x) =X;(x) a.e. Now
L@, 9): 7)) = 7L (N ()}

CINR)UNQR)] X NG — 7)) UNQR: = M) X [N(G) U N(@!)]
and the larger set has zero measure in G X H. Hence T is independent of the
representatives chosen for the #; and ;. For 7, real and ¢ real

{ (& 3w G @) # 0} N {(%,9): xw o @iy) < ¢}
= NR) X [N@) N {y: 7:(y) < o} )
is measurable. If 7; is not real, this argument applies to its real and imaginary
parts separately. Thus xy,7: and, similarly, xN(ﬁ'.)X; are measurable func-

tions, whence #;\; is measurable. Consequently for any fE B, (Tf)" is meas-
urable and Tf is in LY(GX H); for

1w = [ [ 1@ 5| ayas

= fG“f'(x)”L‘(H)dx = |Iflls.

T is therefore an isometric linear mapping of the dense subspace B, into
LY(GX H). The image of By is dense since it contains all L! classes represented
by functions of the form 2 {_; D 7, cijx;(¥)xz:(x). Hence T extends uniquely
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to an isometric linear mapping of B! onto LY(G X H).
It remains to be shown that T preserves convolution. Let f, gE&EB,,
f=3 " 1N, g= 2 rin/N . Then f * g is represented by
o7 = (T ir) s (i) = ZZ o i) e
i j i

and so f * g&B,. Thus

1¢+ 91 ) = £ 5 [ ailomis (eau [ Ko -

f ) f b T N o-dudy

= (Tf* Tg)~(x7 }') a.e.,

and hence T(f xg)=Tf % Tg. Since convolution is continuous in both its
arguments, T(f * g) = Tf * Tg throughout B.
There is no further need for distinguishing functions from the elements
they represent so the customary practice will be resumed.
Note that a maximal ideal of B!(G, L(H)) is of the form (o, a2), a €G,
a,EH. For fEB,

Jlar, ) = [ 6 @i = ) ) fH(Tf)(x, 3)aa(y)aa(®)dydz,

which is the integral form of the Fourier transform of Tf&L!(GXH) at
(ou, as) EGX H. The fact that f(au, as) = (Tf) (a1, az) for all fEB! follows
immediately.

4, Isomorphisms of Banach algebras of the form B!. An isomorphism
between two topological groups or Banach algebras will mean an algebraic
isomorphism which is also a homeomorphism. G and G will be locally compact
Abelian groups and 4 and A commutative Banach algebras. If G is iso-
morphic to G and A4 is isomorphic to A, isomorphisms of B!(G, A) and
BY(G, A) can be easily constructed (Theorem 4.1); but the determination of
conditions under which the converse is true is, as we shall see, more difficult.

THEOREM 4.1. Let 7 be an isomorphism of G onto G and 3 an isomorphism of
A onto A. Let k denote the constant determined by dx=kdrx. Then for any
aEG, the mapping T defined by the equation
(Tf)(rz) = ka(x)3[f(x)]
is an isomorphism of BN(G, A) onto B\(G, A). T is an isometry if and only if
3 1is an isometry.

Proof. If fEB!(G, 4), Tf is measurable and
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[lian@alades = [ sl liaz < 1ol s

Thus Tf € BY(G, A) and, since T is clearly linear, it is continuous. If
fEBY(G, A), then f(r—'%) =k~'a(r—'%)3-1[f(%) ] represents its unique pre-
image and ||f||z<||5~|| ||7]|3. T is therefore one-to-one, onto, and bicontinu-
ous. Finally, for f, g€B!(G, 4)

(T(7 % ) (r2) = ka(x)3 f fey)glrdy

- f (1) rary) (Tg) [(r3)1)dry = (Tf » Tg)(rx).

T is clearly an isometry if 3 is. Conversely, if T is an isometry, for any e €4
and NELY(G) where |[7\[|1= 1, we have (T'(a\))(rx) = ka(x)\(x)3a and

lalla = llaxlls = | T(@)]|5 = [[5allz.

In the special case of group algebras both 4 and 4 are the complex num-
bers, J is necessarily the identity transformation, and the converse of this
theorem holds provided T is an isometry. The following result is due to
Wendel [8].

If T is an isometric isomorphism of L'(G) onto L*(G), there exist an iso-
morphism 1 of G onto G and a character «EG such that for every NEL'(G),
Th;=a (TN)ry and (TN)(7x) =ka(x)\(x), where k 1s such that dx = kdrx.

It suffices to assume that T is an isomorphism such that ||7]| <1 (see
Helson [1]), in which case T must again be an isometry. However, isomor-
phism alone is not sufficient for there are nonisomorphic groups whose alge-
bras are isomorphic [8]. Algebras of the form B! display even greater pathol-
ogy since an appeal to isometry fails to produce isomorphisms of the com-
ponent spaces. Indeed, we know that BY(G, L'(H)) is isometric and isomor-
phic to LY{GX H)=BY(GXH, C), C being the complexes (Theorem 3.2), but
in general the corresponding components are not isomorphic.

It is not even true that isomorphism between just one pair of the com-
ponents can be forced by assuming isomorphism between the other pair
along with an isometric isomorphism of BY(G, 4) onto B(G, A). We proceed
to counterexamples.

Consider an infinite-dimensional Hilbert space 3. 3¢ is isomorphic to the
direct sum 3 X3C, and the additive group I of 3 becomes locally compact
when assigned the discrete topology. H and HXH are algebraically iso-
morphic by virtue of the Hilbert space isomorphism and homeomorphic be-
cause they are discrete spaces in one-to-one correspondence. B1(H, L'(H)) is
then isometrically isomorphic to L}(H X H) and therefore to Ll(H ). This is
also true for the compact group H since it is isomorphic to X /7. Hence even
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for compact groups G, BY(G, A) isomorphic to L'(G) does not imply that 4
is the complex numbers.

In regard to the case in which 4 is isomorphic to 4, we note that for any
G and H, B{(GX H, L1(H)) is isometric and isomorphic to L}(G X H X H) and
hence to BYG, LY(HX H)). The counterexample comes from taking H iso-
morphic to HXH.

It is therefore by no means the case that every isomorphism T is of the
triple form (3, 7, o). However

THEOREM 4.2. If the triples (31, 71, 1) and (3s, T2, as) are distinct, the cor-
responding isomorphisms T1 and T, are distinct.

Proof. We treat four cases. Subscripts are not written on corresponding
components assumed to be equal.

CASE 1. 7,5#7,. Let ZEG be such that 7i %577 % Choose disjoint open
neighborhoods U, V of 7i'%, 757'% such that u(U) < «, u(V)< « and let
fEBY(G, A) be zero on U but not on V. Then Tif# Tsof on UMV, a set of
positive measure.

CASE 2. 3;# 3, 11=73, cu=a,. If a €A is such that J:(a) #3s(a) and f=a
on a set E of finite nonzero measure, then T1f# T3f on 7E.

CASE 3. ay# g, 31=73s, 11 =173 Let E; be a set of finite nonzero measure
contained in the open set E = {x: a1(x) #as(x) }. If f=a0 on E,, T\f Tof
on 7E; since kai(x)3(a) = kaz(x)3(a) implies x EE.

CASE 4. 3,3y, an#as, T1=72. Let a be such that 3J,(a) #3:(a) and let
E={x: on(x) #Zan(x) }. If 3i(a) is not a scalar multiple of 3:(a), the case is
settled by f=a on a set of finite nonzero measure in E. Suppose that J;(a)
=c¢3;(a), where c>1 is complex. Either there exists E;CE of finite nonzero
measure on which a;#ca; or E= {x:aai!(x)=c}. In the first instance
choose f=a on E;. In the second E’ is open and nonempty since it contains e.
Let E;CE’ be of finite nonzero measure and take f=a on E,.

The purpose of the remainder of this paper is to obtain conditions under
which an isomorphism T" must be of the form (3, 7, «). If Mp is a maximal
ideal of BYG, A), TMp is a maximal ideal of BY(G, A). Also F(Mp)
= (Tf)"(TMs), f€& BYG, A), for the kernel of the homomorphism
f—(Tf)" (T Mp) is clearly Mp. Since M is of the form (a, M), aEG, MEM,,
and T'M3 is of the form (&, M), aEG", MEmy, T gives rise to correspond-
ences between the characters of G and G and the maximal ideals of 4 and 4.
However, these correspondences can be intractable. Consider, for example,
the isomorphism T of B!G, L'(H)) onto L'(G X H). Since flon, )
=(Tf)" (au, az), 1EG, anEH, fEB! (see remarks at end of §3), T(a1, o)
= ((au, a2), (0)), where (0) is the single ideal of the complexes. If oy is held
fixed and «, is varied, the maximal ideal component of T(cu, a) cannot
change but the character component does. To allow for this kind of behavior
we shall use the notation T(e, M) = (Ga,sr, Ma,u).
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If T is a triple (3, 7, ), the complications discussed in the last paragraph
do not appear. For any s&G, fEB!(G, 4),

(Tf) (r2) = kao(x)3[fo(x)] = @o(s)(T)(rsx) = @o(s)(Tf) ().
Hence, if fEE Mp=(a, M), by Theorem 2.3,

(Tf)7e(TM5) _ ao(®)(Tfe)" (TMn) _ ao()]o(M)
(T)~ (T M) (TN (TM5) (M)

= ap(x)a(x).

Go,u(TX) =

If X is such that A(e) =1, then for any a €4 the integral formula yields
a(M) = (a\)* (M) = [T(aN)]*(TM5)

= f kao(x) (3[an(x)]) * (M o, 20) e, m(7)d72

= (3a)" (Ma,nu) [ao(@)\(x)ao(x)a(x)dx = (3a)* (Mam).

Hence for every MENM4, Mo =3M regardless of a and for every aEG,
o (%) = ag(x)a(x) regardless of M. Conversely, if B}(G, A) is semi-simple,
these conditions guarantee that 7 is the triple (3, 7, o). Before proving this
we observe that the semi-simplicity of any one of the algebras 4, 4, BY(G, 4),
or BY(G, A) implies that of the others (Theorem 3.1). In the statements of
results requiring semi-simplicity we shall say merely that 4 is semi-simple.

LEMMA 4.1. Let T be an isomorphism of BX(G, A) onto BX(G, A), where A
is semi-simple. Let 3 be an isomorphism of A onto A, T an isomorphism of G
onto G, and ae &G such that for every a EG, MEM 4, du.u(7x) = ao(x)a(x) and
Mo u=3M. Then T is the isomorphism (3, 7, a).

Proof. Let T, denote the isomorphism (3, 7, ao). 1f fEBY(G, A4), for any
]‘[B‘_‘ (ay M)

(T'f)" (TM5) = f o @) (B1f(®)]) * (5M) () a(x)d

- f () (M)a(x)dx = J(Ms) = (T)* (TM5).

Since every maximal ideal of the semi-simple algebra B(G, 4A) has the form
TMg, T\f=Tf for every fEB(G, 4).

Let us examine further the case where T is given as (3, 7, ao). Let (o1, M1)
be a fixed but arbitrary maximal ideal of B(G, 4). Then f&Ngy, (o1, M) if
and only if [f(x)a (x)dxE Ny, M. Since
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f(Tf)(rx)&:l_Ml(rx)d-rx = Gf f(®a(x)dx,
this is equivalent to
f (TF) (7%)&ay, 3, (r2)drx € Nawy 3M = Nowz M,
and hence to IfENy; (&ay,ar,, M). Thus
7| Mot e, 30 | = ot G D).

Also f€Ng (o, M,) if and only if f(x)E]V[l for almost every x, which is true
if and only if (7f)(rx) EIM1= M4, u, for almost every 7x. Since the last is
equivalent to TfENG ~ (&, Maya,),

T[ﬂa (a, Ml)] = Ng (&, May,u,).

These are essentially the conditions which will be used to obtain a statement
converse to Theorem 4.1. Their intrinsic appeal lies in the fact that they are
basic requirements for the construction from 7T of a 3 and an isomorphism
of LY(G) onto L(G) by means of the Fourier transform. Note that these
conditions do not hold for our isomorphism of BY(G, L'(H)) onto L'(GXH).
DEFINITION. Let T be an isomorphism of B!(G, 4) onto BY(G, 4). Condi-
tion I is said to hold for T at ayEG if there exists MEM, such that
T[Non,(es, M)]=No;(Ga, ., M). Condition II is said to hold for T at
M,Ey if there exists & EG such that T[Ng(a, Mi)]=Ngr (& Ma,ar,).

LEMMA 4.2. Let A be semi-simple. If T is an isomorphism for which Cond:-
tion 1 holds at some oy EG, then there is an isomorphism 3., of A onto A, and for
every ME&E M,

&al,lil = &ahMl, Mal,.M = 3,,1M.

Proof. Suppose that there exists M>& 9, such that &a,,ar, # &, ar,. Choose
AELYG) such that N (Ga,.1r,) =0 and X (Gayar,) #0. If 66 Mo, a, then
N € (g 31y) Moy, 20,= T (e, Mz). But GAE N9y ;(Ga, 3r,, M) and hence, by Condi-
tion I, T-!(a\) ENgn,(eu, M). In particular T-1(aA) € (on, M;) so that an
€ T(ou, My), which is impossible. Therefore &, = aq, 3, for every M&M,.

Theorem 2.1 asserts that for any a €A there exists f& B!(G, 4) such that
Jf(x)a(x)dx =a, and we accordingly set

Jala=f(Tf)(£)&:,,M,(‘if)d.i’.
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If g is such that fg(x)al(af)dx = g, then, by Condition I, Tf — Tg
ENorz (Gay .oty M), and since 4 is semi-simple,

[ @@z = [ @@ oa

Thus 3, is a well defined mapping of 4 into A. Because of the symmetry of
Condition I and the semi-simplicity of 4, the argument just used can be re-
versed, and therefore J,, is one-to-one. It follows directly from Theorem 2.1
and the fact that T is an isomorphism that 3,, maps 4 onto 4 and that it is
linear and multiplicative. Since the topology of a commutative semi-simple
Banach algebra is uniquely determined, 3,, is, in addition, a homeomorphism.

If f is such that [f(x)a:(x)dx=a, the following four conditions are equiva-
lent: GEM; fE(Olh M)y TfE(&a,‘M, Mal,M)( = (&al,MU Ma,,M)); 3alaeﬂa1,1ﬂ-
Hence M, u=3,,M for every MENM,.

If S is an isomorphism of L(G) onto L!(G) and a EG, the maximal ideal
to which a corresponds is carried by .S into a maximal ideal of L!(G). The
corresponding character will be denoted by Sa. The next result parallels
the last and provides a means for constructing the group isomorphism we
seek. This time semi-simplicity is not required since our concern is with group
algebras.

LeMMma 4.3. If T <s an isomorphism for which Condition 11 holds at some
M E My, then there is an isomorphism Sy, of LY (G) onto L'(G), and for every
aEG

Moy, = Mo, my Qo = Sy

Proof. Because of the obvious similarity to Lemma 4.2, we shall carry
through only the construction of Sy,. If fEB'(G, 4), the function \ deter-
mined by N(x) =f(x)" (M) is in L}(G). A linear mapping of B(G, A) onto
LY(G) is thereby defined by M,. The mapping is also a homomorphism; for
if f(x)" (M) =\(x) a.e. and g(x)" (M) =»(x) a.e., then

(7 9)(@)" (M) = f fn) (Mg (Mdy = (n *9)(3) ace.

M, u, provides in like manner a homomorphism of B'(G, 4) onto L'(G).
Let Su,\ be defined by the equation

(Su M) (®) = (TN(#)" (May1,),

where f is such that f(x)" (M;) =\(x) a.e. Arguments much like those used
above complete the proof.

If T is an isometry, or even such that || T|| <1, a technique which will be
used in the proof of the next theorem shows that Sy, is an isometry. Wendel’s
theorem then produces an isomorphism of the groups and a character. A
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question which has not been answered is whether these assumptions com-
bined with those of Lemma 4.2 are sufficient to make T a triple. We shall in-
stead assume that Conditions I and II hold everywhere.

THEOREM 4.3. Let A be semi-simple and T an isometric isomorphism of
BY(G, A) onto BX(G, A) for which Condition I holds at every a &G and Condi-
tion 11 holds at every M E W 4. Then there exist an isometric isomorphism 3 of
A onto A, an isomorphism T of G onto G, and a character aoE G such that T is the
isomorphism (3, 7, ).

Proof. Let o and e be arbitrary characters of G. Since the hypotheses of
Lemma 4.2 are satisfied for both characters, there exist isomorphisms J,, and
34, of A onto 4 such that for every MEMy, Joy M= Mo, 3 and 3o, M = Moy a1
Since Lemma 4.3 obtains for every M, M., y= M, ». Hence 3., M =3,M
for every MEM 4. Let a€A. If M &My, then 34,3, M = 34,3, M = M. There-
fore

(308) " () = (30,0)" (BayBay M) = (3, B) = (30,0)” (B).

Thus for every ¢ €4, (3.,8) " =(3a,a)” and it follows from the semi-simplicity
of A that 3,,a=3.a. Hence 3., and 3,, are identical isomorphisms. Since ay
and a; are arbitrary, 3=13,, for any «, is independent of «, and 3M = M, »
for every aEG, MEN,.

Let Sy, MEM,, be the isomorphism of L!(G) onto LY(G) given by
Lemma 4.3. In the fashion of the preceding paragraph we deduce that S= .Sy,
is independent of M, and Sa= s, for every aEG, MEM 4.

If ME, and u, is an identity modulo M, then

1= do(M) = | de(M)| = inf o] 4

% n
*y

Hence for €>0, there exists an identity «; modulo M such that ”“IHA <l+te
For A€ELYG) and f=u\, we have f(x)" (M) =\(x). By the definition of Sy
(see proof of Lemma 4.3) and because 1" is an isometry,
[SsMl 2 = (1715 = [IAl5 = llwallal [N 22 o)
< (1 + 9Nz

Since € is arbitrary, ||SuM|u@ =|N@. Thus [|S]] =||Syl| 1. Wendel's
theorem then applies. There exist an isomorphism 7 of G onto G and a char-
acter ay such that for every A€ L'(G) and x EG, SN\, =&o- (SN)-.. Let aEG. If
A(a) #0, then

) B _(NAGa) (SA2) " (Sa)
Gatt(r3) = (Sa)(r%) = (SN~ (Sa) () (SA)~ (S
Az ()
= ao(x) — = au(x)a(x)

Aa)



1959] SPACES OF FUNCTIONS WITH VALUES IN A BANACH ALGEBRA 429

for every ME9M,. It follows from Lemma 4.1 that T'=(3, 7, o) and, there-
fore, from Theorem 4.1, that 3 is an isometry.

BIBLIOGRAPHY

1. H. Helson, Isomorphisms of abelian group algebras, Ark. Mat. vol. 2 (1954) pp. 475-487.

2. E. Hille, Functional analysis and semi-groups, Amer. Math. Soc. Colloquium Publica-
tions, vol. 31, New York, 1948.

3. L. H. Loomis, An introduction to abstract harmonic analysis, New York, 1953.

4, J. von Neumann, Almost periodic functions in a group, Trans. Amer. Math. Soc. vol. 36
(1934) pp. 445-492.

5. D. A. Raikov, Harmonic analysis on commutative groups with the Haar measure and the
theory of characters, Trav. Inst. Math. Stekloff vol. 14 (1945).

6. 1. E. Segal, The group algebra of a locally compact group, Trans. Amer. Math. Soc. vol.
61 (1947) pp. 69-105.

7. W. Sierpinski, Sur un probléme concernant les ensembles measurables superficiellement,
Fund. Math. vol. 1 (1920) pp. 112-115.

8. J. Wendel, On isometric isomorphism of group algebras, Pacific J. Math. vol. 1 (1951)
pp. 305-311, -

UNIVERSITY OF MINNESOTA,
MINNEAPOLIS, MINNESOTA



