OSCILLATION CRITERIA FOR FOURTH-ORDER LINEAR
DIFFERENTIAL EQUATIONS(Y)

BY
HENRY HOWARD(?

1. Introduction. The problem of obtaining oscillation criteria for self-
adjoint linear differential equations of second and fourth order has recently
been studied from the point of view of an eigenvalue problem closely related
to the differential equation under consideration [4; 5]. A variety of condi-
tions for oscillation or nonoscillation of such equations may be obtained by
use of this technique.

The oscillation problem for a particular class of self-adjoint differential
equations of fourth order will be discussed here. An eigenvalue problem
slightly different from the one considered in [4] forms the basis, in §2, for
subsequent oscillation criteria developed in §3. Finally, a variety of com-
parison theorems for both fourth and second order equations are derived in
§4, by use of the basic eigenvalue criteria for oscillation obtained in §2.

2. The associated eigenvalue problem. In this section we are concerned
with the problem of establishing oscillation criteria for the differential equa-
tion

(2.1) (r(x)y" ()" = p(x)y(x).

We shall restrict our considerations to the case in which r(x) is a function
that is positive and is of class C" for x in (0, «), while p(x) is a function
that is positive and is of class C for x in (0, «). It may be remarked that
most of the results will remain valid in the somewhat more general case in
which p(x) has isolated zeros.

Our basic technique consists in relating this problem to a certain eigen-
value problem for an appropriate differential system associated with (2.1).

It has been shown [4, p. 334] that if no solution of (2.1) is oscillatory,
that is, if no solution has an infinite number of zeros in (0, «), then there
exists a positive number @, such that no solution of (2.1) has more than three
zeros in (a, «). Following [4] we call Equation (2.1) nonoscillatory in (a, =)
if any solution of (2.1) vanishes at most three times in this interval. Equation
(2.1) will be called nonoscillatory, without the interval being mentioned, if
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there exists a positive number @ such that (2.1) is nonoscillatory in (e, «).
On the other hand, Equation (2.1) will be called oscillatory if at least one of
its solutions has an infinite number of zeros in (0, «).

We introduce the following notation. Let #(x) and A, be, respectively, the
first eigenfunction and eigenvalue of the problem

(r(x)u" (2))" = Ap(2)u(x),

u(a) = u'(a) = r(0)u" (b) = (r(x)u" (x))s =0,
where 0 <a <b< «. Since N\y>0, it is an easy consequence of Lemma 2.1 of
[4] that «'’(a) %0, so we may normalize %(x) by the condition r(a)u'’(a) =1.

Let y(x) =y(x, B) and up be, respectively, the first eigenfunction and eigen-
value of the problem

(2.2)

(r(x)y" (%)) = pp(2)y(x),
y(a) = y'(a) = y(B) = y'(B) = 0,
where 0 <a <B< . Since y(a) =0 [4, p. 327], we may normalize y(x) by
the condition r(a)y''(a) =1.
In terms of the notation given above, our main result is contained in the
following theorem.

(2.3)

THEOREM 2.1. Let [7dx/r(x) = o ;then the equation (r(x)u’ (x))"" = p(x)u(x)
is nonoscillatory in (@, ) if, and only if, \y>1, for any b>a.

We remark that the main difficulty is encountered in showing that A\;>1
is a necessary condition. Since, by classical results [2], Ny <ps, this result is
stronger than the necessary condition us>1 derived in [4]. As will become
apparent later on, the condition A\, >1 is a considerably more effective instru-
ment for obtaining oscillation criteria for Equation (2.1) than the weaker
condition u;> 1.

The proof of Theorem 2.1 depends on the following two lemmas.

LeMMA 2.1. The first eigenfunction u(x) of Problem (2.2) is a positive, con-
vex, increasing function in (a, b), for any b>a.

It is well known that the first eigenfunction of (2.2) minimizes the Ray-
leigh quotient

(2.4) R[] = f () / f ' p()ds

within the family of functions Z which are of class D’ in [a, b] and satisfy
the conditions z(a) =2'(a) =0 [1]. Suppose #(x) has a zero in (a, b). Then the
equation #'(x) =0, with x in (a, b), has at least one root. Denote by x; the
largest such root; we first assume that #; =u(x;) >0 and u(x;) >u(x) for x in
(%1, b), by replacing, if necessary, u(x) by —u(x). We define z(x) by
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2(z) = u(x), for x in [a, x1],
2(x) = 2u; — u(x), for x in [x,, b].

It is readily verified that z(x) is in Z. But Iz(x)l > Iu(x)l for x in (x4, b), since
Iz(x)l =2u—u(x)> Iu(x) I . Thus

b b b b
fr(z")"dx=f r(#'’)%dx and fp(z)zdx >f p(u)*dx,

so R[z] <R[u], a contradiction.

On the other hand if 0<u(x;) <u(x) for x in (x;, b) then u''(x)=0. If
u''(x1) =0 then, since r(b)u’'(b) = (r(x)u’’(x))s =0, the curve ru’’ must be
concave in an interval, say I, contained in (x1, b). In I (ru'")"’ <0. But (2.4)
shows that \y>0. Hence (ru"")" =N\ypu>0 for x in (x, b), which is a contra-
diction. If #//(x;) >0 then there exists at least one root, say x,, of the equation
u'(x) =0, which lies to the left of x;, since #(a)=0. Hence the equation
u'’(x) =0 has at least one root between xo and x; and a repetition of the argu-
ment used in the case #’’(x;) =0 again leads to a contradiction.

Finally, if #(x;) =0 we may assume without loss of generality that u(x) >0
for x in (x1, b) and then repeat the argument of the previous paragraph to
reach contradictions. This proves u(x) is positive in (a, b).

To show that u(x) is convex in (a, b), we observe that r(b)u’'(b)
= (r(x)u''(x)){ =0. Hence if at some point in (e, b) we have u''(x) <0 the
curve £ =ru’’ either has at least one maximum in (a, b) or it must rise toward
the point x =5 through negative values. The first case is impossible because
(ru'")"" =N\spu>0. In the second case the curve £=ru'" has a horizontal tan-
gent at x=>b so (ru’’)”’ <0 for x slightly to the left of b, which is also impos-
sible. This proves u(x) is convex.

Finally, u(a) =u'(a) =0, so #(x) must increase with x. This proves the
lemma.

We next remark that #’/(x, B) vanishes precisely twice in [a, «). For it
is known [4, p. 338] that the first eigenfunction of Problem (2.3) does not
change sign in [a, B]. We assume y=0 in [a, B]. Moreover if there exists a
point x> B such that y>0 in (B, x,), and y(x, B) =0 then there exist roots,
x; and x,, of the equation 3"’ =0 such that x; <B <x;<x,. Hence y" has at
least one relative maximum between x; and x, and there must exist an inter-
val I contained in (x;, x;) such that (ry’')” <0 in I, an impossibility, since
y=0 at most once in (xi, x2). The remaining case in which y changes sign at
B means x.=B with contradictions being reached as before. Hence we may
assume =0 in [e¢, ©). Then y”(a) and y’(B) must both be positive. For if
not, 7y’ has at least one relative maximum in (@, B). Therefore there exists
an interval contained in (a, B) such that (ry"')"” =0 there. But (ry")"”
=uppy>0in (a, B), a contradiction. Since y(x) has one relative maximum in
(a, B) there exists an interval in (a, B) such that y''(x) <0 in this interval.
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But 7y” is convex in (@, =) so the equation y''(x) =0 has exactly two roots in
(a, «). Next we have the other lemma.

LEMMA 2.2. Assume that [7dx/r(x) = ®. Denote by a =a(B) and 3=0(B)
the first and second zero, respectively, of the equation y'' (x, B) =0 where y(x, B)
1s the first eigenfunction of Problem (2.3). Then for any real number L >0 there
exists a value B>a, such that a(B)> L.

To prove Lemma 2.2 we assume that 3=B(B) is bounded above as
B— 0 and show that this leads to a contradiction. A similar assumption con-
cerning a =a(B) leads to another contradiction, and thus to the desired con-
clusion.

Suppose there exists a finite real number 8, such that 8=8(B) <8, where
B may assume any value such that B>a. Then there exists a constant M,
independent of B, such that y(x) <M when x is in [a, B]. For the continuity
of r(x) in [a, Bo] guarantees the existence of a positive minimum for 7(x) in
this interval, say 7min; then rmin ¥"'(x) £r(x)y"'(x) =1 so ¥ (x) £1/7min and
thus (for 2=0, 1),

(x — a)r=s
rmm (2 — 3)!
for x in [a, «(B)]. But y(x) has double zeros at x=a and x =B and a single

positive maximum between ¢ and B. Thus for x in [a(B), 8(B)] the curve
y=1y(x) lies below the tangent to y(x) at x=a(B). Hence

2.5 3@ s 2P T8 (o amy HB

Tmin Tmin 2!

y®() =

for x in [a(B), B(B) ] Since the maximum for y(x) in [a, B] is assumed some-
where in (a(B), 8(B)) we have from (2.5)
a(B) — 1 ((B)—a)? 3 B
3w s 2P T py —apy 4 BTN 3 By

Tmin Tmin 2 2 ’min

for x in [a, B}, because 0 <a <a(B) <B(B) <.
From the result of the last paragraph and the formula

(r(2)y" ()" = (ry")d + us f :P(t)y(t)dt

we have, if y=v(B) be taken as that point lying in [a(B), 8(B)] where
(ry'")’ vanishes

0= (r(®)y"(*)y = (") + ps f 7I’(t)y(t)dt,

so
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v
0= (ry")d + usM f o

Hence
Y
(2.6) —usM f p()dt = (ry")d’.

As B— o, (ry"")J is therefore bounded below by a constant, say N, which
is independent of B. Indeed, v(B) is bounded above by B¢, and p(¢) is con-
tinuous in [a, ¥(B)]; moreover, up decreases as B increases.

Obviously, as B— » either (ry’’), is bounded above by a negative value,
or there exists a sequence {B,}, »=1, 2, - - -, where B,—» as y— such
that (73")z=y8,—0 as v— . In the first case, we have (ry”), < —¢, €>0, for
any B>a. But then r(x)y” (x) = (¢/(Bo—a)) (x —Bo) for x in [Bo, »). If we set
£=ry'", £ is a convex function of x, and it follows that £(x) =& (80) (x —B,) for
x in [Bo, ®) and therefore

0— (—e . ¢

4 = > .
YO 2 B 2B = Boma
Thus
" ¢ (-8
@.7) 9169 & o

for x in [Bs, ®). Integrating (2.7) from Bo to B (B chosen large enough to
ensure B>f,) we have

—> ®©

€ B (t — Bo)
2.8 —9'(Bo) = f dt
@9 Yo ze ). o
as B—w since [§(dx/r(x)) = . But (2.8) is impossible. For we may write,
for any B sufficiently large

2.9) NGz = a) + 1= 7@y (@)

for x in [a(B), B(B)], where N is the constant introduced above. The con-
tinuity of r(x) in [a(B), Bo] guarantees the existence of a positive minimum
for r(x) in that interval, say 7min. Hence

NBo—a) +1
(2.10) — =y

Tmin

for x in [a(B), B(B)]. Denoting the left-hand side of (2.10) by — P, which is
independent of B, we get, integrating from a(B) to 8(B),

(2.11) —P(8(B) — a(B)) = y'(B(B)) — ¥'(a(B)).
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Since ¥'(a(B)) >0, we have
—P(B(B) — a(B)) = y'(B(B)),

and therefore — Q= —P(B8y—a) <9'(8(B)) where Q is independent of B. Since
¥ (B(B)) £¥'(Bo), ("' (x) is positive for x in (B(B), Bo)) we have —Q =3'(B0)
and —9'(B0)+ = as inequality (2.8) requires.

Thus for the case that (ry"").—y(s) is always bounded above by a negative
value as B— » we may conclude that the existence of a 3y with the above
properties is impossible.

In the second case, we must have — e < 7(x)y"(%)z=v8,, < 0 for x in
(a(B,), B(B,)). But we know that, for any sufficiently large B

N(x — a) + 1 S r(x)y"(x)

for x in (e, a(B)), by inequality (2.6) above, where N is independent of B.
From the last inequality we get
Yz YEmat
r(x)
for x in (¢, a—1/N). We recall that — © <N <0, with N independent of B.
Thus
, o~UN Nt —a)+ 1
y(a-—l/N)g_f —dt =58> 0.
a 140
But a(B)Za—1/N for any B, so y'(a(B))Zy'(ea—1/N) =6 with é independ-
ent of B. But the hypothesis that —e<r7(x)y"(x)z=ycs, <0, coupled with
the fact that 7(x) is continuous for x in [a, Bo] means that, upon choosing €
sufficiently small —§/2< fﬁ§§:§y”(t)dt<0. Combining this last inequality
with 6=y (a(B,)) gives 0<8/2<y'(B(B,)), an impossibility, since y'(x),
evaluated at the second zero of the equation y"’(x) =0 must be negative.
Thus for the case that (7)");ys,—0 as v—®, we may conclude that the
existence of a B, with the above properties, is impossible. Combining these
two results shows that corresponding to any number N >0, there exists a By
such that if B> By, 3(B)> N.

Suppose, finally, that there exists a finite real number ao such that
a=a(B) <a, where B may assume any value such that B>a. We take, in
particular, ag=1+1lubps. (a(B)). We show first, under this assumption, that
(r(a0)y’' (o, B))—0 as B— ». For suppose 7(aq)y"’ (ao) S —¢, €>0. Note that
as B— o r(ag)y’ (o) must eventually be negative, for if not ap would serve
as a finite upper bound for B(B), an impossibility as we have just seen. From
the last inequality we have at once

r(x)y"’(x) = — = forzin (ao,

: ao + B(B))

2
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since (ry’’)"" =0 and ry" <0 in that interval. Thus for sufficiently large B

(2.13) 5(x) = 3(x, B) < — — f [ f ()] dt+ () (& — ) + y(ao)

for x in (o, (@o+B(B))/2). But if we set 7min =minzeq,aq 7(x) then for x in
(@,(B)) y"(x) £1/7min 50 ¥’ (o) £1/7min (20— @) and y(ato) £ (1/7min) (@0 —a)?/2.
That is, for any sufficiently large B, 9'(ao) and y(ap) are bounded inde-
pendently of B. Since f(B)—® as B>« and [;dx/r(x)= © we may thus
conclude from inequality (2.13) that, for all sufficiently large B,
y((eo+B(B))/2, B) <0; evidently the first term on the right-hand side of
(2.13) will eventually be the dominant one. But this is absurd, since y(x) =0
for x in (a, ). We next show, still under the assumption of the existence of a
finite upper bound a,, that (r(x)y"'(x))J is bounded below for all sufficiently
large B. Suppose the assertion is false. We know that

1 (ao - 0)2

Tmin 2

y(x) = ) for x in (e, @),

and any sufficiently large B. Since p(x) is continuous in [a, a] we have

0 éfaop(f)y(l)dl < ﬁ[(ao—z—-aﬁ .

where M =maxze(q,qq P(¥) and, by construction, P is independent of B. But
from the equation

(@Y @Y = 6@y @) +ua [ “py )L
we get
@)y @) S @y @)L + upP

for x in (a, o). Since pup decreases as B— « we may, for sufficiently large B,
replace ugP by a constant, say Q, independent of B. By our assumption there
exists a sequence of B’s {B,} say, with »=1, 2, - - -, and with B, as
v— o such that

cwy @ = (== - ).

Hence (r(x)y" (x))’ £ —2/(as—a) for x in (a, ap) whence r(x)y"'(x) = —1. But
this is contradictory for all » sufficiently large, because 7(x)y"'(x, B)4,—0 as
B—® as shown above.

We may thus write r(x)y" (x) Z N(x—a)+1 for x in (@, «), where N<0
is used to stand for a lower bound to (r(x)y’'(x, B))J, and the only require-
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ment on B is that it be sufficiently large. Since r(x) is positive and continuous
for x in [a, ») we have

yn(x)gM_l.
r(x)
Thus
, UV N(—a)+1
y(a_l/N)z-j‘a -——,(t-)‘——dt—5>0
y(e — 1/N) ;fa—”N(a— 1/N—t)ﬂ——;(g)—+l—)dt =6>0

where & and & are independent of B for any sufficiently large B. Now
r(x)y"(x) = 0 at x = a(B) and x = B(B), r(x)y" (x)a, = 0 as B — «», and
(r(x)y""(x))" 20 for x in [a, »). Hence r(x)y" (x)—0 for x in [a(B), ag+1] as
B— . But this means y” (x)—0 for x in [a(B), ap+1] as B—». We know,
consequently, that

apt1 5'
Y(aw+1) =y'(ea—1/N) + y'()dtz — >0
a—1/N 2
since the integral may be made to give as small a negative contribution as
desired by choosing B sufficiently large. Hence y(x) = &> 0 for any sufficiently
large B, with § independent of B, for x in [, ao+1]. But from the equation

ap+1
7@ + 1)y" (a0 + 1) = r(a)y” (@) + (7(2)y"())ay + 15 f p()y(1)dt
ag
we note that as B— « every term except the integral tends to zero, since we

know [4, p. 347] that up>1 for any B >a. This leads to 0(¢) =0(1) which is
absurd.

It follows that the existence of an ay, with the above properties is impos-
sible. Hence there exists a B>a such that, for any real number L >0, a(B)
> L. This proves the second lemma.

We now prove Theorem 2.1. For the proof of the necessity we note that
b b
N\ — MB)f 2@y, B)u(t)dt =’f (y(ra")"" — u(ry’)")dt

= (y(ru") — y'(ru") + (ry')u' — (ry”)'ulz
= (") = (ry")'uls.

For any b>a we may choose B such that a(B)>b, by Lemma 2.2. Then
(ry'")s>0 while (ry")§ <0. For we know [4, p. 347] that up>1 for any B >aq,



304 HENRY HOWARD [August
since (ru'’)""=pu is nonoscillatory in (¢, «). Thus (ry"’)’ =uspy>0 in
(a, a(B)) and ry"’ is a positive, convex, decreasing function in (e, a(B)). Since
u(b) and u’(b) are positive by Lemma 2.1 we conclude that

b
(o — up) f puydt > 0.

Lemma 2.1 shows that this integral is positive since we know [4, p. 338]
that y(x, B)>0in (a, B). Thus \y—us) >0 for some B; since ug>1 the result
follows.

The proof of the sufficiency is simple. We note that if (r#”)"’ =pu had a
solution with four zeros in (@, «) then there would also exist a solution %(x)
with the properties u(c)=u'(c)=u(d)=u'(d)=0 where a<c<d (cf. [4,
p. 332]). Therefore ua <1; but ug =4 since pq is the minimum of the Rayleigh
quotient (2.4) under more restrictive conditions (see, for example, [1] or
[2]). By hypothesis Ay>1 for any b, so 1 =pa=Na>1, a contradiction. This
completes the proof of the sufficiency and of Theorem 2.1.

3. Oscillation criteria. In this section we apply Theorem 2.1 to derive
necessary conditions for the nonoscillation of solutions of equation (2.1).
We have the following general theorem.

THEOREM 3.1. Let v(t) be a function of class D" in [a, b] such that v(a)
=9'(a) =0. If equation (2.1) is nonoscillatory in (a, ©) and [;(dx/r(x))=
then

3.1) f ) < f oy,

Indeed, by the minimizing property of the Rayleigh quotient we have

1 <N _S_fabr(v")zdt/ J;bp('u)zdt.

We consider some applications of Theorem 3.1. Let 0 <a <b and choose a
number x such that ¢ <x <b; define v(¢) by

() = ai(t — )P, for ¢in [a, «],
1) = cat — @)** — 1,  fortin [z, 8],
where

o B

T B-—w@—ar T G-a)@— o

It is easily confirmed that v(f) satisfies the hypotheses of Theorem 3.1 if
B>2. We have then, by (3.1),

C1
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f t — a)fp(t)dt

al b 2_(/3-0:) — g)a/2 )2
+(?—_a)2—(;c——a)—°f, ((t_“)/ 5 (x a)’) p()dt

e G v

e (G- )
B—a)}(x—a)* \2 2 a—3 a—3
These formulae are valid provided a3 and $>3. In particular, if

a—3<0 then (b—a)*3—0 as b— « and these results may be put into the
following form.

8- a)“(x —a)f

THEOREM 3.2. If yi¥=py is nonoscillatory in (a, =), then

a¥(x — a)“”ﬂf z(t — a)Pp(t)dt

+ 82— o [

z

s($)e-a(1+5552)

where a <x and a <3 <p.

- e VRS
(u—w/ "2 @’)NW

We next apply Theorem 3.1 to the function v(¢f) defined by
v() = f(t) with f(a) = f'(a) = O, for tin [a, ],
o) = f(®)(t — ) + f(x), fort z x,
where f(¢) is a function of class C” in [a, x]. The function v(f) belongs to

D" in [a, ») and (3.1) yields

f x?(t)fz(t)dt + f PO ()¢ — 2)* + 2f(2)f (%) (¢ — ) + (f(#))?)dt

<[ gy
If f'(x)f(x) >0 we have, by letting b— ‘

- - ()t

3.2) f (= apus [T
® = (f7(6)*de

(3.3) f (-mpwas [
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° = (f"(4)%dt
(3.4) f P(t)dtéfa ST

In order to derive as precise estimates as possible we seek to minimize the
integral on the right-hand side of (3.2) where each member f of the class of
competing functions must have the properties f(a) =f'(a) =0. The situation
with respect to the inequalities (3.3) and (3.4) is analogous.

Since the Euler equation associated with the integrals on the right-hand
side of the inequalities is fi¥=0, we choose f(f) to be a cubic polynomial with
a double zero at t=a. Since f(¢) will still contain two arbitrary constants we
set f(x) =a, f'(x) =B, and then minimize the right-hand sides of (3.2) through
(3.4) with respect to the parameters a and f3, subject only to the restriction
that a8 >0.

Omitting the details of calculation we have the following result.

THEOREM 3.3. If yiv=py is nonoscillatory in (a, »), then

[ a0 5 16— o,

fw(t —2)p()dt = (12 — 6(3)1/%)/3'%(x — a)*
and )

pr(t)dt < 3/(x — a)d.

As a final example of the use of Theorem 3.1 we outline the proof of the
following result.

THEOREM 3.4. If yiV=py is nonoscillatory in (a, ), if p’(x) exists and is
integrable, and if there exists a constant m such that

2

0< p() S mi, p@) < /o) [ p6)ds, PN S mip(e) / ( ) ’p@dx)

then there exists a universal constant co such that the inequality
f p(x)dx £ cm holds for ¢ = ¢

but not in general for ¢ =co—e. co satisfies the inequalities
1/(2(3)112) = .289 < co < (1423/2)714/33/4(1 4 21/2)1/2 = 2.96.
The lower bound follows from consideration of the equation yiv

=(9/16)(1/x*)y which is nonoscillatory in (a, «), a>0. To obtain the upper
bound we set
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[ v
v(t) = (f P(S)ds) ) 3/2 <, for ¢ in [a, ],
a

o(t) = v (sz(s)dsy_l-(p(x)(t —x) + (ﬁzp(s)ds>', for ¢ in [x, b].

The proof may be completed by an argument analogous to one given by
Nehari [5] and the details are therefore omitted.

4. Comparison theorems. In this section we consider theorems, dealing
with differential equations of the type y'V=py, which are obtained by com-
paring the given equation with one whose oscillatory or nonoscillatory char-
acter is known. This comparison procedure will also be applied to obtain
theorems for the more general equations of type (2.1). (Cf. [4] and [5] for
further comparison theorems pertaining to related second and fourth order
equations.) We begin with the following theorem.

THEOREM 4.1. Let p(x) be positive and continuous for x in [a, b] and let
q(x) be continuous for x in [a, b]. Denote by \; the first eigenvalue of the differ-
ential system

(rv")!" = Apo,
v(a) = v'(a) = (n")s = (")’ =0,
and by u the first esgenvalue of the differential system
()" = ugu,
w(a) = w'(a) = (rw'")y = (rw'’)s’ = 0.

If we define ¢(t) and Y (t) by
5 5
80 = [ 10p6ds and w0 = [ faris
where f(s) is a positive, nonincreasing function of class C' in [a, b], and if

o) SY(¢) for all t in [a, b] then \y = ;.

By a direct generalization of a procedure used in [5S] we have
b b
0< f p(v)%dt = f q(v)?dt

and consequently A\; 2 u; by use of the Rayleigh quotients associated with the
eigenvalues.
By use of the same technique we may prove the following theorem.

THEOREM 4.2. Let p(x) be positive and continuous for x in [a, b] and let
q(x) be continuous for x in [a, b]. Denote by A, the first eigenvalue of the differ-
ential system
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(rv"")" = Npv,
v(ag) = v(a) = (") = (1)’ =0
and by p the first eigenvalue of the differential system
(re")" = ngw,
w(a) = w'(a) = (rw')s = (rw')y’ = 0.

If we define ¢(t) and ¢(t) by
b b
60 = [ 6= arp)s and ¥() = f (s — a)q(x)ds

where v <2 and if ¢(t) SY(¢) for all t in [a, b] then \y = .
We have as before that

0< f ) < f s

and consequently A1 =u; by precisely the same reasoning as used in the con-
clusion of Theorem 4.1.
Combining Theorem 2.1 and Theorem 4.1 we obtain the following result.

THEOREM 4.3. Let u(s) be a positive and nonincreasing function of class C’
in la, ©). If

f°° usES)dS < e and Li:xliup (f °°u(s)j:(s)ds/ f:@ ds) < 9/16,

the equation y'¥ =py is nonoscillatory. If

Li:?.inf (fju(s)p(s)ds/ f:i:-f—)- ds) > 9/16,

then the equation y¥ = py is oscillatory.

Combining Theorem 2.1 and Theorem 4.2 we obtain the following result.

THEOREM 4.4. If

=) © s —a)
Lim sup (s — a)'p(s)ds/f ( , ) ds < 9/16, v < 2,
z—© z z S
then the equation y'¥ = py is nonoscillatory. If
) © (s —_ a)'
Lim inf f (s — a)'p(s)ds/ f ; ds) > 9/16, v <2,
I ® z z S

then the equation yi¥ = py is oscillatory.
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The following results, which are analogues of corresponding results of
Hille [3] concerning second-order equations, are direct consequences of Theo-
rem 4.3 and Theorem 4.4.

THEOREM 4.5. If

Lim sup x> f sp(s)ds < (9/16)(1/(3 — »)), v <2,
then the equation yiv = py is nonoscillatory. If
Lim inf x7 f sp(s)ds > (9/16)(1/( — »)), v <2,

then the equation y¥ = py is oscillatory.

The following theorem, like Theorem 4.1, is proved by a generalization
of a technique due to Nehari [5] so the result is merely stated.

THEOREM 4.6. Let p(x) be positive and continuous for x in [a, b], let r(x)
be positive and of class C'" for x in [a, b), and let r1(x) be positive and of class
C" for x in [a, b]. Denote by \, and w, respectively, the lowest eigenvalues of the
differential systems

(") = Npv,

(4.1)
v(a) = v'(a) = (n")s = (n”')y =0,
(rw")" = ppuw,
(4.2) w(a) = w'(a) = (rw'), = (nw')y = 0.

If we define ¢(t) and Y (t) by

6(0) = f r$)s)ds,  $(@) = f r(s)/(s)ds,

a

where (r1(s))%(s) is nondecreasing in [a, b], and if ¢(t) SY(t) for all t in [a, b]
then )\1 _S_[Ll.

Combining Theorem 2.1 and Theorem 4.6 we obtain the following result.

TuEOREM 4.7. If

I ,?ff) == ant Limsup( [ ror0as / [ o) <1,

where f(s) is a positive function of class C' in [a, ©) such that (r1(s))*(s) is
nondecreasing in [a, ), then (rv'")" = pv is oscillatory if (nw'’)" =pw is oscil-
latory.

The techniques used in the proofs of Theorems 4.1, 4.3, 4.6, and 4.7 may
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also be applied to second-order equations, and they will yield similar results.
The following are examples of theorems obtainable in this way.

THEOREM 4.8. Let p(x) be positive and continuous for x in [a, b] and let
q(x) be continuous for x in [a, b]. Denote by \, the first eigenvalue of the differ-
ential system

v + Apy = 0,
v(a) = (b)) = 0,
and by wy the first eigenvalue of the differential system
W' + ugw = 0,
w(a) = w'(b) = 0.
If we define ¢(t) and ¥ (¢) by

b b
o) = [ 16p6)as and v@) = [ 1699,

where f(s) is a positive, nonincreasing function of class C' in [a, b] and if $(t)
<Y(t) for all t in [a, b] then \iZ 1.

The proof parallels previous ones and details are accordingly omitted.

THEOREM 4.9. Let u(s) be a positive and nonincreasing function of class C' in
la, ©). If [7(u(s)/sDds<® and Lim sups.. (f7u(s)p(s)ds/[Fu(s)/s*(ds))
<1/4 then the equation y'' +py =0 is nonoscillatory. If

vim inf ([ “upras / [ 1‘-(—3 5) > &

then the equation y'' +py =0 is oscillatory.

The proof is similar to previous proofs and details are omitted.
In parallel to Theorems 4.6 and 4.7 we have the following two results. The
proofs will be omitted.

THEOREM 4.10. Let p(x) be positive and continuous for x in [a, b), let r(x)
be positive and of class C"' for x in [a, b], and let ri(x) be positive and of class C"'
for x in [a, b]. Denote by N and u, the lowest eigenvalues of the differential sys-
tems

@.3) (r)" + Apv = 0O,

v(a) = (b)) = 0,
(rw') + upw = 0,

(4.4) w(a) = w'(b) = 0.

I

If we define ¢(t) and Y(t) by
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80 = [ s, and @) = [ @6,
where f(s) is a positive function of class C' in [a, b] such that (ri(s))%f(s) is non-
decreasing in [a, b, and if ¢(t) SY(¢) for all t in [a, b], then M Sp,.

THEOREM 4.11. If

Lirzn-‘iup <f:f(s)ds/ f;zrl(s)f(s)ds) <1

where f(s) is a positive function of class C' in [a, ) such that (ri(s))*f(s) is
nondecreasing in [a, ©) then v''+pv=0 is oscillatory if (rnw') +pw=0 is
oscillatory.
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