DIFFERENTIATION OF SET FUNCTIONS USING
VITALI COVERINGS(})

BY
W. E. HARTNETT anp A. H. KRUSE

1. Introduction. The original motivation for this paper was a proposal by
G. B. Price in which he suggested a way for basing a theory of surface area
and more general theories on a measure-theoretic foundation. Previous writ-
ers, especially T. Radé [8, p. 552], had already commented on the lack of a
measure-theoretic approach to surface area comparable to the Lebesgue
theory and had indicated the desirability of such an approach.

Certain results of W. K. Moore [4] concerning generalized derivatives
seemed to indicate that under reasonable conditions one could expect to be
able to compute the area of a surface as the integral of the derivative of a set
function connected with the surface, the integral to be taken with respect
to a suitably defined measure.

In this paper only the abstract measure-theoretic tools used in the ap-
proach are developed; applications to surface area will be reserved for a later
paper, where it will be shown that for an important class of surfaces (see
Radé [8, p. 439]), our treatment gives the same result as the classical
Lebesgue approach.

We now summarize the paper.

Throughout, X will be a metric space, ® will be the set of all Borel sets
of X, and u will be a measure on ®. Also, € will be a set of subsets of X,
usually a p-Vitali covering of X (cf. Definition 1 in §2), and N will be an
extended-real-valued function whose domain includes €. In §3 we define the
lower measure mo (whose domain includes ®) by applying Munroe's Method
II (cf. [7, p. 105]) to X and €. In §4 we define the upper measure m® similarly
by using open coverings directed by refinement (rather than the explicit
metric on X). In §5 we use standard methods to prove that, under certain
conditions, the p-nonsingular component of m, is the indefinite integral of
the lower derivative of N with respect to 1 and € (cf. Definition 2 of §2 and
Theorem 9 and Remark 10 of §5). In §6 we use standard methods to prove
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that, under certain conditions, m° is the integral of the upper derivative of
N\ with respect to u and € (cf. Definition 2 of §2 and Theorem 12 of §6). In
§7 we investigate the relationship between m, and m° and formulate condi-
tions in terms of m, and m° sufficient for the differentiability of X with re-
spect to u and € almost everywhere (mod u) (cf. Theorem 15 of §7 and its
corollary). We specialize our results to the case in which A is a measure in
Theorem 16. In §8 we specialize to the case in which X is a subset of Eu-
clidean g-space and u is the appropriate restriction of Lebesgue measure.

2. Preliminaries. We let X be a fixed metric space with metric d, and
we let ®(X) be the class of all subsets of X. ® is the class of all Borel sets in
X and p is a measure on ® with a regular completion

E®*— {t|0 <t <+ o

where ®* is the domain of the completion of u.

A Baire set (or Borel set) of X is any member of the sigma-ring generated
by the set of open sets of X. A Batre function is an extended-real-valued func-
tion f on X such that f~1(U) is a Baire set for each open set U of real num-
bers.

DEFINITION 1. A p-Vitali covering(?) of X is a set CC®* such that

(1) gee.

(2) 0<E(C) <+ «© for each nonvoid CEe€.

(3) For each positive integer # the union of some countable subset of

1
e, = {c[ C € e, diam(C) ~}
n

is X.

4) f DCe, D.=€,ND for n=1, 2, - - -, and 4 CN;=Upep, D, then
there is a sequence {D,} =, in DU{ &} such that D.ND,= & for m>n and
such that u(4 —U,;%, D,)=0.

On the line, the set of all closed intervals is an L-Vitali covering, where
L is the Lebesgue measure in R,

ReEMARK 1. The existence of a u-Vitali covering implies that X is separable
and that u is sigma-finite(?). To prove u is sigma-finite, one could first show
from (3) that @ is sigma-finite. It would then follow that u is sigma-finite,
for, given B¥*E ®*, there is a BE® such that B¥ CB and g(B*)=u(B).

REMARK 2. Suppose that X is a Borel subset of R9, suppose d is the
Euclidean metric, and suppose u is the restriction of Lebesgue measure to the
set of Borel sets of X. Suppose @ is a set of compact subsets of X such that
(1) and (3) hold and such that for some real number ¢ >0,

(?) For a general discussion of u-Vitali coverings together with more general coverings,
in which condition (2) does not appear and (1) is negated, see Hahn-Rosenthal [2, Chapter V,
§17]. Also, in the same regard, see Morse [5; 6].

(3 For the definition of sigma-finite see Halmos [3, p. 31].
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u(C) > ¢[diam(C)]¢ for each C € €.

Then € is a u-Vitali covering. For the statement of a more general theorem
for R and pertinent bibliography, see Hahn-Rosenthal [2, §17, Part 5]. It
follows, e.g., that the set of all closed cubes is a u-Vitali covering if X =Rq.
For the existence of Vitali coverings in a separable metric space, cf. Morse
[5; 6].

Informally, what we require of the class € is that it be such that each sub-
class which, at each point ¢, contains sets with arbitrarily small diameter
which in turn contain {, satisfies the conclusion of the Vitali Covering Theo-
rem with respect to u.

Now let € be a u-Vitali covering in X, and let A be a non-negative, ex-
tended-real-valued-function whose domain includes € and which is such
that M) =0.

DEFINITION 2. The upper @-derivative D°( , \) of \ at a point t&€X (with
respect to f) is defined by

o : A(C)
D°(t,\) = D°(t,\; @, ) =  limsup ——.
. tece@; diam(C)—0 F(C)

The lower @-derivative Do( , N\) of N at a point ¢EX (with respect to g) is
defined by

o
Do(t,\) = Do(t,\; €, ) = liminf = ——.
teCe@; diam(0) 0 F(C)

If for some tEX, D°(t, N\)=Do(¢, \), we say that \ is C-differentiable at ¢
(with respect to ) and we denote the derivative by D (¢, N).

An extended-real-valued function f on X is f-measurable if and only if
Y (U)E®* for each open set U of real numbers.

THEOREM 1(%). Do( , N) and D°( , \) are g-measurable. If each member of
C is open, then Do( , N) and D°( , N\) are Baire functions.

Proof. Suppose ¢ is a real number. Let
A4 ={tEX| DN = a}.
For k=1, 2, - - -, there is a sequence { C;(k)},>; of members of € such that

MCi(R)/m(Ci(R)) < a+ (1/k) G=12--+)
and
ﬁ(A - G C;(k)) = 0.

(%) Essentially the first part of this theorem is found in Hahn-Rosenthal [2, Theorem
17.2.2, p. 247]. A proof will be indicated here for completeness.



188 W. E. HARTNETT AND A. H. KRUSE [August

Let B=N;-; U2, C;(k). Then g(4 —B)=0. If tEB, then t&N;~, C; (k) for
some jr (k=1,2, ),

D,(t, ) < lim inf N(C;,())/5(C;,(k)) < @,

and tEA. Since BE®*, BCA, and (4 —B)=0, we have AE®*. Thus
Do( , N\) is g-measurable, and similarly D°( , N) is f-measurable. If each
member of € is open, replace U;Z; C;(k) in the preceding argument by the
union of all C& e, for which A(C)/g(C) <a+(1/k). Then, modified accord-
ingly, B is a Borel set and B=4.

DEFINITION 3. N is absolutely continuous with respect to @ if, given ¢>0,
there is a >0 such that if {Cy, - - -, Ca} is any finite collection of members
of € for which g(C.MCi)=0 for k=m, then Z?_,ﬁ(C.-)<5 implies that
2 MC) <e

DEFINITION 4. \ is f-Lipschitzian (on @) if there is a non-negative con-
stant K such that N\(C) £ Ku(C) for each CEeC.

REMARK 3. If N is g-Lipschitzian, then M is absolutely continuous with
respect to f.

DErFINITION 5. The strong upper C-derivative D°*( , N) of )\ at a point
tEX (with respect to f) is defined by

MO)
D°*(t,\) = D°*(t, \; @, ) = lim sup
¢ #Ce@; diam(CU [1))—0 y(C)

The strong lower C-derivative DX( , \) of \ at a point t€X (with respect to )
is defined by

* * . AC)
D,(t,\) = D,(t,\; C, ) = lim inf —.
¢ #Ce@;diam(CU{))—0 E(C)
If t€X and D°*(¢, N\) =D¥*(¢t, \), we say that \ is strongly C-differentiable at
t (with respect to &), and D°*(¢, \)=D%(t, N\)=D*(, \) is the strong e-
derivative of N at ¢t (with respect to f).
REMARK 4. It is easily seen that for each tEX:

D°*(t,\) = max{ D°(t, \), lim sup D°(s, \)};
Eand ]

Di(t, \) = min{ Dy(t, \), lim inf Do(s, \)}.
3t

Hence D°*( , \) is the smallest upper semi-continuous extended-real-valued
function on X which is =D°( , A) and D%( , \) is the largest lower semi-
continuous extended-real-valued function on X which is £D,( , N). Thus
D*( , \) is continuous at each point of its domain. D°*( , \) and D¥( , \)
are Borel functions, and hence the domain of D*( , A) is a Borel set.

3. Construction of the lower measure m,. In this section M. E. Munroe's
Method II (cf. Munroe [9, p. 105]) for the construction of metric outer
measures will be sketched for later use.
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Let there be given some subclass € of ®(X) such that for each 7 a counta-
ble collection of members of €, (defined as in (3) of Definition 1 of §1)
covers X. We define diam(&) =0.

Suppose now that we have a function M whose domain includes €, whose
image is contained in the set of non-negative, extended-real-numbers, and
which is such that A(&) =0. For each 4 €E®(X), let

ma(A) = inf{ > AMCy)| Ci€ e, foreachi, 4 C U C;} .
t=1 =1
Since €n11CC,, we have mp(4)<my,,(4) for each AE®(X). Hence, as
n— o, {m,",‘(A) } w1 approaches a limit, finite or infinite, and we define
mo¥(4) = lim m.*(4) = sup m,*(A4) (4 € e(X)).

n~— 0

We then have

THEOREM 2. The set function mo* is a metric outer measure(5). In particular,
each Borel set of X is mo*-measurable(®).

DEFINITION 6. The outer measure m0* will be called the lower outer meas-
ure induced by N and €. The restriction of m.* to the class of all m,*-meas-
urable sets will be denoted by m, and is called the lower measure generated
by A and €.

REMARK 5. The domain of m, contains & by Theorem 2.

4. Construction of the upper measure m°. In this section € is a subset of
®(X) and such that & &€, and A is a non-negative and extended-real-valued
function whose domain includes € and is such that A(&) =0.

DEerINiTION 7. For each non-void U C @(X), let A°()
=sup { 22 NG| C;€e for j=1, 2,---; @(C;N\Cy)=0 if j=h; for
i=1,2, .- ., C;CU for some UE"IL}.

REMARK 6. A\°(U) =0 for each UC ®(X).

DeriniTION 8. If U and U are nonvoid sets contained in ®(X), then U
refines U if and only if each member of U is a subset of a member of U.

REMARK 7. Observe that if U refines U, then A°(V) SA°(U).

DEFINITION 9. For each 4 E®(X) let cov(4) be the directed system of
nonvoid coverings of 4 by open members of ®(X), with cov(4) directed by
refinement. (Then {Q’} Ecov(D), but & &Ecov().)

It follows that A° is nonincreasing on cov(4) and converges to a limit.
We then define

mo*(4) = lim AW = inf AN (4 € eX)).
WUecov (4) Uecov (4)

(%) For the definition of metric outer measure, cf. Munroe [7, pp. 85, 101].
(%) For the definition of mo*-measurable and the standard theorem used here, cf. Munroe
[7. pp. 86, 104].
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LEMMA 1. If U; 75 a nonvoid subset of ®(X) for j=1,2, - - -, then
A°( U fuj) < 20 N°(w).
=1 =1

Proof. Let Go=U,Z, U; and let {C,-} j=1 be one of those systems used in
the definition of A°(@). Then (where N, is a non-negative integer or «)

© © N;
2MCHE 2 2 MCh)

=1 i=1 j=1

where {Cj;} ¥, is the set of those members of {C;},2, such that C;;CUEW,.
Now clearly

% ACia) S A°(W),

J=1
hence
2MC) £ (W),
jem1 =1
and so

)\°( Cl ‘u;) = A%(Qy) = sup{ i A(Cj)} = i Ac(us).

Jm=1 J==1 t=1

THEOREM 3. m°* is a melric outer measure on ®(X). The domain of its
restriction m°® to the class of m°*-measurable sets contains ®.

Proof. We first show that m°* is an outer measure and then that it is a
metric outer measure(”). Since

0 = m™(Q) = (D)) =0, m*) =0.

Suppose 4 CU,2; 4,E®(X), and suppose ¢>0. For j=1, 2, - - -, there
is a U;Ecov(4;) such that N°(U;) Em°*(4,)+27-e. Then UL, u;Ecov(4)
and

m**(4) < >\°(]G ‘u,-) < f} A°(uy)

je=1 el

3 [mo*(4y) + 275 = 3 w4 + e

Gl j=1

A

Thus since e is arbitrary
(") See Theorem 2.
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m**(4) = 3 m**(4;).
j=1
In particular, U2, 4;CU, A3 s0 me*(Upny A;) < D% m°*(4;). Hence m°*
is an outer measure.
Suppose now that 4, BE®(X), and d(4, B) >0. For some real §>0, we
have that d(4, B)>26. Let €>0 be given. Then there is a WEcov(4\UB)
such that diam (U) <8 and UN(AUB)# & for each nonvoid U&U and

such that
m®*(4 U B) + ¢ > \°(U).

But if diam(U) <8 for each UE U, then U decomposes into two parts Uy and
Up so that

aA=Us U Up
where
U4 € cov(4), Up € cov(B)
and
UNV=g forall UE Uy and V E Up.
Hence

m**(A\J B) 4+ € > 2°(U4) + 2°(Up) = m°*(A4) + m°*(B).
Since €>0 is arbitrary, we have
m*(A U B) = m°*(4) + m°*(B).

Hence m®* is a metric outer measure.
The proof of the following theorem is routine.

THEOREM 4. Suppose u is regular(8), and suppose that )\] C 1is absolutely
continuous with respect to . Then each member of ®* is m°*-measurable, and
m°| ®* is absolutely continuous with respect to f.

In the remainder of this section € and \ will be as stipulated in §2. The
metric outer measure mo* of §3 will be shown to be the same as an outer
measure about to be defined by means of coverings.

DEerFINITION 10. For each A CX and each nonvoid UE&cov(d4), let
No(U; A)=inf{ 32, N(C))| C;€@ for j=1, 2, - - - ; ACUR, Cj; for j=1, 2,

«++, C;CU for some UE‘IL}.
Then Ao( ; A) is nondecreasing under refinement. For each 4 CX, let

M *(A) = lim A (U; 4) = sup A, (U; 4).

Uecov(d) Uecov(4)

(8) Cf. §5, footnote(?).
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The proof of the following lemma is straightforward. The details will be
omitted.

LemMma 2. Suppose A.CX and U,Ecov(4,) for n=1, 2, .-, Let
ACUr. An, and let WEcov(A) be such that U, refines U for n=1, 2, - - -,
Then Ao(U; A) = Z,T.l No(Wn; 44).

The preceding lemma specializes to the finite case via 4,=& and
W, = { I} for all sufficiently large =.
If AU, is the set of all open subsets of X of diameter <1/#, then, for each
ACKX,
mH(A) S Ao(Un; A) S maga(A)
forn=1,2,--.,and
m*(4) = lim A (U,; 4) £ lim A (U; 4) = ¥ (4).

n—w Uecov(4)
The following theorem will be proved by showing that m*(4) S mo*(4).
THEOREM 5. fio* =mo*.

Proof. Suppose 4 C X and U € cov(4). For n =1, 2,-- -, let U,
= {t€X|for some 7>1/n, the open sphere about ¢ of radius 7 is a subset of

a member of U}.
Then U, is open and U, C Upy; for =1, 2, - - -, and

ACUU.= U U.

n=1 vel

Let Up=«. For n=1, 2, - - -, let U, be the set of all open subsets of X of
diameter =< 1/n which meet U, and let U, = V. U {F}. Then a,
Ecov(AN(Up— Uys-y)) refines U, and

Ao(Un; AN (Un — Une)) S masr(A N (Un — Un_y))

for n=1, 2, - -. By Lemma 2,

>‘o(‘u'; A) é i )‘o((un; AN (Un - Un—l))

n=1

< 3w (AN (Us = Unt)

n=1

< 3wk AN (Un = Unsa))

n=1

= m:(A).
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Hence

Tig(A) = sup A(U; 4) £ mo(4).
‘chov(A)

The proof is complete.

REMARK 8. It follows from the preceding theorem that #.* is a metric
outer measure. This can be proved directly without reduction to the cor-
responding result for mo.*. The direct proof would follow the pattern of the
proof of the corresponding result for mo*.

5. Integral representation of m,. In this section @ is a u-Vitali covering
of X, and A is a non-negative extended-real-valued function whose domain
includes @ and which is such that A(&) =0. Then the conditions placed on
€ and X in §2 and §3 hold, and D°( , N\) and Do( , N) are defined as in §2. It
will be assumed also that u is regular(®).

REMARK 9. Suppose v is a measure defined on the set of Borel sets of a
separable metric space S. Then » is regular if and only if each s€S has a
neighborhood N such that »(N— {s}) is finite(1). » is called point-finite if
v({s}) is finite for each s€S and is called locally finite if each sES has a
neighborhood N such that »(V) is infinite. Thus, if » is point-finite, then »
is regular if and only if » is locally finite. Since the existence of a u-Vitali
covering implies that u is point-finite and X separable, the assumption that u
is regular is equivalent (under the previous assumption that @ is a u-Vitali
covering of X) with the condition that u is locally finite.

LeEMMA 3. Let BE®*, and suppose K is a non-negative real number such
that Do(t, \) <K for all tEB. If v: &—*{t|0§t§ w} is @ measure which is
continuous(1t) with respect to u and v(A) =mo(4) for all AE®, then for the
completion v of v, we have #(B) £ Kfi(B). (The domain of the completion v con-
tains ®* by continuity.)

Proof. Suppose €>0 is given. Since f is regular, there is an open set U
such that BCU and g(U)<@(B)+e For each t&B, there is a sequence
{Calt) } =y in @ such that

lim diam(C.(¢)) = 0,

and such that
AMCa ()

Can U,
LEGOCT e

<K forn=1,2,...,

(%) u is regular if and only if for each set B in the domain of x and each real >0 there is an
open set UC X such that BC U and u(U—B) <e. If u is regular, so is fi.

(1%) To prove this, apply the proofs in Halmos [3, p. 52] within open sets of finite measure,
and use second countability in the obvious way.

(1) We say that » is continuous with respect to p if for each 4 in the domain of p for which
u(4)=0, 4 is in the domain of » and »(4) =0.
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From the definition of @, for k=1, 2, - - -, there are sequences {Dj(k)};:l
such that each nonvoid D;(k) is one of the sets Cq(t), such that D;(k)MD,(k)
= Jforj#h,such that D;(k) € Ciforall jand k, and such that u(B —U,Z, D;(k))
=0. Let Bo=N;~,U;%; D;(k). Then u(B—Bo) =0 and hence #(B —By) =0. We
then have that

#(B) = #(Bo) + #(B — By) = #(Bo) = my(Bo)

=< lim inf i)\(Dj(k)) < lim inf i Ku(D;(k))

E—»© e koo Gl
< lim inf Kg(U) £ K(@(B) + ¢).
k— o

Since €>0 is arbitrary, #(B) = Ki(B).

LEMMA 4. Let BE®*. Let f(B) <+ «, and let K be a non-negative real
number such that D(t, N\) <K for all t€B. If »: (B——){tl 0<t< o} is a measure
which is continuous with respect to u and v(A)<mo(4) for all AC®, then
(v being the completion of v)

#(B) < f D,( , Nda.

Proof. For each positive integer k and j=1, 2, - - -, k, let
B(j, k) = {t| t € B, (j — 1)K/k £ D,(t, \) <jK/k}.

For k=1,2, - - let
k jK
fi=2 = Caiib

=1

where Cg;,iy is the characteristic function of B(j, k). Then f; is fi-measurable
for each k, and { fk} t=1 converges uniformly to Do( ,\) on B as k— «. Hence

lim f fudi = f Dy( , Ndz.
k— o B B

Using the definition of B(j, k) and applying Lemma 3 to each of the B(j, k)
we obtain
JjK

k k
#(B) = 2, #(B(j, k) = 2 - (BG, B)

=1 J=1
=ffkdp: fork=1,2,---.
B

Hence
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#(B) £ lim | fudy = f D.( , N)dz.
B B

E— o

THEOREM 6. If v: ®— {¢|0=t=< w | is @ measure which is continuous with
respect to u and v(B) Emo(B) for each BE®, then (v being the completion of v)

5(B) < f D.( , Nd for all B € G*,
B

Proof. Suppose BE®*. We may presume [pDo( , N\)dg <+ =, for other-
wise the inequality of Theorem 6 is trivial. For n=1, 2, - - -, let

1 1
A, = {tItEB,;—;—l§D°(t,k)<;}.
By = {t|t € B,0< D(t,\) < + «}.
B, = {t|tE€ B, n < D(t,\) < n+1}.
B’ = {t|t € B, Dy(t, ) = 0}.

B" = {1|t € B, D(t,\) = + «}.

Then, for n=1,2, - - -,

B(4s) = (n+ 1) | Do(,Nda < + =,

An
1
I:I(Bn) = _f Do( ) )‘)dﬁ < + .
nJ g,
Since p is sigma-finite, Lemma 4 may be applied countably often to yield
##) s [ DN =0
B

Also By is the disjoint union of the 4,’s and the B,’s with 2>0. Hence,
by Lemma 4,

#(Bo) = ff {7(4n) + #(Bn)}

n=1

< g { fhzx,( S X ,x)da}

= Dy( , Ndg.

If #(B')=0, then
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5(Bo) + #(B) + #(B") = #(Bo) = [ Do( ,Ndz = f Dy( , Nda.
B

B,

If #(B"")>0, then
#(B) éfDo(,)\)diz =+ o,
B

THEOREM 7. [Do( , N)dE=mo(B) for all BE®('?).

Proof. Suppose BE®. For k=1, 2, - - -, there is a sequence {Ca(k) ]},
in € such that BCU,%, C.(k) and such that

S NCE) S mo(B) + 2+,
Nl

For k=1, 2, - - -, let(®)

o ACa(B))

o= 2o @)

where Ce,«) is the characteristic function of C.(k). Then

D,(¢, \) < lim inf fi(¢) for each t € B.
k>

Cp (k)

Hence, by Fatou’s Lemma(!4)

f D,(,Ndg = lim inf fidg
B B

—

ACrn(&
< lim inf fkdl-'r = lim inf Z (@)
E— o koo g I‘(Cn(k))

E(Ca(k))

= lim inf Z AMCa(B) = llm 1nf (mo(B) + 27%) = m,(B).

kE— o0 ne=l

THEOREM 8. Suppose that Do( , N) is f-integrable over X. Then there is a
maximum measure v on ® such that v is absolutely continuous('®) with respect
to u and v(B) Emo(B) for each BE®. It is the measure moo on ® given by

Moo(B) =f D,(, Ndg for all B € &.
B

(%) In this theorem and its proof the assumption that g is regular may be dispensed with.

() Regard N(Calk)) /B(Cn(k)) as 0 if Ca(k) =T, i.e., if H(Calk)) =0.

(%) See Munroe [7, Corollary 27.1.1, p. 191].

(%) We say that a measure v is absolutely continuous with respect to a measure p if the
domain of » is part of the domain of x and if ¢>0 implies the existence of a >0 such that if
v(4) is defined, then »(A4) <e whenever u(4) <é.
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Proof. m.o is absolutely continuous with respect to u, and moo(B) Emo(B)
by Theorem 7. The maximum property of 7o follows from Theorem 6.

LeEMMA 5. Suppose v is a sigma-finite measure on the sigma-algebra $ of
certain subsets of SES. Suppose f is an extended-real-valued v-measurable
function on 8. Then f is v-sigma-integrable(*®) if and only if f is finite almost
everywhere (mod v).

Proof. S=U,>., S, with S,ES8 and v(S,) <+ « for n=1, 2, - - - . Suppose
f is finite almost everywhere (mod »). Let

Ao= {2 ES[fl®) = + =}.
Then v(4,)=0. Let
4. = {z €S| f(x) < n}

forn=1,2, - .. Then
S = U U (Snm Ak))
ne=l k=0
and f is v-integrable over S.MNA; for n=1,2, - - -, fork=0,1, - - - . Thus f

is »-sigma-integrable. One part of the lemma follows; the other part is trivial.

THEOREM 9. Suppose Do( , N) is finite almost everywhere (mod f). Then
there is a maximum measure v on ® such that v is continuous with respect to
u and v(B) Smo(B) for each BE®. It is the measure mop on ® given by moo(B)
= [gDo( , N)df for all BE®.

Proof. It follows from Lemma 5 that m.o is continuous with respect to g,
and Mmoo =mo by Theorem 7. The maximum property of moo follows from
Theorem 6.

REMARK 10. In Theorems 8 and 9, moo may be called the f-nonsingular
component(1?) of mo.

THEOREM 10. If mo is continuous with respect to i, then mo(B) = [pDo( ,N)d
for all BE®*.

Proof. Apply Theorems 6 and 7 with » =m,.
6. Integral representation of 7°. In this section € and A\ are assumed to
be given as at the beginning of §5, but x will not be assumed to be regular.

(1) f is v-sigma-integrable if and only if there is a sequence {Sn}: 1 of members of § such
that S=|),_, Saand [s,|fldv <+ forn=1,2,.--.

(1) If mo is sigma-finite, then m.o is the nonsingular component in a Lebesgue decom-
position of m. with respect to u, which exists (uniquely) by a standard theorem (cf., e.g.,
Halmos [3, p. 134]). The standard theorem on the existence of Lebesgue decomposition does
not give Theorems 8 and 9 since m, is not assumed to be sigma-finite.
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LEMMA 6. Let BE®, and suppose K is a real number such that D°(¢, \) > K
for all t&€B. Then m°(B) = Ku(B).

Proof. Suppose WEcov(B). For each tE B, there is a sequence { Ca(t) } -,
in @ such that limg., [diam(Ca(£))]=0, tE Ca(t) CU for some UEU and

ACa(2))
K
260

Because € is a u-Vitali covering, there is a sequence {Dj} j=1 such that each
nonvoid D; is one of the sets C.(t), such that D;N\D,= & for j#h, and such
that g(B—Bo) =0 where Bo=U,2; D;. Then

forn=1, 2,--..

(W) = S AD) > 3 Ka(D)

Z Ki(Bo) = Kp(Bo) + Kn(B — Bo)
= Kp(B) = Ku(B).
Finally
m°(B) = lim A°(W) = Ku(B).

Uecovp)

LeEMMA 7. Let BE®, let u(B) <+ ©, and let K be a real number such that
D°(t, \) <K for all t&B. Then

m°(B) = f D°(, M.

Proof. For each positive integer k2 and j=1, 2, - - -, k, let
B(j, k) = {t|t € B, (j — 1)K/k £ D°(t, \) < jK/k}.
For k=1,2, - - -, let
(G- DK
fe= 2 ———Csim
et k

where Cag .1 is the characteristic function of B(j, k). Then f; is i-measurable
for each k and converges uniformly to D°( , N\) on B as k— ». Thus

k— oo

f D°( Ndi = lim [ fuda.
B B

By Lemma 6 applied to B(j, k), and from the definition of B(j, &),

E Y (j - DK
m°(B) = 2, m*(B(j, k) = 22 -(]——)ﬁ(B(j, k)) = fokdﬁ

=1 i=1
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for k=1, 2, - - - . Hence

m*(B) = lim | fidg = f D°(, M.
B B

E—w

THEOREM 11. For each BE®,
m®(B) 2 f D°(, Nd.
B

Proof. Since u is sigma-finite, it suffices to prove the inequality for u(B)
finite.

The proof from here on is the same, mutatis mutandis, as the proof of
Theorem 8 and uses Lemma 7.

LeEMMA 8. Let BE® and let { f,,},f;l be a sequence of non-negative, fi-meas-
urable, real-valued functions defined on B such that

f sup frdpg < + «.
B

na=]
Then
lim sup f.d = lim sup f frdi.
B n— n— 0 B
Proof. Let g=sup,., fx, let gi=g—f; for j=1,2, - - -, and apply Fatou's

Lemma to {g,};.

THEOREM 12. Suppose BE®*, and suppose D°*( , N) is finite almost every-
where on B (mod f). Then, if p is regular,

m*(B) = f D°(, N,

Proof. It may be supposed that D°*( , ) is finite everywhere on B. For
k=1,2,--,let

B, = {tE Bl k— 1 < D*(@, 1)) < k}.

Then {B:i}s., is a partitioning of B by members of ®*. It suffices to show
that for k=1, 2, - - -,

m°(By) = D°(, Ndg.
By
Thus we may assume that for some real number >0, D°*(¢, \) <r for
all tEB. Moreover, by standard arguments we may assume &(B) finite (since
§ is sigma-finite). Since f is regular, there is an open set VCX such that
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BCVand (V) is finite. For each t& B there is an open neighborhood U, CV
of ¢t in X such that for each C&e€ for which F=CCU,, MC)/a(C)<r. Let
w={U| U= U, for some t€B}. Then UCcov(B). For k=1, 2, - - -, there
is some UrEcov(B) such that Ui refines U, such that each member of AU
has diameter <1/k, and such that

A (Ux) < m°(B) +—]13— .

For k=1, 2, - - -, there is a sequence {C,.(k)};",=1 such that C.(k)&Ck
for each #n, such that each C,(k) is a subset of a member of U, such that
B(Cp(BYNCr(k)) =0 if p##n, and such that

i AMCa(B) > N(W) — 1/k = m°(B) — 1/k.

n=1
For k=1,2, .., let
2 MCn(k))
fk = Z

n=1 B(Cn(k))

where Cec,a is the characteristic function of Ca(k) on X. Then for k=1, 2, - - -
and almost every t&X (mod g), fi(t) £r. By Lemma 8, since D°(¢, \)
= lim supi.. fx(¢) for almost all tEB (mod f),

f D°(,\Ndg gf <lim sup fk) dp
B B k—

= lim sup f frdi
B

Cn (k)

E— o

= limsup D AM(Ca(k)) = m°(B).

k— n=1

By Theorem 11,
n*B) 2 [ D°(, Naa.
B
Thus

m*(B) = f D°(, N)di.

CoRrOLLARY 12.1. If D°*( , N) is finite almost everywhere on X (mod f),
then m°(B) = [sD°( , N)di for all BE®*, and m® is continuous with respect to
f. If D°*( , ) is finite almost everywhere on X (mod f) and D°( , \) is fi-
integrable on X, then m® is absolutely continuous with respect to f.
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7. Relationship between m, and m°. Throughout this section, as in §3,
@ is a w-Vitali covering of X, and N is a non-negative extended-real-valued
function whose domain includes € and which is such that A(&) =0. It will be
assumed also that p is regular. Thus the theorems of §5 and §6 will apply.

Since Do( , N\) and D°( , N) are non-negative, we may define measures
Mmoo and my on ®* by me(B)=[pDo( , N)df, m$(B)=[sD°( , N)di for all
BE®*. Then moo (resp., mg) is continuous with respect to g if and only if
Do( , N\) (resp., D°( , N)) is finite almost everywhere (mod &), in which case
Moo (resp., mg) is also sigma-finite by Lemma 5. If Do( , N) is finite almost
everywhere (mod g), then (cf. Theorem 9 and Remark 10), . is the u-non-
singular component of ..

By Theorems 7 and 11, moo<mg <m°. In particular, if m, is continuous
with respect to f, then, by Theorem 10, mo=mo <mgy. The inequality
mo =m° in case m, is continuous with respect to & also is a corollary of Theo-
rem 13 below. Finally, \ is differentiable with respect to u almost everywhere
(mod u) (+ = is allowed as a value of the derivative) if and only if meo=mg.

The relation between mo.* and m°* might be clarified by the study of a
more general situation. In the following definition and three lemmas, v, v,
and »; are measures on a sigma-ring 8 of subsets of a set SES, and »* and vs*
are outer measures on the set of all subsets of S (no relation between »; and
v} need be assumed). Also, # with domain § will be the completion of ».

DEFINITION 11. »; (resp., »5*) will be said to v-dominate v, (resp., v*) if and
only if for each A ES$ (resp., A CS) there is some BES such that #(4 —B)=0
and »1(B) Sv2(4) (resp., vi*(B) Sv:*(4)).

LEMMA 9. Suppose v is sigma-finite. Then there is a set HES such that (i)
and (ii) below hold.

() w1 (resp., vi* or [v*|8]) is sigma-finite on H;

(i) o AES is such that vy (vesp., vi* or [v¥*|8]) is sigma-finite on A, then
v(4 —H)=0. (Briefly, there is a v-maximal set HES on which vy (resp., vi* or
[v¥*| 8)) is sigma-finite.)

Proof. Standard arguments reduce the lemma to the case in which »(S)
is finite. So suppose »(S) is finite. (The proof for »#* and »#|$ are sufficiently
similar to that for »; that they will be omitted.) Let

¢ =sup{v(4)| A ES and v, is sigma-finite on 4}.

For n=1, 2, - - -, there is a set H,&S$ such that », is sigma-finite on 4 and
v(H,)>c—(1/n). Let H=U,., H,. Then (i) and (ii) may be verified by stand-
ard arguments.

LemMMA 10. Suppose v is sigma-finite, and suppose vy or ve is sigma-finite
(resp., v1*| S or Vz*l 8 is sigma-finite and Vl*l 8 is additive). Suppose vy (resp., vs¥)
v-dominates vy (resp., vi¥). Then there is a set KES such that v(S—K)=0 and
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such that v\(Z) Svo(2Z) (resp., vi¥*(Z) Sv(Z)) for each Z&$§ with ZCK (resp.,
for each ZCK).

Proof. The proof for »; and »; is sufficiently similar to that for »* and »3*
that the former proof will be omitted. Standard arguments reduce the lemma
to the case in which v*(S) or vs*(S) is finite, and then v-domination reduces
the lemma to the case in which »*(S) is finite. So suppose »{*(S) is finite. Let

c= sup{vl*(A)I 4 €8 and v(4) = O}.

Thenc<+».Forn=1,2, - - -, there is a set D,&8 such that »(D,) =0 and
vi*(Da) >c—(1/n). Let D=U;>., D, and K=S—D. Then »(S—K) =»(D)=0.
Suppose ZCK. By v-domination there is BES such that #(Z—B) =0 and
v¥(B) £v#(Z). There is an FES such that Z—BCF and »(F)=0. Let
G=(K—B)NF. Then GE€8, Z—-BCGCK, GNB=¢, GN\D=, and
v(G) =0. Since vf*]s is additive, for n=1, 2, - - -,

¢ 2 v¥(Da\J G) = v¥(Dy) + »#(G) 2 [¢c — (/)] + vH*(G).
Hence v*(G) =0, and
v¥(Z) = v*(B) + v#*(Z — B) = v¥(B) + v#(G) = v#(2).
The lemma is established.

LEMMA 11. Suppose v is sigma-finite (and v*|8 is @ measure). Suppose
ve (resp., vs¥) v-dominates vy (resp., vi*). Then there is a set KE&S such that for
each AES (resp., for each A CS), (i) and (ii) below hold.

(i) n(ANK) =vy(ANK) (resp., v*(ANK) v (ANK));

(ii) neither v1 nor vy (resp., if AES®, neither v1*|8 nor Vz*l 8) is sigma-finite
on A —K unless 7(4 —K)=0.

Proof. Let H be given by Lemma 9 (resp., Lemma 9 with the paren-
theses). Apply Lemma 10 with S and 8 replaced by H and [TI TESs, TCH}
respectively to obtain K CH. Then (i) and (ii) for each 4 €S (resp., 4 CS)
may be verified.

THEOREM 13(8). m°|(B (resp., m®*| ®) p-dominates mol ® (resp., m&| ®).

Proof. It suffices to prove: if A CX, then there is a Borel set B, such that
#(4 —Bo) =0 and mo(Bo) Em°*(4).

So suppose A CX. There are U,Ecov (4) (n=1, 2, - - -) such that
m°*(A) =lim,..\°(U,) and such that each member of U, has diameter =1/n.
For n=1, 2, - - - there are sets

C:Ee(j=1:2:'°')

(1%) In this theorem and its proof the assumption that p is regular may be dispensed
with. A similar statement holds for Theorems 14, 16 (in parts i-iv), 17, 19, Lemma 12, and
Corollary 20.1.
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such that C;NCy= J for j#k, such that Cj is a subset of a member of U,
forj=1, 2, - - -, and such that g(4 —U;2, (})=0. For j, n=1, 2, - - -, there
is a set BfE® such that B} CC} and g(C}—B})=0. Let

0 L)
n

Bo=n UB,'.

n=1 j=1

Then fi(A —Bo)=0. Forn=1,2, - - -,

m¥(Bo) < f; AMCH) < A°(Uy).

j=1
Hence
mo(Bo) = lim m*(By) < lim A°(U,) = m°*(4).
n

n— o

THEOREM 14. There is a Borel set K CX such that for each AE® (resp., for
each ACX):

(i) mo(ANK) =m°(ANK) (resp., mo*(ANK) Em°*(ANK));

(ii) neither mo|® nor m®|® (if AE®) is sigma-finite on A—K unless
g4 —K)=0.

Proof. Apply Theorem 14 and Lemma 11.

In the following theorem the possibility Do(¢, \) =D°(¢, \) =D(t,\) = +
for all ¢ in some set of positive fi-measure is not excluded. A measure » on ® is
u-Lipschitzian if and only if v < cu for some real ¢ (cf. Definition 4).

THEOREM 15. Suppose m°| ® v for every u-Lipschitzian measure v on ®
such that m°| ®=v (e.g., suppose mol (Bgm°| ®). Then \ is differentiable al-
most everywhere (mod u).

Proof. Suppose the theorem is false. There is a set Bo& ® such that u(B,)
>0 and Do(t, \) <D°(¢, N) for all tEB,. There are a set A E® and real num-
bers >0 and 4>0 such that 4 CBo, 0<p(4) <+ o, and Do(t, \) <7 and
D°(t, N\) >Do(t, N\)+ 6 for all t&A. Define

wB) = [ [0, + slax
ANB
for each BE®. Then v is a measure on ®, » < (r+8)u, and
v(B) = D°(, Ndi = m°(4 M B) < m°(B)

ANB

for each BE® by Theorem 11. Since »<m°| ®, » Smo| ®. Hence, by Theorem
6,
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W(4) = f D.(, Vg < f D.( , Ndi + 85(4)
A A

- fA[Do< N + 8ldz = »(4)

(for faDo( , NdE=ru(4) <+ =), a contradiction. Thus the theorem is
established.
COROLLARY 15.1. Suppose D°*(t, N) <+ « for almost every tcX (mod u).

Then \ is differentiable almost everywhere (mod ) with respect to u and C if and
only if mo| ®2Zm°| ®.

Proof. If A is differentiable almost everywhere (mod &), then mol (Bgm°[ ®
by Theorem 9 and Corollary 12.1. For the converse, apply Theorem 15.

LEMMA 12. Suppose v is a measure on a sigma-ring 8 with 8 JCCSC®*
such that v is continuous with respect to iz|$ and such that u] C=N. Then
y Sm°*|s.

Proof. Suppose BES and UEcov(B). There are sets C,&€ (n=1,2, - - -)
such that each C, is a subset of a member of U, such that C;N\Cr= & if

j#=h, and such that
ﬁ(B - U Cn) = O.
n=1

»( U Cn) = f} ¥(C)

n=1 n=1

Then

v(B)

I

< 3AC) = AW,

ne=l

Hence, for each BES,
v(B) = inf A°(U) = m°*(B).
Uecov(B)

The theory of upper and lower measures induced by a measure is done in
the following theorem; (v)—(vii) are variants of known results (cf., e.g.,
Hahn-Rosenthal [2] and Morse [5; 6]). Differentiability is taken with re-
spect to € and p.

THEOREM 16. Suppose \ is a measure on a sigma-ring 8 with ®JCCSCB*,
Then (i)—(vii) below hold.

(1) NSmo*|s.

(ii) If N is continuous with respect to | 8, then N <m°*|s.
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(iii) If N is regular, then m°*|S <\, and each measure v on S which is <\
and continuous with respect to | S is Sm°*|s.

(iv) If N\ s regular and continuous with respect to ﬂl S, then m°*| $=A\.

(v) N is differentiable at almost every tEX (mod p) for which \(N— {t}) s
finite for some neighborhood N of t in X.

(vi) If N\ is regular, \ is differentiable almost everywhere (mod ).

(vii) If, where C° is the interior of C, f(C°) =g(C) for each CEC, then \ is
differentiable almost everywhere (mod u).

Proof. (i) follows trivially from the definition of mo*. (ii) follows from
Lemma 12 with v =)\,

To prove (iii), suppose A is regular. Suppose S&S, and suppose €¢>0.
There is an open set VCX such that SCV and A(V)<A(S)+e Then
{ V} Ecov(S), and it is easily verified that )\°({ V}) =N(V). Hence

mHS) = dnf A(W) {VH =AW SAS) + e

€cov(,

Hence m°*(S) =\(S) for each SES. Part of (iii) is established. The other part
follows from Lemma 12.

(iv) follows from (ii) and (iii).

To prove (v), let Xy be the set of all tEX for which A(N— {t}) is finite
for some neighborhood N of ¢ in X. Then Xy is open. Let Ay =\| g, where
Spy= {SI Ses, SCX } , let upy =u] ®p1; where ®yy is the set of all Borel sets
of Xy, and let G = { C l cee, CCXy } . Then @ isa uy-Vitali covering of
Xy with Ay and ppy regular measures on Xy (cf. Remark 9, §5). Let moqy
and mf; be the lower and upper measures induced by Ay and @p;. Then
miy =Ny Smey on By by (iii) and (i). Hence Ay is differentiable with
respect to Cp and upy almost everywhere (mod ppy;) in Xy by Theorem 15.
Hence A is differentiable with respect to € and x almost everywhere (mod p)
in Xp. Thus (v) is established. (vi) follows from (v).

To prove (vii) let

Do = {C|CE Cy\yAC) < + =} (n=1,2,---),

Do=n UC.

n=1 CeDn

There is a sequence { C;} =1 of members of Up.; D, such that C;N\Cr=F for

i#h and
ﬁ(Do - U Cn) = 0.

ne=l

Suppose u(C°) =g(C) for each CEE. Since p(§:) <+w forn=1,2,---,A
is differentiable almost everywhere in Ug.; C, by (v), hence almost every-
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where in U;;.; C,, and hence almost everywhere in Dy. Trivially, D(¢,\) = +
for each t&€ X — D,. Thus (vii) is established.

The theorem is proved.

Many classical examples of u-Vitali coverings have the following property
P.

DEeFINITION 12. We shall say that € has property P if and only if for all
ACX and UEcov(4), there is a sequence {C;};%; of members of @ such
that g(C;N\Ci) =& for j#k, such that each C; is a subset of a member of
U, and such that A CUZ, C;.

THEOREM 17. Suppose C has property P. Then mo* <m°*.

Proof. Given 4, U, and {C;},“ll as in Definition 12, we have

M(U; 4) £ 3AC) = 2.

=1
Hence

ma(A) = Mig(A) = lim A (U; 4)

Uecov(4)

< lim A°(w)

Uecov(d)
= m°*(4).

DEFINITION 13. If X is such that mo|®=m°|®, we say that m=mo|®
=m°| ® is the \-determined measure on @®.

THEOREM 18. Suppose @ has property P and D°*(t, \) <+ = for almost
every tEX (mod w). Then N is differentiable almost everywhere (mod f) with
respect to pu and C if and only if mo| (B=m°| ®, 1.e., if and only if there is a
N-determined measure on ®.

Proof. Apply Theorem 17 and Corollary 15.1.

THEOREM 19. Suppose C has property P, and suppose \ 1s a regular measure
on a sigma-ring 8 with ®JICCSC®*. Then me|s=m*|8$=\, and \|® is
the N-determined measure on ®.

Proof. Apply Theorem 17 and (iii) and (i) of Theorem 16 to obtain
mo*| S Sm°*|sSA=mH|s.

The following theorem follows from the definitions of m°* and md* = #io*
and is of interest mainly if @ has property P.

THEOREM 20. Suppose there is a N-determined measure m on ®. Then for
each BE® with m(B) finite and each real ¢>0 there is some WEcov(B) such
that: if C;E @ is a subset of a member of U for j=1,2, - - -, G(C;NCi) =0 for
j#=k, and BCU;L, C;, then
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m(B) — Y, x(c,-)‘ <e
=1
CoROLLARY 20.1. Suppose there is a N-determined measure m on ®. Then
for each compact BE® with m(B) finite and each real €>0 there is some real
6>0 such that: if C;&C meets B and has diameter <06 for j=1, 2, - - -,
#(C;N\Ci) =0 for j#k, and BCU,%, Cj, then

<

[m®) - S

Proof. Let U be given by Theorem 20. By standard methods(1?) there is a
real § >0 such that each subset of X meeting B and having diameter <§é is
a subset of a member of U. The conclusion of Corollary 20.1 follows.

8. Specialization to Lebesgue measure in R?. Lebesgue measure in R¢
will be written L,. All intervals in R! will be considered to be bounded and to
contain more than one point. A closed interval in R is a cartesian product
[14-, J; of closed intervals J; in R; if J; has length a for j=1, - - -, g, then
T1I¢-1 J; is a closed cube of edge-length a. A closed j-simplex in R9 is the convex
hull of any set of j+1 affinely independent points of R¢, the vertices of the
simplex.

DEeFINITION 14. Suppose A CR? is bounded, Lebesgue measurable, and
contains more than one point. The regularity of A is defined to be

r(4) = Ly(4)/[diam(4)]e.

Suppose S is a closed g-simplex in R?, and suppose JCR is a closed inter-
val. It is well-known that there is a “decomposition” D of SXJCR*! such
that D is a set of closed (¢+1)-simplices for which (1)-(4) below hold(%).

1) If A€D, BED, and 4 #B, then Lg1(4ANB)=0;

(2) SXJT=U4ep 4;

(3) D has exactly ¢+1 members;

(4) if A€ D, then

1 1
Ly (4) = ;_T_—ILI(J)'Lq(S) = ) Loa(S X J).
This may be used to prove the following well-known lemma by induction on
the dimension.

LemMA 13. Suppose H is a closed interval in R9. Then there is a set M of
g-simplices such that (1)—(4) below hold.
(1) If A€o, BEIM, and A#B, then L,(ANB)=0.

(19) Cf. Eilenberg and Steenrod {1, p. 65] for the method of proof.
(20) Cf. Eilenberg and Steenrod [1, p. 70] for a description.
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(2) H= UAegm A.
(3) I has exactly q! members.
(4) If ACM, then Ly(A)=L,(H)/q! and r(4)=r(H)/q!

If H is a cube in R? of edge-length a, then trivially
r(H) = a?/((ga®)'?)e = ¢~/

DEFINITION 15. A sigma-interval in R? is any subset of R? which is the
union of countably many closed intervals.

Any closed interval in R¢ is a sigma-interval. Any open subset of R?is a
sigma-interval(®).

THEOREM 21. Suppose X is a sigma-interval in R, ® is the set of all Borel
sets of X, and p,=Lq|(B. Suppose ¢ is a real number such that 0<c<q 92
Suppose (a) or (b) or (c) below holds.

(a) @ 1s the set consisting of & and all closed intervals of X of regularity >c.

(b) @ is the set consisting of & and all closed g-simplices of X of regularity
>c/q!

(c) @ is the set consisting of & and all compact subsets of X of regularity >c.

Then @ is @ p-Vitali covering of X having property P. Hence, if N is a non-
negative extended-real-valued function whose domain includes © such that
N) =0, then all the theorems of §§2—7 are valid (for the conditions placed on X,
®, 1, and € within §§2—7 are valid).

Proof. We first prove (1)-(3) of Definition 1. (1) and (2) are trivial.

To prove (3) we write X =U;., Ji, each J being a closed interval. Con-
sider a positive integer n. Each Ji is the union of finitely many cubes of
diameter <1/n and regularity >¢, and each of these cubes is (by Lemma
13) the union of finitely many simplices of regularity >¢. Thus (3) of Defini-
tion 1 holds.

By Remark 2 of §2, € is a u-Vitali covering of X.

It remains to prove that € has property P.

Suppose 4 CX and UEcov(4). There is a sequence {J,.}:.l of closed
intervals in R? such that X=U;-, J.. For n=1, 2, - - -, we will arrive at a
set g(n) of closed intervals in R such that (a)-(d) below hold where U,
= UUe‘U_ U.

(@) Usegm J=TaN\(Us—Ujca Jj).

(b) If JEYn), J'E€Y(n), and J#=J’, then u(JNJ')=0.

(c) Each member of g(n) is a subset of a member of .

(d) If Jegn), r(J)>c.

Since Uy—Uj<s J; is open in X, by standard methods(??) there are sets §'(n)
of closed intervals such that (a) and (b) hold for g(n)=g’(n). For each

(1) Cf. Munroe [7, p. 126] for the method of proof (there applied to half-open intervals).
(22) Cf. Munroe [7, p. 126] for the method of proof.
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JE g (n) there is a number §(J) >0 such that each subset of J of diameter
<68(J) is a subset of a member of U(*). By elementary means one may
establish the existence for each J&€ g'(n) of a finite set §(J) of closed inter-
vals of diameter <8(J) and regularity >c¢ such that J=Ugegw) H and such
that u(HNH")=0if H, HHE g(J) and H=H'. Let

gm) = U g0).
Jeg )

Then (a)-(d) may be verified. Let 3¢=U,~, g(n). By Lemma 13 for each
HE3C there is a finite set M(H) of closed simplices satisfying (1)-(4) of
Lemma 13 with M =9 (H). Let X =Ugege M(H). Then 3 and X are count-
able and refine U, 4 CUgnege H=Ukeg K, the intersection of any two dis-
tinct members of 3¢ has p-measure 0, the intersection of any two distinct
members of X has u-measure 0, and either 3¢C € or K CE€.

Hence € has property P.
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