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1. Introduction. Let us consider a stochastic process {£(/•), 0 St < oo } with

values in an abstract space X. Let X = A+B where A and B are fixed disjoint

sets. Suppose that £(0)G-4. Then the process {£(0} assumes the states A

and B alternately. Denote by £1, 171, £2, rji, ■ ■ ■ the successive sojourn times

spent in states A and B respectively.

We suppose that {£„} and {n„} are independent sequences of positive

random variables. Let fn=£o+£i + ■ • • +£n and Xn = 10 + 171+ • • • +w„

(re = 0, 1, 2, • • • ) where £0 — »/o = 0. Further it is assumed that

(T» — Ain       \
(1) lim P\-S x\ = G(x)

«->«     (    Aina )

and

(x» — Bxn       )
(2) limP!^——Sx\=H(x)

!»->»     (   BiW" )

where G(x) and H(x) are nondegenerate distribution functions, Ai^O,

Ai>0, a>0, Fi^O, Bi>0, b>0. If Ai>0 (Fi>0) then a<l (b<l) holds(2).
Denote by a(t) and 0(t) the total sojourn times spent in states A and B

respectively during the time interval (0, i). Clearly a(t) and 0(t) are random

variables and a(t)+0(t)=t for all tH\0.

In this paper we shall determine the asymptotic distribution of the ran-

dom variable 0(t) as t—* 00.

2. The asymptotic distribution of 0(i). We shall prove the following

Theorem. If {£„} and {??„} are independent sequences of positive random

variables with properties (1) awc7 (2), then we have

(73(0 - Mit       )
(3) lim P\-^L-< A  = p(x)

Received by the editors November 10, 1958.

(') This is an address delivered at the International Congress of Mathematicians, Edin-

burgh, August 16, 1958.

(2) We say that a sequence of distribution functions converges to a limiting distribution

function if it converges in every continuity point of the limiting distribution. Further if a dis-

tribution function in its every continuity point agrees with a certain function, then we use the

same notation for these two functions.
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where P(x) is a nondegenerate distribution function and Mi, M2, m are constants

which depend on (1) and (2).

Table I contains the appropriate distribution functions P(x) and constants

Mi, M2, m.

In Table I f and x are independent random variables with distribution func-

tions P{$Sx} =G(x) and P{xSx} =H(x), further p is a random variable with

P{pSx} =P(x).

Remarks. The random variable j3(t) can be expressed always as a sum

of a random number of random variables, where in addition the number of

the random variables depends on the random variables themselves. So in

some particular cases we can determine the asymptotic distribution of /3(/)

by a theorem of F. J. Anscombe [l]. If specifically we suppose that {£„}

and {rjn} are independent sequences of identically distributed independent

positive random variables, then the asymptotic distribution of /3(/) can be

obtained also in some particular cases by using a theorem of W. L. Smith [10].

Below we shall show that the determination of the asymptotic distribution

of j3(t) may be reduced in all cases to that of a sum of a random number of

random variables, where the number of the variables is independent of the

variables themselves. To obtain the asymptotic distribution we can apply in

all cases a theorem of R. L. Dobrushin [5], or in some particular cases a

theorem of H. Robbins [9].

We remark that more general problems for Markov chains have been

treated by W. Doeblin [6] (cf. D. G. Kendall [7]), K. L. Chung [2], R. L.
Dobrushin [4], J. Lamperti [8] and for Markov-processes by D. A. Darling

and M. Kac [3].

The case when {£„} and {?/„] are independent sequences of identically

distributed independent positive random variables has been investigated by

the author [ll].

We need some auxiliary theorems to the proof.

3. Auxiliary theorems. Let us correspond a stochastic process

{v(t), OSK oo } to the sequence of random variables [f„] supposing that

v(t) assumes only non-negative integer values and

(4) {v(t) <n} = {f„ £ t)

holds for all t^O and « = 1, 2, • • • .

Lemma 1. If the random variables £„ (re = 0, 1, 2, • • • ) satisfy (1) then the

limiting distribution

(v(f) - Cit )
(5) lim P\A-Sx} = F(x)

i—      I      C2t° )
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exists. Here F(x) is a nondegenerate distribution function and G, C2, c are con-

stants, for which we have

Ai Ci C2 c F(x) v

0 0 1/Aj 1 - G(x~a) rl/a
a

>0 1/Ai A2/AXia a 1 - G(-x) -f

where v and f are random variables with distribution function P {v S x} = F(x)

and P{lSx} =G(x).

Proof. First, consider the case ^4i>0. By (4) we have

P{v(t) <n}   =PUn^t}

for all t^O and re = l, 2, • • • . Hence also

/ /      1
v(t)-• re-

Ai Ai (f „ — A in      t — A in)
(6 P\-<-    =P<- ^ ->

A2 / t \"        A2 / t y (.     ^2«" A2na  )

. I7\Z7     Ii'Kai)
holds for all />0 and re = 1, 2, • • • . Now in (6) put

In this case we have

n-

hm-= x
,-.»    A2 / t \a

Ti\A~i)

and

t — Ain
lim-= — x.
<->»    A2n"

If t—>oo (and thus re—>oo) in (6), then we have
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f ' 1
v(t)-

Ai (fn — Ain )
lim P   -< x    = lim P{-- § - x\ = 1 - G(-x)
«-.» A2 / I \" «->«>     (.    ^42re? J

~A~i\A~i)

in every continuity point of the limiting distribution. This proves (5) in case

Ai>0.
Second, consider the case ^4i = 0. Then x^O. By (4) we have

v(t) n ) (   f„ t   )
(7) P{-<-    = pJ—£-1.

I l V" ( l V" \A2n°-      A2na)

\A~2) \A~2)

Putting

in (7) and taking the limit t—»<» (and thus re--»<-), we have

f       v(t) 1 ( f„ 1 )
lim P   -—-£ * > - lim P<-^ —} = 1 - G(x~°)
«-» / t \1/o n-.»     (A2na      x°J

V_7/
in every continuity point of the limiting distribution. This proves (5) in case

Ai = 0.
Next we introduce a new stochastic process {&(t), OSK oo ] as follows

(8) #(/) = X,«) = Va + Vi + ■ • ■ + OO-

LEMMA 2. For all / ^ 0 are_ 0 ^ x ^ / we feafe

(9) P{p(t) S x} = P{d(t - x) S x}.

Proof.  Denote by r the least instant for which a(r)=t — x.  Clearly

£(t) G^4 and t is a random variable defined uniquely. Now we shall show that

(10) P{fi(t) = *}  = P{P(r) S x} .

Taking into consideration that a(t)+^(t) =t for all j^O and a(t) and /3(Z)

are nondecreasing functions of t we can easily prove the following identities

1)9(0 Sx} = (_(t) S a(t)} =:{rSt} = |«(t) + /8(t) ^ /} = {/J(t) g x}

which proves (10).

Under the condition that the instant r takes place on the  (re + l)st
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".4-interval" (w = 0, 1, 2, • • • ) we have 0(r)=Xn and in this case $n<t — x

S^n+i, that is v(l — x)=re. Consequently

0ir) = XHt-z)

= d(l - x)

holds and thus (9) is proved by (10).

Lemma 3. If (2) and (5) hold, then the limiting distribution

(i}(t) - Dit       )
(11) limP\  W Sx\ =Q(x)

t-»»       (       Ditd )

exists, with a nondegenerate distribution function Q(x) and with constants

Di, D2, d. We have

Ci Bi (c,b)           Di Di d                   i?

0 0                              0 B2C\ cb                 xv"

0 >0                              0 Bid c                   v

>0 0                              0 BiC\ b                  x

>0 >0 c>b          BXCX Bxd c                   v

>0 >0 c = b         BXCX           1 b Bxdv+BiClx

>0 >0 c<b Bid Bid b x
_

where # is a random variable with distribution function Q(x) and x and v are

independent random variables with distribution functions P {x S x} = H(x) and

P{vSx}=F(x).

Proof. Knowing the asymptotic distributions of Xn and v(t) as re—»oo and

t—»oo respectively, we can easily determine the asymptotic distribution of

0(t) as t—»oo by the theorem of R. L. Dobrushin [5]. Particularly it follows

from Dobrushin's theorem, that the asymptotic distribution of d(t) is inde-

pendent of the special forms of {%n} and \v(t)}, it depends only on the

asymptotic behaviours of {xn} and {?(/)}• Accordingly in order to get the

asymptotic distribution of &(t) we can suppose specifically that Xn = Fire

+B2nbx and v(t) = & + Citcv where x and v are independent random vari-

ables with distribution function H(x) and F(x) respectively. In this case we

have

«K0 = Xko = Bi(Cil + Cit'v) + B2X(Cit + Cit°v)b.
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Applying the above formula we can easily see that in every case the asymp-

totic distribution of t?(f) as t—>oo exists and the appropriate limiting distribu-

tion Q(x) and the corresponding parameters Dx, Di, d can be easily obtained.

4. Proof of the theorem. Taking into consideration the relation (9) and

knowing the asymptotic distribution of &(t) as /—»«> we can determine the

asymptotic distribution of 0(f) as t—* °°.

Lemma 4. If (11) holds then the limiting distribution

(0(t) - Mit       )
(12) lim P\—-S x\ = P(x)

exists, where P(x) is an appropriate nondegenerate distribution function and

Mi, Mi, m are constants. We have

d Mi Mi m P(x) x p

d>l 1 D~A'd Q(-x~d) (-oo,0)      -fl-1"*
d

/ 1       x    \ Did
d=l 0 1 1      QI-)        (0,1)        -

* \D2 (1-x)/ 1 + Did

Di Di
d<l     -    -      d Q(x) (-oo, oo) &

1 + Di     (l + Dx)l+d

where p and t? are random variables with distribution functions P(x) and Q(x)

respectively.

Proof. For the sake of brevity let us define

(13) u = t + Dxt + xDif

then by (9) we have

(14) P[#(t) S Dxt + xDitd} = P{(3(u) Su- t}.

Since in all cases /—>oo if m^co, consequently by (11) we obtain from (14)

that

(15) lim P[0(u) S u- t} = Q(x)
tl—too

where t = t(u) can be determined from (13).
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If _>1 then T>i = 0, x^O and

/   u  VM
/=(—-)     + (»(«»-), («-*•),

\x7>2 /

if _ = 1 then 7>i = 0, O^x<oo and

<  =  -,
l + x7»2

and finally if d<l, then — oo <x< oo and

u xD2   /     u    \d
1 =-)   + o(ud), («-»<_).

1 + Di     1 + Di\1 + dJ

Hence by (15) we obtain the following limiting distributions

' B(u) — u
lim P-— S - x-"d    = Q(x), if d > 1,

„->» /   „ X1"*

. \_w
l$(u) xD2   )

limp\AA^—- \ =Q(x), if_ = l,
«-.»     I   „ 1 + xD2)

and

f 7?! 1
/_(«)-■   M

1  +  7?!
limP^-^ x    = (2(x), if_<l.
«-»« Di    /    u    \d

1 + Di\l + DJ

This completes the proof of Lemma 4.

Applying Lemma 4 we can easily obtain all statements of the theorem.

5. Examples. Throughout this section we shall suppose that {£„] and

{r)n} are independent sequences of identically distributed independent posi-

tive random variables.

1. Suppose that £{?„} =a, E{rin} =6, ->{?»} =aa, D{r?»} =a3. Then the

limiting distributions (1) and (2) exist and Ai = a, Bi=B, At = aa, Bi = op,

a = 6 = 1/2 and G(x) =H(x) = _•(*) where

$(x) = - f   e-"2/27y.
(2x)1/27_M

In this case by the 11th statement of the Theorem we have
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[ 0 1
0(t)-1

a + 0 (acrpx - 0<ra$ \
hm P\ -< x } = P<- S x>
*— /    a    \3'2 I        a3'2 j

(-)    V2
{   \a + 0/

where x and f are independent random variables with distribution function

$(x). Hence

f P 1
0(1)-/

a + 0                       (       (a + 0)x     \
(16) limP-S x    =$(-).

/   t  y/» \(aW + 02<r*ayi2/

if — oo <x< oo.

2. Suppose that limI,00x1/2P{^„>x} =A and lim^^ x1/2P{i7„>x} =B,

where A and B are positive constants. Then the limiting distributions (1) and

(2) exist with^i =Fi=0, A2 = A2, B2-=B2, a = b = 2 and G(x) =H(x) = Fi/2(x)

where

2 |l - $ (( — )    X\ if x ^ 0,
FUi(x) =       L \W    /J

0 if x < 0.

In this case by the 2nd statement of the Theorem for 0 ^x S1 we obtain

(Pit)       ) (X       A2 x     )
limP^—< x^   = P<—<-> ,
i—     I I J I f ~ F2   (1 - x)f

where x and f are independent random variables with distribution function

Fi/i(x). We can write x=tt/2x*2 and f = 7r/2f*2 where x* and f* are inde-

pendent random variables with the same distribution function <J>(x). If we

take into consideration that

ff*        1        1        1
P <— ^ x> =-1-arc tan x

V        /        2  T x

then we obtain

n/0(<)        \        2 A/x    Y'2
hm P<-5= x> = —arc tan — I-)
i—      I  t ) ir B\i - x)

2 / A2x V'2
= — arc sin {-J

x \A2x + B2(l - x)/

if O^x^l.
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3. Suppose that lim*.* x1/2P{£„>x} =A and (2) holds with E{r\n]

= /3>0. In this case Ai = 0, A2 = A2, a = 2, 73i=/3 and G(x) = P1/2(x). By the

4th statement of the Theorem we have

f   0(0 1
lim P   -<, x • = 1 - 7i/2(x-2)
i— fit112    ~

A

that is

(18) *'$*'}-"((tYt)-1
if 0 ^x< oo.
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