
BROWNIAN MOTION OF ROTATION

BY

C. D. GORMAN 0)

1. Brownian motion of rotation has been studied by F. Perrin [3] and

K. Yosida [4]. However both studies are indirect and make use of the partial

differential equation of diffusion. In this paper, by a direct application of the

formulas for the composition of probabilities, we show how Brownian motion

of rotation of the sphere may be constructed from the plane Brownian motion.

Let (x(t), y(t)), 0 =f < oo, be a sample path of the plane Brownian motion

process. For each non-negative integer n let the interval [0, 1 ] of real numbers

be subdivided by the points k/2n, k = 0, • • • , 2". Let the polygonal path

{ix, y)\x==x^it),y=y^it), Ogtgl} be defined by:

,<.,M _ ,(i^i) + 2.(, _ i^i)[.(±) - .(£)].

for (fe-l)/2" = <<V2n, k = l, • • • , 2", n = 0, 1, ■■ ■ .
Let S be a sphere of radius 1 on which has been chosen a point P and an

oriented great circle through P. Let S be placed on the ix, y)-plane such that

P coincides with the origin of coordinates and the great circle on S at P is

tangent to the positive a:-axis and is directed in the same sense. Assume now

that S rolls without slipping along the polygonal path,

[ix,y)\x = *<»>(<), y = y(n)(0, 0 = / ^ l}

in a way such that it has the same constant angular velocity along each of the

linear portions of the path corresponding to the intervals of time ik —1)/2"

£t<k/2*, k = l, ■ • • , 2". Let RMit), 0£*£1, be the rotation of S around
its center as it rolls in the above manner from the point (0, 0) to the point

ixMit), y(n)(0)- In this way, for each sample path of the plane Brownian

motion process, a sequence i?(B)(/), 0 = <^1, n = 0, 1, ■ ■ • , of sample paths

in the group of rotations in 3-space is obtained.

The main theorem states that limn»M i?(n)(<) exists uniformly for t in
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the interval [0, l], for almost all sample paths of the plane Brownian motion

process.

This paper is divided into sections which are numbered consecutively

from 1 to 5. The first few sections contain preliminaries. §4 establishes the

notation and contains a precise statement of the main theorem. In §5 the

main theorem is proved.

I want to thank my teacher, Professor Shizuo Kakutani for his help—

the kind of help which standard words of acknowledgment can never quite

cover.

2. Let (£2, 8, Pr) be a probability space, i.e., 0= {co} is a set of elements,

fi= {£} is a Borel field of subsets of called "events," and Pr is a countably

additive measure defined on 8 satisfying Pr{fl}=l. Pr{£| is called the

"probability" of the event E. If x = x(o)) is a random variable, i.e., x(co) is a

real (complex) valued function defined on fl such that {co|x(co)G-B| G8 Ior

every Borel subset B of real (complex) numbers, then E{x} shall be the

"mean" or "expectation" of x, i.e.,

E[x} =  f x(u) Pr (da),
J a

provided the integral exists.

A (mathematical) one-dimensional Brownian motion is a real-valued func-

tion x(t, co) of the two variables / and co, defined for all non-negative real num-

bers t, 0^t< oo, and for all coG^, which has the following properties:

(Bi) x(0,co)^0,

(B2) for any real numbers s, t with 0^s<t< oo, the increment x(t, ui)

— x(s, co) is 6-measurabIe in co and has a normal distribution with mean 0 and

variance t — s, i.e.,

E(x, s, t, a) = {co [ x(l, co) — x(s, co) < a} G 8

and

Yr[E(x, s, t, a)} - (l/(2ir(t - s))1'2) f   e^'/* <«-«></«,

for any real number a.

(B3) for any real numbers s,-, ti, (i = l, • • • , m) with 0^si<ti^, • • •

sm<tm< °°i the increments x(ti,w)—x(si,w), (i=l, • • • , m), are independent

in the sense of probability theory, i.e.,

f   m \ m

Yr\ 0 E(x, Si, ti, «*)[•  = II Pr{£(*. *, U, «,)}
1 ,-i 1        t-i

for any real numbers a,- (i= 1, • • • , m).

A two-dimensional or plane Brownian motion is an ordered pair of two
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mutually independent one-dimensional Brownian motions, i.e., a pair of one-

dimensional Brownian motions x(t, co) and y(t, co) with the property that

Yr{E(x, s, I, a) P\ E(y, s', t', a')}

= Pr{E(x,s,l,a)}-¥r[E(y,s',t',a')}

lor any real numbers s, t, a, s', t', a' with 0^s<J<<»,0^5'</-'<oo.

If we consider B(t, ui) = (x(t, co), y(t, co)) as a point in a Euclidean plane

then for each fixed co, B(t, co) may be considered as a function of t lor 0^t< «,

which assumes as values points or vectors in the plane. For fixed co the func-

tion B(t, co) of t, 0 ^t < oo, is called a sample path.

The following two lemmas from probability theory shall be needed in the

last section of the paper.

Lemma 1. If xi} x2, - - • is a sequence of non-negative real-valued random

variables and if there exists a sequence ai, a2, • • • of non-negative constants

such that

OO

(i) 23 an < *,
n-l

00

(ii) 23Pr{*»> On} < oo,
n-l

then 23n-i xn<°°, with probability 1.

The proof of Lemma 1 may be derived from the lemmas of Borel and

Cantelli.

Lemma 2. Let x(t, co) be one-dimensional Brownian motion. Let the interval

[0, l] be subdivided by the points k/2n, k = 0, 1, • • • , 2", n = 0, 1, • • • . Let
xin) = xin)(a)=x(k/2", u)-x((k-l)/2", u). Then

23   max   | xk   (co) |   < oo
n-0  1S»S2»

for an co-set having probability 1.

The proof of Lemma 2 may be derived using Lemma 1 together with well-

known properties of Gaussian variables.

3. We consider all rotations of 3-dimensional space around a fixed point

(the origin of coordinates). Let gi and g2 be two rotations. Then their prod-

uct g is the rotation obtained by first carrying out the rotation g2 and then

the rotation gi. This is written in the following way: g = gi-gi. The set of all

rotations form a group which shall be denoted by G.

Let a fixed rectangular coordinate system be chosen in 3-space. Then

points or vectors x may be represented as triples of real numbers: (xi, Xi, x3).
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Let |x| be the Euclidean length of the vector x, i.e., \x\ = (x\+x\+x\)in.

Three by three matrices A may be considered as linear transformations on

this space of vectors. The notation | A \ shall be used to denote the operator

norm of A, i.e., |-<4 [ =max|1|_i |^4(x)|.

A rotation got G may be represented analytically as a 3 by 3 orthogonal

matrix V with determinant 1. The group G shall be topologized by defining

the distance between two rotations gi, g2 to be | Vi— V2\, where V\, V2 are

the orthogonal matrices corresponding to gi, g2 respectively.

4. Let A denote the interval 0gagt<b<<x> of non-negative real numbers

t. The notation x(A, co)=x(b, co)— xia, co) shall be used. Similarly y(A, co)

= yib, u)—y(a, co) and B(A, u>)=B(b, co)-B(o, co) = (x(A, co), y(A, w)). Let

diA, co) be the length of the vector B(A, co), i.e., 0(A, co) = 1B(A, co) |, where

\B\ = | (x, y)\ =ix2+y2)112. Let ci(A, co) denote oriented angle the vector

B(A, co) makes with the positive y-axis. c6(A, co) shall be measured so that the

values it assumes lie between — x and w.

For (pi, 0, <p2 arbitrary real numbers, define the 3 by 3 real orthogonal

matrix V(<pi, 0, <p2) by

cose!)!    — sin c6i 01 f 1 0 0

Vi<f>i, 9, <f>2) =   sin c6i       cos <j>i 0    0     cos 8    — sin 6

.0 0 lj 10     sin 0       cos0

cos #2    —sin <p2 0

X   sin <t>2       cos c62 0 .

.0 0 1

If c6, & are arbitrary real numbers let

(1) V(4>, 6) = V(4>, e,-<p).

Let the interval [0, l] of real numbers t, 0 = <^1, be subdivided by the

points k/2n, k = 0, 1, • ■ ■ , 2" for each non-negative integer n = 0, 1, • • • . Let

the subinterval (k-l)/2»£t<k/2n, k = l, • • • , 2", w = 0, 1, • • • be denoted
by Ajtn). For an arbitrary IE [0, l], [2nt] shall denote the largest integer k

which is not greater than 2nt. Let Vin)= FtB)(co) denote the orthogonal matrix

F(cXAJfcn), co), 0(Ain), co)), ft = l, • • • , 2", « = 0, 1, • • • . Let t be an arbitrary

real number from [0, l], then tE&in) where k=[2nt] + l. The orthogonal

matrix F(0(Ain), co), 2-(t-(k-l)/2n)B(A^, co)) shall be denoted by Vf
= F|B)(co), »=0, 1, • • • . Often, when it seems that there is small probability

of confusion, the probability variable co shall be omitted from expressions such

as x(t, co), B(t, co), 0(A, co), etc. and these quantities shall be written more

simply as x(t), B(t), 0(A), etc.

Let t be an arbitrary real number from [0, l]. Let
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PW(t) = PM(t, co) = vl%) .?#«(«) ■ • • Vf\„)
(2)

*-i

« = 0, 1, • • • . It shall be convenient to introduce further notation. The rota-

tion of 3-space whose matrix is Vtn\o}) shall be denoted by gkn)(w),k = l, • • • ,

2", n = 0, 1, • • • . The rotation of 3-space whose matrix is ^("'(co) shall be

denoted by g,(B)(co), /G [0, l], ra = 0, 1, • • • . Let

Cn).. Cn).        . Cn)      (n) Cn)

g      W  = g      ih «)  = gt     •«[*»<]   •  '  ' gl

(3) (.,. 'ff'     Cn).= gt (*0 11 gk («)•
t-1

Theorem. The limit,

g(t, co) = lim g <»>(/, co)
n-»oo

exis/s uniformly in t, 0^t^l,for co(Gft) belonging to an event which has proba-

bility 1.

We remark that it follows from the main theorem that g(t, co) is a con-

tinuous stochastic process in the rotation group G. Furthermore, it can be

shown that the characteristic matrices [2] E[Tl(g(t))} of this process are

given by

E{T'(g(t))} =diag{ • • • e«+<*-pt>n-> . . . }

p= -I, -l+l, ••.,/. / = 0, 1/2, 1, 3/2, • • • . Here [cf. l] Tl(g) = (Pm(g)),
1 = 0, 1/2, 1, 3/2, • • • is a complete system of mutually inequivalent con-

tinuous irreducible representations of G by unitary matrices.

5. In this section a proof of the main theorem shall be given. If A = (a,y)

is a 3 by 3 matrix of real numbers, then tr(.4) denotes the trace of A, i.e.,

tr(.4)= 23t"0>«- A* denotes the transposed matrix of A, i.e., the matrix ob-

tained from A  by interchanging its rows and columns. Further let

\\A\\ = (tr(A-A*))m = {^a^\

If | A | is the norm of A when it is considered as an operator on the 3-dimen-

sional Euclidean vector space, then

Ml =\\AV
Let V(p, ff) be the real orthogonal matrix defined by (1), then



108 C. D. GORMAN [January

(4) V(4>,e) = I+A(<t>,6),

for arbitrary c/>, 0, where 1 = identity matrix and

— (1 — cos 0) sin2 c>    (1 — cos 0) sin c> cos <p     sin 6 sin c6

(5) ^4(</>, 0) =   (1 — cos 0) sin c6 cos c>    — (1 — cos0)cos2c>    — sin 0 cos c> .

.   — sin 0 sin <j> sin 6 cos <p — (1 — cos 0),

Let the functions C=C(8) and S = S(0) be defined by the equations

e2
(6) l-cos0 =-04-C(0),

(7) sin0 = 0-03-S(0).

Then C and S are bounded functions of 0, — oo <0 < oo.

The proof of the following lemma may be demonstrated using (5).

Lemma 3. Let <p and 8 be arbitrary real numbers, then

\\A(<p,8)\\ =  |0|.2C-(|0|),

where K is a polynomial which has real non-negative coefficients.

Let the change of variables: (<p, 8)-*(x, y) be defined by

x = 0 sin d>,
(8)

y = 0 cos <p.

Under this change of variables the matrix A (<p, 0) is transformed into a matrix

which shall be denoted by A(x, y). Using (6), (7) and (8) one may write

(9) A(x,y) = Ai(x, y) + Az(x, y)

where

'-*2/2 xy/2 x

(10) Ai(x, y) =       xy/2    -y2/2 -y

.    -x y       -(x2 + y2)/2

and

'    (x2 + y2)x2-C    -(x2 + y2)xy-C    -(x2 + y2)xS '

(11) A3(x,y)=    -(x2 + y2)xy-C       (x2 + y2)y2-C       (x* + y2)y-S

.    (x2 + y2)x-S     -(x2 + y2)-y-S       (x2 + y2)2-C.

where

C = C((x2 + y2)1'2),       S = S((x2 + y2)1'2), - oo < *, y < oo.
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It shall be convenient to introduce the following notational convention:

Bs = B3(x, y, x', y', • • • ; C, S, C, S', • • • ) denotes a 3 by 3 matrix whose ele-

ments are polynomials in the variables x, y, x', y', • • • , C, S, C, S', • • • any

term of which is at least of third degree in the variables x, y, x', y', ■ • • .

Here C = C((x2 + y2)1'2), S = S((x2 + y2)1'2), C = C((x'2 + y'2)1'2), S'

= S((x'2+y'2)1i2), •••,-«= <x, y, x', y', • • • < ».

Let V(x, y) denote the matrix into which V(<p, 0) is transformed by the

change of variables (8).

Lemma 4. Let (x, y), (x', y') be pairs of real numbers, then

(12) * " V*(X + X''y + y>)'V(X> y)' V{x'y']

= W(x, y, x', y') + B3(x, y, x', y'; C, S, C, S'),

where

0 (yx'-xy')/2   0

(13) W(x,y,x',y') =
(xy — yx')/2 0 0

0 0 0

Proof. The left-hand side of (12) may be written

/ - [/ + A*(x + x',y + y')][l + A(x, y)][l + A(x', y')\

= - A*(x + x',y + y') - A(x, y) - A(x', y')

- A*(x + xf, y + y')A(x, y) - A*(x + x',y + y')A(x', y')

- A(x,y)A(x',y') + Bi

= - A?(x + x',y + y') - Ai(x, y) - Ai(x', y')

- Ai*(x + x',y + y')Ai(x, y) - A?(x + x',y + y')Ai(x', y')

- Ai(x, y)Ai(x', y') + Bz.

xx'       xy' 0

A?(x,y)-Ai(x',y')=    -yxf    -yy' 0 + Bz.

.0 0 xx1 + yy'.

— xx'    —xy' 0

Mx,y)-Ai(x',y')=       xy'       yy' 0 + B3.

.    0 0        -xx' - yy'.

The left-hand side of (12) may now be written:
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(x+x')2/2 -(X+X')(y + y')/2 (X+X')

-ix + x')(y + y') (y + y')V2 - (y + y')

- (* + X) (y + y') (x + x')2/2 + (y + y')2/2.

'    x2/2   -xy/2       -x        |      [    x'2/2    -x'y'/2       -x'

+    -xy/2      y2/2 y +    -x'y'/2     y'2/2 y'

.     x -y    (x2 + y2)/2)      {     x' -y'     (x'2 + y'2)/2,

'-(x+x')x       ix+x')y 0

+      iy + y')-x -iy + y')-y 0

0 0 -(x + x')x- (y + y')-y,

'-(x+x')-x'      (x+x')-y' 0

+       iy + y')-x'   -iy + y')-y' 0

0 0 -(x + x')x' - (y + y')-y'.

xx'   -xy' 0

+    -yx'      yy' 0 + B3

.    0 0     xxf + yy'.

0 (yx' - xy')/2    0

=   (xy' - yx')/2 0 0   + B3

0 0 0.

= W(x, y, x', y') + B3.

This completes the proof of Lemma 4.

Lemma  5.   Let

.    (n+1) /A<n+1)      \ / /a(b+1)       \ ' /.C+D      x
x = <A2t-i, co),       y = y(A2*+i, co),       x  = *(4a     , co),        y  = y(A2*+i ,co)

for some k, 1 ̂  k ̂  2n, and n = 0, 1, - ■ ■ , then

(2"Y'2\\E{Bi(x>y,x',y';C,S,C',S')}\\

is a bounded function of n = 0, 1, • • • .

Proof. Let Bl = (Bif), i, j=l, 2, 3. Then

(2»)«/'||S{2?,}|| = (2«)3^23 iE{B«}Y)

Z (2»)»2 23 I E{B*} | .
*,i-i
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Thus it is sufficient to show that for i,j=l, 2, 3, there are non-negative con-

stants Mij such that

(2»)"2| E{Bij] |   = Mn (independently of »).

In order to prove this, recall that J5<;- is a polynomial in the variables x, y, x',

y',C,S,C',S'whereC=C((x2+y2)1i2),S=S((x2+y2)1ii),S' = S'((x'2+y'2)1i2):

Bij=y£,a,...,i,Aa,...,fXay»x'<''y'»'C>SiC'i'S'i' where a, ■ ■ ■ , 5' take non-

negative integral values, Aa,...,y are real numbers and a+j3+a'+/3' = 3.

\E{Bij}\   =     £    Ma,...i,E{\x\°-\y\'>-\x'\°'-\y\<>'}

where M„....,,, = \Aa....,t>\ • C>+t'Sj+5', here |C(0)| gC, \S(8)\ =S for all 0,
— oo <0< oo.

*{|*hM'-Ma'-M>'}

= E{\x\°}.E{\y\o}.E{\x'\'}.E{\y'\r}

= (E{ | x\2°}yi2(E{ I y|^})1/2(£{ \x'\2°'}y'2(E{\y'\2i>'\yi2

v(a) v(P) v(a') viP)

n-n+iyti nn+iy/2 (2n+1)a''2  (2n+iy12

Here v(£) denotes (2f-l)(2£-3) • • • 1. Thus

(J\ (a+0+a'+/J'-S)/2

^ /

^        £      Ma,-.-,t'Ka,---f'
a, •••.»'

-  ^tf,

since a+/3+a'+/3' = 3. This completes the proof of Lemma 5.

Proof of the main theorem. In order to show that

lim PM(t, co)
ft—»aa

exists uniformly for tE [0, l], for an co-set having probability 1, it is sufficient

to prove that the series

(14) £ max   | PM(t, «) - P<n+1Kt, «) I
n-0 Ogfgl

converges with probability 1.

Let n = 0, 1, • • •   be fixed, let tE [0, l] and k= [2»/] + l. Then either

tEA&±? or tEA&X?, recalling the definition (2),
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| p<»>(/) - P<»+1>(0 i

= Ft<»yn)(—N)_F<(n+Vn+1)(^—-)|

_ F|Vn>(—)-Frvn>(—)

s|Ff)-Fri>|.|pw(~i)|

+ I F(n+1> I • I PW(k~ ^ - P(n+1)(2k~ 2\\
I '      I    \ 2» /        V 2»+i /r

Since F((fl+1) and P<-n)(k-l)/2» are orthogonal

\PM(1)-Pin+I)(t)\   ^ | K,W - Vl"+1) |

(15) +|p-(^l)_p-(^Zi)|,     <GA-

Similarly if /GA&+1), then

| p(b)W - p(n+1)(01 <; | F.W - V™V2? |

(15') I    „, /^-1\ _    w« /2ft -2\ I

I    \ 2- / \ 2-+» /r
Using (15) and (15') on,e obtains

max  | PM(t) - P<»+1>(0 |
Og(gl

=   max   • max  I P <»>(/) - P <»+»(/) I

^   max   •    max    I PM(t) - P<"+1>(01

+ max • max    I P <»>(/) - P("+"(/) |

^2- max     P<">( — ) - pc+»>(-1
i^tS2" I        \2"/ \2"+1/l

I        Cn) WD I
+   max   •    max    \Vt    — Vt

1S*S»"      wfe?
I     <•> WD  „<«+!) I

+   max   •   max^   \Vt    — Vt      -K2*-i    .
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Introduce the notation Pf =PM(k/2n), k = 1, ■ ■ ■ , 2n, n = 0, 1, ■ ■ ■ . In

order to prove that (14) converges with probability 1 it is thus sufficient to

prove that

(16) 23   max   •   max    | Vt" (co) — Vt"    (co) | ,
n_oi£*S2n      te*£?

/.h\ V* I  r,'"'/   \ T,W)/   \   T.Cn+l>.   .
(17) 23   max   •    max      Fj   (co) - Vt      (u)-Vik-i(u)\

and

(18) £   max   | P*(n)(co) - pL"+1)(co) | ,
„_0  1<*S2"

all converge with probability 1.

The convergence of (16) with probability 1 shall be demonstrated first. Let

/GA&t?, then

F((n) = F(*(A4(">), •((A.W)) = / + AMA?), 8^))

and

TrCn+l) _,, , . M (n+1). , A«+l\.
Vt       = V(4>(A2k-l ), e((A2*_i ))

= / + A(<t>(Ailti), 8((A^!')).

Here 6t(Ata)) is an abbreviation of 2»(j-(*-1)/2»)0(A<b)) and 0,(A£±?) is

an abbreviation of 2n+1(t-(2k-2)/2n+1)6(A^).

|  Tr(n) TrCn+l)    I I    ,....(»).     .,,(«),,  I     ,      l     . , , . . Cn+1).      . , , («+D.. I

\Vt    -Vt        I g | A(4>(Ak  ), et(Ak  )) I + I ̂ (c6(A2*-i ), 0t(A2*_i )) |

S e<(A*B))ir(0KA*n>)) + 0«(A(£." )K(et(A(it-i)),

by Lemma 3. Here if is a polynomial which has real non-negative coefficients.

From the above inequality one obtains

I       Cn) T.Cn+l) |
max        max    \Vt    — Vt

t**sa"     «sa<£» ' '

^   max  [d(Aln))K(d(A^)))+e(Aiit-i)K(d(A(ik+!i))i

g   max 6(Akn))-K(  max0(AiB)))
1£*S2" \lglS2n /

+   max  0(Aik-i)-K[   max 0(A2*-i ) I.
15*^2" \lgtS2" /
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Since 0(A£b)) = | x(Atn)) \ +1 y(A[B)) |, by Lemma 2

00

£   max   0(A*  ) < oo   with probability 1.
n-0 lStga"

Similarly

oo

£   max   0(A2*-i ) < oo, with probability 1.
n_0   l£*2g2"

Let maxists2n 0(A*n)) =z„, £o" z„ =z < <x> with probability 1. Then £q" znK(zn)

= £<T %nK(z) =zK(z), with probability 1. It follows that (15) converges with

probability 1. The demonstration that (17) converges with probability 1 is

not essentially different from the proof that (15) converges with probability 1.

It will be omitted.

Consider the series (18). In order to show that this series converges with

probability 1, use shall be made of Lemma 1. Thus the probability

(19) Prjmax   I pf - P^+1) I   > a\
US*g2n )

must be estimated. Here a is a positive constant.

Let Qin) = \\Pin)-P(£+1)\\2, then

Pr{max|i>r-i>Ln+1,|   > a)
us*g2» ;

^ T>   / IId(b) r><B+1)ll2 ̂     2l= Pr< max ||P*     — P^      \   > a >
Vl^iS2» J

= Pr \ max  Q™ > a} .
Ugt^2" )

Introduce the co-sets Ek = E<t> defined by

Ek = [Qi    £ a , • ■ • ,Qk-i£ a ,Qk    >a\,

k = l, • • • , 2», « = 0, 1, • • • . Then

(20) Prj max  Q™ > a*\ = £ PrJE*}.
US*S2» ) *_i

Let the real valued random variables #t = a4B'(co) be defined by

xk = < k = 1, • • • , 2".
1.0,       co E fi - Ek,

Let cr*=#i+ • • • +Xk, k = l, • • • , 2B. Let Eo = 0, cr0=0, then
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E[qF} = E^rQr}
2n

E[<Tk()k    — o-k-i<Jk-i)
k-l

= T, E{xkQln) + *k-i(QkM ~ Q™)}
k-l

= £ E{xk-Qln)\ + £ E^Q™ ~ (jK»
i-l k-l

= a2 £ Pr{£t} + £ £{«7*_1(0JB> - ^"A)}.
i-l k-l

Combining this inequality with (20) one obtains

(21)    Pri max   Q*0 > «'}  = 1 [*{#} - £ *{^(of° - Q&}].

E^k-^ - Qt\)}

= *{«^(|IAW - pL"+1)||2 - ||i£i - P^\\')}

= E{,k-itr[(pin)-pi:+i)).(pr-prm)

-(p£i-p£,\(^-p£n]}
= 2£{o-t_l.tr[p^)piin1)*-pr)pn}.

By definition of Ptn) and P&+0:

-r*       —    Vk    rk-l, JTik —   V 2k        -T2*-l  ^2*-2   •

Thus

trtp^p^-pr^r*]
*.    /-D<B+1)D<B)*\ *    /T^(B+1>T/(n+1)D(B+1)D(B)*l/B)*\

= tr(P2*-2 P*-i ) - tr(F2t     F2*-i P2*-2 Pt-i Vk    )

*  ^"^"d''''^        4. nrM*-rr(n+1)i^n+1) d(b+1) d(b)*\
= tr(PM_2 P*_i) - tr(F*    V2k    V2k-i Pu-i P*-i)

r, (n)*     (n+l)     (n+l)      ,„(»+!> DW*N1
= tr[(7 - F*     F2*    Fm-i )-(P2t-2 P*-i )J.

1 JPf .   rp(«+D    (»)♦ pWl)p(»)»i]
2£{<rt_i tr|Pjjfc_2 P*_i   — P2*     Pk     J J

nirp|,,        T.(n)*    (n+l)     (n+l) „(•>+»> „<•>>*.. II
= 2 tr[£{ (7 - F*    V2k    Fs*_i ) • (o-*_iPM-2 P*_i)} ]

/, .   rn(/r        ..Wt^Wl),,!^).]     _( „(n+l) „(n)* , ,
= 2 tr[E{(I - Vk    Vik    Vik-i )}-E{ak-iP2k-i Pk-i ]].

Since P^iJ'P*-* is orthogonal and crt-i may take only the values 0 and 1,

any element of the matrix E{ak-iPu-2?*"-*} is in absolute value no greater

than 1. Thus:
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| Eia^iQt' - e£)} |

= \2-tr[E{l-VrvZ+U .F^J.^^P^P^}]!

^ 2-3-\\E{l - vrV^vZl? }\\.

Hence

(22) | E{*k-i(Q? - Qi^i)} |  * 6-\\E{l - Vr -vZ+iyv£?}\\.

Similarly one may compute

(23) | E{Q? - Q%} I   ^ 6-||£{/ - Vr-V^-V^}}}.

Turning to the evaluation of

e[i - vrv^v*:?}:
V^*  = V*(P(A? ), 0(A(r )) = V*(x(A? ), y(Aink))),

Vik      = F(c>(A2t    ), 0(A2*    )) = F(a:(A2*    ), y(A2*    )),

Cn+l) T7/,,A(n+1\    /,/A(n+1\\ 17 <   /A<n+1)\        fA("+1\\
Vik-i  = V(<p(A2k-i ), 0(A2*_i )) = F(z(A2*-i ), y(A2*-i )).

Let   x = x(A&+%   y=y(A<B+,)),   x' = x(A%t»),   y'=y(A^),   then   x+x'

=x(A(tn)), y+y' = y(AiB)). By Lemma 4:

|| „( , IT(n)*     (n+1)      Cn+l)) n

\\E{I-Vk       Vik        F2*_l   }||

- ||E{7 - V*(x + x',y + y')V(x, y)V(x', y')}\\

= \\E{W(x,y,x',y')}+E{B3}\\

= \\E{B3}\\,

E{W} being the zero matrix because the gaussian variables x, y, x', y' are

independent and have mean zero. Now

(1 \3/2
-)    bn, n = 0, 1, ••.,

where by Lemma 5, bn is a bounded sequence of non-negative real numbers.

Thus
/  1   \3/2

I £{<r*_i(Qr - Qt\)} I  =§ (^)   -6bn,

(1   \'/2

^n)       '«-*H

4 = 1, • • ■ , 2", » = 0, 1, • • • . From these inequalities one obtains:
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£{C2B)} = £{£(dB) -qI-o)
(24) l *"1 '

2n /  1 \ 1/2

s E I Jftf1 - (&H * (£) -6Jn.

Similarly

2* I / 1 \ 1/2

(25) £ E{ c-k-iti? - Q?i)}    S (f-)    • 6 • fc..
*-i I       \2B/

Let the estimates (23) and (24) be applied to (21). One obtains

( (»)       2)        1/1V/2
Pr^ maxng*    >a \ = -(-)    -(126„).

us*S2B )        a2\2n/

Finally

<*      pt{i?s.i^-fr'i>«}*i(i)"!£.

« = 0, 1, 2, • • • where c„ is a bounded sequence of non-negative real numbers.

In (26) let a = an = 2~nis then £"_0a„< oo and

'H»|rf'-'fiH,|>*}*(ir*
so that £B"L0 Pr {maxima- |p£B)-P2t+1)| >an} < oo. From Lemma 1, one

may now conclude that

£   max    | Pk   (w) — Pat     (w) |   < oo,
n-0  1S*S2B

for an co-set of probability 1. This proves that (18) converges with probability

1 and completes the proof of the main Theorem.
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