ON UNIFORMIZATION OF SETS IN
TOPOLOGICAL SPACES

BY
MAURICE SION

1. Introduction. Let QCX X ¥ and P be the projection of Q onto X. A
uniformization of Q is a function f on P to Y such that fCQ, i.e., for every
x&EP, (x, f(x)) €Q. Clearly with the aid of the axiom of choice, such a func-
tion can always be found. The problem, in general, is to find an f that satis-
fies, in addition, certain conditions. Many authors have considered different
aspects of this problem and we mention a few in the bibliography (see also
[5, p. 55 and on]).

In case X and Y are Euclidean spaces one important result, due to Luzin
[3] and Sierpinski [6] is the following: if Q is Borel, then f can be taken to be
the complement of an analytic set in X X V. Kondé [2] has extended this
result to the case where Q is the complement of an analytic set, thereby de-
riving important properties of projective sets of class 2.

In this paper, we take X and Y to be topological spaces satisfying certain
conditions. If Q is compact, then we obtain a uniformization f that is a Borel
function (Theorem 4.2). If Q is analytic, then f is a measurable function for a
large class of measures on X (Theorem 4.5).

2. Notation and basic definitions.

2.1. A non-negative integer z contains all smaller non-negative integers,
i.e., mEn iff m <n and m is a non-negative integer. Thus, 0 denotes both the
empty set and the smallest non-negative integer.

2.2. w denotes the set of all non-negative integers.

2.3. fisafunction on 4 to B iff fCA4 X B and, for every x& 4, there exists
a unique y (=f(x)) such that (x, y) Ef.

2.4. A is Borel H iff A belongs to the smallest family containing H and
closed under countable unions and differences of two sets.

2.5. K(X) denotes the family of all compact sets in X.

2.6. A is analytic in X iff, for some Hausdorff space X’, 4 is the continu-
ous image of a K,;(X’). ‘

2.7. A(X) denotes the family of all analytic sets in X.

2.8. If ACX XY, then w4 is the projection of 4 onto X.

2.9. Y satisfies condition (I) iff ¥ is Hausdorff, regular, has a base whose
power is at most that of the first noncountable cardinal, and every family
of open sets in ¥ has a countable subfamily with the same cover.

3. Preliminary lemmas.

3.1. If, for every n€w, A, is compact, Apn11C A, Nueo A.CB, f is a con-
tinuous function on B to a Hausdorff space, then
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f< n An> — N BN 4.).

n€w n€w

Proof. Suppose yEN, e, f(BNA,). Then, for every nCw, f-1{y} N\BNA4,
#0. Since f is continuous on B, we have f~{y} = BNC for some closed set C.
Thus, for every n€w, CMA,#0 and hence

)N N 4= N (CN4,) =0

n€w nEw

i.e., yef(nnew An) .

The converse is obvious.

3.2. Suppose, for every 1€1, A;CX XY and, for every xEX, the family
User {w“l{x} f\A,—} forms a nest of compact sets in the product topology. Then
ﬂ 1l’A,‘ =7 ﬂ A,‘.

i€l sel

Proof. Let xEN;er A;. Then, for every 1€1I, ~1{x}MNA;50 and since
the intersection of a nest of nonvoid compact sets is nonvoid, we have

N (@x} N 4) =0,

el
ie.,
x E ™ ﬂ A.'.

iel
The converse is obvious.
4. Uniformization of sets.

4.1. THEOREM. Suppose X is any space; H is any family of subsets of X;
Y satisfies condition (1); QCX XY, for every x&X, r“‘{x}ﬂQ is compact;
for every closed set B in Y, w((X XB)NQ) € H. Then there exists a function f on
wQ such that f CQ and, for any open set V in Y, f~1(V) is Borel H.

Proof. Let © be the first noncountable ordinal and Usea { Us} be a base
for V. Let, for aCX XY and BCX XY,

P(a,f) = (@NB VY [(X = m@aNp) X V) N B].
Next, by recursion for every 1€Q, we define 4; as follows:
Ao =Q)
Aipn = P(X X U, 42),

A; =N 4; if 7 is a limit ordinal,
i<i

where U, denotes the closure of U;. Finally, we set



1960]  ON UNIFORMIZATION OF SETS IN TOPOLOGICAL SPACES 239
f=N 4
1EQ

and check the following points.
(i) P(a, B)CB and wP(e, B) =mP.
(it) I 2€Q, jEQ, j<1, then 4;CA4;.
(iii) If 4€Q and xEX, then 7~1{x} N4, is compact.
(iv) If B’ is closed in ¥, B=X X B’ and IC%, then

,r(zm n A..) N xBN 4)

i€l i€l
Proof. Apply 3.2.
(v) If 7€Q and 1 <jEQ then
(XX T)NA) =a(X XT)N 4;) = a(X X T) N )
Proof. For the first equality, we use induction on j. Let
B=x((XXT)N 4))
then
(B X Y)f\A¢+1CB><'Z7';.
Hence, in view of (ii), if 1 <jEQ, we have
(BXY)N A4, C(BXT)N 4;
and
BXTU,)NA,CBXTNT,)N A4,
Now, if the first equality holds for a given such j, then
(X X T) N Aj1)
=r(XXTNTY) N AN (@x(X XT)N 4;) — (X X T;) N 43)
=w(BX T:NT)HN AV (@(BXT)N 4;)
—x((BX (TU.NTy) N 4))
=x((BXT:) N 4))
=B
so that the equality holds for j+1. If j is a limit ordinal and the equality

holds for all j* such that 7 <j’ <j, then by (iv) it also holds for j. The second
equality follows from the first and (iv).

(vi) wf=mQ.

Proof. Apply (i), (iv) and induction or take Uy=Y and apply (v).

(vii) fis a function.
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Proof. Suppose (x, ¥)Ef and (x, ¥')Ef and y#y'. Let yEU,, ¥ €U,
U.NT;=0, i<j. Then by (v) we have

tET((X XTU)N 4;) and x€ x((X X T;) N 4)),
but
4;C A= P(X X Ti, 4) C (X X TN 4) U (X = {x}) X ).
Hence
(XXT)N4;C(X = {z}) X 7,
i.e.
s Er(X X T)N 4y

in contradiction to the above.
(viii) If 2€Q and B’ is closed in ¥ and B=X XB’ then w(BMNA4,) is
Borel H.
Proof. We use induction on z. It is clearly true for 2=0. Suppose it is true
for j and 1=j-+1. Then:
m(BMN 4,)
=x(BN P(X X T;, 4,))
UrBN (X —a((X X T) N 47) X ¥) N 4))
=r(BN(XXT)NA4)J (x(BN 4;) — x((X X Tj) N 4)))
so that 7(BMA,) is Borel H.
If 7 is a limit ordinal and the result is true for all j <7, by (iv), we have

W(Bn A,) = 1r( ﬂ (Bf'\ A,)) = ﬂ W(Bm AJ)
i<i i<i
and the last set is Borel H since the set of all j <7 is countable.
(ix) If Vis open in Y, then f~1(V) is Borel H.
Proof. Let

I={i€c T, CV}.
Then there exists a countable I’ CI such that
U U,‘ = U U.' = V

i€l’ i€l
Hence
U U,' = V.

i€l

Then
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[ =x((XXV)NH=Ux(XXT)N/)

sel’

(by() = U «((X X Ty) N 4))

€I’

so that f~1(V) is Borel H, in view of (viii).

4.2. COROLLARY. Suppose X is any topological space; Y satisfies condition
(I); Q is compact in X X Y. Then there exists a function f on wQ such that fCQ
and, for every open set V in YV, f~Y(V) is Borel K(X). (If in addition, Q is
metrizable then f can be chosen to be of Baire first class.)

4.3. THEOREM. Suppose X and Y are Hausdorff and Q is analytic in
XXY. Then there exists Q' such that: Q'CQ; wQ =nQ; for every xEX,
7={x} NQ’ is compact; for every closed set B in X X Y, w(BNQ') is Borel A(X).

Proof. Since Q is analytic in X X Y, there exists a Hausdorff space Z such
that Q is the continuous image of a K,;(Z). For every #€w and i€w, let
d(n, 1) be compact in Z,

D= N Ud®n,i,

n€w €W

f be a continuous function on D, and Q=f(D). Next, let S, be the set of all
(n+1)-tuples k= (ko, - - -, k) with k;Ew. For every n€w and kES,, let

s =5(DN N a6 k),
1€ (n+1)
and then define A (k) by recursion on # as follows: if k€S, then
A(R) = A(R) N ((X - UwA(j)) X Y).
JjE€k

If kESaya, then

AR) = A(koy + -+, k) M A(R)
f\((X — U x(A4(ko, -« -, k) N Alk, - - - ,k,,,j)) X Y).
i€kna
Finally, we set

A = U Ak),
keS,

Q=N4.,
n€w

and check the following points.
(1) If n€w, EES,, K'ES,, k#Fk’, then
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TAR) N wAR') = 0.
(ii) For every n€w and kES,,
A(k) C A(k) =U A(ko, ) kn;j))

Jj€w
and

Q= U a@).

j€w

(iii) For every n€w, 74, ==Q.
Proof. We use induction on n. Let x&7(Q. Then by (ii)

x € U 7A().

j€w
Let jo be the first integer such that x&#wA(j,). Then,
x & mA(jo) Cmds.
Next, suppose for some kES,, xEnrA (k). Then by (ii)
2 € U x(4k) N Alko, - - -, kny 7))
jEw

Let jo be the first integer such that

x & w(Ak) M Ako, - -+, kay J0)).
Then

€ wAko, - - -, kn,jo) C wAd 41
Thus, for every nCw, TQCmA, . The converse is immediate.

(iv) For every x&€ X there exists a unique sequence k such that for every

nCw:
mx} N A =7} N Ak, - -+ k) = 7 Hax} N Ak, -+ -, k).
Proof. Use induction on # and (i).
(v) If B isclosed in X X Y then
#(BNQ) = N=a(BN A4}).

n€w
Proof. Suppose
€ Nx(BN 4,.).

n€w

Let % be the sequence given by (iv). Then for every n€w:
0= 7r"1{x} N BN 4, = w-l{x} N BN Ak, - - - k).
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Since f is continuous on D and 7—!{x}NB is closed, there exists a closed set
Cin Z such that

fi(={x} NB)=DNC.
Recalling the definition of A(ko, - - -, k) we conclude
DACNA N 4G, k) 0.

1€ (n41)

Since the d(4, k;) are compact, we have

n (C N N dG, k.~)> # 0.

n€w 1€ (n+1)
Therefore
~Hz} N Bﬂf( n N 4G, k.~)) # 0
n€w 1€ (n+1)
and, by 3.1,
=z} "NBN N f(Df\ N 4G, k,-)) # 0
n€w 1€ (n+1)
ie.,

N (@ x} NBN Ako, - -+, ka)) # 0
n€w
Hence, by (iv)
N @ YHa} "NBNA)#0
ne€w
ie.,
x€Ex N (BN A))==x(BNQ).

n€w

Thus,
NxBNA!)Cx(BNQ).
n€w

The converse is immediate,

(vi) If B is either closed or analytic in X X Y then, for every #Ew and
kES,, 7 (BNA(R)) is Borel A(X).

Proof. We use induction on %. We first observe that the intersection of two
analytic sets, the intersection of an analytic set with a closed set, and the
continuous image of an analytic set are all analytic. Thus, for every #€w and
kES,, m(BNA(E)) is analytic in X. Now, if kE.S,, since

m(BM A(k)) = #(BN A(%)) — U 7A()

j€k
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we see that 7(BMA(k)) is the difference of two analytic sets in X. Next, sup-
pose the result holds for a given #€w and let kES,41. Then

(B Alkgy « + + kny 7) M A(koy -+ -, kn))
is Borel A(X) for every j€Ew, and since
m(BM A(k)) = w(BM AR) M A(ko, - -+, ka))
- n W(A(ko, ) kn) N A(kO) Tty kn:j))’
J€kn +1
we see that m(BMNA(k)) is the difference of two Borel A(X) sets.
(vii) For every closed set B in X X YV, w(BNQ’) is Borel A(X).
Proof. By (v) we have:
#BNQ)=N=xBNA) =0 U x(BN AR).

n€w n€w kES,
Since S, is countable, the result follows from (vi).
(viii) For every x€X, r‘l{x} NQ’ is compact.
Proof. Let k be the sequence given by (iv). Then
mHx} NQ =N @z} N Ad) =N @z} N AGR, - - -, k)

nEw nEw

=7z} N N f(Dn N 4G, k,-)) = (by 3.1)

1€ (n+1)

= 7z} mf( N dad, k.-))

1€w

n€w

so that 7~1{x} MNQ’ is the intersection of a closed set with a compact set.

4.4, COROLLARY. Suppose X is Hausdorff, Y satisfies condition (1), and
Q is analytic in X X Y. Then there exists a function f on wQ such that fCQ and,
for every open set Vin Y, f~1(V) is Borel A(X).

4.5. COROLLARY. Suppose X is Hausdorff, Y satisfies condition (1), and Q
is analytic in X X Y. Then there exists a function f on wQ such that fCQ and,
for every open set V in Y, f~Y (V) is u-measurable for all Carathéodory outer
measures u on X such that closed sets are u-measurable.

Proof. In this case (see [7]), the analytic sets in X can be obtained by
applying Souslin’s operation @ to the family of closed sets in X. Hence they
are u-measurable whenever closed sets are u-measurable. (See e.g., S. Saks,
Theory of the integral, p. 50.)
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