ON AUTOMORPHISMS OF LIE ALGEBRAS OF
CLASSICAL TYPE. II

BY
GEORGE B. SELIGMAN

In an earlier paper ([22](!), hereafter referred to as (A)), we have in-
vestigated the automorphisms of Lie algebras of classical type, in the sense of
[18]. In Theorem 5 of (A), it was concluded that over an algebraically closed
field of characteristic different from 2 and 3, the automorphisms of a simple
Lie algebra & of classical type different from 4,(n=2), D,.(n=4), E,, are all
invariant automorphisms, that is, are in the group of automorphisms gener-
ated by all automorphisms of the form exp(ad e.), where e, runs through all
root vectors relative to all standard Cartan subalgebras of £. (For definitions
not explained here, see (A) unless otherwise noted.) The results for the re-
maining simple algebras of classical type were stated in Theorem 6 of (A)
without proofs being given. We supply here a proof of this theorem for all
cases except that of Eg, which we shall treat in another paper. In addition,
we shall study more closely the automorphisms of Lie algebras of classical
type in terms of what appear to be linear representations of minimal dimen-
sion.

In the latter connection, the group 3(®) of invariant automorphisms may
be identified in the cases A —D and for sufficiently large characteristics with
the quotient, modulo the scalars it contains, of a certain linear group €, an
invariant subgroup in a classical linear group 8 such that 8/3 is simple, where
3 is the center of B and consists of scalar transformations. From this identifi-
cation the isomorphism of 3(®) with /3 would then follow by the simplicity
of B/3; however, another proof of this isomorphism has been chosen, using a
proof that B is generated by a certain set of elements in the group €, hence
that 8 =C. The cosets modulo the center of these generators may be identi-
fied with the generators for certain of the simple groups G’ of Chevalley [3]
as follows: If € is a simple Lie algebra over the field § of classical type other
than 4, with p[ (n+1), where p is the characteristic of §§, we may obtain &
from the complex simple Lie algebra 2* of the same type by taking a basis for
* according to Chevalley, i.e., such that the structure constants are integers.
Then we consider the Lie subring & over the integers (over the rationals if
¥ is of characteristic zero) generated by this basis, and if § is of prime char-
acteristic p, we obtain a Lie algebra & over the prime field Z, by reducing
coefficients modulo p. In every case, we then have a Lie algebra of classical
type over the prime field contained in §, the type being exactly that of ¥ (see
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[20; 21]). By extending the base field to §, we obtain a Lie algebra over §
isomorphic to &. If e, (@#0) is a root vector in Chevalley’s basis for £*, the
mapping exp(\ ad(e.)) of * maps each vector in the chosen basis into a linear
combination of the basis vectors, whereby every coefficient is a polynomial in
A\ with integral coefficients. Reducing these coefficients modulo p if necessary,
we obtain polynomials with coefficients in the prime field of § which give the
coefficients of the images (k;; &) in { of the basis (k;; eg) for & under the map-
ping exp(k ad(é.)) of  into &, where kEF. That is, if the reduction of coeffi-
cients in polynomials over the integers Z sends p(X) into $(X)EZ,[X],
and if # exp (\ ad (€a)) = 2 i Pavu,iN) i+ D g Pau.s(N)es for all vectors  of
the above basis for £* and for all complex N\, we have # exp(x ad(é.))
=2 ¢ P, i(K) it D g Pa.us(k)és for all @ and for all k€F. The group G’ of
Chevalley is that group of linear transformations of ® generated by the map-
pings #— D ; Paru,i(K) i+ D g Paru.8(x)é for all a, all k, hence is the group
generated by all mappings #— exp(x ad(é.)) of & These mappings define in-
variant automorphisms of £, so that G’ may be identified with a subgroup of
3(®). In the cases where f is of types A —D, Ree [19] has used results of
Dickson [6; 7] on the generation of certain classical groups to show that a
certain group 9 of linear transformations, which modulo its scalars is iso-
morphic to G, is a classical linear group, which in at least some cases is the
group B which we encounter. In the case of type G, he has also given such a
realization for a group 9 as above. In the cases of types B, D and G, his
realizations of €* lead to an interpretation of the group we have denoted by
9 as a group of linear transformations in a space at least formally different
from that where our group ¥ acts, and in the case p] (n+1) of A, we cannot
directly regard G’ as a subgroup of (). In this paper, these difficulties are
overcome, and we show that the relation G'=~J%()=~%B/3 holds without ex-
ception in the cases 4, B, C, D, G. (Hence, since G’ is simple [3], we have
another proof that 8/3 is.) Analogous results for some of the remaining ex-
ceptional algebras will appear in another paper.

Note. The referee has observed that in the algebraically closed case the
result that G’ = 3(2) can be deduced from the theory of algebraic groups, as
can the result J(®) =%B/3 in some cases (Ono, Takashi, Sur les groupes de
Chevalley, J. Math. Soc. Japan vol. 10 (1958) p. 307). However, the effective-
ness of this method is lost when arbitrary fields are considered.

In the cases of types 4.(pf(rn+1)), B, C, D, (n=35), the full automor-
phism group A () of ¢ has been determined by Jacobson [12; 14], as well as
for type G if § is of characteristic zero [13]; for type F and characteristic
zero, Tomber [24] has made this determination. In these papers, the prin-
cipal tool has been the demonstration that the algebra in question has only
one or two inequivalent irreducible representations of the degree of the repre-
sentation used to define the algebra. The techniques involve counting weights
and are particularly unwieldy in the case of prime characteristic. Here, at the
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sacrifice of some low characteristics, the representation-theoretic approach is
eliminated by replacing it with the results of (A) and a device of §1 below.
Using this new technique, we have complete results on the full automorphism
group for Lie algebras of classical types 4 —D, G;, Fy and Es, although the
latter two are not discussed in this paper. For the first five types, we also
describe here the quotient group A(Y)/J(L).

1. Preliminaries. Let §§ be a field of characteristic different from 2, 8 a
vector space over . Let G(B) be the set of all -linear transformations of B,
and let TEG(B). Let & be a subspace of &(B) such that U ad(T) = [UT]
=UT—TUEGS for all UES. Suppose further that either: (i) § is of char-
acteristic 0 and T%=0 for some integer k (then (ad(7))%*~1=0), or (ii) § is of
odd prime characteristic p and T¢+D/2=0 (then (ad(7))?=0). Then in
either case both exp(7T) and exp(ad(7’)) are defined, the former acting in B
and the latter in &, by the power series exp(4)=I+ D ;= (i!)~14%, where
()14 is defined to be zero whenever 4°=0, regardless of whether (z!)~! is
defined. If T is as in (i) or (ii), then exp(7) is of the form I+ N, where N is
nilpotent; hence exp(T) is nonsingular, and if £ is finite-dimensional, then
det(exp(7T)) =1. The same observations of course hold when T is replaced by
ad(7), considered as a linear transformation of &. Subject to the assumption
that T is as in (i) or (ii), the following formulas are readily derived:

(1) (exp ) '=exp(—T); _

(2) If UES, then Uexp(ad T)=(exp T)"'U(exp 1);

3) If U, V and UV are in &, then (UV)exp(ad T)= (U exp(ad T))
*(Vexp(ad 7));

(4) If U, Vand [UV] are in &, then

[ov] exp (ad T) = [U exp (ad T), V exp (ad T)].

The formula (1) is obtained by observing that the coefficients of all powers
of T in the expanded form of (exp T)(exp(—T)) are zero, with the exception
of that of T°=1I, which is 1. The formula (2) is obtained by collecting and
comparing the terms of the same total degree in T in the two series obtained
when exp (—T) is substituted for (exp 7)~!on the right-hand side, and when
the left-hand side is expanded using the rule

U@d Ty = 3 (- 1)5( " ) TiU T,
i=0 ?
Then (3) and (4) follow at once from (2).
If B is an algebra (not necessarily associative) over §, if & is the Lie
algebra of all derivations of B over §, and if TE & satisfies either condition
(i) or (ii), then for all x, yE B, we have (the product in 8 being xy):

n

()T = 3 (:) T (T,

k=0
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and from this we derive the formula

) (xy) exp (T) = (x exp (1))(y exp (T))
by showing that both sides are equal to

p—1

2 2 i) ()

n=0 i+j=n
in the case (ii). The result is classical in the case (i), and is proved by the
same method. Since exp(7’) is nonsingular, we see that it is an automorphism
of B.

If B again is simply a vector space over §, and if we have an m-linear
function on B over § with values in a vector space B over §, i.e., a function
(x1, * + +, xm) of m variables, linear in each variable separately, we let & be
the set of linear transformations U of % satisfying

(6) (xlU’x27"'yxm)+"'+(xly"'7xm—l)me)=O

for all xy, - - -, xn©%B. If U and V are in &, then we may apply (6) to show
that [UV]E®S, so that & is a Lie algebra of linear transformations of %.
Now if TES satisfies (i) or (ii)’: 77+ =0 for some r <p/m, and if 4 =exp(7T),
we have the formula

)] (014, 24, - -+, 2nd) = (%1, %2, * + +, Xm)

for all x;, x5, - + -, x,EB. We outline the proof in the case (ii)’. Substituting
exp(T) for each A4 on the left-hand side and collecting all terms of total degree
n in T, we find that this homogeneous term is

(8) 2 (Gt i) (T, - e 2T,

it ot igy=n

where 0 =7;<r for each j, 1 £j<m; therefore we may assume n<mr <p. For
n=0, thisis (%1, - + +, *m). Thus we need only show that (8) vanishes for all
n>0, n<p; furthermore, instead of restricting ¢, to the range 0=<4,<r, we
can allow it to run over the range 0 <4, <#; for n <p assures us that ¢,!! is
defined, and T"+!=0 assures that all the new terms obtained in (8) are zero.

Next one proves by induction on j that if 0Sk<p,if 0Sj<k,andifu, - - -,
Un €L, then
(9) (“h Tty Um—yy umTk)

(=0 X G s, - o, )

[ 4% RS ¢ OS]
(with the convention that p!p!='=1), which for k=j is
(ulr c oty Um—, umTk)
= (—'1)" 2 {k!l’l!’l s v,,._ll")(ulT“, c ey Up T u,,.).

DRI

(10)
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If we now apply this result by substitution in (8), we see that (8) is equal to
> > (=1)im(i "ty = e e g Yy, 10T)
(1 1) i1t igmn Vit gy =iy ' "
(xlTil+n, s, xm_lTim-l'H'm—l’ xm)’
where 1;<r, 1Z5j<m—1, 1,,<n. Setting kj=1;4»;, 1=j<m—1, and noting
that any terms of (11) with some k;>7r are zero, we compute the coefficient

of (i T*, - + + | X1 T*»1 x,.) in (11) for each fixed (m —1)-tuple (ky, -+, km_1)
with 0 =<k;=<r for all j. This coefficient is

(12) > (—1) Grmin+e s+ Gkmor—im=1) =1 (B — )11 . o -

i1t ip=n
It (ko1 — ) 173,

where 0=1;<k;, 1<j<m—1, and where 0 £4,, <n. But since 7,, runs over the

entire range from 0 to #, and since b1+ - + - +kn1=n, every (m—1)-tuple
(4, * * , Tma) With 0=272;Zk;, 1 £j<m—1, occurs in this sum. Thus the sum
(12) is

k1 km—1

E R E (= D)k 1" kg — 4) 7Y - - - (= 1)kmormin—

i1=0 i —1=0
(13) m—1 kj

(imey b1 — m-) 170 =TT 20 (= 1)R (317 (ks — ) 7).
j=1 i;=0

Now Y k;=n>0, so some k;>0, k;<p, and thus

ki
2 (=D Ry = i) 1Y) = 0
;=0
for this j. Therefore the product is zero, and the proof is complete.
Finally we note a device which we shall use to establish the vanishing of a
low power of a nilpotent linear transformation 7.

LEMMA 1. Let © be a Lie subalgebra of &(B) such that for some k, FI+S
+&24 - . - + Sk =R is an irreducible algebra of linear transformations in B,
where the exponents denote associative powers. Let T be a nilpotent linear trans-
formation of B lying in &. Suppose that (ad T)7=0, acting in ©. Then
TkG—D+1=(),

Proof. First we observe that if %B; is the null-space of T¢ in B, then
B:SmCBipm(j—n for all m=1. It evidently suffices to prove the assertion for
m=1. Therefore let xEB,;, UES; then one readily proves by induction on n
that

(14) SUT = 3 (") *T(U(ad T)™).

=0 14
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For n=i+j—1, those terms with v=1¢ are zero since x&%;; those with
v <1, i.e., with 14+j—1—» =7, are zero since (ad T)’=0. Thus xUT#*i"1=0,
and B,SC B, ;-1; this is our assertion for m=1.

Now evidently B;(FI) =B, S By, for albr>0. Thus BiRCSBiyr—n. But
LRt is an R-invariant subspace of B, hence is either 0 or B, and B; 0 since
T is nilpotent. Since ITER, BiR =B By(j—1)+1, or T*G~D+1=0 on B, as as-
serted.

2. Algebras of type A. If the characteristic of § is not 2, 3 or a prime
dividing 7, and if > 1, let  be the Lie algebra (under AB —BA) of all n by
n F-matrices of trace zero. Then f is a simple Lie algebra of classical type
A, (see, e.g., [11; 14; 20]). A particular Cartan decomposition relative to a
standard Cartan subalgebra § arises when we take § to be the set of diagonal
matrices in {; then there are n?2—# distinct roots, each root-space being
spanned by a matrix unit E,;, ¢5j. If the characteristic p of § is a prime
greater than 3 and dividing #, let € be the quotient of the Lie algebra of n
by n F-matrices of trace zero by the ideal consisting of all scalar multiples of
the identity matrix. Then @ is simple of classical type 4,_; [14; 21], with a
particular standard Cartan decomposition being obtained by taking the
Cartan subalgebra § to be the cosets modulo §I of the diagonal matrices of
trace zero, and with the cosets of the matrix units E;;, 257, belonging to the
n2—mn distinct roots. It follows by the isomorphism theorem (Theorem 9) of
[18] that these exhaust all simple Lie algebras of classical type 4 over §.

First let § be algebraically closed. If n=2, we know by Theorem 5 of (A)
that the automorphism group % of € coincides with the group  generated by
all exp(ad E.), where E, runs through all root-vectors belonging to nonzero
roots relative to standard Cartan subalgebras (the group of invariant auto-
morphisms). If n>2, we know from (A) that the index of J in A is 1 or 2. Let
us temporarily exclude the case where the characteristic p of § divides .
Then £ can be viewed as the Lie algebra of all linear transformations of trace
zero in an n-dimensional vector space B, and we have §I+8=E(28). More-
over, (ad E,)*=0 for all E, of the above type, and £ is a restricted Lie algebra
(under pth iterates) in the sense of Jacobson [10; 14] if the characteristic of
& is a prime p. Since (ad E,)?=0=ad(E?), we have E2=0 in this case; in the
case of characteristic zero, the fact that E, is nilpotent follows by the classical
representation theory of semi-simple Lie algebras [2; 9; 23; 26]. Thus we can
apply Lemma 1 to conclude that EX® Y+ = E3 =0, Therefore all formulas of
§1 which involved the hypothesis T? ®+) =0 are valid for T=E, whenever
p#2, 3 (and, of course, all formulas are valid in the case of characteristic
zero). We therefore have, by (2), U exp(ad E.) = (exp E.)"'U(exp E.) for all
UER, where exp E, is unimodular. If 4 EE(B) is nonsingular, then the
mapping U—A~1UA is an automorphism of 2, and we have A71UA = U for
all U€R if and only if 4 is scalar, by the fact that FI+2=E(8). By taking
B to be a suitable scalar multiple of 4, we have BESL(%8), the unimodular
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group, and A7'UA =B~'UB for all UER. Via this correspondence, we see
that the automorphism group 9 of & contains as a subgroup the projective
unimodular group PSL(®B). All mappings exp(ad E,) are in this subgroup;
hence we have ST PSL(B)CA.

If U’ denotes the ordinary transpose of the matrix U, the mapping
U—— U is also an automorphism of . If #=2, we have A~'U4 =~ U’ for

all UEg, where
01
e
-1 0

and since =9, the full automorphism group of & is PSL(B). If n>2, sup-
pose there is a nonsingular 4 EE(B) such that A7'U4 = — U’ for all Uc
Then —Ejy =A—1E13A =A_1E12E23A =A_1E12AA_1E23A =FEynEygp= 0, which is
absurd. Hence the automorphism U— — U’ is not in PSL(%8), therefore not
in &, the index of & in A is 2, §=PSL(V), and the full group A may be re-
garded as the product (not direct) of the group of order 2 generated by
U— — U’ by the invariant subgroup PSL(D).

Still excluding the case pln, let us now drop the assumption that § is
algebraically closed, and let & be its algebraic closure. Then f¢, the algebra
over  obtained by extending the base field, is the set of ®-linear transforma-
tion of trace zero in €(Bg). If ¢ is an automorphism of &, then ¢ is defined on
a basis for 2¢ whose corresponding structure constants are in g, and deter-
mines a unique extensian to an automorphism of 2g, again denoted by . By
our previous results, we have either U’ = A-'UA4 for all U &€ R or U’
= —A"1U'A for all UEg, where 4 is some nonsingular element of €(Bg).
Thus for all UER, we have either U'=A"'UAE&Q or —U°=A1U'AER for
some AEE(Vg). It follows by a well-known result [25, p. 70] that either
there is a nonsingular BEG(B) such that U =B~1UB for all UER or there
is a BEG(R) such that Us= —B~1U’B for all UE, with the former being
the case if #=2. Since FI+2=E(B) still holds, we see that theautomor-
phism group % of € is isomorphic in the above fashion to the projective linear
group PL(®) if n=2, and to the product of PL(®B) by the group of order 2
generated by U— — U’ if n>2. The invariant automorphisms form a normal
subgroup of ¥ contained in PSL(®) as before. Thus § =PSL(DB) will follow
directly from the simplicity of PSL(®B); however, we prefer in the following
paragraphs to apply the reasoning of Chevalley [3] and of Ree [19].

If o is a second standard Cartan subalgebra of &, then it follows by the
absence of isomorphisms among the distinct classical types [12; 14; 21] that
©o has the same dimension as does §, the diagonal subalgebra, and a funda-
mental system of roots of the same type. Hence by Theorem 9 of [18] there
is an automorphism of € mapping $ onto §o; since —X’'€ 9 for all XEH,
there is an automorphism of the form U—A~1UA of § mapping $ onto Ho.

In this case, the simple group G’ of thevalley [3] is that generated by the



1960] ON AUTOMORPHISMS OF LIE ALGEBRAS OF CLASSICAL TYPE. II 459

exp(ad E,), where E, runs through all root-vectors belonging to nonzero
roots « relative to a fixed standard Cartan subalgebra 9, of 2. (For the pas-
sage from complex Lie algebras to arbitrary fields, see also the papers of
Curtis [4; 5] and of Ree [19].) Letey, - - -, e, be a basis for B, § the diagonal
Cartan subalgebra of € relative to this basis, and let 4 EE(B) have Do
=A"19A as before. Then 9, is the diagonal Cartan subalgebra relative to
the basis e14, - - -, e,4, and the E, are the scalar multiples AE;; of the matrix
units E;; relative to this basis. Thus exp(E.) =exp(AE;;) =I+\E;, i7j. Itis
well known that these transformations generate the full group SL(B) [7; 19].
Thus Chevalley’s group G’ contains all automorphisms of ¢ of the form
U—AUA, AESL(DQ), i.e,, G’ DPSL(BV)D F. But evidently G'C F, so we
have G'=PSL(8B)=3. The first of these equalities was demonstrated by
Ree [19].

Now let £ be as in the case where § is of characteristic p with pl n, and
first let § be algebraically closed. Then £ is again a restricted Lie algebra,
under taking cosets of ordinary pth powers of matrices of trace zero [14].
Again we have (ad E,)*=0, hence EP'=0, where the bracket notation is
used to indicate the pth power in  defined above. If X is any representative
in the algebra M of matrices of trace zero of the coset E,ER, we thus have
X?=\I, NE§. Then X—\?"'T also represents E, in M, and we have
(X —=M"'I)»=0. Moreover, we have FI+M+M?=GE(B), where B is an
n-dimensional vector space where I acts, while from (ad E.)*=0 in &, we
find that (ad(X —\*"'I))#=0, acting in M. By Lemma 1, we have (X —\?"'I)7
=0. Thus our equations of §1 involving the hypothesis 727"+ =0 can only
be applied to T=X—\?"'I if p=13. We shall assume that this is the case
in the sequel. We replace X —\*"'I by the notation E¥; thus EX is a repre-
sentative of the coset E, with E}"=0. If UCQ, and if U* is a representative
of U in I, then the mapping

U—¢(U" exp (ad E2) = d(exp (—E)U" exp (En),

where ¢ is the canonical homomorphism of M onto &, is an automorphism
of & which coincides with exp(ad E,), and exp(E}) is unimodular. If we have
U=¢(A71U*A) for all UCSK, we have U*=A"1U*A +\N(U*)I for all U*E&M,
or AT1U*A =U*—N(U*)I, where N(U*)EF. For U*=E,;, i#j, we have
(A7E;;A)*=AE}A =0, while E;;—\(E;,)I is nonsingular unless A(E;;) =0.
Thus A7'E;;A = E;; for all ij. It follows that A is in the center of (D),
i.e., A€FI. Thus the group & of invariant automorphisms of € may be again
considered as a subgroup of PSL(DB) via the identification of exp(ad E,) with
the coset of exp(E}) in SL(DB) by the subgroup of scalars in SL(®B) as utilized
above. The mapping U— —¢(U") is likewise an automorphism of g, and if
ATTU*A =\N(U*)I—U¥ for all U*EM, we must again have N(E;;) =0 for all
17j, AT'E;;A = — E;;. As before, this is impossible. Thus the automorphism
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group U properly contains PSL(®), which contains &; since the index of & is
at most 2, we again have §=PSL(LB), and & is of index 2 in .

If § is not assumed to be algebraically closed, and if & is its algebraic
closure as before, with I the Lie algebra of # by » F-matrices of trace zero,
then Mg is the Lie algebra of » by » ®-matrices of trace zero, and the map-
ping X +FI-X+KRI(XEM) of  into IMe/RI is readily seen to be an iso-
morphism of Lie algebras over §. Since Mg/RI is a Lie algebra over &, this
isomorphism may be uniquely extended to a f-isomorphism of fg into
Ma/RI; but now both algebras have the dimension #2—2 over &; hence g
is isomorphic to Me/RI via the mapping sending an element Y a(X;+FI)
with o;ER, X:EM, into D ai(X:+8I) = (D a:X:)+fI. We shall regard
Lg as identified with Me/KT through this mapping. We let ¢ be the canonical
homomorphism (over &) of Mg onto Le, Y that (over §F) of M onto L. If o is
an automorphism of £, we also denote by ¢ its unique extension to an auto-
morphism of g, and we have either U°=¢(4~1U*4) or U= —¢p(A1U*4)
for all UERg, where A4 is nonsingular in the ring €(Bg), and where U*E My
is any element with ¢(U*)=U. In particular, if U* is a matrix unit E,;,
1#j, and if U"=X4QI, X EIMN (since the coset of E;; is in ®), we have in the
first case, ¢(X) =¢p(A71E;;A), or AT'E;A=X+N, AER. Since (A71E;;4)?
=0, we have (X +ANI)?=0. If X=(§,,) and if some £,,70 for u>», then the
entry in the uth row, »th column of (X+\I)? is 2N&u+ Dy £upbry =0, and
AESF. If X is diagonal, then since —\ is an eigenvalue of X, we have X +\I
=0, and AEF. Thus in either case A71E;;A €I for all E;; with 757, hence
A7IINRA CIMN. The same conclusion is valid when ¢ is of the second form, since
M is closed under the taking of negative transposes. Therefore there is a
nonsingular BEE(B), the full F-matrix ring, such that A7 X4 =B~'XB for
all X&EM, i.e., we have either U°=y¢(B-1'U*B) or U= —y(B~1U* B), where
B&E(®B) and where U*EIN with Y(U*) = U. Conversely, if B is an arbitrary
nonsingular {-matrix, each of the mappings U —y¢(B-'U*B) and
U——y(B71U*¥B) is a well-defined automorphism of & If U=y(B~1U*B)
for all UER, we have in particular B71E;;B=E;+\I, AEF, as before, and
A =0 by the nilpotency of E;; for 154, so that B™1E,;B = E,; for all 157, thus
Bis scalar. If U= —y/(B~'U*¥B) for all UER, we have B'E;;B=\X]—Ej; for
all 7#j as above, and this is impossible as before. Thus the automorphism
group ¥ of ¢ is the product of the group generated by the negative-transpose
automorphism U— —y¢/(U*') by the projective linear group PL(DB).

Since each E”'=0 in L, we have (E¥)»=\I,AEF, hence (EX—A?""I)?=0
in Mge. However, since E, is a root-vector in a standard Cartan decomposition
of Rg, it follows by our results in the algebraically closed case that (EX —\?""I)7
=0 in Mg. Now E¥ is an §-matrix; thus \?"" satisfies a polynomial equation
of degree 7 (and perhaps some equations of lower degree) over . But since
NEF, we know that either £2—N\ is irreducible in the polynomial ring §[¢],
therefore is the minimal polynomial of A*»™" over §, or else A*» "' E§. Since we
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have assumed p > 7, the polynomial £ —X\ cannot be the minimal polynomial
for A*7, so that A»"'€§. Thus X,=EX—\*""TEM is a nilpotent representa-
tive of the coset E,, and we see as before that

U exp (ad E.) = y(exp (—Xa)U* exp (X)),

where ¢ (U*) = UER. The group of invariant automorphisms of  may thus
be thought of as a subgroup of PSL(D).

Since every automorphism of 9! maps its center onto itself, every auto-
morphism of I induces an automorphism of €, hence is either of the form
X—A71XA or of the form X——A4"'X'A; for example, if ¢ is an automor-
phism of M, and if X°+FI=A"1XA+FI for all XS I, we have AE;;A
=Eg+\;I for \;EF when i7j, and for ki, j, we have Ej=[E3Ey]
= [A—IE.'A-,A -)\.-,,I, A_lEij —)k,'I] = [A_IE,‘kA, A—lEij ] =A_1E,'jA, i.e.,
Aij=0. Thus X =A4-1XA4 for all XEM; the other case follows by analogy.
Conversely, every automorphism of £ has been seen to be induced by an auto-
morphism of M, and the identity automorphism in either & or M occurs only
as the first type, and then only when 4 is scalar. If $ is the “diagonal” Car-
tan subalgebra of 2 relative to the basis e, - - - , e, for B, and if , is a second
standard Cartan subalgebra, we may deduce as before that there is a non-
singular 4 €E(B) such that Y(A1H*4)E D, for every H*SIM with Y(H*)
€ 9. Now 9 is the image under ¢ of the diagonal subalgebra of M relative to
e, - - -, e, so that the preimage ¥~1(9o) is the diagonal subalgebra of I
relative to 14, - - -, e,A. Thus the cosets Y(AE,;), 15%j, AEF, where the E;;
are the matrix units relative to ei4, - - -, e,4, form the totality of root-
vectors of ¢ relative to $. For all UCY,

U exp (ad(¥(AE:;)) = ¥((exp (\E;))~'U*(exp (AEy)))).

Chevalley’s group G’ is that generated by the exp(ad(AE,;)), acting in I,
and is isomorphic to the quotient by its scalar matrices of the group gener-
ated by the exp(AE;;) =I+\E,;. We have observed before that the latter is
the unimodular group SL(%B), so that the group G’ is isomorphic to PSL(R)
in this case as well (see also Ree [19]).

We summarize our results on algebras of type 4:

THEOREM 1. If R is the Lie algebra of n by n matrices of trace zero over a
field § of characteristic =2, 3, whose characteristic does not divide n (n>1),
then every automorphism of R is of the form X — A= XA or of the form
X——A"'X'A, A nonsingular over §. If n=2, all automorphisms are of the
former type; if n>2, this is not the case, and the automorphism group is the
product of PL(n) by the group of order two generated by X — —X'. The group of
invariant automorphisms is the group of all automorphisms X—U-1X U, where
U is unimodular, and thus is isomorphic to the group PSL(n).

If & is of prime characteristic p>11, of M is the Lie algebra of n by n
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§-matrices of trace zero where p|n, and if R is the quotient of M by the scalar
matrices, then every automorphism of IN is of the form X—A—'XA or of the
form X——A"X'A, A nonsingular over §. Every automorphism of & is of
the form Y(X)—yY(A~1XA) or of the form Y(X)—>—y (A" X'4), A as above,
where Y 1s the canonical homomorphism of M onto L. The groups of auto-
morphisms of & and of M are both isomorphic in this fashion to the product of
PSL(n) by a group of order 2. The group of invariant automorphisms of ® con-
sists of the mappings Y(X)—y (U™ X U), UESL(n), and is thus isomorphic to
PSL(n).

The group G’ of Chevalley formed over § from a complex Lie algebra of
type A,_1 s the group of invariant automorphisms of the corresponding algebra
R above, and is isomorphic to the projective unimodular group PSL(n, §F).

3. Algebras of type C. Let B be a 2n-dimensional vector space over a
field § of characteristic not 2 or 3, and assume that 8 carries a nondegenerate
alternate bilinear form (x, ¥) over §. Assume further that > 1. Let £ be the
Lie algebra of all elements T&E(B) satisfying (x7, y)+(x, yT') =0 for all
x, yEB. If § is of prime characteristic p, then T?ER if TEY; thus  is a re-
stricted Lie algebra under pth iterates. (This is a special case of the more
general fact that the algebra & of (6) is restricted, as is seen from (10) by
setting £=p.) By displaying a suitably chosen basis for & [12; 14; 20], one
can see that € is a Lie algebra of classical type C,, hence is (normal) simple
[18, Theorem 8]. Further observation of this basis shows that G(8) =§I+¢
482, For each root-vector E, relative to a standard Cartan subalgebra of &,
we have (ad E,)*=0. It follows by Lemma 1 and by the nilpotency of E,
(which is proved as in §2) that E% =0, hence that for characteristics p=5, 7
we have X exp(ad E,) = (exp(—E,))X(exp E.), where A =exp(E,) satisfies
(x4, yA4) = (x, y) for all x, y&B. The latter observations result from (1), (2)
and (7). Moreover, det A =1. Since (D) is generated by &, we have A1 X4
=X for all X&R if and only if 4 =NI, NEF. The linear transformations 4 of
QB satisfying (x4, yA) = (x, v) for all x, y &8 constitute the symplectic group
Sp(B). Thus we see that the group & of invariant automorphisms of & is
isomorphically embedded in the projective symplectic group PSp(®), i.e.
the quotient of PSp(B) by the scalar matrices in it. Since each mapping
X—A"'XA, AESHp(B), is an automorphism of ¢, we see that the group
PSp(B) may in turn be regarded as a subgroup of the full automorphism
group U of &

If § is algebraically closed, we have seen in (A) that J is the full auto-
morphism group . In the general case, let & be the algebraic closure of §.
Then ¢ is readily seen to be the Lie algebra of all linear transformations T
of Bg satisfying (xT, y)+(x, yT) =0 for all x, y&Bg, where the alternate
bilinear form (x, y) on Bg is the unique R-bilinear extension of the original
alternate form (x, y) on . If ¢ is an automorphism of ¢, then ¢ admits a
unique extension to an automorphism, also denoted by o, of . Thus there
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is an SESp(VBg) such that X =A4"1XA4 for all XS, by the earlier result
that §=PSp(Lg) =%« for Le. In particular, X*=471X4 for all XEL. It
follows by the result of [25] cited in §2 that there is a nonsingular BE E(B)
such that X°=B-1XB for all X&&, and thus we have X°=B-1XB for all
X €Ly, by the linearity over & of the mapping X—B~'X B, which coincides
with ¢ on a basis for ®¢. Therefore B=A4, A&ER, and for x, yEB we have
(xB, yB) = (AxA4, \y4) =N*(x4, yA) =\*(x, y), i.e., (xB, yB) = (x, )8, where
0#BEF, for all x, y&B. Conversely, if B is any linear transformation of 8
such that for some nonzero 8 in §, (xB, yB) = (x, y)8 for all x, yEDB, then the
mapping X—B~1X B is readily seen to be an automorphism of £. The totality
of such mappings is a group ®; thus the quotient ®/F*I of & by the scalar
transformations in & is mapped isomorphically onto the full automorphism
group A of L. »

Let  be the diagonal Cartan subalgebra of € displayed in matrix form
in [12; 14; 20] relative to a basis e, - - -, €s, for B such that (e;, €iyn)=1
= —(€iyn, €:), 1 £1=m, all other (e, ex) =0. If Do is a second standard Cartan
subalgebra of &, it follows by the absence of isomorphisms with algebras of
different types [12; 14; 21] and by the isomorphism theorem of [18] that
there is an automorphism o of € such that $°=9,. That is, there is a B in
&(B) with (xB, yB) =(x, ¥)B for a fixed 870 in §, and for all x, yEB, and
such that B-19B = 9, or 9, is the set of diagonal matrices in & with respect
to the basis e,B, - - -, e2.B for B. Now (e;B, exB) = (e;, ex)B for 1=j, k<2n.
The system of root-vectors in £ relative to § consisting of those transforma-
tions of B whose matrices relative to e, - - -, €3, are the E;j—Ejin.itn}
EijintE;jien; Eivn it Ejyn,is Eiign; Egn,i3 156, Sm, 157, (see [12; 14; 20])
is transformed into the system {E,} of transformations whose matrices rela-
tive to eiB, - - -, es.nB constitute the same set of combinations of matrix
units as the above. Chevalley’s group G’ formed over § from a complex Lie
algebra of type C, is then the group of automorphisms of € generated by the
exp(ad(AE.)) for all N\EF, where E, runs through this set. To show that the
group J of invariant automorphisms is PSp(®), it will suffice to show that
G'=PSp(%B), and this will follow if one knows that the corresponding trans-
formations exp(AE,) generate Sp(B). That is, we have a basis u;, - - *, %2,
for B such that (#;, #iya) =B= — (#iyn, #:), 0%BEF, and such that (u;, ux) =0
otherwise. Since each E%=0, the exponentials are simply I +X(E;— Ejyn,itn);
I+N(E; j4n+Ejitn); I+NMEssn,i+Ejin.s); IHNE;i iyn; I+NEi4na,;. Here the
indices are as before and the Ej; are the matrix-unit transformations relative
to the u;. The corresponding proof by Dickson [7] cited by Ree [19] can be
modified trivially to show that Sp(%B) is generated by transformations of these
types. Thus the assertion G’ = = PSp(Q8) follows. Again to summarize:

THEOREM 2. If & is the Lie algebra of skew transformations of a vector space
B of finite dimension >2 carrying a nondegenerate alternate bilinear form (x, )
over a field § of characteristic #2, 3, 5, 7, then every automorphism of  is of the
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form X—A7'XA, where A is a linear transformation of B satisfying (xA, yA)

= (x, ¥)a for all x, yEB and for some fixed a#0 in §. Thus the automorphism
group N of L is isomorphic to the quotient group of the group & of all such trans-
formations A of B by the group of nonzero scalar transformations. The group I
of invariant automorphisms is the group of all automorphisms of the form
X—U'XU, where (xU, yU)=(x, y) for all x, yEB, thus is isomorphic with
the projective symplectic group PSp(B). The group G' of Chevalley formed over
T from a complex Lie algebra of type C, coincides with 3, and is thereby iso-
morphic with PSp(B).

4. Algebras of type B. Let 8B be a vector space of dimension 2n+1 (n=1)
over a field § of characteristic different from 2, and let (x, ¥) be a symmetric
nondegenerate bilinear form of maximal Witt index on B; that is, 8 contains
an n-dimensional subspace U on which the form is identically zero. We fur-
ther assume that the discriminant A of the form is a square in { if # is even,
and that —A is a square in § if # is odd. Then it follows that a basis ey, - - -,
2,41 can be chosen for B over § satisfying (e, e1) =1; (&;, €nti) =1=(€ntj, €),
2<j=<n+1; all other (e;, ex) =0. Let { be the Lie algebra of all T&E(D)
satisfying (xT, ¥) +(x, yT) =0 for all x, yE®B. Then examination of a suitably
chosen basis for ® (about which more will be said later; see also [12; 14; 20])
reveals that € is a Lie algebra of classical type B, if the characteristic of §
is not 2 or 3, hence is simple. Exactly as in §3, we conclude that the relevant
formulas of §1 involving exponentials are valid if the characteristic of § is
not 2, 3, 5, 7. We assume this in the sequel.

For all X €®, we have X exp(ad E,) = (exp E.) X (exp E.),and A =exp E,
is unimodular and satisfies (x4, y4)=(x, ¥) for all x, y&2B by (7). Thus
every invariant automorphism is of the form X—A4-1XA4 where 4 is in the
rotation group O*(%); the only scalar transformation in O*(%) is the identity,
so the group of invariant automorphisms may be regarded as a subgroup of
O0+(B) (again G(B) = FI + ¢ + £?). For each 4 € 0*(B), the mapping
X—A"1XA is an automorphism of &, so O+(B) may be regarded as a sub-
group of the full automorphism group ¥« of L.

In the algebraically closed case, we have seen in (A) that 3=%; hence
we have §=0%(8) =% when § is algebraically closed. If we now drop the
assumption that § is algebraically closed and let & be its algebraic closure,
we see as in previous cases that g is the Lie algebra of skew transformations
in Vg with respect to the ®-bilinear form determined by (x, ¥), and, by the
reasoning of §3, that every automorphism of & is of the form X—A4~'X4,
where A €E(DB) has the property that for some a0 in § and for all x, yED,
(x4, y4) = (x, y)a. If @ denotes the group of all 4 of this form, then @ con-
tains §*I as before, and as in §3 the full automorphism group ¥ of & is iso-
morphic to ®/F*I via the obvious mapping of the latter group onto . It
remains to consider the group of invariant automorphisms of 2.

The transformations in € whose matrices relative to the basis e, - - -, €21
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of B are diagonal constitute a standard Cartan subalgebrd $, and each root-
space relative to § is spanned by a transformation expressible in terms of
matrix units as: E;i—Ejinitn; Eijyn—Ejiin; Eitni—Ejn,s; Eij—Ejin,;
Ej—E i 251, Sn+1,45%). If §ois a second standard Cartan subalgebra,
then as before there is an automorphism of € mapping $ onto 9, i.e., an
AE® with 4194 =9. If 14, + - -, e2,114 is the transformed basis for B,
then (e;A4, exd) = (e;, ex)a for all j, k and for some fixed nonzero a €F. Each
root-space relative to 9, is spanned by an E; whose matrix relative to
eA, - - -, epAd is one of those listed above. Thus we have a basis
Uy, + -+, Usaqr for B such that (w, w1) == (4;j, Uny;) = (Unsj, #;), 2SjSn+1,
all other (u;, u) =0; we consider the group of linear transformations of B
generated by the exponentials of root-vectors relative to o, or by the trans-
formations whose matrices relative to this basis are of the forms

I + MEij = Ejynin); I+ MEijin — Ejjisn); I + MEign; — Ejgn,);
(18) I+ NEyj — Ejpn1) — 27N2Ej4n 3 I + N(Ejs — Eyjyn) — 27N2E; j4n;
2<i St

This group is a subgroup of &, which is in turn a subgroup of O*(R). By utiliz-
ing the procedure of Theorem 3.20 of [1] and the spinorial norm mapping of
O+(®B) into F*/(F*)? found in Chapter 5 of [1] (since B contains isotropic
vectors) one sees that each of the above transformations is in the commutator
subgroup Q(B) of the full orthogonal group O(B). Since H, is an arbitrary
standard Cattan subalgebra, it follows that 3CQ(RB). It does not seem to be
an immediate consequence of the work of Dickson [7] and its utilization by
Ree [19] under somewhat different conditions that the transformations (15)
generate Q(B). This is in fact the case. If B has dimension greater than 3,
then we may post-multiply any TEO(B) by a sequence of transformations
of the types (15) to obtain a transformation U= T (modulo products of (15))
with %,U=1us, #ny2U=1,.s, hence mapping the subspace U spanned by
Uy, U3y = * ¢y Unily Ungsy * * * , Uznyr into itself. (The method of choice of these
transformations from (15) is more or less explicitly indicated by the cor-
responding argument in §6.) If T&Q(B), so is U, and the spinorial norm of
the restriction of U to U is the same as that of U. Hence U| UEQ(). If we
make the inductive assumption that our assertion holds for Il and observe
that the generators of the type (15) for @(11) are the restrictions to U of
generators (15) above which map %, onto #; and #,,, onto u%,,s, we see that
U is in the group generated by the set (15). Our proof by induction will then
be completed if we carry out the proof for dim B =3. Here if T€0*(B), the
kind of reduction initially carried out above shows that T'= U (modulo prod-
ucts of (15)), where U=diag {l, A\, )\“}. The spinorial norm of U is the
identity, i.e., UCQ(RB), if and only if AEF*2. Thus if TEQ(V), we have
U=diag {1, 8, 5-2}. But then
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U= (4 MEn— Es) — 2 MEs)-(I + N\a(En — Exs) — 2 AsEs)
(I + No(Erz — Eqt) — 2 NEss)-(I + As(Esy — Evs) — 2 MsEzs),

where \;=26"1(6"1—1), Ae=1, \3=2(6"'—1), \y= —4, so that U is in the
group generated by the set (15). Thus the group generated by these trans-
formations is Q(%B) in all cases and we have 3 =Q(8B). To summarize:

THEOREM 3. If Q is the Lie algebra of skew transformations of a vector space
B of odd dimension 2n+12= 3, carrying a nondegenerate symmetric bilinear form
of maximal index and satisfying the discriminant condition (—1)"AEF?, over
a field § of characteristic #2, 3, S, 7, then every automorphism of { is of the
form X—A—1XA, where A is a linear transformation of B satisfying (x4, y4)
= (x, ¥)a for all x, yEB and for some a0 in F. The automorphism group A
of ® is isomorphic to the quotient group of the group ® of all such similitudes A
by the nonzero scalar transformations. The group  of invariant automorphisms
is the group of all automorphisms X—U-X U, where U is in the commutator
subgroup QUB) of the orthogonal group O(B); thus I is isomorphic with (V).
The group G’ of Chevalley formed over § from a complex Lie algebra of type B, is
the full group 3.

5. Algebras of type D. Let B be a vector space of dimension 2z (n=3)
over a field § of characteristic 2, and let (x, y) be a symmetric nondegener-
ate bilinear form of maximal Witt index on 8. Then a basis e, - - -, es, for
B over F can be chosen with (e;, €;1n) =1=(€i4n, €:), 1 21 =, (e;, &) =0 other-
wise. Let € be the Lie algebra of all T€&(D) satisfying (xT, y)+(x, yT)=0
for all x, yE 9. As before, the basis for € displayed in [12; 14; 20] shows that
¢ is a simple Lie algebra of classical type D, if the characteristic of § is not
2 or 3 (for n=23, there is no distinction between type D; and type 43), that
G(B) =FI+2+L2 and, as in §§3, 4, that E5 =0 for all root-vectors E, rela-
tive to standard Cartan subalgebras. Thus we assume further that the char-
acteristic of § is not 2, 3, 5, 7.

Asin type B, every invariant automorphism of ¢ is of the form X —4-1X4,
where 4 is in the rotation group O+(8). Each 4 in O*(B) induces an auto-
morphism of £ by the above mapping, and the identity is induced if and only
if A is scalar, i.e., A =+1I. Thus we may regard the group J of invariant
automorphisms as a subgroup of the projective rotation group PO*(%).

Next let U be the element of E(®B) whose matrix relative to the basis
{e;} is I — E, o — Esn.2n— En .2 — Ean... Then it is readily checked that (¢;U, ¢;U)
= (e, ¢;) for all 7, 7, so that UEO(B), the orthogonal group; moreover, U
has determinant —1, so is not in O+(®B). The mapping X—U"'XU is an
automorphism of € of period two. If U1 XU=A471X4 for all X&¥&, where
AEO0*+(B), then we have U=2\A4, where A\EF, and so \ISO(DB), with det(M])
= —1. But since \IEO(DB), A= +1, and det(AI) =1, a contradiction. Hence
the mapping ¢: X—U~'X U is not in &, and J is not the full automorphism
group 2.
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Suppose now that #n =4, the basis for  referred to above contains a basis
for the Cartan subalgebra $ consisting of elements whose matrices relative
to the basis e, - - -, es are diagonal, and contains a system of root-vectors
relative to $ consisting of elements whose matrices relative to this basis are
Eii_EJ'+44l'-Hr 1#], E,',j+4—Ej,,'+4, 1<], E¢+4,j—Ej+4'g, ’l«<j, léi, j.§4. If we
set Eq, = Eg —Egs, Eay=E3s— E¢7, Eay=E43—E1s, Ea,= E74— Eg;, then oy, o,
a3, a4 form a fundamental system of roots of type D, relative to § with the
Cartan integers A,y =A:,=—1,1=1,3,4; A;;=2, 15j<4; Ax=0if 15k, 1
and k among 1, 3, 4. Thus by Theorem 9 of [18] and Lemma 6 of (A),
there is a unique automorphism ¢ of € mapping E,, onto E.,, E., onto Eq,,
E., onto E,,, E., onto E,,, and 9 onto O, and ¢ is of period 3. If we set
E—a,=E12*Ees, E—a2=E23—E7s, E—aa=E34'—E87, E_i,=E4—Eg, then each
[E_o;E.;]E D, and ai([E_e;Ea;]) =2, 15i<4. By the proof of Lemma 6 of
(A), ¢ sends E_,, onto E_,,, E_,, onto E_,,, E_,, onto E_.,, E_,, onto E_,,.
Now we can give an explicit expression for ¢ by using the fact that the E,,; and
E_., generate L. The general element of ® has a matrix of the form

( ® | )

© =@/
where (£), (1), ({) are 4 by 4 §-matrices and where (7)'= —(n), ({)'=—().
The result is then that ¢ sends this element into

(o)

where
27 eutbntEnt b)) — mu 724 - N
W) = $aa 27k + Ear — £33 — Ea) En — &1
—$u £ 27YEn — b+ Eis — E) En2 ’
_ 2-1(— -
(16) $u ta £ (=& + 2+ £ — £4)
0 Mz M3 N23 0 $12 $13 $a3
—mz 0 —&u —&u —¢z2 O £ &
) = , (o) = .
—ms Eu 0 —&x —¢13 —éa O Ea3
—n2 fu £ O —¢2s —&12 —&i3 O

If there were a nonsingular transformation 4 of ¥ such that X¢=4-1X4
for all X €4, then we should have A X*=XA4 for all X &L, If () is the matrix
of A relative to the basis e, - - - , eg above, we have in particular 4 (Eq3— Ers)
=(En—Es)A, A(E;s—Eg)=(Eg—Es)A. The first of these equations im-
plies a;7=0, 12, 5; the second implies a;7=0, :#=4, 7. Hence all a;;=0, and
A cannot be nonsingular.

NoTE. A more conceptual demonstration of such an “outer” automor-
phism could be given using the principle of (local) triality [8; 16]. This prin-
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ciple will be invoked in dealing with the exceptional algebras, but we prefer
to avoid it here.

Since ¢ is of period 3, p2=¢! is not of the form X—A4-1XA. With ¢ as
previously introduced, the effect of ¢ when #n=4 is to send

(_% —(Zs)r) into ( (5»; —((VZ)'>’

where
tn £12 3% — N4 0 N12 N13 —Eu
(#) _ £ E22 £z —nu ’ (v) _ —mz 0 N2z — &2 ’
&1 &3z £33 — N34 —N13 —N23 0 —&u
$1a $2a $aa —Eu E14 4 & O
@17

0 $12 $13 fa
=12 0 $a e
—f13 =23 O ta |
—tu —f —%3 O

(o) =

From (16) and (17) one readily sees that o¢o =@?, so that ¢ and ¢ generate a
group isomorphic to the symmetric group Z;, with elements ¢, 7, ¢, ¢?, 0, a2
The cosets of these automorphisms by the invariant automorphisms are dis-
tinct; to see this, since they form a group, it is enough to show that ¢ is the
only invariant automorphism among them. We have already seen that o, ¢, ¢*
are not invariant automorphisms; if ¢ or o¢? were an invariant automor-
phism ¢, then we should have either ¢ =0y or ¢?=0y, an automorphism of
the form X—A~1XA. But this has been seen above to be impossible. Thus the
index of the group of invariant automorphisms in the full automorphism
group is at least 2 if n4 and at least 6 if n=4.

In the algebraically closed case, we have seen in (A) that the index of
S in A is at most 2 if %4 and at most 6 if 4. Hence these values are
exact. In every case, the automorphism group U contains the quotient
PO(DB) of the full orthogonal group by the scalars, which, by virtue of the
existence of ¢, contains properly the group PO*(8B), and this in turn contains
3. Since [UA: F]=2 if n>4, we have A=PO(B), I=PO+(Y) if n=4. If
n=4, the cosets of ¢, ¢, ? by PO(RB) are distinct, so that [A: PO(B)]=3,
[PO(DB): PO+(B)]=2, and [A: F]=6. It follows that [A: PO(B)]=3 and
that 3 =PO+(L); A is the product of PO(B) by the group of order 3 gener-
ated by ¢.

Now suppose that § is not algebraically closed, and let & be its algebraic
closure. The unique extensions of ¢ and ¢ to automorphisms of ¢ will again
be denoted by ¢ and ¢, and in case n =4, again generate a group of six auto-
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morphisms of g, none of which, other than the identity, is an invariant auto-
morphism of f¢. These extensions are defined by (16) and (17), where the
entries in the matrices now lie in &. If 7 is an automorphism of &, then 7
admits a unique extension to an automorphism of ¢, which is thus of one of
the forms X=A-"1XA, X7=A"1X*%4, X'=A"'X*4, where A E0(DBg) with
respect to the extension to Bg of the form on B, and where the last two types
occur if and only if n=4. If xEY, then X¢EQ and X’ R if n=4; it follows
by the result from [25] cited in previous cases that 7(in ) is of one of the
forms Xr=B-1XB, X'=B-1X%B, X'=B"1X%'B, where BEG(D8), the last
two types occurring only when n =4. As before, we see that BE, the group
of linear transformations B of % satisfying (xB, yB) = (x, y)8 for all x, yE D,
where 0#8EF. Also as before, if ##4 the group of automorphisms ¥ of &
is isomorphic with ®/F*I; if n=4, A is the product of ®/F*I by the group
of order 3 generated by ¢.

If ©o is any standard Cartan subalgebra of &, and if $ is the standard
Cartan subalgebra consisting of those transformations whose matrices rela-
tive to the basis ¢, - - -, e are diagonal, then it follows as in previous sec-
tions that there is an automorphism 7 of & such that "= §,. Since ¢ maps
onto 9, it follows that in every case there is a linear transformation B of 8
such that (xB, yB) = (x, y)8 for some fixed nonzero BEF and for all x, yEB,
and such that B-19B =8, Thus , consists of the transformations of 8
whose matrices relative to e,B, - - -, e, B are diagonal and which lie in g,
where (¢;B, ¢;B) = (e., ¢;)B for all 7, j. A basic set of root-vectors E, relative
to o consists of the E;i—E;in ivn, 17; Eijin—Ejitny 1<J; Eign.i—Ejn.i
1<j; 1=1, j<n, where the E;,, are the matrix-unit transformations relative
to the basis e1B, - - -, B for B. The group G’ of Chevalley formed over §
from a complex Lie algebra of type D, (n= 3) coincides with the group gener-
ated by all exp(ad E,), where E, runs through all root-vectors relative to a
fixed Cartan subalgebra of {, which we may assume to be the £, above. Now
G’'C 3, and the generators for G’ are the transformations

X — (exp E.)"'X(exp E.),

where exp E. runs through the transformations of 8 whose matrices relative
to B, - - -, e:,B are of the forms

I + NEi; — Ejpn,itn); I+ NEijon — Ejiyn);
I 4+ NEiynj — Ejtn,); 1=45j=ni1#j;AEF.

By computation of spinorial norms [1] one sees that all of these transforma-
tions are in the commutator subgroup Q(8) of O(B), and this property is
independent of the choice of the standard Cartan subalgebra $,. Thus
G'CICPQ(B), the quotient of (V) by the scalar transformations in it.
As in §4, it may be well to supplement [7] and [19] by sketching a proof
that the transformations (18) generate Q(8). We do so for all =2. For n>2,

(18)
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a procedure analogous to that indicated in §4 enables us to reduce the prob-
lem of expressing an arbitrary element of Q(%8) in terms of the generators (18)
to the case where L is (2n—2)-dimensional of the same type; thus it is
enough to treat the case n=2. Here if T€0(8), post-multiplication by
suitably chosen elements of the type (18) reduces T to U=diag {1, , 1, a1}
or to U=En+aEu+Esp+oaEge. If TEOH(DB), the latter is impossible, and
if TEQ(B), we have UEQ(B), a =462 from the spinorial norm mapping, and
U=diag {1, 82, 1, §2}. Then

U=+ (Exu — E2s)){ + (Exze — Eg)){I + (6 — 1)(Eq1 — Es2))
(I 4861 = 6)(En — Es) (I + (—8)(Er2 — E3))(I — §'(Erz — Ea3))
‘(I + 8_2(6 - 1)(E21 b E34)) (I —+ 6(5 - 1)(E32 - E41))

This completes the proof that (%) is generated by the transformations
(18), and with it the result G’ = § = PQ(8B). We have thus proved

THEROEM 4. Let B be a 2n-dimensional vector space (n=3) over a field §
of characteristic different from 2, 3, 5, 7, equipped with a nondegenerate symmetric
bilinear form (x, y) of maximal index. Let R be the Lie algebra of all linear trans-
formations of B which are skew with respect to (x, y). Let & be the group of all
linear transformations A of B satisfying (xA, yA) = (x, ¥)a for all x, yE B and
{‘or some a#0 in §, and in case n=4, let ¢ be the automorphism of { given by
(16). Then if n#=4, every automorphism of  is of the form X—A~'XA4, ACE,
and the automorphism group N of L is isomorphic in this way to &/F*I. If
n=4, every automorphism is of one and only one of the forms X—A'XA,
X—A"1X%A, X—>A-1X%A, so that &/F*I is a subgroup of index 3 in U, and
A is the product of &/F*I by the subgroup of order 3 generated by ¢. The group
& of invariant automorphisms is the group of all automorphisms X—U'XU,
where U is in the commutator subgroup QUB) of the orthogonal group O(B);
thus & is isomorphic with PQUDB) in all cases. The group G’ of Chevalley formed
over  from a complex Lie algebra of type D, is the full group I, and is isomor-
phic to PQ(B).

6. Algebras of type G. Let § be a field of characteristic %2, 8=34(F) the
vector space of triples of elements of § endowed with the usual scalar and
vector products:

(a1, as, a3) * (B1, B2, Bs) = aif1 + B2 + aifs, and

(a1, as, as) A (B, B2, Bs) = (as — iy, asf — aify, 1Bz — aB).
Then if TEE(RB), one readily checks that
(19) (A 93T+ (A 2)xsT + (z N\ )97 = Sp(T)(x N\ y)-2

for all x, y, 2E%B, where Sp(7T) is the trace of T. If T’ denotes the transpose
of T with respect to the scalar product x-y, it follows from (19) and the
identity (x Ay)-z2=(y/\2)-x that
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(20) @EANT 24+ T Ny)z+ (A yT)z=Sp(T)(=xANy)z

for all x, y, 2E 8. Since the scalar product is nondegenerate, we have for all

x, yEB,
(21) @EANT + &T Ay + (A yT) = Sp(T)(x A\ y).

The split Cayley algebra € over § may be defined as the 8-dimensional
space of all matrices of the form
G 2
b B8)’

o, BEF; a, bEYB; with the bilinear multiplication defined by
(a a)(*y c)_( ay + a-d ac+6¢1—b/\d)
b B/\ds/) \yp+Bit+anc Bt+bec /)

The matrix
10
(o 1)
01

is evidently a unity element for this algebra. The algebra may be shown to
be alternative and simple [27]— it is isomorphic to Zorn’s algebra under

G-
-
(27

then A—4 is an involution in € over § and A4 =44 = (af—a-b)I. We set
(A4, A)=aB—a-b. This form (4, A) is then a quadratic form admitting com-
position, i.e., (AB, AB)=(A4, A)(B, B) for all 4, BEE. The symmetric bi-
linear form resulting from polarization is (4, B), defined by AB+B4
=2(A, B)I=AB+ BA. One verifies easily that this form is nondegenerate.
Now € has zero-divisors, e.g.,

0 a\?

(o o) -
00

for all a&%; it is known that there is only one nonassociative algebra with
unity over § carrying a nonsingular quadratic form admitting composition

—and if for

we set
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and having zero-divisors [15]. Thus we have an abstract characterization of
€; another may be given as a simple non-associative alternative algebra with
zero-divisors [27]. The specific form used here will be advantageous in cal-
culations with the derivation algebra, as well as in that it gives us a starting

G. B. SELIGMAN

point independent of the other literature in this area.

Now let € be the Lie algebra of all derivations of € over {; & is a restricted
Lie algebra under pth iterates if § is of prime characteristic p. If DEY, it

follows as usual that ID =0. Next let

1
Then from
we have
1 O0\/a a
O=ID=( )(
0 —-1/\b B
Thus

1

If 0#a &R, then

so that if
0
(.
we find
0 O\/B b
0= (a O) <c ‘Y) +
so that

(

where a-b=0. From

(o -

L

.
G o)
s -
¢
)

o~

)+G

a a

b B

)

1

)

o 1)

a‘) e
o) a; .

2

=0,

)
(o)

G
c —B

b

)

(

a-b
B+ 7a

o

0
ab

)
0 -8/

)
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0 O\/1 O\ (0 O
(a 0)(0 —1)=(a 0)’
we obtain
B8 b 0 0\/0 a B b\/1 O B —b—ala;
(c —ﬂ)=(a 0)(:12 0)+(c —ﬁ)(O —l)=(c 8+ a-ar )

from which 8= —-2"%-a,, b= —2"'¢ Aa:=2"'a;/\a. Thus

00 1 /—aa aANa
D=— R T € G(B).
(a O) 2( aT a-a ) < &®

Similarly,

(0 a)D _ 1 (—a'az aU) U G(®)
0 0 ) aaANa a-a) '
For a, bER,

0 a\/0 O ab 0 1 10 1 0
(0 )G o= (5 o)z =5 )+ D)
0 0/\& 0 0 0 2 01 0 —1
and applying D yields
1(0 a)(-—b-al az/\b)+(—a-az aU)(O 0)_1 b(O a1>
2\0 0 bT b-ay ag/N\Na aa/\b 0 ) ¢ e 0/
From comparing entries in the (1, 1)-position, we see that a-6T+aU-b=0,

or U=~T".
Finally let a, b&E®8 with a Ab#0. Then we have

0 0 0 aNb
(b g)(a o)=(g 0 )
so that applying D gives
1 /—(@ANb-a; —(@aNbT
7(a,/\(a/\b) (a/\b)'dz)
1 /0 O0\/—aa a:Na —b-a, a: ANb\/0 O
=7(b o)( aT a-a1)+( bT b-al)(a 0)
__1 (a2 A\ b)-a —bANaT — bT N a
—(—(a-al)b+(b-a1)a —b-(az N\ a) )

T2
Comparing entries in the (1, 2)-position gives (a A\D)T'+aT Ab+aN\bT =0;
but by (21), this is simply Sp(T)(a Ab), and a Ab#0; thus Sp(T) =0, and
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TEG'(B), the space of linear transformations of LB of trace zero. From the
above and the decomposition

@ a _a-l—B(l o> a—ﬁ(l 0) <0 a) (0 o>
(bﬂ) 201+2 0—1+00+b0’
we have

22) (a a)D_ 1< —a-a3—b-a; (a—B)a1+(az/\b)—aT’>
b B 2 \(@—B)a:+(a1N\a)+bT a-aytb-a;

where a1, a; are fixed in B, and where T& €’ (). By the computations above,
D uniquely determines ai, a3, and T, and the mapping D—(ay, az, T) is linear
from g into the direct sum BO VLD E’(B). This direct sum is a 14-dimensional
vector space over §, and the mapping is evidently one-one since ai, as, T
determine D uniquely by (22). We now show that the mapping is onto, hence
that ¢ is 14-dimensional. Therefore let ai, a,€8B, TEE'(B), and define a
linear transformation D of € by (22). By use of the following identities, one
readily verifies that D is a derivation of €:

aT ANb+a AT = —(aNDBT; aNb=—-bANa; ab=bua
(@ANb)-c=(bAc)a; (@aNb) Nc=(ac)b— (b:c)a.
From the effect of D on

1 0 00
( ) and on ( ),
0 —1 e O

it is clear that the image of D under the mapping of € into BOBDE'(B) is
(a1, as, T); thus our mapping is onto, and we use it to identify € with B&Q8
O E' (V).

If D=(a1, a;, T) and E=(b;, by, U) are in &, then [DE]E€g, so that
[DE]= (a1, 2, V) for some ¢1, :EDB, VEE'(B). From computing

(1 0) [DE] = i( 0 — U’ + 0T + 202 A a2)>
0 —1 T 2 \aU — 5,7 + 2, A a)) 0 ’
we have

c1 = bz /\ ay — 2_101U, + 2_1b1T/,

23
(23) ca = b1 N\ a1 + 27U — 271,T.

If we let x€®8 and compute the (2,1)-entry in

C oo

we find
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(24) 2V = 273y A\ (@2 A %) + 2)x-b1)as — a1 A (b2 A %) — 2(x-a1)be + 2[TU]).

Now let e1=(1, 0, 0), e2=(0, 1, 0), e3=(0, 0, 1) be the standard basis for
B, and let E;;, 1 =517, j<3, be that element of E(LB) which sends e; into e;
and ¢ into 0 if k54, Then ¢ has as basis the elements (e;, 0, 0); (0, ¢;, 0);
(0, 0, Ei,'), léi, J§3, ’L;é]., and H,'=E,'.‘—E.'+1,,'+1, 'i=1, 2. Then E{’J=Ej.'.
177, and H! =H,.

From (23) and (24), we see that if f;=2(0, 0, H;), i=1, 2, then [fif2]
=2(0, 0, [Hy,H;])=0. Let $ be the two-dimensional commutative sub-
algebra of ® spanned by fi and f,. For j#k, we have

[ExH:] = (Bus — dk,iv1 — 8js + 85,01) Ese

Set e.,=(0, 0, Ez), €_ay=(0, 0, Eyp). If we define a linear function ey on
by ai(fi) =2, au(fz)=—1, we see from (23) and (24) that [esf:]=B(f:)es,
B=ta, or [egh]=P(h)es for all hEPH. Next let ez EH* with ax(fi)=—1,
a2(f2)=0) and set ea2=(ely 01 0)1 e—agz(oy €1, 0)’ ea1+a3=(32y Oy 0), e—al—az
= (Ov €2, O)v e¢1+2¢z=(0) €3, 0), e-a1—2a2=(33, 0, 0)! Cayt3ay = (0’ 0, El3), €—a)—3a,
=(0, 0, En), €2a1430=1(0, 0, Es3), €_2a,-34, = (0, 0, E3). Together with the f;,
these es form a basis for & and for each 8 we have [egh] =8(h)es for all LED.

If x=Nji4+Nfo+ Za Nses is an arbitrary element of &, where the sum-
mation runs over all twelve BEH* as enumerated above, and if [xk]E®H
for all hED, we have g N\gB(h)es=0 for all hEH and therefore \gB(k) =0
for all 8 and for all kE 9. Since each 0, each N\s=0, i.e., xEP. Hence
O is its own normalizer in &, so is a commutative Cartan subalgebra of
L. The Lie algebra  is a direct sum of $ and of the one-dimensional root-
spaces ¥s={es, and the twelve linear functions 8 are readily seen to be
distinct if the characteristic of § is not 2 or 3; this is assumed in what
follows. The roots clearly span 9*; in fact, a4 and a; do so. Thus if
[x2] =0 for some xEQ, we have [xH]=0, hence xEH by the above. We also
have [egx]=B(x)es=0 for all B, therefore x=0 by the fact that the roots
span 9*; thus we have proved that the center of ® is zero. We have seen
above that [%9]=% for all 8; since $ is spanned by fi=[e_sea] and
f2= [€20;4305€ 20130, ], We see that [22]=2. .

All the axioms of [18] for a Lie algebra of classical type with Cartan sub-
algebra  and roots 8 have now been established, except for (iv) and (v).
It is enough to show each [2_s%]0 to establish (iv), since each 24 is one-
dimensional. For 8= + a1, + (a1 +3az), + (2a1+302), this result follows from
[EEn]=H, [EuEn]=H+H,, [ExEs]=H, respectively, and from the
formula (24). For 8= + s, we have [(e1, 0, 0), (0, &1, 0)]=(0, 0, V) by (23),
where by (24), xV=—eA(e1/\x) —2(x-e1)e, for all x&©B; in particular, ¢,V
= —2¢,#0, so that V%0 and [2_g%]50. A similar argument may be applied
to + (an+az) and =+ (a1 +20), and (iv) follows.

By observation of the list of roots, one sees that there are no two roots
o and B, with 0 included as an admissible value for a only, such that all
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a+kB are roots (0 admitted) for all natural numbers k. It follows that axiom
(v) of [18] is satisfied. One also checks readily that ey —a; is not a root, that
is, that ; and a; are a simple system of roots of type G in the sense of [18].
By Theorem 8 of [18], R is a (normal) simple Lie algebra. The system ai, a
is a fundamental system of roots, the unique minimal root being —2a; — 3as.
It follows that R is the exceptional simple Lie algebra of type G..

From the formula (22), we see that € maps € into the subspace €’ of
vector-matrices of trace zero. Let

1 0
Uy = <0 _1>,
0 e; 00
b = (0 0)’ e (e,- 0>’ !

Then v, - - -, v; are a basis for €/, and the matrices relative to this basis of
the restrictions to €’ of our basis of € are scalar multiples of the following:

(e1,0,0): 2Ey2 + Es1 — Ess — Es1; (0,0, Erz): Ezs — Egs;
(€2,0,0): 2E;3 — Ez + Ess — Ee1; (0,0, Ewg): Ess — Egr;
(€5, 0,0): 2Ey4 + Ezs — Ess — Eni; (0,0, En): Eq3 — Egr;
(25) (0, €1, 0): 2E\5 — Ea1 + E¢s — Ezs; (0,0, Eg1): Eo3 — Ess;
(0, €2, 0): 2E16 — E31 — Esu + Eq2; (0,0, Ez1): Egy — Exs;
(0, €5, 0): 2E;; — Eqy + Ess — Eg2; (0,0, Ess): E3 — Exs;
(0,0, H\): Ezo — Es3 — Ess + Ees; (0,0, Ho): Ess — Eqs — Ees + En1.

IIA
IIA
w

Noting that these are linearly independent, we see that  may be identified
with its restriction to €’. In this sense, one finds by computing products of
the above that G(€’) =2+82+® (while G(€") =FI+2+2?). For easier refer-

ence, we number this observation:
(26) GE) =+ 2+ @ = .

We also have (ad E.)*=0 for all root-vectors E, relative to standard Cartan
subalgebras. It follows by Lemma 1 that EY =0 for all such E.. Thus all re-
sults of §1 except for (7) are valid when the characteristic of § is different
from 2, 3, 5, 7, 11, 13, 17. Since ID =0 for all DEQ, we have EY =0 on all of
€. Hence by (5) and (2), exp E, is an automorphism of €, and the group J of
invariant automorphisms of € is a subgroup of the group of automorphisms of
¢ of the form X—A~-1XA, where A is an automorphism of €; every such
mapping is an automorphism of &.

If Aisanautomorphismof G, then J4 = (JA)I = (IA)(IA7'A) = (I(IA7*))A
=(IA=Y)A =1I; thus A4 is the identity on FI. We note also that if x&E€, then
x?— (x+%)x+&x=0, and that x+% and &x are in §I. Hence, operating on
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this equation with 4 and comparing the corresponding equation for x4 gives(?)
(x4) —(x+x)xA+Zx=0=(xA)>— (xA+(xA))xA + (xA4A)xA. In particular
if x€C, i.e., if x+%=0, we obtain from canceling (x4)? that (x4 + (x4)")x4
= ((xA)")(x4) — ixEFI, with x4+ (xA)~C€FI. Then *ACFI unless xA
+(xA)~=0, and since A~! maps FI onto itself, we have xEFI unless
xA +(xA)~=0;since x+ % =0 it follows from x EFI that x =0 and x4 + (x4)~
=0 in this case as well. Thus x4+ (x4)~=0for all x€CF, i.e., 4 maps &' into
@’. Since x4 +%A4 = (x+%)A =0, we have £4 = (x4)~ for all xEE’; this equa-
tion is evident for x =1, so by linearity £4 =(x4)~ for all xEE€. Now let 4
and B be automorphisms of €, and let A7'XA4 =B~'XB for all X&€&. Then
A and B map ¢’ into €', and A B~'is in the center of €(€’), by (26). Therefore
B =X on €, N\ & §. In particular, N4 = v.B = (v1v2)B = (1:B)(v.B)
=N¥(114) (v24) =N*(v192) A =N%.4, and since A#0 we have A\=1, B=A4. Thus
the homomorphism of the group A(€) of automorphisms of € into the group
of automorphisms A of € sending 4 EA(C) into the mapping X—A41X4 is
an isomorphism of A(C) into A.

In case the base field § is algebraically closed, we know that & =9, hence
that the inclusions FCA(C)CA are in fact equalities. Now suppose that §
is not algebraically closed, and let & be its algebraic closure. Then €g is the
algebra defined over & in exactly the same way as € is defined over {, and
L¢ is a 14-dimensional subalgebra of the Lie algebra of derivations of Gg,
hence is the full derivation algebra of €g. If ¢ is an automorphism of &,
denote also by ¢ its unique extension to an automorphism of ¢. Then there
is an automorphism A4 of €g such that X*=4-1X4 for all X €%, and so by
[25] there is a nonsingular linear transformation B of € such that X*=B-1XB
for all X&f. Now we have (IB)(B~'XB)=IXB=0B=0 for all X&{. Since
the B~1X B, restricted to €', constitute the restriction of L to €', and so gen-
erate €(€’), IB cannot have any component in €’ in the direct decomposition
C=FIBC'. Thus IB=BI, BEF. If y&C’, then by the fact that the restric-
tion of ® to €’ generates §(C’) in the strong sense indicated by (26), we can
write y= > x,B-1X,, x,€C, X,EL Then yB= Y x,B1X,B= ) %, X{ has
trace zero, i.e., is in §’, since £ maps € into €’: €’ BCE’. Thus, restricting our
attention to € = (€')e, we have B=AA4, AE R, by the fact that R generates
E(Cg). But we have (1:1B)(v:B) =A%(114)(v24) =A% (0193) A =224 =1, B #0.
Since (11B)(v2B) and v.B are in €, A\E{. Then 4 =\"'B on €’. If we define a
nonsingular transformation C of € by IC=I, xC=\"%«B if x&@’, then C
coincides with 4 on @, hence is an automorphism of €, and X*=C-'XC for
all X&Q. Thus we see that the full automorphism group ¥ of g is again iso-
morphic to A(E).

If o is any standard Cartan subalgebra of £, we see as before that H,
is spanned by the two transformations whose matrices are Ey— E33— Egs+ Eqs

(?) For convenience in printing, we write (x4)~ for the image of x4 under the involution
X7,
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and Eg;— Egy— E¢+Es7 relative to a basis w4, - - -, 124 for €', where 4 is
an automorphism of €. A basic set of root-vectors relative to 9, consists of
twelve derivations of € whose matrices relative to this new basis for €’ are
the twelve corresponding to the root-vectors in (25). Chevalley’s group G’
formed from a complex Lie algebra of type G, may be identified with the sub-
group of A(C) generated by the transformations of € whose matrices relative
to one such basis for € are the exponentials of all scalar multiples of this set
of matrices, namely:

(1) I + N(2E12 + Es1 — Ess — Es1)) — N2Eg; (7)Y I+ N(E3z — Esge);
(2") I 4 N(2Ey3 — Eg1 + Ess — Eg1) — NEgs; (8) I+ MNEs2— Egn);
(3) I+ N2Ew+ Ey — E35 — Eq) — MNEyy; (9) I+ NEs3 — Eer);
(4) I 4+ N2Ews — E21 + Ess — Er3) — N Eg;; (10) I + X(E2s — Eses);
(8') I+ N2Ew — Es1 — Ess + Eq3) — NEg; (11") I + N(E2s — Ezg);
(6") I+ N(2Ey7; — Es1 + Eg3 — Egs) — NEas; (12") I + N(E3s — Exe);

where AEJ.

Let vy=1, and let u;=v;4 above, 0=¢=7. Let T be any automorphism
of €; we shall show how to express T as a product of transformations of the
types (1')—(12") above, thereby proving that G’ =U(€), and consequently
that JF=A(C) =U since G'CIJFCSA(€) =A. We proceed by multiplying T on
the right by various of the set (1’)—(12’) of proposed generators for A(€),
and shall use the same notation for the resulting transformation as for the
original one. Once T is so reduced to the identity automorphism we shall be
done. Let (@) be the matrix of T relative to the basis u,, - - -, u7 for §; we
already know that #yT'=IT=I=uy and that T maps €’ into €', so that
ap=1, ap;=0=ap if >0, and this property will hold for every automor-
phism. First we note thatif a2 70, we can follow T by I +az' (1 — ) (Ess — Ess),
with the effect that as=1 for the resulting transformation. A similar pro-
cedure may be followed if any of au, asr, o670, by using types (8’), (5),
(6"), respectively. If a0 and if as; =0, then we can follow T by type (10’)
with A=1 to obtain a0 and then proceed as above to obtain asp=1. If
as7=0 but a0 we can follow T by type (8’) with A=1 to obtain a0
and then may proceed as above. If all ay;=0 for j#1, then a0 since T is
nonsingular, and we may follow by type (2’) with A=1 to make a0 and
then make age=1 as above. Thus we may assume as;=1. Now if we follow
T by types (2’) and (3’) in succession with A =ap; and A = — e, respectively
we retain the property az=1 and obtain ass=0=ay; in the result. Now fol-
lowing by types (10”) and (11’) in succession with A= —ay; and A= —oy
respectively yields a result with an=1, o6 =7 =0 =024 =0. Next, follow-
ing by type (4’) with A =0 yields a result with ass =1, ap; =0 if j#2, 5. Now
12=0=09%, while vavs+vswe=1; thus 25 =0=(4T)%= (4o +czsus)> = 5. Hence
a25=0 and u2T=uz.
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Now (uT)us=(u1T)(u:T) = (urte2) T = uT =u,, since v,va=v,, so that in
wT=Y onu;, we have Y onus=u;. Now D ajww, is readily seen to be
anv; —ougvr+anws+ 1527 (v —v1), so that the corresponding equation holds
with each v; replaced by %;. Thus us=omus —arsur+arasue+o1s2= (4o — 1) ; by
the linear independence of the elements of C occurring here we have a;; =1,
az=as=0ay3=0. Now we follow T in succession by types (5’) and (6’) with
A= —2"lays and A= — 27 layy, respectively; the property #,T = u, is preserved,
asarean =1, aiz=ais=ay5=0, and now we have a6 =0=a;7. If we now follow
by type (1’) with A= —2~!ay,, all these properties are preserved, and we now
have a3 =0, i.e., ;T =u;. Thus we may assume ;7" =u;, usT = us.

From vws= —v5, we have wyus= —us. If usT= Y asu;, we have uy(usT)
=g o+ ogetts +asstts apatts — asstes — pethe — g7y, Since ;T =wu;, this is
(ul T) (usT) = (u;us)T= - u5T= - Zasju,-. Thus Ol = 0p2 = Up3 =0ps = 0, usT
=assts+assist+asrur. Next we have wuus=2""(up+u), so that ux(usT)
= (e T)(usT) = (uaus)T = 27 uo + w) T = 27 (up + 1), or ass2~ (o + 1)
=2"Y(uy+u,), since uste=usu;=0. Therefore ag=1, usT = us+assts+asius.
Now if we follow T successively by types (7’) and (8’) with A=ass and
\ = a7 respectively, we retain the properties .7 =wu; and u.T =u,, and have
a new transformation with #;7 =u5 Thus we may assume T leaves these
three elements fixed.

Similarly, from ;3 =u; and #3u5=0 and the fact that «; and u; are fixed,
we find that u3T =assus+azsus. If 03470, we may follow by type (9’) with a
suitable value of A to make a3 =1 and then by type (12’) with A= —a34 to
obtain #3T = u;. Since types (9’) and (12’) leave u;, u., us fixed, the resulting
transformation will leave these fixed. If a4 =0 then a3; 70 and we may follow
by type (12’) with A =1 to make a3470 and then carry out the above process.
Hence we may assume %, %3, #3, %5 fixed under T.

By the fact that wus=wu4 and u4u;=0, we obtain as above usT =auu;
+4assus. Now vws=vs so that (wsus)T=us(usT) =usT =us, or us=ssu,
=aqus, and agys=1. We follow by type (9’) with A= —ay;, and obtain u,T
=1u,. Therefore we may assume w1, us, u3, %, us fixed. Since uquy=u; and
sty =us, we see by the fact that T is an automorphism that T is the identity.
Our reduction is therefore complete, and with it the proof that G’ =3 =%(€)
= 9. We summarize in the following theorem:

THEOREM 5. Let § be the split Cayley algebra over a field § of characteristic
#2, 3. Let R be the Lie algebra of dertvations of €. Then R is a simple Lie algebra
of classical type Gs. If the characteristic of § is not 5,7, 11, 13, 17, then the group
& of invariant automorphisms of { coincides with the full group U of automor-
phisms of R, and the mapping sending ACU(C) into the automorphism
X—A1XA of & is an isomorphism of the automorphism group A(C) of € onto
. The group G' of Chevalley formed over § from a complex Lie algebra of type
G, coincides with ¥, hence is 1somorphic to A(C).

7. Remarks. The exception of a number of low characteristics, necessi-
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tated by our use of the methods of §1, is in general unnecessary. In [14],
Jacobson has used representation-theoretic methods (which are somewhat
more cumbersome) to obtain the corresponding results on the full automor-
phism groups for all types A —D except for 4, when p|(n+1) and for D,.
From these results and the fact that all E2=0 for these algebras, where E,
runs through the roots relative to the diagonal Cartan subalgebra, we see
that the third powers are zero for all root-vectors relative to all standard
Cartan subalgebras. Thus all our results carry over to characteristics #2, 3,
with the exceptions of those on the 4, and Dj cited above. For algebras of
type G2, we can use unpublished work of C. W. Curtis on the irreducible re-
stricted representations of restricted Lie algebras of classical type to show
that an algebra of type G, has only one 7-dimensional irreducible restricted
representation, and none of lower degree. It then follows as in [13; 14; 24]
that the full automorphism group of G; is as we have indicated above for all
characteristics #2, 3, and also that E2 =0 for all root-vectors E, relative to
standard Cartan subalgebras. Then again all our results on G, are valid for
characteristics 2, 3. The number of cases to be considered in this calcula-
tion is rather formidable, and becomes nearly impossible for the other ex-
ceptional algebras.

In all cases so far investigated, the group & of invariant automorphisms
coincides with the group G’, and is a known simple group [1; 15]. Moreover,
& is a normal subgroup of the full automorphism group . It will be noted
that in each case we have obtained an inclusion FCTBCY, where 8 is a
group known to be simple. This could be used to show that 3 =8 in these
cases. However, we shall later encounter groups playing the role of 8 where
the simplicity does not yet seem to be established. The proof that G'=J =93
in these cases then establishes the simplicity of B, since G’ has been proved
simple by Chevalley [3]. The same method of course yields the known results
on simplicity of the groups 8 occurring in this paper. The coincidence of G’
and & leads one to wonder whether it is possible to give a general proof that
G'= 3, or at least that the group G’ has all the properties attributed to & in
(4). Another approach might be to attack & from the point of view with
which Chevalley has proved the simplicity of G'.

Finally we indicate the nature of the quotient groups A/ J. For 4, with
n>2, we have A/3=(q) B (F*/(F*)"), a direct sum of a cyclic group with
generator & of order 2 and the quotient of the multiplicative group §* of §
by the group of nth powers of elements of F*. When n=2, we have A/3J
~&*/(F*)2 If ¢ denotes the automorphism X——X’ and I, the automor-
phism X—A4~1XA4, then the isomorphism indicated is given by sending 74
into 5@ (det(4)-F*"), j=1, 2, if n>2; I into det(4) -F*2 if n=2.

For type C., the mapping [4—a- F*?, where A E® has (x4, y4) = (x, y)o
for all x, yEDB, defines an isomorphism of A/J onto F*/F*2. For type B,,
every such a must be in §*?, hence there is a UE0(B) such that I4 = Iy, and,
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replacing U by — U if necessary, we may assume UE&O*(8). Now the
spinorial norm mapping [1, Chapter 5] maps O+(B)/Q(R) isomorphically
onto F*/F*2. Since the only scalar in O+(B) is the identity, we have A=20*(DB),
and the spinorial norm mapping induces an isomorphism of A/ & with §*/F*2

For type D,, the situation is more complicated. First let n%4. We have
A =TIy, where the notation should be evident, and the mapping I4—aF*?
as in type C gives an isomorphism of Ig/Io@) onto F*/F*%. Now Iow)/lo*®)
is a group of order 2 generated by the coset of the automorphism ¢ =1Iy of
§5,and § =Iqw). Now —I€0*(B), but —I€R(WB) if and only if (—1)*EF*?,
by Theorem 5.19 of [1], and (—1)*F* is the spinorial norm of —I. If
—I€Q(DY), then the spinorial norm mapping induces an isomorphism of
Iot@wy/Iaw) onto F*/F*2 If —IGFQRW), then Iq@==Q(B), and the homo-
morphism of O+(8B)/Q(B) onto Io*w)/B) induces a homomorphism of
&*/F*2 onto a group isomorphic to the quotient group

(&*/&*)/(&*, (=1)"F*)
by a subgroup of two elements. If we agree to let the notation (F*2, (—1)"F*?)

mean the identity of §*/§** when (—1)"EF*?, we have the normal series
SCIor®SIow S Ie=UA with respective quotient groups

&*/3*)/(@*, (=1)"F*),

a cyclic group 3 of order 2, and §F*/F*?, as described above. The only change
in this situation for n =4 is that Ig=%, and that %/Ig is cyclic of order 3,
generated by the coset of ¢ of §5. Of course, A/ is trivial in type G..

These results indicate that in general & is a larger subgroup of ¥ than
we were able to prove in (A). It would be of interest to obtain directly the
best possible result of this kind in the nonalgebraically-closed case, as was
done in (A) for the algebraically closed case. One conjecture that seems to
be indicated by the results is that conjugaey of standard Cartan subalgebras
under & remains valid when § is not algebraically closed. If this is correct,
then a refinement of the methods used injproving Theorem 4 of (A) would be
a possible device for obtaining the final result.
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