INTEGRATION AND NONLINEAR TRANSFORMATIONS
IN HILBERT SPACE

BY
LEONARD GROSS(Y)

The purpose of this paper is to generalize to Hilbert space a well known
theorem of Jacobi on the transformation of integrals under a change of co-
ordinates in E,. In the process we develop some of the relevant integration
theory over Hilbert space. Among the various theories [14; 3; 4; 5; 9; 10],
of integration over a real Hilbert space H we shall utilize the one [14; 3; 4; 5],
which seems most relevant to the quantum theory of fields and which is
intimately connected with the Wiener integral. The formulation of the theory
which we adopt is given in Segal [14, pp. 116-118] and we refer the reader
to this paper for details. In outline this formulation consists in associating
with H in an invariant way a probability space (S, m) and a map f—f which
assigns a measurable function f on (S, m) to each tame function f on H, a
tame function being one which, roughly speaking, depends only on a finite
number of coordinates in H. The theory of integration over H is then the
theory of integration over (.S, m) with particular emphasis on those questions
which arise from the relation of H to (S, m). In case H is real L?(0, 1) the
probability space may be taken to be Wiener space.

We first describe (Theorem 1) a class of continuous functions on H which
are determined by their continuity properties alone and which correspond
in a natural way to measurable functions on (S, m), i.e., functions f other
than tame functions for which f makes sense. The type of continuity involved
plays a central role in the remainder of the paper and generalizes ordinary
continuity in E, in the relevant way for the purposes of integration theory.
Theorem 2 relates the convergence of sequences of these functions to con-
vergence in probability of the associated measurable functions. Theorem 3
is a density theorem for the group of automorphisms of the algebra L=(S, m)
and provides a background for the approximation method used in the follow-
ing theorem. Theorem 4 is a generalization of Jacobi’s theorem for a trans-
formation of the form T'=I+K where [ is the identity operator and K is
nonlinear, small and smooth. In Theorem 5 we avoid the smallness require-
ment by considering a one-parameter group of nonlinear transformations on
H on whose generator sufficient conditions are imposed which ensure that
the elements of the group satisfy a Jacobi-like theorem. The case of linear
transformations has already been investigated by Segal [16].

Presented to the Society, October 25, 1958; received by the editors March 2, 1959.

(1) This is largely the author’s doctoral dissertation at The University of Chicago, 1957.
The author wishes to express his gratitude to Professor I. E. Segal under whose direction the
thesis was written.

404



NONLINEAR TRANSFORMATIONS IN HILBERT SPACE 405

Our results may be compared with those of Cameron and Martin [2].
We compare them briefly in the last example of the paper. }

1. Measurable functions on Hilbert space. We follow Segal [14] in mak-
ing

DEeFINITION 1. A weak distribution on a real topological linear space, L,
is an equivalence class of linear maps from the dual space, L*, of continuous
linear functionals on L to real valued random variables on a probability
space where two such maps, y—n(y) and y—m(y), are equivalent if for any

finite set of vectors, yi, + - -+, ¥, in L* the two sets of random variables,
n(y), - -+, n(y) and m(y), - - -, m(y), have the same joint distributions
in k-space.

The relevant integration theory with respect to a weak distribution on a
linear space is described in [14, Part II, §2, pp. 116-118]. We shall be con-
cerned with a real Hilbert space, H, and we shall identify H and H* in the
usual way. The distribution will be for the most part the canonical normal
distribution with parameter ¢, i.e., that distribution, #, which is uniquely
determined by (1) for any vector x in H n(x) is normally distributed with
mean zero and variance c||x||%, (2) # takes orthogonal vectors into independ-
ent random variables. A tame function on H is a function of the form f(x)
=¢(Px) where P is a finite dimensional projection on H and ¢ is a complex
valued Baire function on the range of P. By a measurable function on H we
shall mean any random variable on the probability space mentioned in
Definition 1 which is measurable with respect to the smallest Borel field with
respect to which all of the random variables n(x) are measurable. Further-
more we shall take for this probability space the particular one arrived at
by the process described in [14, p. 117] unless otherwise stated. A tame func-
tion on H determines a “measurable tame function” on the probability space
as in [14] and we shall frequently identify the tame function with the cor-
responding measurable function. We shall also consider the L? space over the
probability space and refer to it as L?(H, c) or simply L?(H) since the param-
eter ¢ will be fixed throughout this paper. In this section we describe a class of
continuous functions on H which correspond in a natural way to measurable
functions on H and we relate the convergence properties of these functions
on H to convergence in probability of the corresponding measurable func-
tions.

Denoting by H, the Hilbert space, H, in its norm topology we define a
topology, H,, as the weakest topology on H such that all Hilbert-Schmidt
operators on H are continuous from H, to Hy. H, is a locally convex topologi-
cal vector space with basic open sets of the form U(x, 4) = {x: “A (x—xo)” <1}
where 4 is a Hilbert-Schmidt operator. It is readily verified that these form
a basis using the fact that if 4 and B are Hilbert-Schmidt operators so is
I(lATIA +B*B)'/2. We denote the Hilbert-Schmidt norm, (trace 4*4)/?, by

Al
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DErFINITION 2. A function, f, from H to a topological vector space is uni-
formly continuous near zero in the topology H, if there exists a sequence,
A, of Hilbert-Schmidt operators such that ||4,]|;—0 and such that f is
uniformly continuous in the topology H: on each of the sets U,
= {x: [ 4ax] <1} »

REMARK. If H is finite dimensional then the preceding definition is
equivalent to ordinary continuity. Indeed if f is continuous then it is uni-
formly continuous on the sphere of radius # about the origin, i.e., one may
take 4, =n"1I where I is the identity operator on H.

THEOREM 1. Let f be a complex valued function on H which is uniformly
continuous near zero in the topology H,. Denote by F the directed set of finite
dimensional projections on H directed by inclusion of the ranges and let I denote
the identity operator on H. The nel { foP,Pin EF} of measurable tame functions
converges in probability as P—I through § to a measurable function f.

LEMMA 1.1. Let A be a finite dimensional operator on H. Then || Ax||? is an
integrable tame function with integral E(||Ax||2) =c trace A*A.

Proof. Let G be the orthogonal complement of the null space of 4*A4.
Then G is finite dimensional and [|4#]|? is a tame function based on G. Let
X1, * - -, xx be an orthonormal basis of Gsuch that A*4x;=sx;,1=1, - - - , k,
where the s; are real numbers. Putting x = ) ti; we have E(||Ax|?)
=E((A*Ax, x)) = (2mc) ™2 3 s exp(— Dy B/20)dty - - - dli=c D fuy si=¢
trace (4*4). Q.E.D.

LEMMA 1.2. Let A be a Hilbert-Schmidt operator. Then the net {||APx|:
P in F} of measurable tame functions converges in L*(H, c) as P—I through

§ to @ measurable function || A(-)|| with expectation E(||A(-)||?) =c||4]|2
Proof. If P and Q are in & then |||4Px|| —||40x]||| <||4(P—Q)«||. Hence

E((||APx|| —||aQx)) =E(|4(P—Q)x||?) =¢||A(P—Q)||3. Let x1, x5, - - - be
an orthonormal basis of the carrier of A*4 such that A*Ax;=sx., ¢
=1, 2, - - - and denote by P, the projection onto span (xi, : * -, x,). If

P=P, and Q 2 P, then [|[A(P — Q)| = |[[AU — P)||: + AU — Q).
=[|A(I~P.) I = P)||s+|| AT = P)(I—Q)|l:=2|A(I = P,)||2=2 D" i>n ss which
approaches zero as m—x. Hence ”A(P—Q)Hz—->0 as P, Q—I through
§ and it follows that [|4Px|| converges in L*(H, c). Further, E(|| A(-)||?
=limp.r E(||APx||?) =c limp.r |4 P||3=¢||4]|3. Q.E.D.

Proof of theorem. Given ¢>0 and >0 we shall construct a projection,
Py, in § such that if P =2 Py and Q = Py and P and Q are in § then
Prob(l foP—fo QI 2¢) <d. Let 4, be a sequence of Hilbert-Schmidt oper-
ators such that ||4.]|;—0 and such that f is uniformly continuous in the
topology H; on each of the sets {x: ||4.x|| <1}. By Lemma 1.2 the measura-
ble functions ||4.(-)|| converge to zero in L2(H) hence also in probability.
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Let # be an integer which is fixed hereafter such that Prob(”A,.(-)” =1/2)
<$8/6. By Lemma 1.2 the net of tame functions {||4.Px||: P in $} converges
in probability to ||4.(-)||. There exists a projection, R, in ¥ such that if P
is in ¥ and P = R then Prob(|||4.(-)|| — ||4.Px||| = 1/2) < 8/6. Hence
Prob(||4.Px|| = 1) <3/3 whenever P is in § and P=R.

By the uniform continuity of f on {x:]4.x|| <1} there exists a Hilbert-
Schmidt operator, 4, such that |f(x) —f(y)| <e whenever ||4.x|| <1, || 4.3
<1 and [|[4(x—9)|| <1. In the proof of Lemma 1.2 it is shown that there
exists a projection, S, in § such that if P and Q are in § and P=S and Q=S
then ||A(P—Q)|2<(8/3¢)"/2 so that Prob(||A(P—Q)x||=1)<8/3. Let P,
=RV S, the supremum being taken in the lattice §. As ]f(Px) -—f(Qx)I <€
whenever ||4,Px|| <1, ||4.0x|| <1 and ||4(P—Q)x|| <1 it follows that if P
and Q are in § and PZP, and Q= P, then Prob(| f(Px)—f(Qx)| Ze¢)
< Prob(|4.Px]| 2 1) +Prob(|| 4.0x]| 2 1)+ Prob(| A(P — Q)«| 2 1) <35/3 =5
proving the assertion in the first line of the proof.

Letting e=6=1/k, k=1, 2, - - - we obtain projections P; in § as above
such that if P and Q are in ¥ and P = P, and Q= P, then

Prob(| f(Px) — f(Qx) | = 1/k) < 1/k.

The P; may be assumed increasing. Denoting by f the limit in probability
of the sequence f o Py it is readily verified that Prob(| f(Px)—f | =€)—0 as
P—] through &.

COROLLARY 1.1. Let f be a complex valued function on H whick is uniformly
continuous near zero in the topology H,. Then the corresponding measurable
function f is a null function (i.e. equals zero almost everywhere) if and only if f
15 identically zero on H.

LeEMMA 1.1.1. Let C be a Hilbert-Schmidt operator on H and let x, be in H.

Denote by g the measurable function corresponding to the function g(x)
=||C(x—x0)||. If a>0 then Prob(z <a)>0.

Proof. It should be remarked that g is uniformly continuous in H, so that
g exists. By Theorem 3 of [16] the canonical normal distribution is quasi-
invariant under translations hence it suffices to prove the lemma for the case
x0=0. We may assume that C*=C2=0 by replacing C by (C*C)!/2. By the
proof of Lemma 1.2 we may write =1lim in prob,..||CP.x|| where P, is an
increasing sequence of finite dimensional spectral projections of C such that
the span of the ranges of the P, is the carrier of C. Put kn(x) =||C(I— P.)x||.
Then g2=lim in prob, .. (|| CPux||2+hL(P.x)) =||CPn(-)||2+ 2. Since E(k2)
= c||C(I - P,,.)”§ we may choose m so large that E(#2) < a?/4. Then
Prob(%%<a?/2) 21/2. Further Prob(||CP.(-)||?<a?/2) is equal to the nor-
malized Gaussian measure of an open ellipsoid in a finite dimensional space.
Hence Prob(||CPn(-)||2<a?/2)>0. As ||CP.(-)||* and % are independent
random variables it follows that
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Prob(gz <ad)z Prob(izj. < a2, ||CP,,.(-)“2< a/2)

Prob(fz:, < a2/2)-Prob(”CPm(-)“2 < 02/2) > 0.

Proof of corollary. We shall show that if there is a vector, x,, in H such
that f(xo) #0 then f is not a null function. We may assume that f(x¢) =a>0.
There exists a Hilbert-Schmidt operator, 4, such that ||4x|| =b<1 and such
that f is uniformly continuous in the topology H, on the set V= {x | Ax| <1}.
There exists a Hilbert-Schmidt operator, B, such that | flx)—fy)| <a/3
whenever x and y are in V and ”B(x— y)” < 1. The operator

C=(1—-05)"Y(4%4 4 B*B)\?

is Hilbert-Schmidt and if ||C(x—xo)|| <1 then |[|4x|| <||Axd| 4|4 (x—x0)|
<b+1—b=1 and also ||B(x—xo)|| <1—b=1. Hence if ||C(x—x0)|| <1 then
fx) =f(x0) +(f(x) —f(x0)) Za —a/3 =2a/3. Putting g(x) =||C(x —x0)|| we ob-
serve that g is uniformly continuous in the topology H, and denote by g the
corresponding measurable function. Let d =Prob(g<1/2). By Lemma 1.1.1
d>0. There exists a finite dimensional projection, P, having the proper-
ties that x, is in its range, that Prob(| g—go P| =1/2)<d/3 and that
Prob(| f—f o P| za/3)<d/3. Note that if g(Px) <1 then f(Px) 2 2a/3. Thus
Prob(fZa/3) = Prob(f o P =2a/3) —Prob(| /—f o P| Za/3)=Prob(go P<1)
—d/32Prob(g<1/2)—Prob(| g—go P| =21/2)—d/32d/3.

THEOREM 2. Let { f,.} be a sequence of complex valued functions on a real
Hilbert space, H, which are uniformly continuous near zero in the topology Ho.
Let B, be a sequence of Hilbert-Schmidt operators on H such that || Bil|»—0 as
k— o and assume that f, converges to a function, f, uniformly on the sets
{x:||Bix|| <1}. Then f is uniformly continuous near zero in the topology H, and
denoting by f., f the corresponding measurable functions we have f=limit in
probability f..

Proof. There exist Hilbert-Schmidt operators 4, such that, for each
n, f. is uniformly continuous in H, on the sets {x: ||4.4x]| <1}, 2=1,2, - - -
and “A,.,k”r—>0 as k— o . For each pair of positive integers, j, # there exists
an integer k(j, n) such that || 4, ym|[3<7-227". Let

" 1/2
C;i= ( 2 An,k(f.n)An.k(f-n>) .

nx1

The sum converges in Hilbert-Schmidt norm and in fact || Cj||s <j~*. Further,
Hij” <1 implies ”A,.,k(,-,,,)x“ <1 for all n, hence f, is uniformly continuous
in H; on {x: I[C,-x”<l} for each # and j. Finally put D;=(C}+B;*B;)"/.
Then || D;||s—0, f is uniformly continuous in Hyon thesets V,;= {x:|| Dl <1}
and f,—f uniformly on V. It follows that f is uniformly continuous in H; on
each V; proving the first assertion of the theorem.
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Given €>0 and § >0 we shall show that there exists an integer N such
that Prob(| /. —J| =€) <& whenever # > N. Fix j so large that || D,||2< (8/24c).
Using the notation and result of Lemma 1.2 it follows from E(”Dj(')llz)
<8/24, that Prob(||D;(-)||21/2) <8/6 and that there exists a projection R
in § such that if P is in § and P =R then Prob(|||D;(-)|| —||D;Px||| 21/2)
<8/6. Hence if P is in § and P =R then Prob(||D;Px||=1) <3/3. Choose N
so that |f,(x) —f(x)l <e€/3 whenever x is in V; and n=N. Fix n= N. There
exists a projection, .S, in § such that if P is in § and P2 S then

Prob(| f — f(Px)| Z ¢/3) < 8/3
and
Prob( | f.(Px) — fa|

v

¢/3) < 3/3.
Now
Prob(| /o — 7| Z & < Prob(| /. — fu(Px)| = ¢/3)

+ Prob(| fa(Px) — f(P2)| = ¢/3) + Prob(| f(Px) — f| = ¢/3).

Choose P=RV\/S. Then the first and third terms on the right of the last in-
equality are each less than §/3 while If,.(Px) —f(Px) I = ¢/3 implies ”D,-Px” =1
so that the middle term is also less than 6/3. Hence Prob(|f,.—-f| =€) <4.
Q.E.D.

ExampLEs. (1) Let g be a complex valued function on H which is uni-
formly continuous in the norm topology on bounded sets. If 4 is a Hilbert-
Sclznidt operator then the function f(x) =g(4x) is uniformly continuous
nedr zero in the topology H,. One may take 4, =n"14 to satisfy Definition 2.

(2) A uniformly continuous function in H; is uniformly continuous near
zero in H,. Take all 4,=0.

(3) A tame function, f, on H which is continuous in the norm topology is
uniformly continuous near zero in H,. If f is based on the range of the finite
dimensional projection, P, then we may take 4,=#n"'P. A uniform limit
of such continuous tame functions is uniformly continuous near zero in H,
by Theorem 2. The corresponding measurable function is then not only a
limit in probability of measurable tame functions but also a uniform limit -
of such functions.

REMARK. Theorem 1 shows that a bounded complex valued function, f,
which is uniformly continuous near zero in the topology H; is an invariant
function in the sense of Friedrichs and Shapiro [4]. The integral of f may be
defined by [uf=E(f).

2. Automorphisms of the bounded algebra of F. Let (S, u) be a probabil-
ity space. By the bounded algebra of (S, u) we shall mean the algebra, 9, of
bounded complex valued measurable functions on .S modulo the ideal of null
functions. If f is in M we denote by M, the bounded linear operator on
L*(S, p) which consists of multiplication by f. To each automorphism, ¢, of
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I we shall associate a unique unitary transformation, U, of L2(S, u) such
that UM;U~1= My, for all f in 9 and having the properties

(A) U(1) > 0ae, U(f)U(g) = UR)U(fg) for all f and g in 9N,

Conversely every unitary transformation on L2(S, u) satisfying (A) cor-
responds to a unique automorphism of 9. To establish this correspondence
suppose first that ¢ is an automorphism of 9. By Theorem 5 of [13] ¢ is a
homeomorphism of 9 in the weak topology which 91 inherits as the dual
space to L1(S, p). It follows that if Cr denotes the characteristic function of
the measurable set, R, then the set function »(R) = [s¢~1(Cr)dp is a countably
additive probability measure which is absolutely continuous with respect to
1. Denoting by & the Radon-Nikodym derivative dv/du we observe that £>0
a.e. with respect to u and [shdu=1. Thus

(1) fs¢"‘(f)dn = fsfhdu

when f is a characteristic function. (1) also holds when f is a simple function
and as an automorphism of 9 is continuous in the L* topology of 9 and as
his integrable it follows that (1) is valid for all fin 9. Now put U(f) =¢(f)A!/2
It is not difficult to verify, using (1), that U is unitary on bounded functions
and extends uniquely to a unitary transformation on L2(S, u) which we shall
also denote by U. Note that U(1) =¢(1)k!/2>0 a.e. and if f and g are in 9
then U(f)U(g) =o(fo(@)k=0(fg)h=U(1)U(fg). Further, if U'g is in M
then UM;U~'g=(U(f)/U(1))UU'g=¢(f)g=Msg.

Conversely if (A) holds for a unitary transformation, U, on L?(S, p) then
put ¢(f)=U(f)/UQ1) for f in M. If f and U~'g are in M then UM,U™'g
=U(fU ) =(U()/UQ)UUg=¢(f)g. It follows from the density of
U@M) in L¥(S, p) that UM,U~'= My, and that ||¢(f)||»=||f||.. Hence ¢ is
defined on 9 and (A) implies further that ¢ is a homomorphism. To see
that ¢ is onto observe that if f and g are in 9 then (U'M,U)M;
=UM, My U=U""MyyM;U=M(U*M,U). Hence U7*M,U commutes
with the maximal abelian self-adjoint algebra {M;:f in 9n}, implying
that U-'M,U= M, for some k in M. Thus M,=UMU'= M and
g=¢(k). U will be called the unitary associated with the automorphism ¢.
Note that the map ¢— U is an algebraic isomorphism of the automorphism
group of 9 onto the group of unitaries satisfying (A).

We continue to deal in this section with the canonical normal distribution
with parameter ¢ on a real Hilbert space, H. By the bounded algebra of H
we shall mean the bounded algebra of the associated probability space. In
case H is finite dimensional it is known that every automorphism of its
bounded algebra arises from a measurable transformation, T', of H by means
of the relation ¢(f) =f o T where T is one to one and onto except for sets of
measure zero, whose inverse is also measurable and for which the measure
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mo T! is equivalent to m in the sense of absolute continuity, m being
Lebesgue measure on H. Conversely every such transformation, T, gives
rise to an automorphism of the bounded algebra in this way. It is the purpose
of this section to show that in case H is infinite dimensional every automor-
phism of the bounded algebra of H may be approximated in the sense of the
strong operator topology on the associated unitaries by automorphisms aris-
ing from transformations of H which act essentially in a finite dimensional
subspace of H.

If K is a closed subspace of H and f and g are bounded tame functions
on K and K* respectively then fg is a bounded tame function on H and the
map f ® g—fg extends to a unique unitary transformation from L2(K) @ L*(K*)
onto L2(H). We shall identify L2(H) with L2(K)®L?*(K*) when convenient
by means of this unitary transformation.

DEFINITION 3. A measurable function, f, in L?*(H) is based on a closed
subspace, K, of H if there is a function, g, in L*(K) such that f=g®1 in the
decomposition L2(H)=L*(K)®L* K*). A bounded linear operator 4 on
L?(H) will be said to be based on a closed subspace K of H if there is a bounded
linear operator, B, on L%(K) such that A =B®1I in the decomposition L*(H)
=L*K)Q®L*K").

THEOREM 3. Let H be a real separable Hilbert space and let U be a unitary
transformatiou on L*(H) associated with an automorphism of the bounded alge-
bra of H. Let x, xi, - -+ be an orthonormal basis of H and put H,
=span(xi, - -+, X,). Then there exists a sequence of unitary transformations,
U., on L*(H), associated with automorphisms, such that U, is based on H, and
such that U, converges to U strongly.

Proof. Let R, be the real line with element of measure
(27c)=12 exp (—1n/2¢)dtn

where ¢, is the coordinate functionon R,, n = 1,2, - - - . Put X = [[2, R;,
X,= 121 Rj,and Y.=]];2n41 R;. X, X and Y, are probability spaces. The
map D ., a;x;— Y j-; ait; from a dense subset of H into L?(X) is a bounded
linear transformation and its extension to H is a representative of the normal
distribution on H with parameter ¢. The bounded algebra of H is isomorphic
to the bounded algebra of X in a natural way and we concern ourselves hence-
forth with the probability space X.

As X =X,X Y, we may identify L?(X) with L?(X,)®L2(Y,) in the well
known way. Since R, and Y,_; are both separable, nonatomic measure spaces
of total measure one there exists an isomorphism of the bounded algebra of
Y._1 onto the bounded algebra of R, which extends to a unitary transforma-
tion, V,, of L¥(Y,...1) onto L*(R,). Let W,: L?(X)—L*X,) be the unitary
transformation defined as follows: write L*(X) =L*(X a-1) ®L2(Y,) and for
the range space write L*(X,)=L*(X._1) ® L*(R,). Put W,=I® V, where I
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is the identity operator on L*(X,_). W, restricted to the bounded algebra of
X is an isomorphism onto the bounded algebra of X, for it is clearly linear,
one to one, onto and on finite linear combinations of functions of the form
f®g where f is bounded on X, and g is bounded on Y, _,, it is multiplicative.
Since every element in the bounded algebra of X is an L2 limit of a uniformly
bounded sequence of elements of this form it follows that W, is an isomor-
phism. ,

Now let U be any unitary transformation on L%(X). Put A,=W,UW,!
and U,=A4,QI, where I, is the identity on L*(Y,). 4, and U, are unitary
transformations on L2?(X,) and L*(X), respectively. We shall show that
U,—U strongly as n— .

Denote by 1* the function identically equal to one on Y. Let g be in
L?*(X,) and put f=g® 1% Then for n >k we have, putting 1’ for the unit func-
tion on RyyX + -+ XR,1 and 1, for the unit function on R,, U.,f
=U.(g®1'®1, 1) =W, UW,' (g ®1'®1,) @1"= (W, U(g®1' ® V,'1,))
RI*=(W,U(g®1'®1"))Q1"=(W,U(g®1*))®1". Hence U,f=(W.Uf)
® 17 As the algebraic span of the subpaces L*X,)®1" is dense in L?(X)
there exists for a given number €>0 an integer N and a function p in L*(Xy)
such that h=p®1¥ satisfies ||Uf—#|| <e, where || || denotes the norm in
L(X). Now if n= N+1 then (W,k) @17 =F, for writing h=p 1’ ® 1*~! where
1" is now the unit on Ry 3, X - -+ XR,_1 we have W,h=pQ1' Q@ V, 1!
=pR1'®1, and (W,.h)@1"=pQ@1'® 1! =h. Hence if n=max (N, k)+1 we
have || U.f — Uf|| = [[(W.Uf) X 1" = Uf|| = [[(Wa(Uf = b)) X 1" + &k — Uf]
<||(W.(Uf—h) X 17| +||h— Uf]| <2| Uf = k]| <2¢. Thus U.f—Uf. As the
functions f of the above form are dense in L2(X) it follows from the uniform
boundedness of the U, that U,— U strongly.

It remains to show that if U is associated with an automorphism of the
bounded algebra of X then the U, are also. If f and g are bounded functions
on X, then (4.f)(4.g) =W UW (W, UW,'g) = W.((UW, ' /)(UW,"g))
=W (U)U(W N (W, ') =(W. U)W, UW, (fg) =A4.(1)A.(fg). Note
that we have used the fact that W, extends to an isomorphism from the
algebra of all measurable functions on X to the algebra of all measurable func-
tions on X, (modulo null functions). We have also used the symbol, 1, to
denote the unit function on X in the expression U(1) and on X, in the ex-
pression A,(1). As A,(1)>0 a.e. on X,, 4, is associated with an automor-
phism of the bounded algebra of X,. Finally we have, for f;, g; bounded on
X., Y. respectively, i=1, 2, U.(fi®g)  Un(f2®82) = ((4.f1)(4.f2)) ® 18>
=(A.(A.(fif)) Qgiga= U, (1) U((/1®g)(f:®g2)). Thus for finite linear
combinations, ki, ks of such decomposable tensors, fQg, we have U, (k1) Un(h2)
=U,(1) U,(lh,). Keeping k fixed and letting %4, run through a sequence of
uniformly bounded functions in such a way that the functions k, converge in
L*(X) while U,(Mhy) and U,(h;) converge pointwise almost everywhere on
X we see that this equation holds for all bounded measurable functions, A..
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A similar arguinent shows that the last equation holds for all bounded and
measurable functions, %, and ks, on X and completes the proof of the theoremn.

REMARRK. It is straightforward to verify that the group of thesc unitaries
on L2?(H) which are associated with automorphisms, i.e., which satisfy condi-
tions (A) is closed in the strong operator topology.

CoROLLARY 3.1. Let I be a real Hilbert space of arbitrary dimension. I’c-
note by G the group of unitaries on L*(H) which are associated with automor-
phisms of the bounded algebra of H and by G, the subgroup of G consisting of
those unitaries in G which are based on finite dimensional subspaces of II. Then
G is dense in G in the strong operator topology.

Proof. The corollary follows immediately from Theorem 3 in case I7 is
separable so we consider an inseparable space, I, and a unitary transforma-
tion, U, on L*(H) which is associated with an automorphism of the bounded
algebra of H.

Since the bounded measurable tame functions on H are dense in L2(II)
every function in L?(H) is based on a separable subspace of H. Furthermore, if
M is a separable subspace of L2(H) then there exists a separable subspace,

K, of H such that every vector in M is based on K. For if fi, f5, - - - is an
orthonormal basis of 3{ and K, is a separable subspace of H on which f, is
based, n=1, 2, - - - we may take K =span {K,,:n=1, 2, - - } Indeed

L*(K)®1 is a closed subspace of L2(H) where 1 is the function identically
equal to one on K* and as each f, is in L2(K)®1, M is also contained in
L¥(K)®1.

Now suppose that g, - - -, g are in L2(H). Let H, be a separable sub-
space of H on which g, - - -, g are all based. For any subspace K of H we
denote by B(K) the subspace of L2(H) consisting of elements based on K, i.e.,
B(K)=L*K)®1 where 1 denotes here the unit function on K*. We define
an increasing sequence of separable subspaces, H,, of H inductively by ob-
serving that UB(H,) and U*B(H,) are both separable when H, is so that
there exists a separable subspace, H,,, of H with the property that B(H,.)
contains span(B(H,), UB(H,), U*B(H,)). Then H,,, contains H, and
K =span {H,,: n=1,2,.-- } is a separable subspace of H. B(K) is invariant
under U and U* for it is clear that the algebraic linear span of the subspaces
B(H,) is invariant under U and U* so that it suffices to prove that the alge-
braic linear span of the B(H,) is dense in B(K). To this end let x;, %3, - - - be
an orthonormal basis of K such that all x; are in the algebraic linear span of
the H,. Functions of the form f(x)=¢((x, x1), - - -, (x, *n)) Where ¢ is a
bounded Baire function on E,, are dense in L?(K) and also are in the algebraic
linear span of the B(H,). We note that g, - - -, g are in B(K).

Now the map f—f®1 where 1 is the unit function on K*is a unitary trans-
formation from L%(K) onto B(K) which is an algebraic isomorphism from
the bounded algebra of K into the bounded algebra of H. Thus the restriction
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of U to B(K) gives rise to a unitary transformation of L?(K) which is associ-
ated with an automorphism of the bounded algebra of K. Theorem 3 now
applies and for a given €> 0 ensures the existence of a unitary transformation,
V, on L%*K) which is associated with an automorphism of the bounded
algebra of K, is based on a finite dimensional subspace of K and salisfies
“ (U—- V)g;“ <e 1=1, - - -, k wherein some obvious identifications have been
made. Putting W= V®I in the decomposition L2(H)=L*K) @ L% K*) the
corollary follows.

3. Absolute continuity of distributions. Before proceeding to the main re-
sult of this section we shall discuss weak distributions in more detail. Let m
be a representative of a weak distribution on a real linear topological space,
L. Then m is a linear map from L* to measurable functions on a probability
space which we shall denote by (S, 8, u) where u is a probability measure on
a g-algebra, 8, of subsets of S. Denote by 8, the smallest g-algebra of subsets
of S with respect to which all the measurable functions, m(y), y&EL*, are
measurable. Then $,C$ and u is defined on Sp. Let 9N be the algebra of
bounded complex valued $,-measurable functions on S modulo the ideal of
null functions and, identifying an element of 9 with a function on S in the
customary way, put E,(f) =[sfdu for f in 9. If m’ is another representative
of the same weak distribution on L with values on (5, 8/, u’) and if 9’ de-
notes the similarly defined algebra then it is known [14] that there exists a
unique isomorphism from 9% onto M’ which preserves expectation and whose
extension, ¢, to the measurable functions on (S, 8o, ) takes m(y) into m’(y)
for all ¥ in L*. The weak distribution therefore defines a unique (up to an
expectation preserving natural isomorphism) algebra, 9, with expectation
functional, E, which we shall call the bounded algebra of L with respect to
the weak distribution. The L? space of L with respect to the weak distribu-
tion may be defined as the completion of 9 with respect to the norm |||
=(E(|f| »))U/» and may be identified with L?(S, 8o, u). Convergence in
probability likewise has an invariant meaning in that a sequence of functions
{ f,,} which are measurable on (S, $o, ) and which converge in probability to
f correspond under ¢ to a sequence, fi =¢(f,), of measurable functions on
(S, 8¢, u') which converge in probability to ¢(f). As in the case of the normal
distribution on a Hilbert space we shall refer to a measurable function on
(S, 8o, ) (mod null functions) as a measurable function on L with respect
to the given weak distribution. We shall continue to be concerned with a real
Hilbert space, H. It may be well to point out that if f(x) =v((x, 1), - - -, (%, 7))
is a tame function on H, v(t,, - - -, &) being a Baire function on Ei, then the
corresponding measurable function with respect to the weak distribution
with respresentative, m, is v(m(y), + - -, m(ye)).

The following definition is due to Segal [16].

DEFINITION 4. Let m and 7 be representatives of two weak distributions
on a real topological linear space, L. The distribution represented by m is
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absolutely continuous with respect to the distribution represented by 7 if
there exists a complete homomorphism, ¢, from the bounded algebra, 91, of
L with respect to # into the bounded algebra, 9, of L with respect to m
whose extension to the algebra of measurable functions on L with respect
to n takes n(y) into m(y) for all y in L*. Herein a complete homomorphism
is a homomorphism which preserves complex conjugation and is completely
additive on orthogonal families of projections, i.e. ¢( D a Pa)= 2 a ¢(Pa)
whenever {P,} is an orthogonal family of projections in 9. An infinite sum
is to be interpreted as convergence in probability. The derivative of m with
respect to n, denoted by dm/dn, is defined as the unique function in LY(L, n)
such that E.(¢(f)) =E.((dm/dn)f) for all f in 91 where E,, and E, are the
expectation functionals.

Two distributions are equivalent in the sense of absolute continuity if
each is absolutely continuous with respect to the other.

REMARKS. It is readily seen that absolute continuity is a property of the
distributions and not merely of their representatives.

When L is finite dimensional the distributions # and # give rise to meas-
ures u and », respectively, on L as in [14] and absolute continuity of 7 with
respect to » is equivalent to absolute continuity of u with respect to ».

In the following we shall say that an operator, 4, on a Hilbert space is of
trace class if (4*4)Y2 has a convergent trace on every orthonormal basis.
As is known [12] the operators of trace class form a Banach space under the
norm ||4||,=trace ((4*4)12).

If T is a (not necessarily linear) transformation of H into itself a bounded
linear operator, 4, will be called the Frechet derivative of T at the point, x,
in H if lim,.o ||T(x+y) — T(x) —A49||/||y]| =0. We shall denote the Frechet
derivative of T at x by 7.

THEOREM 4. Let K be a transformation of a real Hilbert space, H, into itself
such that K(0) =0. Assume that K possesses a Frechet derivative, K., of trace
class at each point, x, in H and that K, has the following properties:

(1) ||K.||SN<1 for all x in H and some real number, .

(2) The map x— K, is uniformly continuous near zero in the topology H,
with the trace class norm topology on the range.

(3) There exist Hilbert-Schmidt operators, B, C, such that | (Kzy, z)l
<|[Cy| || B4 for all x, v, 2z in H.

Let T=I+K where I is the identity operator on H. Then for each y in H the
Sfunction (T(-), ¥) is uniformly continuous in the topology H; and defines a
measurable function, m(y), on H with respect to the normal distribution. The
map y—m(y) defines a distribution on H which is equivalent to the normal dis-
tribution. The function

g(x) = exp [(—2(Kx, ) — || Ka||?)/2c] det [(T.*T2)'"?]

is uniformly continuous near zero in the topology H,. If § denotes the correspond-
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ing measurable function on H with respect to the normal distribution and if u is
a bounded complex valued Baire function on Ey then

E(”(m()’l), tr )m(yk))g) = E(u("(yl)y ) ”(}’k)))

where y1, - - -, Vi are arbitrary vectors in H and E is the expectation functional
of the normal distribution.

The proof depends on the following lemmas. As there is no loss in general-
ity we shall assume that B and C are non-negative (symmetric) operators.

LeEmMA 4.1. Let 8 be the metric space consisting of those trace class operators
B on H such that I+ B is nonsingular, i.e., has a bounded inverse, with metric
d(4, B) =||A — B||s. The determinant function

A(B) = det| I + B| = exp B trace(log (I + B)*(I + B))]

is a continuous function of B on 8. If R is a subset of 8§ such that ”B||1 and
“ (I+B)~!|| are bounded for B in ® then A(B) is uniformly continuous on ® and
is bounded and bounded away from zero on ®.

Proof. If I4+C=(I+B)*(I+B). Then I+C is nonsingular when B is in
8 and C=B+B*+B*B is then also in 8. Using the facts that || B|| <||B|; and
|4B||:<||4]| || B||: whenever 4 is bounded it is easy to see that the map
B—C is continuous on § and uniformly so on bounded subsets. For each «
such that 0 <a <1 let @, be the set of those symmetric operators C in 8 such
that ((I+C)x, x) >« for all unit vectors x. Let @ =Ugcaci @a. Then each Qa
is open in @ for if Cy is in Q. then since C, is completely continuous the
greatest lower bound of the spectrum of C is an eigenvalue of Co hence there
exists €>0 such that ((I4 Co)x, x) >a-+e€ whenever ||x|| =1. Hence if C is in
@ and ||C— Col|i <e then ||C— Ci|| <€ and ((I+C)x, x) > for all unit vectors
x. It is readily verified that, for some a>0, (I+B)*(I+B)—1I is in Qq for
all B in ®. Since the exponential function is uniformly continuous on bounded
intervals and the trace function is uniformly continuous on the Banach space
of trace class operators it suffices to show that the map C—log(/+C) is
continuous on each @, with the trace class norm on the range and is uni-
formly continuous on bounded subsets of each ®@, with bounded range on
such subsets.

If Cis in @, then by the spectral theorem and the relation log(1-+x)
=x[}(1+tx)"'dt we have log(I+C)=C[y\I+tC)~dt. Hence ||log(I+O)|)x
</ Syl (T +1C)7Y|dt oY Cl],. Hence log(I+C) is of trace class and it
follows further that A(B) is bounded and bounded away from zero for B in
®. Furthermore,

log (I +C) —log (I + Co) = f l[C(I + 10)7 — Co(I + Co)~]at.
0
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Starting with the identity
(I 4 1Co)" (I + 1Co) + 1(C — Co)(I + 1C)" = (I + tCo)™!
we obtain
TH+O) P+ I +1Co)™C — Co)I +1C)F = (I 4+ 1Co)1.
Multiplying by C on the left and then subtracting Co(I+:Co)~! we get
C(I 4 1C)™ — Co(I 4 1Cy)!
= (C— Co)I +tCo)™ ' — t(I + tCo)~(C — Co)(I + tC)~1.

It follows that if Co and C are in Q. then [llog(I + C) — log(I + Co)||x
<aY|C— Colli+a~4| C— Col|x. This completes the proof of the lemma.

LemMA 4.2. Let A, B, C be bounded linear operators on a Hilbert space H
such that B*=B, C*=C and for all x, y in H|(4x, v)| <||Cx||||By||. Then
there exists a umique operator D on H such that (1) ||D|| <1, (2) A=BDC,
(3) R(D)CN(B)* (4) N(D)DR(C)* where R(E) and N(E) denote the range
and nullspace, respectively, of an operator E.

Proof. Define Eq on R(C) by E(Cx=Ax. E, is well defined for if Cx=0
then (4Ax, y) =0 for all y in H, hence Ax = 0. Further, |E0Cxl|
=supliyll= | (EoCx, ¥)| =supiiyti=1 | (4x, )| <||Cx|| || Bl|. Hence ||Eo|| <||B]|.
E, may be extended to a bounded linear operator on Cl R(C) (=R(C) clo-
sure) which may be further extended linearly to an operator E on all of H by
defining E to be zero on R(C)*. Thus || E|| =||B||, N(E)DR(C)* and 4 =EC.
It follows that Cl R(E*)CClR(C) and |(Cx, E*y)| =|Cx||||By||. Hence
|E*y|| <||By||. Define Fy on R(B) by FoBy=E*y. F, is clearly well defined
and HFoH =1. Upon closing F, and extending its domain to all of H by making
it zero on R(B)* we obtain a linear operator F such that ||F||<1, FB=E*
and N(F)DR(B)*. Put D=F* Then A=EC=BF*C=BDC, |D| =1,
CIR(D) = N(F)*CCIR(B) = N(B)*and N(D) = R(F)* = R(E*)* = N(E)
DR(C)*.

If D’ is another bounded operator satisfying (2), (3) and (4) then D"
=D — D’ satisfies (3), (4) and BD"”C=0 which together imply D"’ =0 com-
pleting the proof of the lemma.

REMARK. If K is a map of H into itself possessing a Frechet derivative,
K., which is a strongly continuous function of x then

K@) — K@) = f Keopa(x — 9)d1

where the integral may be taken in the Riemann sense. This may be proved
by observing that for arbitrary z in H the functions

fGs) = (K(s(x — 3) + ) — K(3), 2)
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and g(s) = [§(K tz—y)+y(x — ), 2)dt agree at s=0 and have the same derivative
for all s so that by the fundamental theorem of calculus f(1) =g(1).

LeEMMA 4.3. Let K be a transformation of a real Hilbert space H into itself
which possesses a Frechet derivative K, at each point x of H. Assume that the
map x— K, is continuous on H with the strong operator topology on the range
and that K, satisfies condition (3) of the theorem. Put T =I1+K. Then for each
y in H the function x—(Tx, y) is uniformly continuous in the topology H, and
determines a measurable function m(y) on H with respect to the normal dis-
tribution. The map y—m(y) is a distribution on H.

Proof. (x, y) is a uniformly continuous function of x in the weak topology
on H hence also in the stronger topology H,. Applying Lemma 4.2 to the
operators K, it follows that there exists an operator valued function Dy,
xEH, such that ||D,|| <1 and K,=BD,C for all x in H where B and C are
symmetric Hilbert-Schmidt operators. By the preceding remark we have
(K(x) = K(2), 9) = [o(K e—4:(x —2), ¥)dt. Hence

(2) | (K@) — K(2),9)| =|Byll]|Cx — 2.

Thus (K(+), y) is also uniformly continuous in H, and the measurable func-
tion m(y) =lim in probability p.7(TP(-), ¥) exists by Theorem 1. Linearity
of m(-) is obvious.

REMARK. We note that the net ((/+PKP)(-), y) also converges to m(y)
in probability as P—1I through the directed set of finite dimensional projec-
tions since the terms of this net coincide with those of (TP(-), y) for those P
for which Py=y.

LEMMA 4.4. Assume hypothesis of Lemma 4.3 and assume in addition that
K(0)=0. The function f(x) = (Kzx, x) is uniformly continuous near zero in the
topology Hy. The net f(Px)=(PKPx, x) of measurable tame functions converges
in probability as P—I through the directed set of finite dimensional projections
on H. If A=(B24C?)V? then | (Kx, x)| <|| 4«2

Proof. Using equation (2) we may write If(x) —f(y)l §|(Kx, x—y)[
+| (Kx~Ky, 3)| =[|Cal| [|Bx =)+ Byl [ C:—)][. Hence if || ]| <n and
HAy“ <n and ”A(x-—y) ] <e€/2n then |f(x) —f(y)| <e. Hence f is uniformly
continuous in H, on each of the sets {x: ||4,x|| <1} where 4, =n"'4. Further
| (Kx, x)| =||Cx]] | Bx|| ||4x||2. The remainder of the lemma follows from
Theorem 1.

LEMMA 4.5. Assume hypothesis of Lemma 4.4. Then the function h(x)
= “Kx”2 is uniformly continuous near zero in the topology H,. Let  denote the
corresponding measurable function on H with respect to the normal distribution.
The net “PKPxH2 of measurable tame functions converges in probability to kas
P—1 through the directed set of finite dimensional projections on H.
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Proof. It follows from equation (2) that ||Kx—Ky| <||B|||Cx—y)]-
Hence

|| &all2 = [[Kyl[?| = (&l + (1K) || K] — (| KAl |
< |[Bl2dIcall + llcyhlicx — )]

showing that ||Kx|[? is uniformly continuous in H; on each of the sets
{x:]|Cx|| <n} and is therefore uniformly continuous near zero in Hy. It is
also clear that the function ||Kx|| is uniformly continuous in H,. Letting
f(x)=||Kx“ and denoting by f the corresponding measurable function the
lemma will follow if we show that lim in probability p.f|PKP(-)||=f. Now
||&P<| — [|PKPx[| < |[(I — P)KP«|| = [il|(I — P)BDup.CPx]dt
<|/(Z—P)B|| || CPx|| which converges to zero in probability as P—I since
|[(I—P)B||—0 uniformly while | CPx|| converges in probability by Lemma
1.2. As |f—=||PKP()||| 27—k o P| +]|||KP()||=||PKP(-)||| and as both
terms on the right converge to zero in probability as P—1I the proof is com-
plete.

LEMMA 4.6. Let K satisfy the hypothsis of Lemma 4.4 and assume also that
K, satisfies condition (1) of the theorem. For each projection P in the set § of
finite dimensional projections on H put Tp=I+PKP. Let A=(B*+C?)V2,
Then (Tp)~" exist for each P and the net || AP(Tp)~'x|| of measurable tame func-
tions converges in probability as P—I in the directed set F.

Proof. Put Kp=PKP. It follows from the remark preceding Lemma 4.3
and from ||(Kp)|| =||/PKp.P|| <||Kps| SN<1 that ||Kpx—Kpy|| <N]|x—9|
which implies that T'p is one to one for if Tpx=Tpy then x —y=Kpy—Kpx
and [lx—y|| <\|x—3|| so that x=y. That T» is onto follows from a well
known successive approximations construction of (7p)~! which construction
we shall carry out here as the approximations are needed in the remainder
of the proof. Let (Sp)o=1 and define inductively (Sp),=I—Kp(Sp)n—1. Then
| [(SP)n— (Sp)ns Ixl| = || (K p(SP)n1 — K p(Se)n—2)x]| SN|| [(Sp)ns— (Sp)nsla|.
Thus by induction we have ||[(Sp)n— (Sp)a_s]x|| SA1|Kpx||. As |[Kpx
= g [oBD.».CPxdt|| < || B HCPxIEt follows that ||[(Sp)ass — (Sp)alx
< 201 || [(SPYnti— (SP)nsim J2]| = 25y Av+i-1|| B| || CPx||. Thus the sequence
(Sp)nx converges uniformly on the set {x:||CPx|| < M} for each real number
M. Let Spx =strong limit, ., (Sp).x. As Tp is continuous in the norm topology
of H we have TpSpx = limp.e Tp(Sp)ax = limu., (I + Kp)(Sp)ax
=liMp.e [(Sp)ax+x—(Sp)arx]=x. Hence Tp is onto and Sp is its (left and
right) inverse.

Now we show by induction that for each integer # the measurable tame
functions ”A(P(Sp),.—Q(SQ),,)x“ and ||4((Sp)»— (Se)n)x|| converge to zero
in probability as P and Q approach I through &. That these are actually tame
functions follows from the fact that P commutes with (Sp), (which can be
established easily by induction on %) and from the fact that P((Sp),—1I)
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= — PKp(Sp)uy = — Kp(Sp)uy = (Sp)p — I for then (Sp)n — (Sg)n
=((Sp)n—I)P—=((Se)»—1)Q so that || 4((Sp).—(Se).)x|| is also a tame func-
tion. Now observe that

| A(PSP)n — QS| = || AP+ P((SP)w — 1) — Q — Q(S)» — D]4]|
4@ = Qall + (| 4((Sp)n — Sw)a]-

Since the first term in the last line converges to zero in probability by Lemma
1.2 as P and Q approach I through & it suffices to show that, for each integer
n, |4 ((Sp)n—(Sq)a)x|| converges to zero in probability under the induction
assumption that ”A (P(Sp)k—Q(Sq)k)x” and ”A((Sp)k— (SQ)k)x” converge to
zero in probability for each k<#n as P and Q approach I through §. Note
that for k=0 the assumption is true. Equation (2) implies HKx—KyH
=B | c(x~)||. Hence || Kx— K[| <[| B|| |4 (x = »)]|. Thus

| 4[SP)n — Se)ula]| = | A[QKQ(SQ)n1 — PKP(Sp)ni]a|
=1 4[(Q — PYKQ(SQ)ns + P(KQ(Se)us — KP(Sp)u-i]¥]
< 4@ = P Bl 40(Se)n-sad] + [l 4l [| Bl | 4[Q(S@) -1 — P(Sp)n-1]4]].

The first term in the last line converges to zero in probability since |[4 (Q— P)||
converges to zero uniformly as P and Q approach I while HA Q(SQ),,_lx” con-
verges in probability as a consequence of the induction assumption. The
second term on the right also converges to zero by the induction assumption.
This proves the assertion of this paragraph.

As P commutes with (Sp), for each # it also commutes with their strong
limit, Sp, and similarly we have (Sp—I)P=P(Sp—I1)=Sp—I. As Spis a
strong limit of continuous transformations which converge uniformly on the
sets {x:||CPx|| <M} and in particular on bounded sets Sp is continuous so
||APSpx|| is a measurable tame function. As

[|APSpa|| — || AQSex|| = ||APSpx — AQSex|
<||4@ — Q| + [|ASr — So)4]]

and as the first term in the last line converges to zero in probability it suffices
for the proof of the lemma to show that the tame functions ||4(Sp— Se)x||
converge to zero in probability as P and Q approach I through &.

Let e and § be positive real numbers. Since || CPxH converges in probability
as P—I by Lemma 1.2 there exists a number M and a projection Py in &
such that P = P, implies Prob(||CPx” > M) <8/3. There exists an integer NV
such that || 4 (Sp— (Sp)w)x|| <e€/3 whenever || CPx|| < M. Note that NV is inde-
pendent of P. Thus

Prob(|| A(Sp — (Sp)n)2|| = ¢/3) < §/3 whenever P = P..

Since ”A((SP)N—(SQ)N)x“ converges to zero in probability as P and Q ap-
proach 7 through & there exists a projection P; = Py in § such that if P and Q
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are in § and P2 P, and Q = P, then
Prob(|| A((Sp)w — (So)w)al| = ¢/3) < 8/3.
In view of the inequality

|4(Sp — So)al| = [|4(Sp — (Sp)w)a]
+ 14((Se)v = SOl + | 4((S)x — So)]|

the left hand side is greater or equal to e only if at least one term on the right
is greater or equal to ¢/3. Hence if P and Q are in § and P=P, and Q= P,
then

Prob(|| A(Sp — So)#]| = € < Prob(||A(S, — (Sp)w)a|| = ¢/3)
+ Prob(|| A((Sp)x — So)w)a|| = ¢/3)
+ Prob(|| A((Se)v — So)al| = ¢/3)
< 3(5/3) = 8.

This completes the proof of the lemma.

LeMMA 4.7. Let K satisfy the hypothesis of the theorem and put Kp=PKP
for each finite dimensional projection P. The functions A((Kp).)
= | det(/+(K p),)l are tame functions and the corresponding net of measurable
tame functions converges in probability as P—I in the directed set § of finite
dimensional projections. There exist real numbers a and b such that 0 < a
=A((Kp);)=b for all x and P in §.

Proof. As (Kp),=PKp,P it follows that A((Kp),) is a continuous tame
function, that ||(Kp)s|| £\ <1 and that ||(I+ (K p).)"Y| < (1—N\)~'. By Lemma
4.2 and the remark following it we may write K,=BD.C where for each
x||D.|| 1. Hence || (K p)J|i =|| K pal|s =|| BDp=Cl|: =|| B||¢]| C||e- Thus by Lemma
4.1 it suffices to prove that H(Kp),—— (Kq),”l converges to zero in probability
as P and Q approach I in the directed set §. Now

|(Kp): — (K@)ol|1 = || PKp.P — Q0K o.0l|:

= (P = QKrePlls + QK pe(P — Q)| + [ Q(K £z = Kol

= [|(P — @ BDeLll1 + [|BDRC(P — Q)l|1 + || Kp: — Kadx

= | = @5llcll: + |Blld|cP — Ol + | Kz — Ked|1.
The first two terms in the last line approach zero uniformly in x as was proven
in Lemma 1.2. The third term approaches zero in probability for observe
that in the proof of Theorem 1 it was shown that | f(Px)— f(Qx)I converges
to zero in probability as P and Q approach I through § where f is the function

satisfying the hypothesis of Theorem 1. By hypothesis (2) of the present
theorem ”K,—K,,”l has exactly the same properties as If(x) —f(y)l. Hence
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the first two paragraphs of the proof of Theorem 1 apply to the present case
yielding the lemma.

LemMA 4.8. Let T satisfy the hypothesis of the theorem. Let
gr(%) = exp [(—2(Krz, 2) — || Kpal[?)/2¢] det [(Tr)s*(Tr)o) "]

for each finite dimensional projection P in § where Kp=PKP and Tp=I1+Kp.
Let g be the function defined in the statement of the theorem. Then g is uniformly
continuous near zero in the topology H, and if § denotes the corresponding meas-
urable function on H with respect to the normal distribution then lim in probabil-
ity p.rigp=§. Further, Prob(§>0)=1.

Proof. Let A =(B2+C?*'2 By Lemma 4.4 and its proof (Kx, x) is uni-
formly continuous in H, on each of the sets V,={x:|4x||<n} and is
bounded on each such set. By Lemma 4.5 and its proof ||Kx||? is also uni-
formly continuous on each of the sets V,. Since the exponential function is
uniformly continuous on right bounded intervals the exponential factor in
g(x) is uniformly continuous in H, on each set V, and is also bounded on
each V,. The function det[(7.*T.)"2] =A(K.) is uniformly continuous near
zero in H, by Lemma 4.1, hypotheses (1) and (2) of the theorem and from
the fact that ||K.||s=||BD.C||:<]||B||2||C||2. If B. is a sequence of Hilbert-
Schmidt operators such that || B,||;—0 and such that A(X,) is uniformly con-
tinuous in H, on each of the sets {x: || B.x|| <1} then putting C2=B2+n—24?
it follows that ]|C,,|]2—>0 as n— o and that g(x) is uniformly continuous on
each of the sets {x: ||Cax|| <1}.

It follows from Lemmas 4.4 and 4.5 that the exponential factors in
gr(x) and g(Px) converge in probability to the same limit as P—I through
F. We shall show that A((Kp).) and A(Kp.) also converge to the same limit.
By virtue of Lemma 4.1 it suffices to show that the net || (K p).— K p.||: of tame
functions converges to zero in probability. To this end observe that
|(Kp)s — Kpills = ||[PKp.P — Kpalls < [|(P — DKp.P|ls + ||[Kp(P — Dl
<||(P=DBDr.CP|+|BDr.C(P =Dl = (P~ DBl Cllo+]| Bl c(P— D
Hence H(Kp),—-Kp, 1 converges to zero uniformly in x as P—I through &.
All but the last assertion of the lemma is now proved. To prove that
Prob(z>0)=1 observe that g is the product of two factors one of which is
the exponential of an almost everywhere real valued function and the other
is a limit of positive functions which by Lemma 4.8 are bounded away from
zero.

Proof of theorem. Let u(t;, - - - , &) be a continuous real valued function
on E; with compact support. Define for each positive integer j
1, 0=st<j—1,

hj(l)=j_t’ j~1§t<j1
0, V2
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Lety, - - -, 3 be in H and define f(x) =u((x, y1), * - -, (*, ¥)). Then f is
a tame function on H. If P is in the directed set § of finite dimensional
projections on H and Tp=I+4PKP then f(Tpx) is a measurable tame func-
tion and by Lemma 4.3 and the remark following it and, by the continuity of
u, f(Tpx) converges in probability to u(m(y1), - - -, m(y)) as P approaches I
through §. h;(||4APx||) is also a measurable tame function as is also
h,~(”AP(Tp)‘1x|l). By Lemmas 1.2 and 4.6 and the continuity of k; it follows
that h,(||APx||) and k;(||AP(T»)*||) both converge in probability for each
jas P—I through § to measurable functions on H with respect to the normal
distribution which we denote respectively by k/ (][4 (-)|]) and k! (A T(-)|).

Now if L is a differentiable transformation of E, onto itself which is one
to one and has a nonvanishing Jacobian, det L., then as is well known

fE v(x) exp (—“x||2/20)dx

= fE o(Ly) exp [([|3l]2 — [ Lyl[2)/2¢] | det L,| exp (—[|3]|2/2¢)dy

if v is continuous and has compact support. Noting that ||x||2—]|| Tsx||?
= —2(PKPx, x)—||PKPx|? it follows that

(3) E(f(Tpx)h;(|| AP3||)gp(x)) = E(f(2)h;(| AP(Tp)4|[))

where gp is defined in Lemma 4.8. The integrand on the right side of (3) is
bounded and converges in probability as P—I through &, hence converges
in mean to u(n(y1), - - -, n(y))h} (”A T“l(-)“). Thus the right side of (3)
converges to E(f(:)h/} (”A T“(')H)). By Lemma 4.4 I (K px, x)| é”APx”’. It
follows from this, from Lemma 4.7 and from the definition of %; that
hj(”APx“)gp(x) is bounded by b-exp(j2/c) for all P in § and x in H where b
is given in Lemma 4.7. Thus the integrand on the left side of equation (3) is
bounded and in view of Lemma 4.8 converges in mean as P—I through &.
Passing to the limit in (3) we obtain

E(u(m(y1), - - -, mOy)h (|| A()]))2)
= E(u(n(yy), - - -, n(y))ki (| AT2()|)).
Assume further that #20. As j— « both A/ (“A(-)”) and h}(”A T‘l(-)”) in-

crease to the function identically equal to one. Application of the Lebesgue
monotone convergence theorem to both sides of (4) yields

©) E(u(m(yy), - - -, m(y))g) = E(u(n(yy), - - -+, n(y)).

Let u run through a sequence, u;, of continuous functions on Ej with com-
pact supports such that #;=0 and #; T 1 monotonically. Again by the mono-
tone convergence theorem we get E(g) =E(1)=1. Hence § is in L'(H) with
respect to the normal distribution. Equation (5) may be extended to hold for

(4)
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non-negative bounded continuous functions, %, by the monotone convergence
theorem and to all bounded continuous functions by consideration of their
positive and negative parts. The set of all bounded real valued Baire func-
tions on Ej for which equation (5) holds is closed under bounded pointwise
limits hence includes all bounded Baire functions.

By Lemma 4.8 §>0 almost everywhere. Hence if u(n(y1), - - -, n(yx)) isa
null function so is lu(n(y,), cee, n(yk))l and by (5) so is

| ulm(yr), - - -, m(y)) | and  ulm(y), - - -, m().

Conversely u(m(y), + - -, m(y)) =0 a.e. implies u(n(y1), - - -, 2(y)) =0 a.e.
Furthermore u(n(y1), + + -, n(y)) and u(m(y1), - - -, m(yx)) depend only on
fand T and not on the particular choice of 3, - - -, yx and «. Hence the map
do: u(n(yn), - -, nlyw))—ulm(yn), - - -, m(y)) is a well defined isomorphism
from the algebra 97, of bounded complex valued measurable tame functions
mod null functions on H with respect to the normal distribution, #, onto the
similarly defined algebra 9, with respect to m. Let 9 and 91 be the bounded
algebras of H with respect to n and m respectively. To conclude the proof
of the theorem it suffices to show that ¢, can be extended to an isomorphism
from 9 onto 9N since such an isomorphism is always complete as was re-
marked in connection with Theorem 3. 9, and 9, are boundedly L? dense in
9 and 91 respectively, i.e., every element of 9 (respectively 9mM) is an L?
limit of a uniformly bounded sequence of elements of 9, (respectively 9M,).
If fis in 9, then (S) implies

(6) E(¢o(f)2) = E()).

Hence if f; is a uniformly bounded sequence of functions in 9, such that
E(|f;]H—0 as j— o then E(eo(|f;|»)g)—0 as j—». Thus ¢o(|f;]?)g—0 in
probability and as >0 a.e. qSo(lf,-l 2)—0 in probability hence in L. Thus ¢,
is boundedly L? continuous and extends to a homomorphism, ¢, from 9 into
9. Note that (6) continues to hold for ¢:

) E(¢(f)g) = E(f) for all fin 9T.

To show that ¢(91) =9 it suffices to show that ¢y’ is also boundedly L?
continuous. This follows from (6) for if ¢¢(f;) is a uniformly bounded sequence
of elements of 9, with f; in 9, such that E(|¢o(f,~)|2)—>0 as j—« then
|¢>o( 1) l 20 in probability as does ¢>o(| fj! %) g so that the bounded convergence
theorem implies E(¢o(|f,~| 2)§)—0 and therefore E(Ifj| 2)—0. This concludes
the proof of Theorem 4.

COROLLARY 4.1. Assume the hypothesis and notation of Theorem 4. The map
do: u(n(ym), - -+, n(y))—>ulm(y), - - -, m(yw)) extends uniquely to an auto-
morphism, ¢, of the bounded algebra, N, of H with respect to the normal distribu-
tion. If his in 9N then E(p(h)g) =E(h). Let @ be the algebra of bounded complex
valued functions on H which are uniformly continuous near zero in the topology
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H,. Iffisin Qthen fo T isalsoin @ and the map f—f o T is an automorphism
of Q. Further,

() = (fo )~ -

There exists a unique unitary transformation U of L*(H) such that U(1)>0
with probability 1 and UMyU='= Myw) where My, is the operator on L2(H) con-
sisting of multiplication by the element h of IN.

The proof depends on the following lemma.

LeMMA 4.1.1. Let T be a transformation of I into itself which is uniformly
continuous near zero in the topology H, with the H, topology on its range. A ssume
further that T has the following boundedness property: for any €>0 there exists
0> 0 with the property that if D is a Hilbert-Schmidt operator with ||DH2 <0 then
there is a Hilbert-Schmidt operator F with || F||:<e such that |DTx|| <1 when-
ever ”Fx“ <1. Let f be a complex valued function on H which is uniformly con-
tinuous near zero in the topology H,y. Then fo T is also uniformly continuous
near zero in H, and the net { (foPoT)™: PE‘J} of measurable functions con-
verges in probability to (fo T)™ as P—I through §.

Proof. Let A, be a sequence of Hilbert-Schmidt operators such that
||4.]|2—0 and such that f is uniformly continuous in H, on each of the sets
Vo= ﬁx: | 4.x]| <1}. Let B, be a sequence of Hilbert-Schmidt operators such
that ||B.[2—0 and such that 7" is uniformly continuous from the topology
H, to H; on each of the sets W, = {x:||B.x|| <1}. For each positive integer j
let ; be a positive number with the property that if || D||;<8; then there is a
Hilbert-Schmidt operator F with || F|ls<1/j such that ||DTx|| <1 whenever
|| Fx|| <1. Let %, be a sequence of positive integers such that || 44{|2<8; and
let F; be a Hilbert-Schmidt operator such that || Fj||:<1/j and such that
|[44,Tx|| <1 whenever ||Fjx|| <1. Put C?=F}F;+B}B,. Then ||Cj||—0 and
T is uniformly continuous in H, on each set U;= {x:||Cjx|| <1}. Furthermore
fis uniformly continuous in H, on T'U; since ” C,~x| <1 implies I ij“ <1 which
implies ||A,.,.Tx“ <1. Hence fo T is uniformly continuous in H, on each set
U; and is therefore uniformly continuous near zero in H,.

Now if P is a finite dimensional projection then f o P is a continuous tame
function. By the preceding paragraph f o P o T is uniformly continuous near
zero in the topology H, Thus we may form the measurable function
(foPoT)". Let Q bein &. If €>0 then

Prob(| (fo PT)~ — (fo T)~| = €) £ Prob(| (fo PT)~ — fo PTQ|

= ¢/3)
+ Prob(| fo PTQ — fo TQ| Z ¢/3)
+ Prob(| fo TQ — (fo T)~| Z ¢/3).

The first and third terms on the right approach zero for each P and € as
Q—T1 through . Hence it suffices to show that given §>0 there exists a
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projection Py in & such that if P = P, then Prob(|fo PTQ—fo TQ| Z¢/3) <
for all Q in . There exists a number a>0 with the property that if D is a
Hilbert-Schmidt operator with ||D||; <« then there exists a Hilbert-Schmidt
operator F with ||F||3<c18/3 such that IDTx|| <1 whenever | Fx||<1.
Choose 7 such that ||4,||s<e. There exists a Hilbert-Schmidt operator B
such that If(x) —f(¥)| <e/3 whenever ||A,,x[|<1, ||A,.y“<1 and “B(x\—y)ll
<1. Thus |f(PTQx) —f(TQx)| <e/3 whenever ||4,PTQx|| <1, ||4.T0x|| <1
and ”B(I—P) TQxH <1. Let P, be a finite dimensional projection such that
||B(I—P)||:<a whenever P = P,. Since |4.P||:<a it follows that if P2 P,
there exist Hilbert-Schmidt operators Fp, F, and G with Hilbert-Schmidt
norms less than (¢='8/3)!/? such that ||FpQx|| <1 implies ||4.PTQx| <1,
||FOx|| <1 implies ||4,TQx|| <1 and ||GQx|| <1 implies ||B(I —P)TQx|| <1.
Hence |f(PTQx) —f(TQx)| <e¢/3 whenever HFprH <1, HFQxH <1 and
|GOx|| <1. Now E(||4Qx||2)=c||4Q||3<8/3 when A=Fp, F, or G. Hence
Prob (||4Qx|| = 1) < 8/3 when 4 = Fp, F or G. Thus if P 2 P,
Prob (|f(PTQx) —f(TQx)I =¢/3) <6 for all Q in §. This completes the proof
of the lemma.

Proof of Corollary. In order to avoid possible confusion we shall distin-
guish in this proof between a continuous tame function, f(x), on H and the
measurable tame function on the associated probability space to which f
corresponds. We shall denote the measurable tame function by f as this is
consistent with Theorem 1. If u(#, - - -, &) is a continuous and bounded
complex valued function on E; then

bo(u(n(yr), = -+, n(y)) = w((T(:), 307, - -+, (T(:), 3)7)
= u((T(-), y1), - - -, (T(-), y&))~
since convergence in probability of a net of random variables commutes with

composition by a continuous function. Thus if f is a continuous bounded
tame function on H then

(8) $o(f) = (fo T)~.

We shall show that T and T—! satisfy the hypothesis of Lemma 4.1.1. Put
S=7-1 and observe that S has a Frechet derivative at each point x in I
and that S, = (Ts;)~%. This follows from the inequality | To — Tl
= (1—\)|lv—#|| and from the relations
ISy = Sz = (Ts)™'y = a)|l/Ily — 4l

=lo = u = (T)NTv — Tw)||/|| Tv — T4

< ”(T.,)““ ”T,,('u —u) — (Tv — Tu)||/||v — u”(l -A)

wherein we have set v=3Sy and « =Sx. The last expression approaches zero
as v approaches u, hence as y approaches x. Thus putting »=Sx we have
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S.=(U+K)'=I4+D (—K)"=I+ B(—D,, + D.C Y (—K.,)nBD.,)C
ne=l n=0

where B and C are given in the statement of Theorem 4 and ||D,|| <1 as in

Lemma 4.2. Hence | ((S.—1)y, 2)| =||Cy|| || B’2|| where

B = (14 (1 =N c]|||Bl)B.

Furthermore S;—1I is a continuous function of x with the uniform operator
topology on the range. Hence S, — I has two properties similar to those of K.
We shall prove that T satisfies the hypothesis of Lemma 4.1.1 using only
these two properties of K,. The proof will therefore apply also to T—1=S.
Let D be a Hilbert-Schmidt operator on H. In view of Lemma 4.2 and the
remark following it we have || DTx|| <||Dx|| +||DK«|| <||Dx|| +|| JADBD ..Cxdi|
<||Dx||+||DB|| ||Cx||. Put F=2(D*D+|DB||2C?)2. Then F is a Hilbert-
Schmidt operator and

1711z < 4| Dlls + || DB] Y|l

< 4| D>t + 1B cll.

Furthermore | Fx|| <1 implies ||Dx||<1/2 and ||DBJ|||Cx||<1/2. Hence
||DTx|| <1 whenever || Fx|| <1. Given e>0 take 8=e¢/2(1+]||B||?||C||2)!/%. Thus
if || D||2<? then ||F|lz<e and the boundedness assumption of Lemma 4.1.1
is proved. T is uniformly continuous from H, to H, for if D is a Hilbert-
Schmidt operator then |[D(Tx — Ty)|| = ||D(x — )| + ||D(Ex — Ky)||
<||[D(x — 9)|| + ||DB||||C(x — 9)|| so that taking F as before we have
|D(Tx— Ty)|| <1 whenever || F(x—y)|| <1.

It was shown in the proof of Theorem 4 that ¢, extends to an isomorphism
¢ of N onto a subalgebra MM consisting of those functions in 9 which are
measurable with respect to the smallest g-ring with respect to which all the
random variables m(y), y&EH are measurable. By virtue of (7) ¢ is also
boundedly L? continuous and therefore preserves convergence in probability
of uniformly bounded nets of measurable functions in 9. Hence if f is an
element of @ then ¢(f) =lim in probabilitys.¢((f o P)~) =lim in probability
p-1(fo PT)~ by (8). Thus ¢(f)=(fo T)~ by Lemma 4.1.1.

Since fo T is in @ whenever f is in @ by Lemma 4.1.1 it follows that
the map f—fo T, fE @, has @ as its range and is therefore an automorphism
of @. Thus ¢ has in its range all the functions f, f€ @, and in particular all
continuous tame functions. Therefore 9 =9 and ¢ is an automorphism of
9. Since an automorphism of 9 is necessarily boundedly L? continuous ¢ is
unique. The existence and uniqueness of the unitary U follows from the dis-
cussion preceding Theorem 3. This concludes the proof of the corollary.

THEOREM 5. Let A be a transformation from a real Hilbert space H into itself
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such that A(0) =0. Assume that A has a Frechet derivative A, of itrace class at
each point x in H and that A, has the following properties:

(1) the map x—A, is uniformly continuous near zero in the topology H,
with the trace class norm on the range.

(2) there exist Hilbert-Schmidt operators B, C such that

| (423, 20| = [|Cy] || Bl
for all x, vy, 2 1n H.
Then there exists a unique one parameter group of homeomorphisms T, of H
onto itself such that
(a) for each x in H, T x satisfies the differential equation

dTx/dt = AT, Tox = % (strong derivative).

T also has the following properties:

(b) There exists a>0 such that for |t| =<a, T, satisfies the hypothesis for T
in Theorem 4.

(¢) T¢: Hy—H, is uniformly continuous for each &.

(d) If @ is the algebra of bounded complex valued functions on H which are
uniformly continuous near zero in the topology H, the maps f—fo T, form a
one-parameter group of automorphisms of Q. The maps f—(f o T,)~ extend
uniquely to a one-parameter group of automorphisms ¢, of the bounded algebra
N of H with respect to the normal distribution. Finally, there exists a unique
strongly continuous one-parameter group of unitary transformations U, on L*(H)
such that U,(1) >0 a.e. for each t and

Myay = UM U

where M), is the operator on L*(H) consisting of multiplication by the element
h of .

The proof depends on the following lemmas. We may assume without loss
of generality that B and C are symmetric.

LEMMA 5.1. If A satisfies the hypothesis of the theorem then the equation
dTwx/dt=AT x with initial condition Tox =x has a unique solution for each x.
Twx 1s jointly continuous in t and x and the transformations T, form a one-
parameter group of homeomorphisms of H.

Proof. By hypothesis (1) of the theorem the map x—A4. is continuous on
H with the operator norm on the range since ||4.]:=||4.]|. It follows from
Lemma 4.2 and the remark following it that Ax—Ay= {4y (x—y)dt.
Hypothesis (2) of the theorem implies that ||4.|| <|| B HC” so that || 4x— 4|
<||B|l|[C]||[x—9)||. Hence A satisfies a uniform Lipschitz condition. The
Cauchy-Lipschitz existence theorem may now be applied to yield the lemma.

We shall make use of the following lemma of Gronwall [6], the proof of
which may be found in [8].
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GRONWALL'S LEMMA. Let f(t) be a real valued function such that
¢
0§f(t)§)\+f (uf(s) +v)ds  for0St =T
0

where \, u, v are non-negative constants and f is continuous on [0, T']. Then
f@) = (T + X) exp (uT) 0=<t=T.
LeEMMA 5.2. Let K,=T—1I. Then
| K — Koll < || BlllICG — )]l ¢] exp (p]2])

where M =||B|| ||C||. Let t>0. For every Hilbert-Schmidt operator E there exists
a Hilbert-Schmidt operator F such that ||E(Tx— T.y)|| <||F(x—9)|| whenever
| s| <t and such that ||F||; < d|| E||: where d depends only on t.

Proof. Tix—x=f4A T,xds. Hence if t=0

t
”K,x - K,y” < fo “AT,x - AT.y”ds

t
Sf
0

t pl
= f f (”AT.v+u(T.z—T.v)(Kcy - le)“ + ” AT.u+u(7'.z-T.u)(x - y)”)d“ds
0o Yo

1
f Aryiu (o1 (Tox — T,y)du
0

ds

< fo M| K.x — Ko|| + || Bll][Cx — p)]])ds.

Here we have used Lemma 4.2 and the remark following it and condition (2)
of the present theorem. Application of Gronwall’'s Lemma yields the first
assertion of the lemma for t20. For negative ¢ write T_x—x= — [g4T_,xds
with =0 and proceed as before.

If E is a Hilbert-Schmidt operator then

[E(Ti — Tyl = ||E@ = 9)]| + || E(Kx — K.)|
= [|E@ — )l + [1E[IBIl | s| exp (] s])lc - ).
Put F?=4(E*E+||E||?|| B||%2C? exp(2M?)). Then ||E(Tx—T.y)|| <||F(x—»)||
and

1712 = 4| 2ll2 + 4| 2| Bl exp 2311

< || B4 + 4| B 7l|Cll2 exp (2010
since || Ef| </|E[].
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N.B. The proofs of the following lemmas will be carried out for ¢=0.

The argument used in the preceding lemma may be applied to obtain the
corresponding result for negative ¢.

LeEMMA 5.3. For each t the Frechet derivative (T:). of T exists and satisfies
the equation

d(T‘)z/dt = AT;:(T:);, (TO)z =],

The derivative is taken in the sense of the operator norm. Furthermore “(T,),H
Sexp(M|1]).

Proof. For each x let S(¢, x) be the operator valued solution of the equation
aS(t, x)/dt = Ar.S(, %), S0, x) = 1.

The solution exists and is unique by the Cauchy-Lipschitz theorem since
|4z <M =]||B| ||C]| and Az is a continuous function of ¢ in the operator
norm for each x. .S satisfies the equation

St x)=1 +f A7,S(s, x)ds.
0

Upon taking the operator norm on both sides we obtain with the aid of Gron-
wall's Lemma || S(¢, x)|| Sexp(M|¢|). Now

t
Ty —Tix— Sty —2a) = (y— ) +f (ATyy — ATx)ds — S(t, %) (y — =)
(1]
t 1 t
= f f AT,z+u(’l',y—T,z)(Txy - Tcx)duds - f ATHS(S, x)(}’ - x)ds,
0 0 0
t 1
= [ [ Arecra-rn@s = Tax = 56,905 = s
0 0

1
[ Urairar = 426,20 - x)du] .
0
Thus

1Ty — T — G, D — )| < f (M|

T,y — T — S(S) x)y(}' - x)”

+ [ly = «f| 7 sup | Az serucriv-1ir — Ard|:0 S =1, |s| < T}ds
for t£T. Gronwall's Lemma now yields
“T,y — T — S(t, x)(y — x)” = Hy - x”T exp 2MT)

‘sup {”AT.Hu(T.u—T.z) - AT,:”10 =u=1, |s| §T}

for 0St<T. By hypothesis (1) of the theorem there exist Hilbert-Schmidt

©)
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operators E with arbitrarily small Hilbert-Schmidt norm such that the map
3—A, is uniformly continuous in H, on the set V= {z:||Ez|| <1}. Choose
such an E with ||E||; so small that the Hilbert-Schmidt operator F whose
existence is guaranteed by Lemma 5.2 with ¢=1T has the property that
[|Fx|| <1/2. Then ||ET.x|<1/2 for |s|<T. Furthermore ||T,y— T«
<const ||y—x|| for |s| T as follows from the first assertion of Lemma 5.2.
Hence if y is sufficiently close to x in norm then “E (Tox+u(T,y— T.x))“ <1 for
|s| ST and 0<u=<1. It now follows from the uniform continuity of the
map 2—A, on V that the coefficient of ”3’-—x” on the right side of (9) ap-
proaches zero as y—x. Thus S(¢, x) is the Frechet derivative of T at x.

LeEmMMA 5.4. For each t, (K:),=(T:).—1I is of trace class and the map
x—(K)z is uniformly continuous near zero in the topology H, with the trace
class norm topology on its range. Furthermore || (K .)a||1 < || B|sl| Cll2| | exp(M]¢]).

Proof. By Lemma 5.3 the Frechet derivative of T, satisfies the equation
t
(0. = 1+ [ dru(T).ds.
0

Hence || (K o)|[1 £ fol| A7l exp(MT)ds for 0St<T. As ||Ar,
follows that || (K )|l <||Bl|2||Cl|2|¢] exp(M|t]). Now

1=\ Bl Cll. it

||<K.),—(K,),||1=| f (AralT)s — Ary(T.)2)ds

1

< fo | A7.((K)e = (K)o)lls + [[(A1e = Aru)(T))|1ds

t
s [ M. = KD + exp MT)| Are — Ars
0

lds

for 0=t<T. Hence by Gronwall's Lemma (and replacing T by |t| at the
end)

(Kx = (Kulls = [ 2] exp @] 1]) sup {[|47.e — Azafli: | s] = e}

Let E, be a sequence of Hilbert-Schmidt operators such that the map
z—4, is uniformly continuous in H, on each of the sets V,= {3: || E.2|| <1}
with the trace class norm topology on its range. Let F, be the corresponding
sequence of Hilbert-Schmidt operators whose existence is guaranteed by
Lemma 5.2. Then || F.||;—0 and it follows from the above inequality and by
using Lemma 5.2 once more that the map x—(K ), is uniformly continuous
in H; on each of the sets W, = {x: || F.x|| <1}.

LeEMMA 5.5. | (K1).y, 2)| <||Cyl| || B2l| 12| exp(M|t]) for all x, 7,2z in H and
K=yl = [¢]|1B]| [|Cyl| exp(a]e]).
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Proof. It follows from the integral equation satisfied by (7). that

IMn»—nﬂéjth«nn—nﬂ+HMwma

< fo ]| (T. = Dyll + || Bl [[Cllyds.

Hence Gronwall’s Lemma now yields the second assertion of the lemma.
Further,

|Mﬂh—0%@|§f(HAm«ﬂ%—D%@|+|Mmm@“ﬁ
< [ dicwry. ~ Dol 1) + llcsl 1 las

t
éf Aiclli Bl I Cyllse|| Bl + [IColl || Balle™*)ds since e 2 1, s = 0
0

t
< ool 1Bl [ Gser + e

< [ICol || Bel|¢ exp (a12).

LEMMA 5.6. Let F be a Hilbert-Schmidt operator on H such that ||F|| <1.
Then the function h(x) =exp(|| Fx||2/2¢c) is uniformly continuous near zero in
the topology H, and if k denotes the corresponding measurable function on H with
respect to the normal distribution (with parameter c) then k is in L'(H).

Proof. || Fx||? is uniformly continuous in H, on each set V, = {x: || Fx|| <n}
and is bounded on each V,. Hence k(x) is uniformly continuous in H; on each
V.. The net ”FPx”2 of measurable tame functions converges in probability
by Theorem 1 as P—I through § and as may be seen from Lemma 1.2 the
same limit is attained by letting P run through a suitable increasing sequence

of spectral projections of F*F. Thus we let x1, x, - - - be an orthonormal basis
of the ortho-complement of the null space of F*F such that F*Fx,=a.x, and
let P, be the projection onto span (xi, X2, * - *, %,). It follows that we may

write £=lim in probability, ..k o P,. As the functions ko P, form an in-
creasing sequence the monotone convergence theorem yields E(k)
=liMm,.o E(k 0 P,). Now

exp ( > aitf/ 2(;) exp( > t,z-/ 2c> dtdty - - - dty

=1 1=1

E(ho P,) = (Zrc)‘”’zf

E
n
=1 (1 = ayr,
il
As0<a;<1and Y, a;< » the product converges as n— « concluding the
proof of the lemma.
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LEMMA 5.7. For all sufficiently small t the function
g(x) = exp [(—2(Kuw, x) — || Kua|%)/2¢] det [((T2)X(T)2) "]

is well defined and is uniformly continuous near zero in the topology H,. If §.
denotes the corresponding measurable function on H with respect to the normal
distribution then §,.—1 in L'(H) as t—0.

Proof. By Lemmas 5.4 and 5.5, K, satisfies the hypothesis of Theorem 4
for sufficiently small ¢, say |¢| <a. Hence for || <a, g is well defined, i.e.,
A((K):) is well defined and by Lemma 4.8 g; is uniformly continuous near
zero in H,.

By Lemma 5.4 ”(K,),”l—>0 uniformly in x as £—0. Hence by Lemma 4.1
A((K,):)—A(0) =1 uniformly in x as £—0 and is bounded, say A((K.).) =d
for all x and sufficiently small {. By Lemmas 5.5 and 4.2 and the remark
following it we have

| 2K, 2) ~ [|Kl|?]| = 2| ¢]e14]|Cal|[| Ba]] + s2e21e]| 2
< b()||F+*

where F= (B4 C?)1/? is Hilbert-Schmidt and b(¢)—0 as t—0. Thus g.(x)—1
uniformly on each of the sets || Fx|| <7 as t—0. Hence by Theorem 2 z,—1in
probability. Take # so small that b(%)[|F||? <1 and put h(x)
=d exp(b(to)|| Fx||2/2¢). Then % is in L(H) by Lemma 5.6 and g.<k for
|t| <ty showing that §,—1 in L1(H) by the dominated convergence theorem.

Proof of theorem. Assertion (a) of the theorem is contained in Lemma 5.1.
Assertion (b) follows from Lemmas 5.4 and 5.5. Assertion (c) is contained in
Lemma 5.2. For the proof of (d) observe that the map f—f o T, is an auto-
morphism of @ for sufficiently small ¢ by Corollary 4.1. Since for arbitrary
t, T: is a product of such transformations with small ¢ the map f—fo T is
an automorphism of @ for all {. A similar argument shows that for every ¢
the map f—(fo T:)~ extends to a unique automorphism ¢, of 9%. Each auto-
morphism ¢, corresponds to a unique unitary transformation U, on L?(H)
as was shown in the discussion preceding Theorem 3. It is easily verified that
the ¢, and hence the U, form a one-parameter group. To conclude the proof
of the theorem it remains to show that the one-parameter group of unitaries
U, is strongly continuous. It suffices to prove the strong continuity at £=0.

Let f be bounded and uniformly continuous in H,. The set of measurable
functions f corresponding to such functions f is dense in L2(H). It suffices
to show that, for such f, U,(f)—f in L*(H) as t—0. Now

”Utf"f” = “(fo T)~ (@) —fl|
(10) < |(Fo Ty~ (g2 — V|| + |(fo T~ = fl
< Ifllall @) = Al + [[(Fo T~ — i
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for sufficiently small ¢. We observe as in [16, Lemma 2.1] that the inequality
|at2—bv2|2<|a—b| for non-negative real numbers a, b implies that
|](g,)”2—1“2§E(|g,—1|) which converges to zero as t—0 by Lemma 35.7.
It remains to show that (fo T,)~—f in L?(H). Since the functions (fo T,)~
are uniformly bounded it suffices to show that (fo T,)~—f in probability
and for this, by Theorem 2, it suffices to show that f o T:—f uniformly on
each of the sets V, = {x:]Cx]| <=n}. By Lemma 5.2, [|Tw — |
<||B|l||cxl||¢| exp(M|¢|). Hence Tx—x uniformly on each V.. As f is uni-
formly continuous in H, it is also uniformly continuous in the norm topology
of H so that f(Tx)—f(x) uniformly on each V,. This concludes the proof of
the theorem.

ExampLEs. (1) Let B and C be Hilbert-Schmidt operators on a real Hil-
bert space H. Suppose that D is a Frechet differentiable transformation of H
into itself whose derivative D, is uniformly continuous on bounded subsets of
H in the norm topology of H and with the operator norm on the range. If
in addition D(0) =0 and || D.|| is bounded then the transformation 4 =BDC
is easily verified to satisfy the hypothesis of Theorem 5 and if « is sufficiently
small then K =aBDC satisfies the hypothesis of Theorem 4. An example of
such a transformation D is as follows. Put R=(— o, «) and let ¢(s, u) be
defined on RX R and have the following properties:

(1) ¢(s, 0)=0;

(2) ¢(s, u) is differentiable in « for each s and there exists a function M(s)
in real L?(R) such that

| duls, u) — duls, &) | < M()|u— o]

for all s, u, u'.

(3) For each u, ¢.(s, ) is Lebesgue measurable in s and there exists a
number N such that for all measurable f, ff.,ldm(s. f(s))[dséN. Then the
operator D defined by

@0 = [ 8 s, 1)ds
is defined on H=real L%(R), is Frechet differentiable and its Frechet deriva-
tive is a uniformly continuous function of f with the operator norm on the
range. We may prove this as follows. We note first that continuity of ¢.(s, u)

in # and measurability in s imply measurability of ¢.(s, f(s)) so that condition
(3) makes sense. Writing

1
ot — 5, £(5)) = f oult — s, of())f(s)dv,

we have
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2

| (DN |2 = j [ fo full — 5, 9f($))/(s)duds

= (folf_:l dull = 5,9(5)) [12] dult — s, 1f(s)) |12 f(5) | dsdv)z

= {f;( f_:| bu(t — 5,9f(5)) | ds)l/2

([ 186~ 561 119 I’ds)mdv} :

1 pw
= Nf f | ou(t — s, vf(s))l If(s) I’dsdv.

Hence

fw | (DN |2dt = Nf f“fwl du(t — s, 9f(5)) | | f(5) |2dtdsdy

=< szw | (5) |2ds.
Thus
Il = w1l

It follows that *(Df)(t) is defined for almost all ¢ and that D is defined on H.
For each f in real L?(R) the operator defined by

0RO = [t = 5, 1Ne6)ds

is a bounded linear operator with || D;|| £ N as may be seen from a calculation
similar to the preceding one with the deletion of [idv wherever it appears and
the replacement of v by 1. Further

| (D(f + g) — D(f) — Dg)(®) |?
= ‘f_"’{fo ou(t — 5, £(5) + vg(s))g(s)dv — pu(t — S,f(s))g(s)}ds

2

«© 1
- lf f {6ut = 5,7() + 8()) — dult — 5, f(s))} g(s)dvds
= fo‘[f_] ou(t — s, f(s) + vg(s)) — bu(t — s, f(s)) |2d5f_:g(s)’ds] dv

1 ©
= “8”2f f | M(t — s5)g(s) |*dsdo.
0 —w
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Hence

156+ = D) = Digll <l [ [ w - yrgtoanas

< el 112l el

Thus Dy is the Frechet derivative of D at f. It remains to show that Dy is
uniformly continuous in f. This follows from the inequalities

|2 = DOg |2 = | [ fout = 5,56 = s = s, W geris|
< f_:| Bult — 5, 1(5)) — bult — 5, B(s)) |"ds] g
sl [ = 971 70) = bio s,
0= Dol sl [~ [ 3= 9717 = b9 i

< Nl 1laalllly — "

Hence || D; — D[ =|| ][ &].

As special cases of this example we may construct functions ¢ (s, #) having
the above properties by setting ¢(s, #) =¢/(s)x(#) where ¢ is in L2(R)N\L(R)
and x is a differentiable function of # which vanishes at zero and whose de-
rivative is bounded and satisfies a uniform Lipschitz condition on R. In case
x () =u, D reduces to ordinary convolution.

(2) Another example of a transformation D with the properties mentioned
in the preceding example may be realized in the space H=real L%(0, 1). Let
&(t, s, u) be defined on I XIXR where I is the closed interval [0, 1]. Assume
that

(1) ¢(t, s, 0)=0.

(2) ¢u(t, s, u) exists for each ¢, s, u, is bounded in ¢, s, # and satisfies
| $ut, 5, 8) — $ulty s, w)| = M|u— o]

for all ¢, s, u, ' and for some constant M.
(3) For each u, ¢.(¢, s, u) is a Borel measurable function on I XI. Define
D by the relation

(DN = f 800, 5, 1())ds.

Then D is a Frechet differentiable transformation of H into itself and its
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derivative Dy is a uniformly continuous function of f with the Hilbert-Schmidt
norm on its range (and consequently with the operator norm on its range).
To prove this observe that if f is in L2(0, 1) then Df is also in H by virtue of
the inequalities

| (B = [ [ [ ot s worsoaas

s v [ 10

= M

where N =sup |$.(¢, s, #)|. Hence || Df|| < N||f]|. A calculation similar to one
in the preceding example shows that the Frechet derivative of D at f is given
by (Dysg)(t) = [idu(t, s, f(s))g(s)ds. Dy is a Hilbert-Schmidt operator for each
f and has bounded Hilbert-Schmidt norm: ||Dj|;<N. Finally we have

1D, — Dills = f f | 6ult, 5, £(5)) ~ bully 5, B(s)) |2dtds

< fo fo M2 f(s) — h(s) |*duds
< MY|f — K>

(3) We may eliminate the transformation B from the preceding example,
i.e.,, we may-take A =DC and K =aDC if for the function ¢(¢, s, #) we write
&(t, s, u) =y(¢, s)x(u) where ¢ (¢, s) is bounded and measurable on I XI and
x(u) is a differentiable function which vanishes at 0 and whose derivative is
bounded and satisfies a uniform Lipschitz condition. The uniform continuity
of Ay in H, with the trace class norm on the range follows from the uniform
continuity of D; on H with the Hilbert-Schmidt norm on the range proved
above. Hypothesis (2) of Theorem 5 is satisfied by taking B equal to ”Xu”n
times the adjoint of the operator with kernel y(¢, s).

(4) We shall indicate here the relation between our work and that of
Cameron and Martin [2]. Let H be real L%*(0, 1). We shall denote by € the
Wiener measure space consisting of the continuous functions on [0, 1] which
vanish at zero. A representative of the normal distribution on H with param-
eter c=1 is given by the stochastic integral; n(f)(x) = [of(£)dx(t). Here f is
in H, x is in € and #n(f) is a random variable on @ defined for almost all x in
€. Denote by €’ the submanifold of € consisting of those functions x in €
which are absolutely continuous and whose derivative x’ is square integrable
on [0, 1]. Let D be the operator from €’ onto H defined by Dx=x'. Let C
be the operator from H onto €’ defined by (Cf)(t) = f3f(s)ds. Then C and D
are inverse to one another. We shall consider a transformation .S of @€ onto
@ of the form S: x—x+Ax where A is a (not necessarily linear) transformation
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of € into @ whose range is contained in €’. These are the kind considered
in [1] and [2]. Then DA is a transformation of € into H and we shall assume
that on each Hilbert sphere in @ with center at the origin DA is uniformly
continuous from the Hilbert topology of € to the weak topology of H. Now
let K=DAC and T=DSC=I+K. Then T is a transformation of H onto
itself. T and S correspond to one another in the sense that when 7" induces
an automorphism of the bounded algebra of H (=L=(€)) as in Theorem 4
then this automorphism is given by F—F o S for Fin L*(€). To prove this it
suffices to show that for each g in H the net {(TP(-), g)"} of measurable
tame functions (measurable functions on €) converges in probability to
n(g) o S as P—I through the directed set of finite dimensional projections on
H. To this end it suffices to prove that the net {(KP(-), g)~} converges in
probability to n(g) o A. Since C is a Hilbert-Schmidt operator when the
Hilbert space topology is taken on its range it follows that the function
(K(+), g) is uniformly continuous near zero in the topology H.. Hence the
net {(KP(-), g0~} of measurable functions on € converges in probability
as P—I. As has been remarked before the net of finite dimensional projec-
tions may be replaced by a sequence and in this case by a sequence of spectral
projections of C*C where C* is the Hilbert space adjoint of C. A calculation
(which we omit) shows that the functions fi(s) =2'/2? cos w(k+1/2)s, k

=0,1, 2, - - - are the eigenfunctions of C*C and form an orthonormal basis
of L2(0, 1). Thus if we put P equal to the projection of H onto
spanifj(s), i =0, 1,-- -, k} we may write lim in prob p.;(KP(-), g)~

=lim in prob., (KPi(+), g)~. If we write
(KP, ) = &((f, fo), (f, 1), = - - (f, fi))
then
(KP(+), )~ = o(n(fo), n(f1), - - -, n(fi)).

Since the functions f; are differentiable the integrals [3f;(t)dx(t) exist for all
x in € and we have

k
(KP(), 9~() = (n(f)(x), - - -, n(f) (@) = (m > fjn(fj)(x),g)

=0

= (pac Esmttr(a ).

=0

Now

e =2 [ " cosw(i+ 1/2->tdt[x(u>f,~(u)

:— [ poe

= 2sinx(j + 1/2)sf x(t) sin w(j + 1/2)tdt.

0
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As the functions 2'/2? sin w(j+1/2)s, =0, 1, 2, - - - form an orthonormal
basis of L2(0, 1) it follows that C r.ofin(f;)(x) converges in L?(0, 1) to x
as k— . Hence (KPi(-), g)~(x) converges to (DAx, g) as k— » since DA
is continuous from the Hilbert topology of € to the weak topology of H. But
as (DAx, g) =n(g)(Ax) the assertion that (KP(-), g) converges in probability
to n(g) o A is proved.

Rather than give further conditions on A which will ensure that the trans-
formation T'=I+4DAC will satisfy the hypotheses of Theorem 4 and thereby
induce an automorphism of L*(@) we shall merely give a class of examples of
such transformations A for which T satisfies the hypotheses of Theorem 4. To
this end we consider the function ¢(¢, s, #) =y (¢, s)x(u) considered in example
(3) above. It is then readily verified that if « is sufficiently small we may take

(Ax)(t) = aj;‘dvfoltﬁ(v, s, x(s))ds

for then the transformation K =DAC is just the transformation of H con-
sidered in example (3).

Comparison of this example with the results of [2]shows that we may
obtain from Theorem 4 some transformations of € not obtained in [2] which
leave Wiener measure on € quasi-invariant, i.e., w o S7! is equivalent in the
sense of absolute continuity to w where w is Wiener measure on €. However
we do not obtain all those transformations which are described in Theorem 2
of [2].
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