PROBABILITIES ON A COMPACT GROUP(})

BY
KARL STROMBERG

Let G be an arbitrary compact Hausdorff group. A probability measure
on G is a non-negative, real-valued, countably additive, regular Borel meas-
ure u on G such that u(G) =1. If p and N are two probability measures on G
then their convolution u * \ is also a probability measure on G. In fact if X
and Y are any two independent random variables on an arbitrary probability
space which take their values in G and if p and N are their respective dis-
tributions, then p * A is the distribution of the pointwise product X - Y. Thus
the arithmetic of G-valued independent random variables is just the arith-
metic of probability measures on G. This arithmetic is discussed in §2.

Weak* convergence of probability measures is discussed and several theo-
rems concerning infinite powers and infinite products are proved.

These and other related problems have been studied in one form or
another by other authors. Vorob’yov, in [12], has considered the case in
which G is a finite commutative group. Hewitt and Zuckerman, in [3], have
studied a class of finite commutative semigroups which includes all finite
commutative groups. Kakehashi, in [5], has studied the case in which G is
the circle group. In [6], Kawada and Ito have obtained several results for com-
pact metrizable groups. In [14], Wendel has identified all idempotent proba-
bility measures when G is an arbitrary compact Hausdorff group. More re-
cently Kloss, in [8], and Urbanik, in [11], have obtained further results in
the case that G is an arbitrary compact Hausdorff group. These results and
their connection with our findings will be described in the sequel.

It is a pleasure to record here the author’s indebtedness to Professor Ed-
win Hewitt for the wealth of valuable advice that he has given during the
preparation of this paper.

1. Preliminaries. 1.1. For measure-theoretic terms and techniques not ex-
plained explicitly in this paper see [1]. For topological and set-theoretic in-
formation see [7]. Reference should be made to [13] for the elementary the-
ory of topological groups and the theory of representations of a compact
group. The elementary theory of Banach algebras may be found in [9].

1.2. Let G be an arbitrary compact Hausdorff group and €(G) the Banach
space of all continuous complex-valued functions on G. The class of Borel sets
in G, denoted ®, is the smallest o-algebra of subsets of G that contains each
open subset of G. A probability measure on G is a non-negative, real-valued,
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countably additive, regular Borel measure u on G such that u(G) =1. The set
of all probability measures on G is denoted ®(G).

It is a simple consequence of the Riesz representation theorem [1, pp.
247-248] that the set of all positive linear functionals M on €(G) such that
M(1)=1 is in a biunique correspondence with ®(G) under the mapping
u— M, where M(f) = [qfdu for each f in €(G). Thus ®(G) may, and shall, be
thought of as the above subset of @(G)*, the first conjugate space of €(G).
One readily verifies that ®(G) with the weak* topology is compact and con-
vex.

1.3. NortaTioN. The following notation will be used throughout this paper.
For each set A CG, card 4 denotes the cardinal number of 4, 4’ is the com-
plement of 4 with respect to G and x4 is the characteristic function of 4.

2. The semigroup ®(G).

2.1. DEFINITION. Let u and \ be in ®(G). Then the convolution of u with \
s the unique measure u * N in ®(G) such that

) f 2 \) = ) ) ) D)

for each f in €(G).
As is known [10],

@) w*A(E) = fauwy-l)dx(y) - f [ xe()du(G) = fak(x"‘E)dﬂ(x)

for each E in ®.

The set ®(G) with convolution as multiplication is therefore a semigroup
which is commutative if G is commutative.

2.2. THE SUPPORT OF A MEASURE. For each p in ®(G) we define the sup-
port of u, denoted S(u), to be the set of all x in G such that each neighborhood
of x has positive u-measure. The following proposition is well known and
readily verified.

2.2.1. PROPOSITION. Let pE®(G). Then
(i) S(u) is a closed subset of G;

(i) p(Sw)=1;
(iii) if 4 s a closed subset of G such that u(4) =1, then S(u) CA.

A proof of the following theorem appears in [14, Lemma 4].
2.2.2. THEOREM. Let u, NEP(G). Then
Slu*2) = S -SA).

The point support, P(u), of a pE®(G) is {x:2E€G, u({x})>0}. Since
u(G)=1<+ =, P(u) is a countable set. Moreover it is easily shown that

P(u*)) =P(/‘)'P()\)’ X,ﬂE(P(G)
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2.3. HAAR MEASURES. It is known, see for example [1, pp. 254, 262-263],
that if H is any compact Hausdorff group, then there exists a unique measure
paE®(H) such that

pu(E) = un(xE) = pu(Ex) = pu(E™)

for each Borel set ECH and x& H. The measure uy is called Haar measure
on H. Now if H is any closed, and hence compact, subgroup of G, we shall let
wg denote the member of P(G) defined as follows:

wg(E) = pg(EN H), EE€ .

We shall refer to wg as Haar measure on H. The letter w will be used in place
of wg to denote Haar measure on G.

Wendel has proved [14, Theorem 1] that the measures wy are the only
idempotents in the semigroup ®(G).

Formula (2) implies that w is a two-sided zero for ®(G), i.e., if uE®(G),
then

Wk = QR = W,

2.4. THE POINT MASSES. Let x&G. Then the point mass at x, denoted ¢,
is the member of ®(G) defined as follows:
1 ifxEE,

6"(E)={0ifxe1uz, E€a.

The measure €. corresponds to the multiplicative linear functional f—f(x)
on C(G).

The following observations have been made by Wendel [14]:

(i) if e is the identity in G, then e, is a two-sided identity for ®(G);

(ii) € * ¢,=¢y for all x, yEG;

(iii) a measure u in ®(G) has an inverse if and only if u=¢, for some x €G.

2.5. THE CENTER OF ®(G). The center of ®(G) is the set of all u in ®(G)
such that g * A=\ * u for each A in ®(G).

2.5.1. THEOREM. Let u be in ®(G). Then the following four propositions are
equivalent:

(1) m s in the center of ®(G);

(ii) e * u=u * ¢, for xEG;

(iii) w(Ex) =u(xE) for xEG and EE®;

(iv) p(xEx™Y)=u(E) for xEG and EER.

Proof. It is obvious that (i) implies (ii) and that (iii) is equivalent to (iv).

Suppose that (ii) is true. Let * € G and E € ®. Then u(Ex)
=Jon(Ey )de, (y) =p * &' =& * p=[ou(y E)de;(y) =u(xE). Hence (ii)
implies (iii).

Now suppose that (iii) is true. Let X\ be in ®(G). Then, for each E in ®,
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we have u*\(E)=[eu(Ex1)d\(x) =[eu(x"1E)d\(x) =\ * u(E). Thus (iii)
implies (i) and the proof is complete.

2.5.2. CoROLLARY. ®(G) is commutative if and only if G is commutative.

The next theorem shows how elements of the center of ®(G) may be con-
structed.

2.5.3. THEOREM. Let p&E®(G). Define the measure fi as follows:
#(B) = [ weEx)do(e)
(e]

for EE®. Then f is in the center of ®(G).

Proof. Define the mapping ¢ from GXG into G by the formula ¢(x, y)
=x"lyx. Then ¢ is continuous and F(E)=wXu(¢~(E)) for each EC®.
Hence [10, Corollary 1] & is a regular measure. All other qualifications for
membership in ®(G) are obviously satisfied by &. That g is actually in the
center of ®(G) now follows from Theorem 2.5.1 (iv) and the translation in-
variance of w.

2.5.4. REMARK. The mapping u—f is a mapping of ®(G) onto its center
since u=f if u is in the center of ®(G).

We now investigate the relationship between S(u) and S(@).

2.5.5. LEMMA. Let p€ ®(G) and let U be an open subset of G. Then the func-
tion f: x—u(xUx1) is lower semi-continuous.

Proof. Let @ be any real number and set 4 = {x: xEG, f(x) >a} . We must
show that A4 is open. If 4 =0, there is nothing to prove. Otherwise let € 4.
Then p(eUa™') =f(a) >e. Since u is regular there is a compact set CCaUa™?!
such that u(C) >a. Now there exists an open neighborhood V of the identity
e such that V-'CVCaUa™!. Then, for yEV, we have CCyaUa—'y~! and
therefore u(yaUa='y~') 2u(C)>a which implies that yaEA. Thus VaCA
and 4 is open completing the proof.

2.5.6. THEOREM. Let uE®(G) and set B=U{A: A is a conjugate class in
G, ANS(u)=0}. Then S(u)=B-.

Proof. Let U be any open subset of G such that u(U)>0. Define f as in
2.5.5. Then f is lower semi-continuous and f(e) >0 so there exists an open
neighborhood V of e such that f(x)>f(e)/2 for each x&V. Thus a(U)
= Jof (x)dw(x) Z [vf(x)dw(x) Z f(e)w(V)/2>0. Accordingly S(u) CS(@).

Now let A be any conjugate class in G such that AMNS(u)#0. Let
aEANS(u) and bEA. Then there exists c&G such that b=cac™!. If W is
any neighborhood of b, then @(W)=g(c~'Wc) >0 since ¢c'Wc is a neighbor-
hood of @ and e ES(u) CS(#). Thus bES(R), A CS(@) and BCS(®). Since
S(E) is closed this implies that B~ C S(@). But 1 = g(B7) 2 f(B)
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= [ap(xBx")dw(x) = [ou(B)dw(x) = [eu(S(p))dw(x) =1. Accordingly u(B-)
=1 so S(u) CB~. This completes the proof.

3. Limit theorems in ®(G). 3.1. Throughout this section we will be con-
cerned with convergence in ®(G). This convergence will always be with re-
spect to the weak* topology on ®(G). To be explicit, a net {u.:a€A4} in
®(G) is said to converge to a measure uE®(G) if and only if [af(x)dua(x)
— [ af (x)du(x) for each fE C(G). As pointed out in 1.2, ®(G) is compact in this
topology.

3.2. A TRANSFORM ON ®(G). We now define and state some theorems about
a certain embedding of ®(G) which can be used in studying convolution on
®(G).

Let D(G) be a complete set of mutually inequivalent, irreducible, con-
tinuous unitary representations of the compact group G by complex matrices,
[13, pp. 72-76]. In particular let D, be the identity representation of G, i.e.,
Do(x) =1 for each x&G. For each D& D(G), let n(D) denote the degree of
the representation D and let 9Mp denote the multiplicative topological semi-
group of all complex square matrices of order (D), where the topology on
Mp is the product topology obtained by considering 9p as the topological
product of [#(D)]? copies of the complex plane. Each DED(G) can be ex-
pressed in terms of its components d;; (¢1=1, - - -, n(D); j=1, - - -, n(D)):
D(x)= (dﬁ(x))ﬁe)l where each d;; is in €(G) and ”d,-,-” =<1.

3.2.1. DEFINITION. Let uE®(G). For each DED(G) let the characteristic
matrix of u corresponding to D, denoted p(D), be defined as

(D) = f D@)du(x) = < f S )Z

= ()i,

Notice that Iﬁ(d.-,')| =1 for each DED(G) and that a(D,)=1 for each
vE®(G).

The following two theorems are proved by Kawada and Ité [6]. They
consider only the case that G is metrizable, but their proofs, which depend
upon the Peter-Weyl theorem [13, pp. 74-76], are valid in the general case
considered here.

3.2.2. THEOREM. Let DED(G). Then the mapping u—a(D) is continuous
and is a homomorphism of the semigroup ®(G) into the semigroup Mp, i.e.,
this mapping is continuous on the compact Hausdorff space ®(G) and p * A(D)
=p(D)-N(D) for all u and \ in ®(G).

3.2.3. DEFINITION. Let pu & ®(G). Define p to be that element of
II{omo: DED(G)} whose value at D is p(D) for each DED(G), i.e., the Dth
coordinate of p is the matrix p(D).

3.2.4. THEOREM. The mapping u—p is a homeomorphism of the compact
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space ®(G) and an isomorphism of the semigroup ®(G) onto a compact subsemi-
group of the topological semigroup [[{Mp: DED(G)}.

Until now we have considered ®(G) in two separate rdles: as a semigroup
and as a compact Hausdorff space. In view of Theorem 3.2.4 we can state a
corollary which unifies these rdles.

3.2.5. COROLLARY. The semigroup ®(G) with the weak™® topology is a con:-
pact semigroup, i.e. the operation of convolution u * N is jointly continuous in the
variables u and N\, on ®(G).

For later use we now compute, as in [6], the characteristic matrices for .

3.2.6. LEMMA. &(Dg) =1 and &(D)=0, the n(D)Xn(D) zero matrix, for
each DE D(G) such that D#D,.

Proof. First &(Do) = [e¢Dodw= [¢ldw=w(G) =1. Next let DED(G) such
that Ds«D,. Then the (i, j)th component of &(D) is &(dij) = [ed:;(x)dw(x)
= [¢dij(x)(Do(x))dw(x) =0 since the component functions of the members
of D(G) are orthogonal [13, pp. 73-74].

3.3. INFINITE POWERS. A measure A& ®(G) is said to be an infinite power
if there exists a measure uE®(G) such that lim,., u*=\. Since the idem-
potent measures in ®(G) are exactly the measures wx, and since convolution
is jointly continuous on ®(G), it follows that a necessary and sufficient condi-
tion that a measure A€ ®(G) be an infinite power is that A =wy for some
closed subgroup HCG.

We next develop necessary and sufficient conditions on u that lim, .. u®
exists. We begin with four lemmas.

3.3.1. LEMMA. Let pE®(G) and let fE @(G) be such that | f(x)| =1 for each
xEG. Suppose that [gfdu=e® for some real number 0. Set

A= {x: zE G, f(x) = e"}.
Then S(p)CA.
The proof of this lemma is straightforward and is left to the reader.

3.3.2. LEMMA. Let A be a Banach algebra. For each aEA, let r(a)
=max {|a|:aEspectrum (a)} denote the spectral radius of a. Then |la=||—0
if and only if r(a) <1.

Proof. According to [9, p. 75], 7(a) =lim, .. ”a””‘/“. Thus if r(a) <1, there
is a <1 such that||a"||¥» <t for all sufficiently large n. Hence lim |la®|| = limen
=0. On the other hand ||a®|| Z7(a®) =7(a)*, [9, pp. 75, 66]. Hence |la=||—0
implies 7(a) <1.

3.3.3. LEMMA. Let H be a closed subgroup of G. Suppose that there exists
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an element xo©GNH' such that xoH = Hxo and the only closed subgroup of G
containing xoH is G itself. Then H is a normal subgroup of G.

Proof. Set K = {x: &G, xH=Hx}. Then
K= N {2:2E€G, xha' € H, x'hx € H}.

heH
Being the intersection of closed sets, K is a closed set. Moreover K is a sub-
group of G containing x¢H, so K =G and the proof is complete.

3.3.4. LEMMA. Let K be a closed subgroup of G. Set
Q = {r:n € ®G), Sk) C K}.

Then Q is a closed subsemigroup of ®(G) whickh is isomorphic and homeomorphic
to ®(K) under the mapping u—u’', where y'(E) =u(E) for each Borel set ECK.

This lemma is obvious and proof is therefore omitted.

3.3.5. MAIN THEOREM(?). Let uE®(G) and let K denote the smallest closed
subgroup of G which contains S(u). Then lim, ., u* exists if and only if S(u)
15 not contained in any coset of any proper closed normal subgroup of K. More-
over if this limit exists, then it is equal to wk.

Proof. In view of Lemma 3.3.4 it suffices to consider only the case that
K =G. We therefore suppose K =G.

We first prove the sufficiency of the condition. Assume that it is false that
lim, ., u*=w. Then, according to 3.2.4 and 3.2.6, there exists D& D(G) such
that D#D,, and it is false that lim,., 2(D)*=0. Thus, by Lemma 3.2.2,
fi(D) has some eigenvalue a such that [al =1. Let 7 be an eigenvector of
(D) of unit length corresponding to the eigenvalue a: p(D)g=an, “17" =1,
Let the dimension of D be k and let £=(1,0, 0, - - -, 0) have % coordinates.
Then there is a k-rowed unitary matrix U such that Ut=7. Define a repre-
sentation D of G as follows: D(x)=U-'D(x)U for each x€G. Then D is
equivalent to D so D is irreducible, continuous and, since U is unitary, D is
unitary. Moreover a(D)t=U-'a(D)Ut=U"'a(D)n=U"lem=alU p=at.
Hence £ is an eigenvector of a(D) having eigenvalue . Thus

a

0
aD) = |. =«

and hence

(*) The sufficiency statement in this theorem is similar to, but strictly stronger than, a
result of Kawada and Ité [6, Theorem 8(2)]. They require the stronger hypothesis that S(u)
be contained in no coset of any proper closed (not necessarily normal) subgroup of G. Our
example in 5.1 shows that part (1) of Theorem 8 in [6] is incorrect.
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1) «= f Tu(a)dus).

Since D is unitary, we have
(2) | du@)| =1

for each x&G and therefore
ol = [ )| ) 5 u@) = 1.
@

Accordingly, by the choice of &, we have |a| =1.
Assume that a=1. Let

1 0---0
- 0
H={2z2EG,duk) =1} ={x:2 €G, D(x) = |- *
0
Then H is a closed subgroup of G. Since DD, and is irreducible, there is
some x &G such that dy;(x) 1 and hence H>G. Then relations (1) and (2),
the assumption that e¢=1, and Lemma 3.3.1 imply that S(u) CH. Hence
G=KCH: a contradiction. Therefore a71.

Thus a=e*31, where 0 is a real number. Again, by (1), (2) and Lemma
3.3.1, we have

S) CF = {x: 2 € G, du(x) = ¢}
€0 0---0
0
=4{x:2E G, D(x) = | - *

0
Let xoEF. Simple computations show that xoH = F=Hx, and therefore, by
Lemma 3.3.3, H is a normal subgroup of G. Thus H is a proper closed normal
subgroup of G=K and S(u) CF=x.H. But this contradicts our hypothesis,
We conclude that lim,., p*=0w.

Conversely suppose that lim,., u® exists. Assume however that there
exists a proper closed normal subgroup HCG and a point x,&GMNH’ such
that S(u) CxoH. Set J={x3:n=0, +1, +2,---}=. Then J is a closed
commutative subgroup of G. Since H is a normal subgroup, it follows that
J-H is a subgroup of G. Since J and H are both compact, J- H is compact. But

S(u) CxoHCJ-H which is a closed subgroup of G so, since K=, we have
J-H=G.
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Consider the mapping x—xH of J onto G/H. This is a homomorphism so,
since J is commutative, G/H is a compact commutative group. Since there
exist sufficiently many continuous characters of G/H to distinguish points of
G/H, [13, p. 99], there is a continuous character ¢ of G/H such that y(H) =1
and Y(xoH) =ei*#1. Define ¢’ on G by ¢/(x) =¢(xH) for each xEG. Then
Y’ is a continuous character (one-dimensional unitary representation) of G
such that ¢/ (x) =y(xcH) =ei*5#~1 for each xExH. Thus

aW) = f Ve = [ Vet = o

8 u)

But lim, ., e*"* does not exist. Hence lim, ., 2(¥')" does not exist, and it fol-
lows that lim, ., u* does not exist. This contradiction completes the proof of
the theorem.

Theorems characterizing those p&®(G) such that lim,., u* exists have
also appeared in [11] and [8].

Kloss, in [8], studies ®(G) by using the general theory of compact semi-
groups. He uses a theorem of K. Numakura and S. Schwarz to observe that,
since ®(G) is a compact Hausdorff semigroup, if uE®(G), then there exists
exactly one measure A& { purin=1,2,--. }‘ such that A * A=A, He states
in Theorem 3, that if X is this measure, then the sequence {u": n=1,2, ... }
converges to A if and only if S(u) is contained in no coset of S(\) except for
S(N) itself.

Urbanik, in [11], calls a sequence {u,,: n=1,2,--- }C(P(G) a normal
sequence if for every positive integer %k there exists a sequence of positive
integers n; <ny;<m3< - - - such that

He = Hnjts (S=1,2,"',k;j=1,2,°").
In particular, the sequence py=p,= - - - is a normal sequence. He proves
(Theorem 1) that if {p,.: n=1, 2,--- } is a normal sequence and
limp e py * + - - *u, =N\, then N is Haar measure on the smallest closed sub-
group of G containing U{S(y,.): n=1,2,- .- } He also proves (Theorem 2)
thatif {p.:n=1,2, - - - g is a normal sequence, H is the smallest closed sub-
group of G containing U{S(u.):n=1, 2, - - - } and K is the smallest closed

subgroup of G containing
U {S(m) ..... S(in) - S(ua)te -+« - Su)tin=1,2--- },

then the sequence {;11 * o oxpin=1,2 ... } converges if and only if
H=K. This theorem implies that if u&®(G), then lim,., u» exists if and
only if the smallest closed subgroup of G containing S(u) is equal to the
smallest closed subgroup of G containing U{S(y)"- SwHm:n=1,2,---}.
In proving these theorems Urbanik makes strong use of the transform p—g.
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3.4. INFINITE PRODUCTS.

3.4.1. DEFINITION. A measure uE®(G) is called degenerate if u=e, for
some xEG; otherwise u 1s called nondegenerate.

3.4.2. DEFINITION. Let u& ®(G). Then p is said to be an infinite product
to the right (left) if there exists a sequence { pn:n=1, 2, - - - } C®(G) such
that each p, is nondegenerate and

po=lmpy *pg* - - *p, <#= lim pn * 1% - - '*#1>-

n— 0 n— o0

We shall now prove a number of theorems which give sufficient conditions
for uE®(G) to be an infinite product to the right (left).

3.4.3. THEOREM. Let p1, - - + , un E®(G). Suppose that there exist numbers
ay, - v, o (0<a;<1) such that pj(E) =aw(E) (j=1, 2, - - -, n) for each
EE®. Then there exist N1, - - - , MaE®(G) and a number t (0<t<1) such that
wi=N* (te.+(1—-tw) (G=1,2, - - -, n).

Proof. Let a=min {ai, - - -, @.} and set t=1—a. Set ;= (u;— (1 —t)w)
t7%, (j=1, 2, - -+, n). Then each A; is in ®(G). Thus pi=t\i+ (1 —tw
=f\;j* e+ 1=\ *xw=\; * (te.+(1—w), j=1,2, -, n).

3.4.4. THEOREM. Suppose that 0<t<1, and that card G>1. Then te.
+ (1 —t)w is an infinite product to the right (left).
Proof. First notice that if 0 <a<1 and 0<8<1, then
(ces + (1 — @)w) * (Be. + (1 — B)w)
= afe,+ [a(1 = B) + (1 = )8+ (1 — &)(1 — B)]w
= afe. + (1 — aB)w.

Thus the set {ae.+(1—a)w: 0<a=<1} is a subsemigroup of ®(G) which,
under the mapping a—ae.~+ (1 —a), is isomorphic to the multiplicative semi-
group of all numbers in the closed unit interval. Thus it follows that if

[.ln=t2."‘€¢+(1—tz—")’w (n= 13 2)"')7
then
— 1(2-l+2‘2+...+2—") ‘€, + (1 — t(2-1+2_2+"-+2-”)) ‘W

=12+ (1 — 17270

M1 ¥ pg* e oo kU,

and therefore limy o1 * + + + * u, =t-€.+ (1 —1) w.

3.4.5. THEOREM. Let uE®(G) and 0<a<l. Suppose that u(E) Zow(E)
for each EC® and that card G>1. Then p is an infinite product to the right

(left).
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Proof. By Theorem 3.4.3, there exists ¢ (0<t<1) and AE®(G) such that
u=N\* (te,+(1—1t)w). Then applications of Theorem 3.4.4 and the con-
tinuity of convolution on ®(G) complete the proof.

3.4.6. THEOREM. Let H be a closed subgroup of G such that card H>1.
Suppose that u&®(G), S(u) =H, and that there is a real number o, 0 <a <1,
such that u(E) Zawg(E) for each EC®. Then p is an infinite product to the
right (left).

Proof. Clearly H is a compact group. Define u'S®(H) by u/(E) =u(E)
for each Borel set ECH. Then u/(E) Zawg(E) for each Borel set ECH.
Thus, by Theorem 3.4.5, there exists a sequence {u,:7n=1,2, - - }CeH)
such that p'=limu., pu'* - - - *u,/. Now extend each u, to a probability
measure p, E®(G) by defining u,(E)=u, (ENH) for each EE®. Then we
have u=limg.o 1 * + + + * y,.

3.4.7. LEMMA. Let A be a nonvoid closed subset of G and let xEG. Suppose
that pE®(G) and that S(u)=xA. Set N=€;1%u. Then SQA)=A, u=e,*\ and
NE) =u(xE) for each EE®.

The proof is left to the reader.

3.4.8. THEOREM. Let H be a closed subgroup of G such that card H>1 and
let F be a finite subset of G such that no two points of F are in the same left (right)
coset of H. Let u& ®(G) and suppose that S(u) = FH (S(u) =HF). Suppose also
that there exists a number o such that 0 <a <1 such that u(E) Zowy(x1E)
(M(E) Zawn(Ex™Y)) for every x € F and EE®. Then u is an infinite product to
the right (left).

Proof. Let F= {xl, Xz, + + -, %a}. For each j (1 <j=<n) define u! by u! (E)
=u((x;H)NE) for all EE®. Clearly

i (%H) = p(xH) 2 awp(x7'%H) = awg(H) = a > 0.
Let aj=p/ (x;H) and note that a;Za>0 (j=1, 2, - - -, n). For each j let

ui=(1/a;)-uf. Then u,;E®(G) (j=1, 2, - - -, n). Also it is easily verified that
S(u;) =x;H for each j. Notice that

2 eawi(B) = X pf(B) = L w(EN (5H)) = p(EN (FA)) = u(E)
=1 Je=1 Jem1
for all EE® since x;HNxH=0 if j=k. Thus u= > ", a,u;.
Applying Lemma 3.4.7, we have that for each j there exists a \;E®(G)
such that S(\;) =H and p;=e;; *\;. Then p= D7 ajuj= > ", ajez; * Nj.
Now for each EE® and for all j we have
M(E) = et % ui(E) = p;(%,E) = pf (%;E)- (1/a;) = p(x;EN 2;H) - (1/a;)
= u(x;(EN H))-(1/a;) = (e/a;) wu(EN H) = awg(E).
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Hence, by Theorem 3.4.3 there exist v;€P(G) (j=1,2, - - -, n) and a num-
ber ¢ (0 <¢<1) such that S(v;) = Hand \;=v; * (te.+ (1 —t)wy) for each j. Then

b= Qjeg; ¥ Nj = I: > ajeg; * v,-] * (te, + (1 — Don).
=1 =1

Evidently S(te,+(1—f)wg)=H, so by Theorem 3.4.,4 te,+(1—t)wg is an
infinite product to the right and hence u is an infinite product to the right.
This completes the proof.

4. Finite groups. In this section G will be an arbitrary finite group, the
topology on G being the discrete topology. The letter # will be reserved to
denote the order of G.

Since G is discrete, every subset of G is a Borel set. If ECG, it follows
that

w(E) = 2 u({=}).
z€E
Moreover if {p.,.: n=1,2,... } is a sequence in ®(G) and if u€E®(G), it is
clear that u,—u if and only if .({x})—p({x}) for each xEG.

4.1. INFINITE PRODUCTS IN ®(G). In this section we identify all infinite

products in ®(G).

4.1.1. LEMMA. Let uE®(G) and suppose that u is an infinite product to
the right (left). Then there exists a sequence { miij=1,2,--- } C®(G) such that
SW)CS()=S(ur * - - - *me) (k=1,2, - - - )and p=limp.qop * - + - *

Proof. Since u is an infinite product to the right, there exists a sequence
of nondegenerate measures {[.Lj,: j=12,--- } C ®(G) such that
p=limg.ou’*---*xul. Set \{ =u/* - - - *pu for each k. Since G has ex-
actly 2» subsets there exists a subsequence {M,.: j=12,:--: } of
{M:E=1,2, -} such that SQ\},) =S(\;,) for each j. Now define 1 =X},
Ma=Hp i * © t o F gy oty Mi=pg_ 1% 0 s kg, - oo Then pyk pg* - - % py
=N, 80 limj.qop * « « - % py=lim; o N, =lims.o N =p. Clearly each p; is
nondegenerate and S(u1) =S(\;,) =S(\;) =S(w * « - - * ;) for each j.

Let x&S(u). Then p({x}) >0, so that there exists an integer jo such that
[ x - - - xp({e}) —p({x])] <27%({x}) if j2jo. Hence i * - - - * pjo({x})
>050 xES(u * - - - * ug,) =S(u) and therefore S(u) CS(u).

4.1.2. THEOREM. Let uE®(G) and suppose that p=limg.ou1 * -+« *
where {m: k=1, 2,---} C®G). Then there exists a sequence
{vk+1: k=1,2,--- }C(P(G) such that p=py * + - - * ug * vy, for each k.

This theorem is proved for the case that G is commutative in [3, p. 608],
but the proof given there applies equally well to the present theorem.

4.1.3. THEOREM. Let uE®(G). Then u is an infinite product to the right
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(left) if and only if there exist a subgroup H of G of order >1 and a nonvoid set
ACG such that S(u)=AH(S(u) =HA).

Proof. The sufficiency of this condition follows from Theorem 3.4.8, as
the following argument shows. It is possible to find a subset B of 4 such that
AH=BH and no two points of B are in the same left coset of H. Such a set
B can be formed as follows: for each left coset L of H such that LMNA4 #0
let %z, be a point of LN A4, then set B={x.: L is a left coset of H, LNA #0}.

Also, if a=min {u({x}): xES(u) =AH}, then u(E) Za=awu(x1E), for
each x&€ A unless u(E) =0, in which case ENAH =0 and A"'ENH=0. Then
wp(xE)=0 for each x& 4.

We now prove the necessity of the condition. Suppose that u is an infinite
product~to the right. Choose a sequence {ul,: k=1, 2, }C(P(G) as in
Lemma 4.1.1 and set Ng=py * - - - %y (k=1,2, -+ +). Then p = limg., M
and S(u) CS(u1) =S(\:) for each k. Let A =S(u). Since u. is nondegenerate,
there exist x, yE.S(us) such that x>y. Now A4 - S(uz) =S (1) S(ue) = S(u1 * uz)
= SA2) = S(um) = A. Hence Ax C A and Ay C A. But card Ax = card 4
=card Ay<n. Hence Ax=A=Ay and Axy'=A4. Let h=xy 15£¢ and let
H be the cyclic subgroup of G generated by A. Since Ah=A we have Ah*
=Ak 1= ... =4Ah=4 (k=1,2,---) and hence AH=A.

By Theorem 4.1.2, there exists vE®(G) such that u=y, * ». Then S(u)
=S(u) - S@)=4-S(). Accordingly 4 -S(») =S(u) CS(u)=A4. But

card 4-S(v) = card 4

and hence S(u) =4 =4 H. This completes the proof.

4.1.4. DEFINITION. Let pE®(G). Then u is said to be infinitely factorable
if for each positive integer m there exists a set {yl, cee, u,,.} C®(G) such that
each pj is nondegenerate and p=jun * + + + * .

4.1.5. THEOREM. Let u&®(G) and suppose that u is infinitely factorable.
Then there exist a subgroup H of order >1 of G and two nonvoid subsets A and
B of G such that S(u) =AHB.

Proof. There exists a set { My ottt u,.} C®(G) such that each pu; is non-
degenerate and p=pu; * - - - * u,. Then 2= card S(u) <card S(u; *us) < « - -
=card S(u *ug* - + - *u,)=card S(u) =n. Thus there exists 2 such that
1=<k=n and card S(ui*---*p) = card S(us* - - *upy1). Set
A=S(u* - - *u) and C=S(urs1). Then card 4 =card AC. Since piy41 is
nondegenerate, there exist x, y&C such that xsy. Then AxCAC and
AyCAC. But card Ax=card A =card 4AC and card Ay=card A =card AC.
Hence Ax=AC=Ay. Thus Axy'=A and xy~15<e. Set h=xy™! and let H
be the cyclic subgroup generated by k. Then the order of H is >1 and, as in
the previous proof, AH=A4. Now set B=S(ur41* - + - ¥ u,). Then S(u)
=S * -+ + *uz) S(ussr * ¢ ¢ - *u,) =AB=AHB. This completes the proof.
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4.1.6. CoROLLARY. Let u&P(G). Suppose that u is an infinite product to
the right or to the left. Then u is infinitely factorable.

Proof. This follows immediately from Theorem 4.1.2.

4.1.7. CoMMENT. Theorems 4.1.3, 4.1.5 and 4.1.6 show that if G is com-
mutative, then a measure in ®(G) is infinitely factorable if and only if it is
an infinite product. A theorem appears in [12] which claims that this is true
even when G is not commutative. This theorem however is false as is shown
in 5.1. It would be interesting to know whether or not the converse of Theo-
rem 4.1.5 is true.

5. Counterexamples. In this section we give counterexamples to two
published theorems. The first refers to Theorem 8(1) in [6] and the second
to a theorem in [12].

5.1. COUNTEREXAMPLE. In [6] it is claimed that if G is any metrizable
compact group, uE®(G), u is proper on G, and S(u) is contained in a coset
xoH or Hx, (xo€EH, H#G) of a closed subgroup H, then H is normal. Con-
sider the following example.

Let G=3S;, the symmetric group on three letters. The elements of G
will be written in cycles: G= {1, (12), (13), (23), (123), (132)}. Define u on
G by u({(123)}) =u({(13)}) =1/2 and p({x}) =0 otherwise. Then pE®(G).
Now p is proper on G since S(u) = { (123), (13)} and the only subgroup of G
containing S(u) is G itself. Let H= { 1, (12)} and xo=(123). Then xoH =S(u)
s0 S(u)CxoH (xo&H and H>G). But Hxo={(123), (23)} #x,H. Hence H
is not a normal subgroup of G.

5.2. CounTEREXAMPLE. The following is an example of an infinitely fac-
torable measure which is neither an infinite product to the right nor to the
left.

Let G=A,, the alternating group on four letters. The elements of 4, are
written in cycles:

G = A= {1,(12)(34), (13)(24), (14)(23), (123), (124), (132), (134), (142),(143).
(234), (243)}.

Let A={1, (123)} and H={1, (12)(34)}. Then
AHA = {1, (12)(34), (123), (134), (243), (132), (124)}

and hence A HA has exactly seven elements so, by Lagrange’s theorem, can
be neither a union of right cosets nor a union of left cosets of any subgroup
of A4 of order > 1. Thus no probability measure on 44 having support equal
to AHA can possibly be an infinite product to the right or to the left.

Now let y; and uz be any two members of ®(44) such that S(u:) =S(us) =4
and let wy be, as usual, Haar measure on H. Then wg is idempotent. Set
w=u *wg * uz. Then S(u)=AHA and p is not an infinite product, but
L=l * Wy * ue=p * wg * 4z for each positive integer m and hence p is in-
finitely factorable.
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