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IN CERTAIN REAL SEQUENCES. H

BY
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1. Introduction. Let (x) be the distance between x and the integer nearest

x, let/ be a decreasing function on the positive real numbers, with

(1) f(x) = 0(x~1), f'(x) = 0(x-2) as x-> oo ; 0 <f(x) < 1/2;   £/(*) = °° 5
k-l

and let g(x) =/(log x)/x and G(n)= ^2"g(k). In a recent paper [2] in this

journal I claimed to have proved the following assertions:

I. Let

Tn(x) = No {m = n\ (mx) < g(m)\;

then Tn has a limiting normal distribution, in the sense that for fixed u,

lim meas Ix E [0, l] | Tn(x) < 12x-2G(») + w^ir-2^))1'2}
n—»«

(2) /■"
= c6(co) = (2T)-1'2 I    e~"-i2du.

II. For almost all x,

(3) Tn(x) ~ 12,r-2G(n).

Professor Erdos has pointed out to me that I have not in fact proved I

and II, but rather the following, where lm = lm(x) is the integer nearest mx.

I'. Let

Un = No {m = n\ (mx) < g(m), (m, lm) = l}.

Then (2) holds with Tn replaced by U„.

IF. For almost all x,

Un(x) ~ 12t-2G(»).

The error arose on p. 246 of [2], when I used the well-known theorem

that if |mx —1\ <l/2m, then l/m is a convergent p*/cj* to x, to deduce incor-

rectly that

( /(login)) ( ,  , ,      /(log?*))
(4) No lm = qn | <»»«> < > = No ^ = »|  | <?** - Pk |  < | ,
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whereas in fact it follows only that

No <m ^ q „ \(mx) <->

= No \k,r\ | rqhx — rpt\ <-> 1 g rqk ^ t»„> .
1 rqk )

The right member of (4) is exactly U„, and the proof in [2] leads directly to

I' and II'.
There was an anomaly in relations (2) and (3) in the presence of the fac-

tor 6/7T2, since on probabilistic grounds one would expect the coefficient of

G(n) to be 2. This can now be explained heuristically by the known fact that

No {k, l\ k ^ n, I g n, (k, V) = 1} ~ 6tt-2No [k, l\ k g. n, I g n},

or that, roughly speaking, the probability that two positive integers chosen

at random be relatively prime is 6/ir2. Such considerations suggest that the

following assertions may hold:

I". lim„^. meas [x G [0, l] | Tn(x) < 2G(n) + co(2G(«))1'2} = c6(co).

II". For almost all x,

Tn(x) ~ 2G(n).

I have not been able to prove I", but in §2 I obtain an approximation to

it. In the course of reconsidering these questions I have noticed that a false

implication was used in the proof of I', the conclusion of which is true in the

case at hand but requires a different proof. This is also rectified in §2.

In §§3-4, II" is proved, and in fact under much weaker hypotheses on the

function g. Since the proof of II' was not given in detail, it being a trivial

modification of that of I', and since the proof of the new theorem differs in

several respects, it is given in full.

We use the notation of [2] when convenient.

2. Corrections. Part (f) of Lemma 1 of [2] is false. However, the following

substitute suffices:

Let f be a decreasing function on the positive real numbers, satisfying (1).

If cti, <Xi, - • •  and a are arbitrary numbers such that

■

X «* = na + 0(»») (5 < 1, fixed)
k-i

as n—»oo, then

£,akf(k) =at,f(k) + 0(l).
k-i jt-i
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For brevity let ak — a = bk, put Bk= X^i b„ and write

Z bkfik) = £ Bkifik) -fik + 1)) + Bnfin).
k-l k-l

The result follows on noting that

Bnfin) = 0(»s)0(«-1) = o(l)

and

£ Bkifik) - fik +1))   = c £ ft«(/(ft) - fik + 1))
*=1 k-l

= c £ k'Oik-2) = Oil),
k-l

since

/.t+i

/•(ft) - /(ft + 1) = - J      /'(OA = Oik~2).

Lemma 1(f) of [2] was used only to prove that for almost all x,

(5) £/(ft) (i + —) - -i- E/(ft) + o(i),
*-i \ qk /      log 2 k-i

where qk is the denominator of the ftth convergent to the continued fraction

expansion of x. To obtain (5) from the substitute lemma, we need the follow-

ing result.

Lemma 1. If 5 < 1/2, then for almost every x there is a number X=X(:s) such

that

I  "  /       a*-i \ n
Z(l + —J-r-r <a«1-8.

I t-i \ qk f      log 2

Lemma 1 is of the same nature as Lemma 4 of [2], and is proved in the

same way, taking the quantity P,(o,-, • • • , a,-_tj+i) which occurred in [2] to

be

1        1                     1
1 +-

Oi+ a,_i4- +ot-_t,.+i

The uniform boundedness of J\F^dx is now trivial, since 1<F<<2. Equation

(5) is now derived by taking ak = 1 +qk-i/qk, a=(log 2)_1.

We note in passing that equation (5) was used only twice, namely in the

proofs of (10) and the equation preceding (11), in [2]. For the application

which was made of (10), simple asymptotic equality would have sufficed;
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no estimate of the error term is needed. This is not true of the equation pre-

ceding (11).

In the direction of I", we have the following theorem.

Theorem 1. Let f be a decreasing function satisfying conditions (1), and let

/(log x) "
g(x) = -,        G(n) = 2^ gin),

x *_1

P„   = No{»(, l\ | mx — l\   < g(m), m g n, (m, I) ti d]

where d is a positive integer. Then for fixed d,

lim 911 jr„d> < 2(l-£  r-*)G(n)
n->« (. \ JT2 r=d+l /

+ c^i2x-2 2 -^-) <?(»)) j = *(«).

Notice that the coefficient in the first occurrence of G(n) is very nearly

2, as in I", but that the coefficient in the second occurrence is roughly

c log d.

To prove Theorem 1 we use the following lemma.

Lemma 2. Let d and k be positive integers, and suppose that 0<h< 1/2. Let

x be a random variable, uniformly distributed on [0, l], and put

h h
r - Afd(2)(l + qk-i/qf) if -—        '    < (?**} g —- >

(r + l)2qk r\k

Yk = Vk(h) = r = 0, 1, • • • , d - 1,

h
d - *fd(2)(l + ?*_i/?*) if <?**) ̂  —,

I 02g*

wfeere f<j(2) = 2* w_2- ̂ ^«

Ek(Vk) = E(Vk I <?o, ?i, • • • , qf) = 0

and

E -—) (1 + qk-i/qf)   < ch\
m-i      m*    /

where c is an absolute constant.

Yet

ak = h(l + —\,        ftk = M2W
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Then for r=l, 2, • • • , d—1,

. . {       h 1 h)
Pr* {Vk = r - Bk} = Pr* \ <-= — \

Kir + l)2qk      qkXk+i+qk-i      r2qk)

= Pr* <--= xk+i <-•-> .
\h        qk h qh)

Since

1 = — - 1 <-= £* <-:-= Vk,
1/2 h        qk h qk

all values in the interval indicated for Xk+i can actually be assumed by Xk+i,

so that

„  ,„ , c _ rpk%k + pk-i pkVk + pk-i~i)
Pr* {Vk = r - Bk} = Pr* ix E    *—--.-■    \

\ L qkik + qk-i     q^k + <7*-i J /

I pk%k +  pk-l        pkVk + pk-1

I <7*£* + qk-i       qkVk + ?*-i

pk + pk-l       Pk

qk + ?*-i       qk

and a short computation shows that

Pr*{F* = r-/3*}=a*(l-^-iIp), r = 1, 2, • ■ ■ , d - 1.

Similarly,

l , ( &        ik-l\ OCk

Pr* {Vk = J - ft   = Pr* Wi = — - — ) = —,
1 h        qk )        d2

and since the total probability is 1,

Pr*{F* = -ft} = 1 -a*.

Hence

d~1 / 1 1       \ a*
£*(F*) =-ft(l -«*) + «* £(__-—-)(,■- ft) + id- Bk)-

/       1 1 d-l\
__w_-+^1+_+... + _____)

„ /.        1 \   ,   a*       «*ft

-o,
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and

22 t}/ 1 1       \ <*k
Ek(vk) = ftk(i - a*) + «* E( - - rr"^) <r - &)2 + ^ - &)2 a

r-i \r2      (r + l)2/ ci2

2 / *2r -1       \ /  *    1        1 \
= ftk(l - af) + ak{ Z —^~ - 1 j - 2akftk {I,--j)

2/ 1 \ ak
+ «A(l--) + (.-ft)2-

4, 2r - 1        2
= otk 2l -+ ftk ~ 2a*ftfd(2)

r-i      r2

v^ 2r - l     J
=   Otk 2-1-Pk,

r-1        r2

so that (6) holds with c=(2-ir2/6)2.

Continuing with the proof of Theorem 1, consider the quantity

WT = No ik, r\ (qkx) <J-^-, rqk g qn, 1 ^ r g d\ ;
\ r2qk J

the difference between this and

i,(vkif(k)) + ftk) = No ik,r\ (qkx) <™, k £ n, 1 g r g d\

is just

y = No <k,r I (qkx) <——, k g n,l gr g d,rqk> q„\ .
1 r2?* J

Since o„ ^ ff„_i +q„-t ^ 2ffn_2, we have

ll ^ 2K"-*)'2'        for » ^ £.
qk

Hence

y ^ No {k,r\ k ^ w, 1 ^ r ^ J, rt»* > qn} g cf-No{*| £ g. n, qn/qk < d]

g d-No [k £ n\ 2t<»-*>/2i < d} < d2,

and since d is fixed,

wT = i: f*(/(*)) + i: &+ow,
»—1        it—1

as n—>oo. Using the definition of ft (with h=f(k)) and (5), we see that for

almost all x,
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...        « td(2)  n

wl  = E vk(f(k)) +-—-T, /(*) + o(i).
k-i log 2 k-i

From (5) and Lemma 2 we have, for almost all x,

A 2 1      *   2i» - 1   »
E £*(F* (/(ft))) ~ — E-— £/(*).
*-i log 2 m_i      w2      *_i

Hence by Lemma 3 of [2],

C    („,      f„(2)    " /    1      *   2«-l   " \1/2)
(7) lim Pr {Wl    < -4 £/(*)+«(—- E-i~ !)/(*))     } = *(«)•

n->»        I. log 2 k-i Mog2m=i     m2     k-i       /    /

Equation (7) is an extension of Lemma 2 of [2], and reduces to it in case

d = l. The remainder of the proof of Theorem 1 is exactly parallel to that of

Theorem 1 of [2], requiring only trivial modifications, and we omit it.

3. Some lemmas. In the next section we shall be concerned with a func-

tion/ satisfying the following conditions:

/ is a nonincreasing function on the positive real numbers,

0 < f(x) < 1/2 for x > 0,
(8)

« n

£/(ft) diverges, so that F(n) = £ /(ft) —> oo as n —> oo .
k-l *-l

We shall need the following results.

Lemma 3. /// satisfies conditions (8), and {bk} is a bounded sequence such

that Bn = Xa bk = 0(ns) for some fixed 8 < 1, then

t, bkf(k) = o(F(n)).
k-i

Since £/(ft) diverges, it is possible to choose a sequence {hn} of positive

integers tending to oo in such a way that F(hn) =o(F(n)). We write

E bkf(k) = £ bkf(k) +    £ (Bk- Bk-i)f(k)
k—l *=1 *=>i„+l

= X) hf(k) +   E   -\¥(k) - kfik + 1)) + Bnfin) - BhJiK + 1),
k-l k=hn+l   ft

so that

E hfik) = m E/(ft) + E -V I */(*) - */(* + i) I
k-l k-l k-h„+l     ft

+ cnfin) + cKfiK).
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Now the second sum on the right is at most

E   -rfr I */(*)-*/(*+1) I  =T7T   E   ikf(k)-kf(k+l))
k-hn+i hl~* h1'1 k.hn+i

= ifr (  E /(*) + W- + i) - «/(»)),

so that

E hf(k)   g MF(hf) + -f- F(») + 2c/*n/(An)

(9, -' (   «"'  ;

By the monotonicity of/, F(n)^nf(n), and hence nsf(n) gns~1F(n). Thus all

four terms on the right hand side of (9) are o(F(n)).

Lemma 4. If f satisfies conditions (8), and a and 5 are constants with 5<1,

n

E /(* — «£!) ~ ^Xw)   <**   « —> OO .
*—1

We consider the case a>0; the proof when a<0 is similar. Put

A(k) = ((* + 1) - a(k + 1Y) - (k - ak»)

= 1 + 0(kt~1),

and write

P*in) = JHfik-ak')
k—i

= E/(ft - a£5)A(£) + o( E *8_1/(* - a*S)Y
a=i \ t-i /

Since/ is a nonincreasing function,

Yffik - «£5)A(£) =  f fit- ats)dt + 0(1);
*=i J i

putting t — ats = u, we obtain
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/, n                                         - n-an'                      tfu

f(t - al*)dt = f(u) --—- + 0(1)
i J i 1 — adt1-1

/"> du
/(«)-—m+0(1)

i 1 — a5«8_1

=  f    f(u)(l + 2ahui~1)du + 0(1)

= p(«) + o(e*j-1/w),

so that

Fin) g P*(»)

(10)

= F{n) + o(it fts-y(ft - aft8)) .

If the sum in the last written error term converges as «—»oo, the proof is

complete. Otherwise, write

E W'Vik - aft8)
k-l

= E *s_1/(* - «*!) + £ p^AXft*-1 - (ft + i)8-1) + —^
*-l *-i„+l »

*« / 1 1   \      F*(n)

£ E **-y(* - «*8) + **(») ( Tr-TTTiT - — ) + ~TT'*-i \(An+l)1_s      »1_8/      w1 8

and choose {hn} as a sequence going to infinity in such a way that

E ft8_1/(ft - «*{) = o ( E *8_1/(* - <**5)) •
k-i V *=i /

Then

{1 - o(l)} E kl~%k - ak1) = oiF*in)),
k-l

and the lemma follows from (10).

Corollary. Under the same hypotheses,

n-a»5

E  fik) ~ P(w)   Ctt   » —» oo .
k-l

For
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n—om' /» n—on'

E /(*) =  I fiOdt + 0(1)
Jb-1 J 1

=  f f(u- aus)(l - abus-l)du + 0(1)

= (1 + o(l)) f /(« - au»)du = (1 + o(l))F*(n) ~ F(n).

4. The Main Theorem. In the present section we shall prove this theo-

rem:

Theorem 2. Suppose that g is a function satisfying the following conditions:

(a) xg(x) is nonincreasing, and 0 < xg(x) < 1/2, for x ^ 0,

(ID ^ X&^ ~* ° °* * ~* °°'
OO

(c)  E g(*) diverges.
*=i

77t«« /or almost all x, the number of solutions m%%n of the inequality

(mx) < g(m)

is asymptotic to 2j^g(k).

It is easily seen that for/(x) =exg(ex), the conditions (a) and (c) of (11) are

equivalent to conditions (8), and that the three conditions (11) are equivalent

to

conditions (8) hold,
(12)

/(*) —> 0 as x —> oo.

I conjecture Q) that Theorem 2 remains true if condition (b) of (11) is omitted;

it has therefore seemed useful to prove the results of the preceding section

without using (b). At any rate, since the conditions (12) are considerably

weaker than those in (1), Theorem 2 is stronger than the assertion II" of the

introduction.

The following lemma is the first step in the proof of Theorem 2.

Lemma 5. Let f be a function satisfying (12), and let B be a non-negative

constant. Let qo, qi, • • • be the denominators of the convergents to the real number

x, and let

(      , f(k + B\ogr) \
Sn = Sn(x) = No \k, r | (qkx) <-5_Z,   i £ rqk g qn\ .

_ i. r2qk )

(') Note added in proof. This conjecture has since been proved by Erd6s; the proof will

appear in Acta Arithmetica.
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Then for almost all x,

w2
Snix) ~-Fin) as n —* oo.

6 log 2

Instead of Sn, we first consider the quantity

(      . fik + B log r) )
Rn = No \k, r | (qkx) <-—, 1 = r =g <fc, ft g »V ,

1 r2o* ;

where {#*} is an unbounded nondecreasing sequence of positive integers

which will be determined later so as to satisfy certain conditions. It would

seem at first sight that the behavior of Rn, for sufficiently slowly growing

{<pk}, could be analyzed directly with the help of Lemma 2, in the same way

in which (7) was established. This is not the case, however, for the following

reason. As was pointed out in the appended note in [2], the proofs of asser-

tions F and IF of the introduction depend on limit theorems proved by Levy,

of the form, "If Zi, Z2, ■ • ■ is a sequence of random variables such that the

conditional expectation E(Z,\Zi, • • • , Z,_i) of Z„ given Zi, • • • , Z,_i, is

zero for v=l, 2, ■ ■ ■ , then • • • ." In Lemma 2 it is verified only that

-E(F*|go, • • • , ak)=0, and to apply Levy's theorems it would have to be

true that the numbers qo, • • • , qk uniquely determine the values of

Vo, • • • , Vk-i- But this is sometimes false. For let q0, • ■ ■ , qk he fixed; then

to determine F*_i we must (in some cases, at least) find the integer r*_i such

that

fik-i , , _   hk-\
-——-< <<?*-i *>g -;-
(r*_i + l)2g*_i r*_ifl*

Now

(qk-ix) = -;
qk-i

qk H-■
Xk+l

so that

L \ qk-i(qk-ix))    J      L\       \qk-i      **+i//    J'

and if there is an integer in the interval between (hk-iqk/qk-i)112 and

(hk-i(qk/<lk-i + l))112, then there are two different values of x with the same

<Zo, • • • i 3* but corresponding to different values of r*_i.

In [2] this difficulty was surmounted by noticing that under the stringent

hypotheses (1) concerning the function / which were then in force, all but

a finite number of the r* are uniquely determined by the appropriate q's, for
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almost all x. (Roughly speaking, if f(k — 1) =hk-i is sufficiently small, then

it is very unlikely that there is an integer in the above mentioned interval.)

This device is no longer available, so we proceed somewhat differently.

Let Log w = 0 for Ogugl, and =log u for w>l. For kl\l, let r* be the

nonnegative integer determined by the inequality

/(* + B Log (rk +1))       .     ^f(k+B Log rf)
-< (qkx) ^- •

(rk + l)2qk riqk

Let

(rk        if r* < 4>k
& = 1 .       •

\<f>k        otherwise,

so that

(14) Pn =   E Qk-
i-1

For brevity set k = k+B \ogpk, and put

([fiH)qk+i/qkYn]       if this quantity is smaller than fa,

\d>k   otherwise

and

I(/W ('-1" 1) ) if this quantity is smaller than <f>k,

<f>k   otherwise.

We have, in analogy with (13),

rl Sf(k+B Log rf) (^ +-) ,
\ qk       Xk+i /

(rk + l)2 ^fik + B Log (rk + 1)) ( —■ + —).
\ qk       Xk+i/

By the first of these inequalities, Qk^Q". From the second we see that when

rk<pk, Qk^Qk. When rk^pk, Qk=pk, while Qk gpk always, so in all cases,

(15) Qk'gQk^Qi'.

From the nature of their definitions, Q0', - - - , Qt-i, as well as

Q", • • • , Qt-i, are uniquely determined by qo, • • • , qk. From (14) and (15),

any common asymptotic estimate for 2~2" Qk and E" Q" IS a^so an asymp-

totic estimate for Rn. We shall prove that for almost all x,
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(16) E<?*~-^—F(rc)    and     E Qk" ~ —^— F(n)
k-i 6 log 2 k-i 6 log 2

if/ satisfies (12), and the <p* are suitably chosen. We give details only for

Ei Qk , the other sum being treated similarly.

As before, let Pr* and E* denote conditional probability and expectation,

given c/o, • • • , qk, the basic random variable being x, uniformly distributed

on [0, l]. For brevity put

Then r* = r if and only if

r\k (r + l)2qk

m~qk+1<~fW~'>

since cr*+i = c2*[;c*+i]-r-t7*_i, we have that r* =r exactly when

fi       I"-1 ^ I      l ^ (r + 1)*     ?*~1—:-^ I **+i] < -;-,
fik)       qk fik) qk

whence it follows that if r<<pk,

p,.{a<-,|Sp,{^-'-s*.+,<^-^'+i},
(/(ft)       qk '(ft) qk J

and

,    ,        , { r2       g*_i (r+ l)2     g*_i)

pr*{Qi =r ^M^r    +U%1<^^—    P
I/O)       ?* /(A) 9* >

By the same kind of computation as was carried out in the proof of Lemma 2,

we find that for 0<r<<£*,

where

ak=fik)(l+q~j.

Similarly,

5* i    . a*
- < Pr* 0*   =</>*} ̂  -r»
M + fik)-       XV *      4>l

and Pr*{Ojt =0} is well defined. Hence
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+* +*-i      / 1 1 \       ak
E*«2*') = Er Pr* {Qi = A < a* E    '( - - ,    ,  ,,, ,  f(S. ) + ->

r-0 r-1       \r2       (r+l)2+f(k)/      d>k2

" "IK^ ' ¥+w) + * £ r(v+i)<' V+W+Wi)

</>*
/ 1\ +£? r otk

= a*(f**(2) - -) + **/(*) E ,   , .,,„   ,  .„ ,  .,,.. + -
\ <£*/ T-i (r + l)2((r + l)2 + f(k))      <pk

= *r#»(2) + 0(akf(k)),

and in the same way,

MQi) £ otkhki'P) + 0(akf(k)),

MQi2) = 2a* log d>k + 0(ak).

Hence there is a sequence of constants ft such that

(17) A = 5*f*t(2) + 0(5*^))' Et(Q* ~ A) = °*

Var* (Qk' - ft) = Ek((Qk' - ft)2) = 2a* log c6* + 0(«*).

Since 1<1+<z*_i/c7*<2, we find that

2 }2f(k) log Pk + 0(F(n))
*=i

^ E Var* (Qk' - ft) ^ 4 £/(*) log <£* + 0(F(n)),
k—i k-i

where

Hn) = i,f(k).
k—i

We now suppose that the sequence pi, pi, • • • is chosen in such a way that

(19) E/(*)log<fc = 0(F2-(»))
*-i

for some positive constant e, and

(20) fa - 0(k).

Then by (18) and (19),
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(21) E Var* iQk' - ft) = 0(F2-«(«)).
*-i

Levy [3, p. 253, formula (23')] has shown that if Zi, Z2, • • • is a sequence

of random variables such that E(Z*|Zi, • • • , Z*_i) = 0, and if

E Var(Z*|Zi, • • • , Z*_i) diverges with probability 1, then if e'>0 there is

almost surely a number t' such that

n I /    " \l/2+e'

T, Zk\<(Y, Var(Z* | Zi, • • • , Z*_,) )
(22) "      '      Vt"1 '

n

for all n such that E Var(Z* \ Zu • ■ • , Z*_i) > /'.
*-i

(For a purpose irrelevant here, Levy assumed also that the Z* are uniformly

bounded, but this hypothesis is not used in the proof of the theorem just

stated.) We apply Levy's result in the case Zk = Qk' -ft, e' = e/4; by (8), (17)

and the first inequality of (18), the hypotheses are satisfied, and by (21)

and (22),

(23) E iQk ~ ft) = OiFW+'^U-'lin)) = oiFin)) for almost all x.
k-l

Finally,

±tk = ± m*M (i + —) + o(± m (i+q—))
k-i k-i \ qk / \ k-i \ qk //

-"A±fm(i+<±i)+0(±f)+o(±m).
6   k-l \ qk   / \ k-l    (pk   / \ k-l /

and by (lib) and the fact that c5*—>oo as ft—>oo,

£$k = ^£ /(ft) (l + —) + o(F(n)).
k-i 6 k-i        \        qk /

(This is the only direct application of condition (lib)). By (20) and Lemmas

1 and 3,

A -      t2     1
E ^ ~-F(n)       for almost all x,
k-i 6   log 2

and hence by (23)

» T2

E Qk '^-Bin)        for almost all x.
k-i 6 log 2

The proof of the other relation in (16), again assuming (19) and (20), requires

no new ideas.
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By (14), (15) and (16), we have that if (19) and (20) hold then

r2
Rn ~-F(n)       for almost all x.

6 log 2

We wish to deduce the same asymptotic estimate for Sn. If we put

(       . f(k + B log r) )
Mn — No <k, r\ (qkx) <--, rqk ^ q„, r > c6*>

I r2qk )

and

( f(k + Blogr) \
Nn = No <k, r| (qkx) <-, 1 g r g <pk, k g n, rqk > qn> ,

I r2qk )

then clearly

(24) Sn = P» + Mn - Nn.

Take0<5<l; then

(      i        v      fik)/Pk+i \
Mn ^ No <k, r\ (qkx) < ——-, rqk ^ qn, r > <f>k> .

i r1-^* )

If we suppose that

£$<-

then for almost every x there is a K = K(x) such that the inequality

.    x  Jik)/pl+i
(qkx) <-

qk

has no solution with k 1% K. Hence for n ^ K,

(      ,               fik)/pl+> )
Mn ^ No < k, r I (qkx) < ——-, k ^ K, rqh g qn, r > <f>k>

g No ik, r\ (qkx) < f , k £ K, r £ ll ,
\ r1-8?* )

and this is a finite number independent of n. Hence for almost all x,

(26) Mn = o(Rf)

if (25) holds.

Now consider Nn. Since <fn, pi, • • ■  is a nondecreasing sequence,
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N„ = No <ft, r | (qkx) < -, 1 = r £ c6„, ft gj w, rg* > c/„> .
1 r2o* J

The inequalities

r ^<Pn,       ft ^ »,       rg* > ?n

imply that g*>g„/<pB, or

(27) log qn — log g* < log <j>n.

This implies that ft—»oo as n—>oo, because of (20). Also, by Lemma 4 of [2],

if 1/2 <n < 1 then for every x not in a certain set of measure 0, there is a con-

stant K = icix) such that for all ft,

(28) logg*- ft   <<ft'.
12 log 2

For such x and for ft ̂ w,

log ci„ — log qk > ein — ft) + O(w') > c'(» — ft)

for suitable positive numbers c and c', and for n sufficiently large. Hence by

(27), for almost every x and for n>»o(x),

c'in — ft) < log <t>„

and there are only [c'-1 log <p„] solutions ft^n of this inequality. Hence

Nn ^ No {ft, r | 1 ^ r ^ <pn, k £ n, rqk > ?„}

< c"c>B log <f>„,

so that if we suppose that

(29) c6„ log 4>H = oiFin)),

then

(30) Nn = o(2?„).

By (24), (26) and (30), it follows that for almost all x

Sn ~ Rn ~ ——- P(«).
6 log 2

The proof of Lemma 5 will therefore be complete if we can find a nonde-

creasing sequence of positive integers <pi, fa, • • • satisfying conditions (19),

(20), (25), (29). We choose ci* = max(l, [P1-"2^)]), with 0<5<1. Then (29)
is obvious, (20) follows from the fact that/(ft) =0(1), and (25) is a well

known theorem due to Abel [l, p. 290]. As for (19), we have
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E/(£) log fa =g  log d>n E/(*)   < log MPn +  l)^'2^ < log <j>n(fa +  l)1+»
*-l *-l

< (1 - —\ log F(n)(l + P1-8'2(»))1+8

and this is smaller than P1+8/2(n) for n sufficiently large. Thus (19) holds if

e < 1/2. This ends the proof of Lemma 5.

The deduction of Theorem 2 from Lemma 5 proceeds along the same

lines as the corresponding part of the proof of assertion I' of the introduction,

but is somewhat simpler.

Let n be fixed, with 1/2<tj<1, and for brevity put 50 = 7r2/(12 log 2).

Define

sn = s„(x) = No <k, r | (qkx) <-, 1 g rqk ^ q„> ,
1 r2qk )

(       .        %     f(k - Kk" + Po-1 log r) 1
(»(«) = /n(ic, at) = No <k, r \ (qkx) <-, 1 £ rqk g e/„> .

1 r2qk )

By Lemmas 4 and 5,

(31) t„(ic, x) ~ 2BoF(n)    for each fixed k,   for almost all x.

Yet

G, = {* G [0, 1]| | log qk - B0k |   < k£i for every jfe ̂ l},

and let 8 be positive. By (28) we can choose k so large that SfllG«>l —5. For

*GG«, /„( — k)^s„^7.„(k), so that

Jn(-K)_< *n <»(«)

2B0F(n)  = 2B0F(n) ~ 2B0F(n) '

Yet n—> oo. By (31), the extreme members of the last written inequality tend

to 1, for almost all x, and hence

Sn
lim-=1        on a set of measure > 1 — 5.
n-« 2B0F(n)

Since 8 is arbitrary,

(32) No ik, r | (qkx) < / °g ^ , 1 :S rg* g ?B1 ~ 2P0P(»)
I r2t>* )

for almost all *.

We now put fi(x) =f(B0~1x). Clearly, /i satisfies conditions (12) (or (8))

if and only if / does. We have
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BoFin) = BoY,fik) = Bo I   fit)dt + 0(1) =  |       fiiu)du + 0(1)
*-i J i J i

= E/iW + o(i).
*-i

Hence by (32),

(       , /i(log rqk) \ ?°?
No {ft, r\ (qkx) < --1^—, 1 = rqk ̂  qn} ~ 2 E/iW = 2Pi(P„«)

1 r2?* J k-i

lor almost all x, and since fi(t) <l/2 for t^O, we have that

(33) No im = c„ | (m*) <       °g     1 ~ P^tfow)

for almost all x, the left members of the last two displayed formulas being

identical.

Let z be a positive real number, and put

f   \ I \ TVT       /        «- I   / \    ^   ^l(I°S ™) \«(») = m(m, x) = No <w = qn I (wz) <-> ,

»(z) = d(z, x) = No <w ^ ^"'l (mx) <-> .

For xEGt,

?[«+««<n > *»«M-«1-«W-««'1« > eB0.        for z > Zo(K))

and

at*-,**] < eJSot^-«^'>i+<iir-«*'»]'F < ^       for z > Zi^_

Now let 8 be positive, and let k again be so large that 3110, > 1 — 8. For z

sufficiently large, and for all xEG„

u([z - kz']) =: v(z) ^ u([z + uz*]),

whence

Pi(P0[z - KZ'])     «([z - kz"])

PiCBoz)        2Pi(P.0[z - kz"])

v(z) Fi(B0[z + uz"])     m([z4-kz'])

S 2F,(P0z) = Pi(50z)       ^P^ofz + KZ'])'

Now let z—> «>. By the corollary to Lemma 4, the first factor in each of the

extreme members of this inequality approaches 1. By (33), the second factor

also approaches 1, except on a set of measure 0, and hence
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v(z)
lim-=1     on a set of measure > 1 — 5.
«-.«, 2Pi(P0z)

Since 5 is arbitrary, it follows that for almost all x,

( . ZiOogw)) ^
No \m ^ eB°*\ {mx) < \ ~ 2 }Zfi(k).

( m      ) k-i

Since

E/i(*) =      Mu)du + o(i) =       /i(iog t)- + o(i)
*-i j i j i t

tffXfiilogk)

*-i    k

this shows that

No [m t> eB»* | (mx) < gi(m)} ~ 2 E £i(*)      Ior almost all x,
*-i

where gi(/) =/i(log /)//. Finally, restricting z to the numbers Bf1 log n, with

positive integral n, we have that

n

No'{w ^ «| (mx) < gi(m)} ~2^] gi(£)        for almost all x.
*=i

Since gi can be any function satisfying (11), the theorem is proved.

References

1. K. Knopp, Theory and application of infinite series, London, Blackie and Sons, 1951.

2. W. J. LeVeque, On the frequency of small fractional parts in certain real sequences, Trans.

Amer. Math. Soc. vol. 87 (1958), pp. 237-260.
3. P. Levy, Thlorie de Vaddition des variables aUatoires, Paris, Gauthier-Villars, 1937.

Mathematisches Institut der Universitat,

Gottingen, Germany


