A NEW CLASS OF CONTINUED FRACTION EXPANSIONS
FOR THE RATIOS OF HEINE FUNCTIONS III(})

BY
EVELYN FRANK

1. Introduction. The study of new continued fraction expansions for the
ratios of contiguous Heine functions, which was begun in [1](?) and [2], is
here continued. In [1] the continued fractions were of the type

- diz doz
fiz+1+fz+14---
(11) — 4’("’17»0,‘1,2) , Izl < |q‘b|’iq| <17
¢(a»b+1:5+1;9»z) |Z| <Iq—c+l—a|,|ql >1’
qb(l — qa+p—l)(l —_ 0c+p—1—b) qb(l — 0a+p—l—b)
dp = — (1 — g=t>=1)(1 — got») v b= 1 — gote ’

p=1,2,---.

In [2], the continued fraction expansions for the ratios of continguous Heine
functions were of the type

bo + ay as ¢(a’ b’ ¢ g, Z) IQ! <1
0 —_— —_— = ) y
bl+ b2 + e ¢(a+lyb+1’c+17Q)z)
1.2 (1 — qa+p+1)(1 — qb+p+1)(qc+pz _ qa+b+2p+lZZ)
( . ) Apy1 = (1 _ qc+p+l)(1 _ q¢+p) )
a+p + b+p . gatbi2p . patbtlptl) g
b,=1—(q 7 ? 7 ), p=0,1,--,
1 — qc+ﬂ
(formula (2.1)) and of the type
1 [ a, a: ] QS(d, b’ ¢ q, Z) i I > 1
1 — gott—e—lg 0 by 4+ by 4+ - - - _¢(a,b,c+l,q,2), 7 ’

qa+b—c—p—2z(1 _ qc~a+p+l)(1 —_ qc—b+p+l)(1 — an+b—c—p—2z)

(1.3) apr = (1 — ge+r))(1 — go+r) ’

+b—c—p—1 + atb—c—p—2 __ go—1 _ b—1)g
bp:l—(qa ql_q¢+p ! : )’ P=0717°°’;

(formula (3.1)).
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In §2 of this paper a standard type of continued fraction expansion which
converges to the ratio of contiguous Heine functions is found. In §3, the
equivalence of the continued fractions (1.2) and (1.3) is shown, and a func-
tional relation between them is developed. In §4, further functional relations
between contiguous Heine functions are considered, and in §5 formulas for
the denominators of the approximants of the continued fractions in §1 are
found.

The Heine function is the infinite series

1-=¢9(1—¢% .

1-9@0-y¢9

(1=¢)0 = ¢ = (1 = ¢") |
1= —g)(1 = g1 — ¢t

#(a, b, ¢, ¢, z) =1+
(1.4)

with radius of convergence equal to 1 if |g| <1 and equal to | ge+1—ed| if
lql >1. In (1.4), it is understood that |q[ #1, ¢# —p+2nmwi/u, where
g=e*, n,p=0,1,2, .- .. Except for these conditions, a, b, ¢, and ¢ are arbi-
trary. If @ or b is equal to —p + 2nwi/u, ¢(a, b, ¢, g, 2) reduces to a polynomial.

In any of the expansions in this paper, for certain values of a, b, or ¢,
a partial numerator of a continued fraction may be zero. In this case, the
continued fraction is finite, and its value can be computed therefrom. Fur-
thermore, it is understood throughout that in each case those values of
a, b, or ¢ are excluded which make indeterminate the function to which the
continued fraction in question converges.

2. A type of continued fraction expansion for the ratio of contiguous
Heine functions. In this section a type of continued fraction expansion is
identified with one which converges to the ratio of contiguous Heine func-
tions. It is analogous to that in Perron [6, Theorem 6.5, p. 288], for the
ratio of contiguous Gauss functions.

On multiplication with an arbitrary number & (+0) and with 1—g¢¢, and
by an equivalence transformation, relation (1.2) becomes

a’ al 6(1 - c)¢‘(a’ b7 ¢ q, Z)
bs + _l, _2, = z 1 ’ Iql <1,
(2 1) bl +b2+"' ¢(a+1,b+1,6+1,q,2)
. dp’+l — 62(1 —_— qa+p+1)(1 — qb+p+l)(qc+pz — q"*"“"*lz?),
bp’ = 5[(1 —_ qc+p) - (qa+p -+ qb+p — qa+b+2p —_ qa+b+2,,+1)z]’
p = 0,1,---

This expansion will now be identified with the continued fraction
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C1 C2
ditdat -,
Cpr1 = AQAPHD 4 B3+l - Cg2+1) | Dglo+),

d, = E¢*+ Fg»+ G, |q] <1, p=0,1,---,

and the value of (2.2) will thus be obtained. The expansions (2.1) and (2.2)
are identical if

with elements of the form

¢ +
(2.2)

(i) A = — drgrerarig
(ii) B = 62(qa+b+c—lz + q2a+b—lz2 + qa+2b—lz2)’
(lll.) C — 62(_qa+c—lz _— qb+¢.-lz —_ qa+b—-122),
(2.3) (v) D = s}~z
(v)  E = 38(g°Pz + ¢*ttta),

(vi) F =268(—q¢ — ¢z — ¢%),
(vii) G=250.

Here there are seven equations in five unknowns a, b, ¢, 2, and 8, for which a
solution will be found from (2.3). This is possible when the values of B and E
depend on 4 and F, as follows:
EF

(2.4)() +F(—Ag@'? = —Bg=—) (4 = 0).

149¢
The latter condition is necessary since, if 4 were zero, z would be zero, and
the continued fraction would not exist. From (2.3)(i), (iii), (iv), (vi), and
(vii), ¢° must be a root of the equation

(2.4)(1) G353 + FG* — CqGx F Dg(— Ag)V/? = 0.

It must be noted, however, that there exists a solution of (2.3) only if a
root ¢° can be found from (2.4)(ii) such that ¢ —p+2nwi/u, g=e*, n, p

=0, 1, - - -, as noted in §1. Furthermore, from (2.3)(vii),

(2.4)(iii) 6=G#0.

From (2.3)(iv),

(2.9)(1v) z = 52:3_1 ) (D # 0).

Finally, from (2.3)(i), (iv), (vi), and (vii), ¢* and ¢®> must be the roots of the
quadratic equation

(2.4)(v) Dx? 4+ Gg=\(F + Gg%)x + Gg='(— Ag)''? = 0.

It is easy to verify that the above solution for a, b, ¢, 2, and 0 satisfies equa-
tions (2.3). The following theorem has thus been proved.
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THEOREM 2.1. The infinite continued fraction (2.2), where A, D, G0, is
equal to the quotient 6(1 —q°)¢(a, b, ¢, q, 2): ¢p(a+1,b+1,c+1, q, 2) if lql <1,
provided + F(—Aq)!'*=—Bq=EF/(1+q). Here, ¢° is a root of the equation
G+ FG*?— CqGx F Dg(— Aq)''*=0, 6=G, 2=D/8%°"!, and ¢* and ¢® are
the roots of the equation Dx*+Gqg— (F+Gq®)x + Gg(—Aq)!/2=0.

As an illustration, let formulas (2.4) be applied to the continued fraction

+ C1 C2

Co - —_

- ditdy+ -

( ) ) Cpt1 = — q24’+4p+5 + q2a’+3p+3 + q2p+3 —_ qp—{-l’
dp = — (14 )¢+ + ¢#*7 + 1,

IQI <1:P=0’1""-
Here, the minus sign holds in (2.4)(i). From (2.4)(ii), ¢°=g¢, from (2.4)(iii),
d=1, from (2.4)(iv), 2= —1, and from (2.4)(v), ¢ =¢*, ¢ =¢. Consequently,
(2.5) has the value
¢(a,y 1: 11 q, ""1)

(2.5) O vl G UCR ) lel <1,

since ¢(a’, 1, 1, ¢, —=1)=J ;=0 (1 +¢*+?)/(1+¢7), (cf. [5, p. 105])(¥).
As a second illustration, consider the continued fraction

K + (3] C2
= (p — —_—
di+do+ -,

(2.6) ,
= e HVHrg(] — goa ) (1 — @b (1 — grtlg),

Qp+1
bp = (1 — ¢qo'+7) — (g¥+» + qa’+p — qc’+2p+l — qc’+2P)z,
gl <1,p=0,1,---.
Equations (2.3) for the expansion (2.6) are
A= — q2c'—lz2’
B = qc’+b'—lz2 + qc’+a’—lz2 + q2c'—lz,
= — qc'+b’—lz —_— q0’+a'—lz —_— qa’+b’—lz2’

D= qa’+b'—lz’

E= (¢ + ¢%)s,

F=—¢"—q¢%— ¢,

G=1.

(3) It is remarked that the second root of (2.4)(ii) gives the value ¢¢°= —¢*’ from which it
is found that z=¢'', g =¢*', ¢ = —¢*, and the value of (2.5) is again (2.5’). Likewise, the third
root of (2.4)(ii), ¢¢= —q gives z2=1, ¢ = —¢*, ¢* =g, and (2.5) again has the value (2.5).
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From the solution equations (2.4), one finds that the values of 9, ¢¢, 3, ¢%, and
g® are 1, g%, q¥'+¥'—¢'z, ¢¢"~%', and ¢°'?, respectively. Consequently, the value
of Kis

(I =gl —a',d =¥, q, ¢ )
o — @+ 1, = b 1, 1, q, ¢ ga))
(1 - q") d)(d,, blv 6,> q, z) ¢(0, + b — ' — ly 1) 1; q, QZ)

(2.6 =
¢(a’) b/, ¢ + 1: 9 qz) ¢(al + b — C', ly 17 q, Z)
1—g¢ alv b,) CI; ’
=(1_Z).( q°) &( g 2) gl <1,
$(a’,0',¢' + 1, g, 3)
since

o(a’, b,y q,2) ="+ b —,1,1,q,2)-¢(c’ —da’, — b, c,q, ¢4 "3)

(Heine [5, p. 119]), and ¢(a’, 1, 1, ¢, 2) = [ [0 (1 —g**+72)/ (1 —¢?z) (Heine
[5, p. 105]). This checks with formula (3.1) of [2], when the primes are
omitted from a, b, ¢. From this is obtained formula (3.4) of [2], namely,

¢(a,b,¢,¢,2) 1 (1 —2) (1 —¢)
d’(a:brc_l_l’q’z) l_qc + K

Now, consider the case lg] >1. On multiplication with an arbitrary num-

ber & (#0) and with (1—g¢*t*"13)(1—¢°), and by an equivalence trans-
formation, relation (1.3) becomes
af’ a;’ _ 6(1 - qa+b—hlz)(1 - q°)¢(‘1, b’ ¢ q, Z)
bl + b A $(a,5,¢c+ 1, 4,2)

(2.6”) | ¢l <1

b+

)

>1,
@n [l

Ay = B2EHemig(1 — geatrtl) (1 — gobtatl)(gp — gatb—o—2g)
by = 8[(gp — go¥tP) — (grHtmet 4 geHtmem? — getel — gbtrl)g)
p=01,---.
This expansion will now be identified with the continued fraction
e1 €
AT
epp1 = A + BqtD 4 Cge+l) f DgdtotD)
f, = E+ Fg + Gy, lgl >1,p=0,1,---,

and the value of (2.7) will thus be obtained. The expressions (2.7) and (2.8)
are identical if

with elements of the form
(2.8)
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) A = — pgretivte=izy
(i) B = §qett—clg(gt o+ g% + go%),
(iii) C = 52qa+b—r-lz(_qc—a—l — qc—b—l — qc-—2z)’
(2.9) (iv) D = §%q° %,

W) E= = sl + Y,
(vi)  F =351+ ¢"z+ ¢ ),
(vii) G = — dg°.
One can solve these equations in a similar way as equations (2.3), and thus
obtain the following theorem.

THEOREM 2.2. The infinite continued fraction (2.8), where A, D, G #0, is
equal to the quotient §(1—q*tv—12)(1—¢%)¢(a, b, ¢, ¢, 2): ¢(a, b, c+1, g, 2)
if Iq[ >1, provided

(2.10)(3) +F(—Ag)'/? = Bg = — EF/(1 + ¢7).
Here, q° is a root of the equation

(2.10)(ii) + Dg(— Aq)"?x% — CGgx® + FG + G* = 0,
(2.10)(iii) 6= —G/qg5,

(2.10)(iv) z = D/§%°2,

and ¢° and ¢° are the roots of the equation
(2.10)(v) Dz* + G(Fq' + Gg=') F Gg='(— Aq)¥/? = 0.

3. Equivalence of the continued fraction expansions (1.2) and (1.3). Let
a, b, ¢, ¢, 2 be replaced by ¢ —a’, ¢/ =V, ¢/, 1/¢', 2'/q’, respectively, in (1.2),
which is valid for |¢| <1. The resulting continued fraction is the same as that
in (1.3), that is,

d’(a, b) ¢, 2, Z) _ d’(cl - a,) ¢ - bl) C,) 1/‘1’» z,/q,)
@@+ 1,6+ Lc+1,¢,20 o —d +1,d —b +1,¢ +1,1/¢,7/q)

(3.1)
¢, b, ¢, q,7)
= (1 = (¢)o+¥—o-17). <1, |q| >1.
=@ S v e+ a5 ol <1, 1¢]

Similarly, if one writes (1.3) with primes, and then in (1.3) replaces

a', b, c,q, 7 with c—a, c—b, ¢, 1/q, 2/q, respectively, one obtains the con-
tinued fraction in (1.2), that is,

a,v,c, ¢, % o(c—a,¢c—b,c,1/q,2
(1 — ()=o), #( ¢,%) _ ( /9, 2/q9)
(3 2) ¢(aI: blyc’+ 1,9’,2’) ¢(C— ayc—b,c'*" 171/%2/4)
' o(a, b, ¢, g, 2)
T eet+ 1,6+ 1,c+1,q,9

Lol <1, |¢] >1.
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4. Other functional relations between the ratios of Heine functions. In
(3.1) and (3.2) certain functional relations between the ratios of Heine func-
tions were given. These held since expressions of different form give the same
continued fraction. Heine [4, p. 296] showed that, for his continued fraction
(cf. (1.4) of [1])(),

¢(G, b, ¢ ¢ Z) ¢(C - b’ ¢c—a,c(q, q¢+b——cz)

= )
o(a,b+1,c4+1,9,2) ¢lc—byc—a+1,c+1,q, ¢t %)
| ¢ = 1.

4.1)

This same formula can be derived from the continued fraction (1.1).

If, in (4.1), one replaces a, b, ¢, ¢, 2 by @, a—c, a—b, ¢, ¢¢t'—>?/z, re-
spectively, one obtains the following functional equation (where the first
two elements are interchanged since the ¢-function is symmetric in these
two elements):

¢(a,a —c,a— b, 9 qﬂ_l_a—b/z)
g,a—c+1,a—>b+1,q, gt /5
4.2) o( 09 /%)
_ ¢(_b)6—b’a—b)Q) Q/Z)
T el —b,c—ba—b+1,94/3)

It is remarked that results (4.1) and (4.2) can be obtained without the
use of continued fractions. Heine [5, p. 119] showed that the following four
relations hold for the four solutions of the Heine difference equation (2a),
[5, p. 119]:

(l) ¢(a: b) ¢ q, Z) = ¢(0 + b — G, 17 1, q, z) '¢(c —a,c— b: 2 q;q“""’—‘z);
() zrpla+1—¢c,b+1—¢2—c¢c,q,32
= Zl—c¢(a +b— (%) 17 1) q, Z)'d)(l - @, 1- b: 2 - ¢ q, q¢+b_cz);
(4.3) (i) z7°¢(a,e+1—c,a+1—0,gq,q+?/2)
=z9%(@+b—c1,1,q gt/
-¢(1 —b,c—b,a+1—10,4q,49/2);
(iv) %0, 0+1—¢cb+1—a,gq ¢t /3)
= z—bd’(a +b—-¢1,1, 9, qc+l_a—b/z)
‘¢(1 — a,c —a,b+1—a,gq,q/2).
The identity (4.1) follows from (4.3)(i), (4.2) from (4.3)(iii).

On the interchange of @ and b in (4.2), one obtains an identity analogous
to (4.2). This could also be found from (4.3)(iv).

(4) Perron [6, p. 124] shows an analogous functional relation between the ratios of special-
ized Gauss functions.
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It is further remarked that the identity (4.3)(ii) can be obtained from
(4.3)(1) if @, b, ¢, q, z are replaced by a+1—¢, b+1—¢, 2—c¢, g, 2, respectively.
5. Recurrence formulas for the denominators of the approximants of con-
tinued fraction expansions of the type (1.1). Let P, and Q, be the numerator
and denominator, respectively, of the nth approximant of the continued frac-
tion
a; as Gp—1 an

DR REEE Y AR
Then (cf., for example, [4, p. 301}),

(5.1)

Qn an An-1 az

(5.2) = bn + —_—
Qn1 bacy + baez + - - -+ by
Pn n n— a

(5.3) /a1 g O G o
P_i/ay bnt + bae + ¢ -+ b2

These formulas are now applied to the continued fraction expansion (1.1).
On the addition of foz=¢*2(1 —¢*>!)/(1—¢°) to both sides of (1.1), and by
use of the Heine identity

¢(a) bx ¢ 9 Z) - ¢(0«— 1’b+ 1: ¢ q Z)
1 — go—v-!

= - qbZ'—-l—-.—q:—'(ﬁ(d, b + 1,6 + 1, q, Z),

the reciprocal of this expansion becomes

¢(a, b+ 1,c+1,9,2)

1__qa—b—1
a,b,c,q,z bype oo (g, b+ 1,c+ 1,q,2
(5.4) #( g2 +¢ = #( g, %)
_ o(a,b+1,c+1,q,32) _ 1 diz dyz

dla—1,b+1,6,q,2) for+1+fa+1+futl+---.
Then, by formula (5.2),

Qp—l _ 1 d,,_lz d,,..zz dzz dlz
(5.5 Qp fosztl+fpozt+ldfpm+l+t - +fztl+futl
p=1,2---.

A comparison of (1.1) and (5.4) with (5.5) shows that (5.5) coincides with
the beginning of the continued fraction development of
¢(—c+b—p+2,a—c, _'C_P+2’q;z)

(5.6)
¢(’—C+b—P+1,a—C, _C~P+1)Q)z)
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If (5.6) should break off with the terms which are no longer in Q,—1/Q,, then
(5.6) would be identical with (5.5). The continued fraction expansion for
(5.6) breaks off with diz/(foz+1) if a=1 or if c=b+1. If a=1, the ratio of
the denominators of the approximants of the expansion (5.4) for

(5.7 (1, 6+ 1,c+1,¢,2)

is

_ —c+b— 2,1 —¢, —¢c— .40
5.7) Ot d(—c+b—p+ 6, —c—p+2,432

0 (—c+b—ptLl—c—c—p+1,42
_o(=p+1,—b —c—p+2494¢")
¢(=p, —=b, —c = p+ 1,4, ¢"")
by the Heine identity (62) [4, p. 296],
dla+1,b,c+1,¢,3 dlc—b+1,¢c—a,c+1,q,¢" %)
¢(a, b, ¢, q, 2) - o(c — b,¢c — a,c,q, ¢ ) ’

(5.8)

(since the Heine function is symmetric in the first two elements). The de-
nominators of the approximants of the expansion (5.4) for (5.7) are, therefore,

(5.77) Qp=0¢(—p, =b,—c—p+1,q gb—ct1z), p=12---.

If c=b+1, the denominators of the approximants of the continued frac-
tion (5.4) for

o(a,b+1,6+2,4,9
5.9 =¢(1,b — 2,5+ 2, q, ¢
GO Tt notien HMETOTRIY IO

(by (5.8)) are
(59’) Qp=¢("17,a'—b—1, —b'—P»q,Z), rp=12---

The same can be concluded from (5.7) with c=b+1and a=1.
The following theorem has thus been proved.

THEOREM 5.1. The denominators of the pth approximants of the continued
fraction expansions (5.4) for the functions (5.7) and (5.9) are given by (5.7")
and (5.9"), respectively.

One can apply the same technique as used above to the other formulas
of [1] of the type (1.1). By (5.3), similar recurrence formulas for the numer-
ators of these expansions can be found. Also, one can apply a similar pro-
cedure to obtain formulas for the numerators and denominators of the other
continued fraction expansions of §1.
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