EIGEN OPERATORS OF ERGODIC TRANSFORMATIONS(Y)

BY
ANATOLE BECK(®)

Introduction. In a recent paper by A. Beck and J. T. Schwartz [2], men-
tion is made of the following problem: Let ¥ be a B-space and T a bounded
linear operator on ¥ with ” T“ =1. Let (S, Z, m) be a measure space, with an
ergodic measure-preserving transformation % defined on it. Let X be a
strongly measurable function, not identically 0, from (S, Z, m) into X and
suppose that

(1) X(h(s)) = T(X(s)) ae. in S.

Then we shall call the operator T an eigen operator of k. The problem is to
determine when these conditions can be satisfied. One is struck by the re-
semblance of equation (1) to the eigenvalue equation i.e. A is defined to be
an eigenvalue of the m.p.t. & if there is a nonzero complex-valued measurable
function f on S such that

(2 f(h(s)) = N(s) a.e.in S.

The importance of eigenvalues as a tool in the study of m.p.t.’s suggests
that eigen operators, which include eigenvalues as a special case, may prove
a yet finer tool in this work.

In this paper, we will investigate the nature of eigen operators and their
relation to their corresponding ergodic transformations. It will be shown that
the solutions of this equation (1) depend on the theory of ergodic translations
in a monothetic measure group.

DErINITIONS. We take (S, =, m) to be a o-finite measure space in the
sense of Halmos [3]. A measure-preserving transformation (m.p.t.) h is a one-
to-one mapping of S onto itself so that if A;=h(4,)= {h(s)lsEAz}, then
A, is Z-measurable if and only if 4, is and m(4,)=m(4.). If h(4A)=A4,
AEZ, necessarily implies that either m(4)=0 or m(S—A4)=0, then & is
said to be ergodic.

Let ¥ be a complex B-space. Then the set of all open sets in X generates a
o-field of subsets of ¥ known as the Borel field of %, and each set in the Borel
field is called a Borel set. A mapping X from S into ¥ is called strongly measur-
able if
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1?2 there is a separable subset XoC¥ and a set SoEZ2 such that m(S,) =0
and X (s) EX, for all s&€S—.S,,
2? for every Borel set U,

X-Y(U) = {s| X(s) € U} € =.

It is easily shown that this definition of strong measurability is equivalent
to the others (e.g. cf. E. Hille [4]). We shall find it convenient to use it in
this form.

K(x, r), the sphere about x with radius r, is defined for each x&¥ and
r>0 by

Kz = {y|lly — o <r}.

If X is a strongly measurable function, we shall say that yER(X) if for every
€>0, m(X~1(K(y, €))) >0. R(X), defined in this way, is called the essential
range of X.

For each xE€X, the closure of the set of all T(x), 1=1, 2, - - -, is called
the positive orbit of x (under T), and denoted P; i.e. P,=Cl({ Ti(x) }“:.1)(’).

We shall use the ordinary definition of topological group and Haar measure
(cf. Halmos [3]). A topological group is called monothetic if there is an ele-
ment a in it whose positive and negative powers are dense in the group. The
element a is called a fopological generator of the group, or simply a generator.

2. Preliminaries.

LeMMA 1. If m(S) >0, then for every strongly measurable function X defined
on S into X, R(X) is not empty.

Proof. Let Sy be a set in T such that X (S—.S,) is separable and m(S,) =0.
Suppose R(X) is empty. Then for each xE¥%, there is an €,>0 such that
m(X~1(K(x, €:)))=0. Then the spheres K(x, €,) clearly cover X(S—S).
Since X(S—.S,) is separable, it can be covered by countably many of the
K(x, €:), by the Lindelsf covering theorem. Call these K;, i=1, 2, - - - .
Then, by construction, m(X-1(K,)) =0, all £>0. Thus,

0= gm(x—l(x;)) = m( .-i X-l(K.-))

- m(X‘1< E K.-)) 2 m(X-1(X(S — Su)
= m(S — So).

Therefore, m(S)=m(S—So)+m(Se)=0. Thus, if m(S)>0, R(X) is not
empty. Q.E.D.
LEMMA 2. For every stromgly measurable X, R(X) is closed.

(*) “C1” means closure.



120 ANATOLE BECK [January

Proof. Let X be defined from (S, Z, m) into ¥. Let x;ER(X), 1=1,2, - - -
and let x,—»xE¥(*). Choose any €¢>0. Then for some j>0, “x,-—x“ <e/2.
Thus, K(x, € DK(xj, ¢/2) and X 1(K(x, €)) DX (K (x;, ¢/2)). Therefore,
m(X (K (x, €)) = m(X"Y(K(xj, ¢2))) > 0, since x; € R(X). Therefore,
2ERX). Q.E.D.

We shall also need the following well-known facts:

LEMMA 3. If his a m.p.t. in the measure space (S, Z, m) and if m(S)=1 or
h is ergodic, then every eigen value has absolute value 1.

Proof. Omitted.

LeEMMA 4. If G is a compact monothetic group and (G, ®, u) is the Haar
measure space in G, then translation by a topological generator in G is an ergodic
m.p.t. in (G, ®, u).

Proof. Omitted.

LEMMA 5. A necessary and sufficient condition that h be ergodic is that for
every pair of measurable sets A and B which are not of measure 0, there is an
integer 1 such that m(h’(A)N\B) >0.

Proof. Omitted.

If, in the statement above, 1 is restricted to being positive, then % is said
to be positive ergodic. The only ergodic transformation which is not positive
ergodic is the shift transformation in the Haar measure space of the integers.
In the remainder of this paper, we shall take ergodic as meaning positive
ergodic.

3. A necessary condition. Let X be a B-space and let T be a bounded linear
operator in X with || T]| £1. Let (S, 2, m) be a measure space and k an ergodic
m.p.t. in S. Let X be a strongly measurable function from S into %X and as-
sume that T(X(s)) =X (k(s)) a.e. in S.

LEMMA 6. If x, yER(X), €>0, then there is an 1> 0 such that ” Ti(x) —y” <e.

Proof. Let A =X"1K(x, ¢/2)), B=X"1(K(y, €¢/2)). Then, since x, ¥
ER(X), m(4)>0, m(B)>0. It follows from the (positive) ergodicity of &
that there is an £>0 such that m(k’(4)N\B)>0. Let

Sy = {s| Ti(X(#i(s)))= X(s) forallj > 0}.

Then m(S—S1)=0 and m(hi(A)NBNS:)>0. Let si€h{(A)NBNS;:. Then
THX (h~¥(s1))) = X (s1). Therefore,

%) = Tia)| = [| TX (i) — TG
< [|X(i(s1)) — ol < e/2,

(%) Convergence here, and throughout this paper, is as #— «, unless otherwise noted.



1960] EIGEN OPERATORS OF ERGODIC TRANSFORMATIONS 121
since s1Eh*(4), so that h~i(s;) EA. Also, ”X(sl) —y“ <e/2, since s;EB. Thus,
[|T4x) =3l <e.

COROLLARY 7. For each xER(X), 3{ia}— o such that Tir(x)—x.

Proof. Clear.
This corollary can be written

COROLLARY 7’. xEP,.

We shall now see just how much information is implicit in the assertion
that x € P,. Suppose we have a B-space ¥ and a bounded linear operator T’
defined in ¥ with ||T]|<1. Suppose there is an element x€¥ such that
xGP,=Cl({T"(x)}{°.1). Denote Ti(x) by ¢, 1=1,2, - -.

LemMa 8. ||x|| =][t], all i>0.

Proof. Clearly, ||x|| z||t|| 2]lellz - - - . Since there is a sequence {t.}
converging to x, the lemma is obvious. Q.E.D.

Lemma 9. ||« =|y]|, all yEP..
Proof. The elements ¢; are dense in P,. Q.E.D.
LemMA 10. ||x—t|| =||te —tis4l], all 4, E>0.

Proof. ||ti—tinsl| =||T*(x—1)|| S|jx—t]|. Also for all >0, |[tx—tis]
glltk+,-—t.~+k+,~”. When ||tk —x|| <€, lt.'+k+j—t.'” <e. Thus “tl‘.;.,'—tk.,.,q.,'” be-
comes arbitrarily close to ||x—t|. Q.E.D.

LemMa 11. ||x—¢&]| =|ly—T%()||, all yEP..
Proof. Immediate from Lemma 10.
LemMa 12. If 3, 2EP., |ly—2|| =[| T(») — T().

Proof. By Lemma 10, the theorem is true if ¥y, z are of the form ¢;. Since
the ¢; are dense in P, the result is clear. Q.E.D.

LemMA 13. For each yE P, there is precisely one yo& P, such that
T(y0) = y.

Proof. Let y be the limit of the sequence {t.-,,} , where,>0,n=1,2, .- -.
By Lemma 12, {¢;,.1} is a Cauchy sequence. Since P, is closed and thus
complete, {t;,,_l} has a limit. Call it y,. Then T'(y,) =y. Suppose that T'(y)
=9, WEP,. Then

1 = 3l = |7 = Too)|| = |ly — 5] = 0. Q.ED.

LEMMA 14. Let v, € P,. Let t;,;—y, ty,—s. Then {t; 41} is a Cauchy se-
quence.
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Proof. This follows from the fact that

| tittm = tinttall S |timttm = Limrall + || rmttn = Limiral
= ”l),,-m —_ lk"” + I biw — l;””. QED.
LEMMA 15. If y, 2E Py, t;,—Y, te,—2, tii—=Y, b, =32, tiik,—U, then t; 1k, —u.

Proof. Follows directly from the observation that

lim sup [|tezss — #f| S lim sup ||tz = fegsi
+ lim sup [[teyess = letiall
+ lim sup || te,4, — || = 0. Q.E.D.
DEFINITION 16. If y, z, and % are as in Lemma 15, we write yz=u.

LemMA 17, For all y, 2, wEP,,
1%, w(yz) = (wy)z,

2°. yz=gzy,

3°. yt;=Ti(y),

40. ti= (tl)'.,

5° yx=y.

Proof. Clear.

LeEMMA 18. If 9, 2, ¥', 2 EP., then ||ys—y'2|| <]y — || +||z—2|.

Proof. Let t;,—y, t,—2, t;;—Yy', tr,—3'. Then

llyz — 5'#|| < lim sup||ys — tipsa|| + lim sup ||t 4k, — tize
+ lim sup [[t5+4, — tizas]| + lim sup [[tini; — 3’2
=|ly = ¥l +1lz = #|. QE.D.
DEFINITION 19. By Lemma 13, there is for each y& P, a unique y,& P,

such that T(y,) =y. Denote yo as T-!(y) and define T-*(y) by iteration. Let
ti=Tix), —o <1< ™.

LEMMA 20. If t;, »yEP., then the sequence {t_,-n} is Cauchy.
Proof. Follows directly from' the fact that

[[tetm = il = [t = t3al]- QE.D.
LeMMA 21. If t; »yEP,, t;,—y, then {t_j“} and {t_,-;} have the same limit.

Proof. Let k,=j, when 7 is even, k.=j, when 7z is odd. Then # —y.
Therefore, {f_1,} converges. Since {t_;,} and {¢_;;} have subsequences which
are subsequences of {#_; } and all these sequences converge, lim ¢_;, =lim ¢_j,.
Q.E.D.

DErINITION 22. If £;, >y E P, define y~!=lim ¢_;,.

LEMMA 23. yy 1=ty=x, all y&P..
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Proof. Clear.
Lemma 24. ||y—g| =|ly~1=2z71, all y, 2EP..
Proof. Clear.

THEOREM 25. Let X be a Banach space and let T be a bounded linear operator
in X with || T|| S1. Let x€X% and set P.=CI({T(x)}.2,), the positive orbit of x.
If x&€P., then Definitions 16 and 22 define in P, a multiplication and an inverse
under which P, becomes a monothetic abelian topological group with identity x
and generator T(x), under the topology induced in P, by the metric in %.

Proof. By Lemma 15, the product defined in Definition 16 is unique. By
Lemma 17, this multiplication is associative, commutative, and has a unit
element, x. By Lemma 23, there is an inverse, defined in Definition 22.
Therefore, P, is a group under the defined operations. By Lemma 18, the
product is a continuous function with respect to the metric topology inherited
from X. By Lemma 24, the inverse is likewise continuous. By Lemma 21,
(t)*=t;="Tji(x). Since these latter are dense in P, by definition of P., it is
clear that the group is monothetic with generator #, = T'(x). Q.E.D.

4. A necessary and sufficient condition. Applying the very strong results
of Theorem 25 and particularly Lemma 12 to the conclusion of Corollary 7,
we see that

LemMa 26. If %, T, (S, Z, m), h, and X give a solution of equation (1), and
xER(X), then

1°, R(X)=P,,

2°. T is an isometry in R(X).

Proof. Since Ti(x)ER(X) for all ¢=1, 2,:--, and R(X) is closed,
SR(X)DCI({ Ti(x)}2,) =P.. By Lemma 6, R(X) CP.. Since, by Corollary 7/,
x&P,, Tis an isometry in P,=%R(X) by Lemma 12. Q.E.D.

LEMMA 27. Under the hypotheses of Lemma 26, if m(S) < «, then R(X) 1s
compact.

Proof. Suppose that R(X) is not compact. Then for some €>0, El{y;} ,
i=1,2, - - - in R(X) such that ||y;—y,|| >e if i5%j. Let n; be so chosen that
| T#i(x) — | <e/4, i=1, 2, - - -. Then K(T™(x), ¢/4) CK(y:, €/2). These
latter are disjoint in pairs. Since T is an isometry in R(X), X~1(K (T"i(x), ¢/4))
differs from h»(X-1(K(x, ¢/4))) by a set of measure 0. Therefore,

m(S) = m( G XY K(T(x), e/4)))

=1

-] 0

= 2. m(X~(K(T(x), /4))) = 2 m(X~X(K(=, ¢/4))).

faml fa=1
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Since xER(X), m(X (K (x, ¢/4))) >0. Thus m(S) = =, contrary to hypothe-
sis, which completes the proof. Q.E.D.

THEOREM 28. If X is @ B-space and T is a bounded linear operator in ¥ with
I ] TI [ =1, then T can be represented as an eigen operator of an ergodic transforma-
tion in a finite non-null measure space if and only if there exists in X an element
x50 for which the positive orbit P, = Cl({T(x) }i21) has the following two prop-
erties:

1°. xE€P,,

2°. P, is compact.

Proof. The necessity of the condition has already been shown (cf. Corol-
lary 7" and Lemma 27). Suppose x is an element for which 1° and 2° hold.
Then we let P denote the group generated in P, as in the previous section.
Thus, adding 2° to Theorem 25, we have P a compact monothetic metric
abelian group. Let (P, ®, u) be the Haar measure space of P. Let us con-
sider the ergodic mapping (cf. Lemma 4) in P which is translation by the
generator £ =T (x). Let us consider also the function I which maps every
point of P.;considered as an element of (P, ®, u) into itself considered as an
element of X. This function I is strohgly measurable since the range, P., is
separable and the pre-image of any Borel set is a Borel set and thus u-meas-
urable. By part 3° of Lemma 17, T(I(»))=T(y) =tiy=I(ty) for all yEP,.
Thus, T can be represented as an eigen operator of the translation by #, an
ergodic transformation in the Haar measure space (P, ®, p). Q.E.D.

5. Uniqueness. Suppose we start with some (S, Z, m), b, X, T, and X
giving us a solution of equation (1). Suppose further that 0 <m(S) < . Let
us fix a point xER(X). Then, as we have proved, xEP,=R(X), and P, is
compact. If we construct the measure space (P, ®, u) and the solution of
equation (1) exhibited in Theorem 28, what is the relationship between
these two solutions? Our answer is that they are, in some sense, essentially
the same.

THEOREM 29. Under the conditions above, define a measure on the Borel
subsets of R(X) by

mX-U)
m(S)
Then N(U) =u(U), for every Borel subset U of R(X).
Proof. For every UE®, we have (in the notation of the group P)
AMaU)-m(S) = MT(U)) -m(S) = m(X~(T(V)))
= m(h(X~1(U)))
= m(X~1(0))
= MU) -m(S).

AU) =
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Thus, A\-measure is invariant under translation by # and therefore also by
(t)i=t;. If Cis a closed set and V a sufficiently small neighborhood of x,
then A(CV) is arbitrarily close to A(C), by the total additivity of m. Since
the ¢; are dense in R(X), we obtain A(yC) =A(C) for all yER(X), C closed in
R(X). It follows immediately that X is Haar measure, and thus that A=p.
Q.E.D.

Thus, the function X maps (S, 2, m) and % respectively into (R(X), ®, N)
and T. By this theorem, the image of this map is unique, depending only on
T and the point xEX.

6. Infinite measure spaces. In the preceding two sections, we have pre-
sented a fairly full picture of which operators can be eigen operators of ergodic
transformations in finite non-null measure spaces. In null measure spaces,
the entire question is without meaning. This leaves open the question of
infinite measure spaces. Here, the situation is not yet so well crystallized. It is
clear that any operator T which can be represented as an eigen operator in a
finite measure space can be so represented in an infinite measure space as
well. This is easily done by assigning a new measure which is 0 on sets of
measure 0, and © on sets of measure greater than 0. Thus, the conditions
of Theorem 28 are sufficient in this case. Actually, we can do better than that.

THEOREM 30. If X is a B-space and T is a bounded linear operator in X with
” T” =<1, then T can be represented as an eigen operator of an ergodic transforma-
tion in an infinite measure space if and only if there exists in X an element
x50 for which x€P,=CI({ Ti(x)} ).

Proof. It should be noted that all the work up to and including Lemma 27
makes no mention of compactness or finite measure and is thus applicable
here in toto. In particular, we have the necessity of the condition above by
Lemma 7. Now let us construct a measure space (P, ®, u) in P, by taking
® the Borel field of P, and defining u(U) =0 if U is of first category in P,
w(U) = « otherwise. Using the group structure built up in §3 and especially
Theorem 25, we take for our ergodic m.p.t. multiplication by #, i.e. T. If we
take I for our strongly measurable function, as in Theorem 25, then T'(Z(y))
=T(y)=ty=1I(hy) for all yEP,. Furthermore, u(P) = =, since P, is closed,
and thus a complete metric space, and thus not of first category in itself. It
remains only to show ergodicity. Let U and V be Borel subsets of P, which
are of second category. Then there is an open set G C P, such that G— U is of
first category in P,. Then U;%; Ti(G) = P,. Therefore,

G TU) D G TGN )

=1 i=1

D G T(G) — G TG - U)
1 )

=1

1=

=P, — W,
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where W is a set of first category. Therefore, U2, (T*(U)NV) = (U2, T D))
MNVOV—W is a set of second category. Thus, T*(U)NV is of second cate-
gory for some >0. That is, u((4)*UNV) = « >0 for some :>0. Q.E.D.

The above two examples of measure spaces offend the intuition in the
same way: every set has measure 0 or . We would like to be able to find a
solution to our problem which has some “local finiteness” property:

DEFINITION 31. A strongly measurable function X is said to be locally
finite if it satisfies condition (F) below.

(F) For every xER(X), there is an €>0 such that m(X—1(K(x, €))) < .

It will be shown that there are no solutions in an infinite measure space
under condition (F). Since T in any solution, finite or infinite, must be an
isometry on $(X), this will be equivalent to showing that there are no solu-
tions under the weaker condition (F’):

(F’) There is an open set UCZ¥ such that

0 < m(XY(U)) < .

LemMma 32. If X, T, (S, Z, m), k, and X give us a solution of equation (1)
and m(S) = o and X satisfies condition (F), then R(X) s not compact.

Proof. Suppose R(X) is compact. Let xER(X). Then, by condition (F)
there is an €>0 such that m(X~1(X(x, €))) < ». The spheres K(T%(x), ¢),
i1=1, 2, - -, cover R(X) by Lemma 6. Since R(X) is assumed compact,
R(X) can be covered by finitely many such spheres. But these spheres have
pre-images of equal finite measure, as shown in Lemma 27. Thus, the pre-
image of R(X) has finite measure. But m(X—}(R(X))) =m(S) = ». This is a
contradiction and therefore the assumption that R(X) is compact must be
false. Q.E.D.

LeMMA 33. Under the same hypotheses, R(X) is locally compact.

Proof. Let x&R(X). Choose ¢>0 so that m(X—1(K(x, €))) < . We will
show that CI(K(x, €/2)) is compact. Suppose not. Then there is a §>0 and
a sequence {y;} such that [ly:—y,| > 6 if 1. Since [ly:—x|| <e/2, all 4, we
see that 6 <e. Thus, the spheres K(y;, §/2) are pairwise disjoint and con-
tained in K(x, €). The result now follows from the method of Lemma 27.
Q.E.D.

Lemma 34. If %, T, (S, Z, m), k, and X give a solution of equation (1), and
m(S) = o, then X does not satisfy condition (F).

Proof. Assume the contrary. Then, by Theorem 25 and Lemmas 33 and
34, the group P set up in R(X) is a monothetic abelian metric group which is
locally compact but not compact. It follows by a theorem of H. Anazai and
S. Kakutani [1] that P is isometrically isomorphic with the discrete group of
integers. Since we have taken “ergodic” to mean positive ergodic, this group
cannot be the group P, as is seen from Lemma 6. Q.E.D.
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Thus, we see that there are no locally finite solutions.

7. Classification by eigen operators. Now that we have some idea of the
dependence of eigen operator theory on the theory of topological groups, we
turn to the question of the generality of eigen operators as compared with
eigen values. It is easily seen that 1 is an eigen value of every m.p.t. Similarly,
we note that in any B-space, the identity I is an eigen operator of every
m.p.t.

DEFINITION 35. A m.p.t. with only the eigen value 1 is said to have trivial
point spectrum.

DEFINITION 36. Let (S, Z, m) be a measure space and k an ergodic m.p.t.
in S. Suppose that equation (1) is only solved for & with X (almost) identically
constant. Then we say that k has irivial point spectrum (eigen operators).

TueorEM 37. If (S, Z, m) is a finite measure space and h an ergodic m.p.t.
in S, then h has trivial point spectrum (eigen operators) if and only if h has trivial
point spectrum.

Proof. If & does not have trivial point spectrum, then there is a complex
number A and a (nonconstant) complex measurable function f for which

M(s) = f(k(s)) a.e.in S.

Choose any %070 from X. Define T'=X\I, where I is the identity operator in
X. Let X(s) =f(s)xo for all s€S. Then

T(X(s)) = M(f(s)xe) = M(s)xo = f(h(s))x0 = X (h(s))

a.e. in S. Since |\| =1, || T|| =1. Since f is not constant, neither is X.

On the other hand, let us assume there is a solution to equation (1) in
which X is not constant. Choose any element xER(X). We thus have the
fact R(X) does not consist of x alone. Let us represent R(X) as a compact
abelian group with identity x and generator T'(x), after the manner of §3.
Then, by the Peter-Weyl theorem, we know that there is a continuous homo-
morphism £ of :#(X) (considered as a topological group) into the multiplica-
tive group of complex numbers of norm 1, 2#1. Since T'(x) is a topological
generator of R(X), we have £(T(x))#1. Then we define f(s) =£(X(s)) if
X (s)ER(X), f(s) =0 otherwise. Set A=£(T'(x)). Then

M(s) = #(T(2))£(X(s))
= #T(%)X(s))
= #(T(X(s)))
= &(X(h(s)))
= f(h(s)) a.e.in S.

Thus, % does not have trivial point spectrum. Q.E.D.
This theorem limits sharply the possibilities of eigen operators as a tool
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in the classification of ergodic m.p.t.’s. It should be noted that while |\| =1
is a consequence of N satisfying the eigen value equation, the assumption
7|l =1 is necessary. In fact, if we allow ||7]| to exceed 1, we can construct
examples in which equation (1) is satisfied in a finite measure space and yet
ess sup || X (s)|| = ©. The construction is lengthy and will not appear here.

8. About the group P.. When m(S) < «, the group P. constructed in §3
is compact, metric, monothetic, and abelian. There is nothing more that we
can say about P., in general, for we can realize any compact metric mono-
thetic abelian group in this way. Thus, let G be such a group, and let ¢ be a
generator. Let (G, ®, u) be the Haar measure space in G. Define a strongly
measurable mapping X from (G, ®, u) into Ly(G), the Hilbert space of square-
summable complex functions on (G, ®, u), by ge—X(go) =f,, where f,, is
defined by f;,(g) =d(go, g). Let the unitary operator U be defined in Ly(G) by

Uf(g) = f(a™%g).

THEOREM 38. Using the notation defined above, U(X (g)) =X (ag) a.e. in G,
and R(X) as a topological group is topologically isomorphic with G.

Proof. We first mention that, under the above hypotheses, multiplication
by a is an ergodic transformation in (G, ®, p) and that | U|| =1, since U is
unitary. Since G is compact, the functions f,, are uniformly bounded by
maxg,,g,e ¢ 4(g1, g2). The norm

= foll= (100 = 1ot futap)

= (fol (g1, g) — d(g2 g) l"’#(dg))llz

< ( f GI d(g1, g2) |’u(dg))”2

= d(g, g2).

Consider now the set of all f,EL.(G). Call it G;. Then G, is the 1-1 con-
tinuous image of a compact space. Thus the mapping is a homeomorphism.
Also, Gy, which is the range of X, is actually equal to R(X) and G=G, as a
group. Finally,

U(X(ga) = U(foo(+)) = fou(a™(+)) = d(go, a™*(+))
d(ago, *) = fago(*) = X(ago) forallge & G. Q.E.D.

COROLLARY 39. If we take L..(G) instead of Ls(G) in Theorem 38, the map-
ping G—G, becomes an isometric isomorphism.

Proof. Clear.

Il
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9. Unsolved problems. We come now to a review of the principal prob-
lems left unsolved in the foregoing.

(1) We have seen that there are certain very severe limits to the degree
by which the theory of eigen operators can extend the results of the theory of
eigenvalues. It would be interesting to know whether the added generality
of the definition can add to the solution of the classification problem for
ergodic transformations.

(2) Is it possible to derive some sort of spectral theory for B-spaces of
vector-valued measurable functions using eigen operators?

(3) Very little has been done under the hypothesis ”T ” >1. It can be
shown that there are solutions under such a hypothesis which are different
from those under ||7]| <1 in very basic ways, but no general theory of such
solutions exists.

(4) It is not known whether, in the case || T|| <1, m(S) = o, there exist
any solutions other than the two given in this paper. More specifically, it is
not known whether a solution can be found in a measure space containing
any sets of measure other than 0 or «. Under the condition of ergodicity,
this is the same as asking whether there exist solutions in o-finite measure
spaces.

(5) Finally, we should like to be able to pair the compact monothetic
metric groups with the B-spaces in which they can be embedded, in the sense
of P.. The general problem of when a given compact monothetic metric
group can be embedded in a given B-space so that the translation in the group
by a generator can be extended to an isometric linear operator in the B-space
is completely open.
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