A CLASS OF ARITHMETICAL FUNCTIONS IN SEVERAL
VARIABLES WITH APPLICATIONS TO CONGRUENCES

BY
ECKFORD COHEN

1. Introduction. Let r represent a positive integer. In this paper we gen-
eralize the concepts of even and primitive function (mod r) to functions of
several variables. It is recalled that a (complex-valued) function f.(n) is
even (mod r) if f,(n) =f,((n, r)) for all integral », and is primitive (mod 7) if
fr(n) =f.(y(n,r)) forall n, where y(r) denotes the core of r and y(n, r) =y((n,7)).
(The core v(r) is defined to be the product of the distinct prime divisors of

r,vy(1)=1))

Let ny, - - -, nx denote & integral variables. Then a complex-valued func-
tion fi(my, - -+, m) will be defined to be a (relatively) even function of
m, - - -, n (mod r) provided f,(n, - - -, ) =f.((m1, 7), - -+, (mx, 7)) for all
n 6=1, -, k); if fi(my, « - -, m)=fr(y(ny, ), - - -, ¥(ng, 7)) for all =,
then f,(n1, - - -, m) will be called a primitive function of 4, - - -, n (mod 7).
As alternative definitions, one may say that f.(s1, - - -, #:) is even (primi-
tive) as a function of n;, « - -, #; (mod 7) provided it is even (primitive) as a

function of each #; (mod r). Clearly the class of even functions (mod 7) con-
tains the class of primitive functions (mod r) as a subclass.

The above definitions will be specialized in the following manner. If there
exists an even function F,(n) of » (mod r) such that f.(my, - -, n)
=F,((n, - - -, n)) for all n; (z=1, - - -, k), then f.(m, - - -, m) will be
called a totally evem function of =y, - - -, ny (mod r); if fr(m, - - -, n)
=F.(y(m, - - -, m)) for all n;, then f.(n, - - -, m) will be termed a totally
primitive function (mod 7). Alternatively, f.(n, - - -, #x) may be defined to
be totally even (totally primitive) in the variables 71, - - -, n:, provided it
is an even (primitive) function (mod 7) in the single variable (ny, - - -, 7).

For simplicity the discussion in this paper will be largely confined to the
case k=2, that is, to the case of functions f,(m, n) of two integral variables
m, n (mod r). The remainder of this section is devoted to a brief sketch of the
content of the paper.

In §2 we collect for later reference a number of results most of which
are known. In §§3 and 4 we obtain trigonometric characterizations of the
even and totally even functions (mod r), (Theorems 1 and 2, respectively).
More precisely, Fourier expansions in terms of functions involving Rama-
nujan’s sum ¢,(n) are deduced for even functions f,(m, n). These expansions
are applied in §5 to obtain formulas for the number of solutions of pairs of
congruences (mod 7) of which at least one is bilinear. Similar applications to
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pairs of linear congruences are developed in §6. The notion of Cauchy product
(mod r) is strongly emphasized in this section (cf. [4]). Specifically, the
Cauchy product (mod 7) of two functions f.(m, n), g.(m, n) is defined by

h(m, n) = Z f+(a, a')g.(5, b"),

m=a+b(mod r);n=a’+b’(mod r)

where a, b, a’, b’ range over integers (mod r) such that m=a-+b (mod 7),
n=a'+b" (mod 7).

In §§7 and 8 we obtain trigonometric characterizations of the primitive
and totally primitive functions (mod r), respectively. As an application, in
Theorem 14 (§7) a simple arithmetical formula is obtained for the number of
solutions w.(m, n) of the congruences,

(1.1) m= u-+ x (mod 7r),
n=v-+ y (modr),

such that (u, r)=(v, r)=(x, ¥, ) =1. An analogous result is obtained in §8
(Corollary 18.1) for the number of solutions 6,(m, n) of (1.1) such that
(u, v, 7r)=(x, vy, r)=1. As a corollary it follows that 6,(m, n) >0 for all values
of m, n, r (Corollary 18.2). Precise criteria for the vanishing of w,(m, #n) are
deduced in Theorem 15 (§7).

In §9 we obtain analogues in two variables of some of Ramanujan’s ex-
pansions of arithmetical functions in infinite series. The proofs are based on
the finite Fourier expansions of certain even functions (mod 7). In the final
section (§10) we generalize to k variables several of the representations theo-
rems proved earlier in the paper in the case k=2. The proofs are omitted.

2. Preliminaries. The M&bius and Euler functions will be denoted by
u(r) and ¢(r), respectively. We use Ji(r) to denote the Jordan function, de-
fined to be the number of k-dimensional, integral vectors X = {xl, cee xk} in
a reduced residue system (mod k, r), that is, the number of X, x; (mod r),
i=1, - - -, k,such that ((x;), r)=((%1, - - -, %), 7) =1 [2, §2]. We recall that

r
(2.1) Ji(r) = % du(;), o(r) = Ji(r).

REMARK 1. If dlr, then a reduced residue system (mod k, 7) can be de-
composed into Ji(r)/Ji(d) such systems (mod k, d), [2, Lemma 7]. Conse-
quently, in selecting a reduced residue system (mod &, d) it is permissible to
restrict the choice of X to elements satisfying ((x.), r) =1.

REMARK 2. A complete residue system (mod %, r) is generated by the set
(r/d)X where d ranges over the divisors of 7, and for each d, X ranges over a
reduced residue system (mod &, d), [2, Lemma 1].

Note, in case k=1, that these remarks relate to ordinary residue systems
(mod 7).
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The symbol e,(n) is defined by e,(n) =exp(2win/r). We note the familiar

property,
r (rI n),
2.2) = T am) =
a(mod r) 0 (f*n) .
The trigonometric sum of Ramanujan will be denoted by ¢,(n):
(2.3) o) = 2 e(nz),

(z,r)=1
the summation being over a reduced residue system (mod 7). The Ramanujan
and Dedekind-Hélder evaluations (cf. [5; 6]) of ¢,(n) are given, respectively,
by

(2.4) wo) = T au(%),

al e d
_ o(n)ud) T
(2.5) c(n) = o) , (b = o r)).

We also recall the following additional properties of ¢,(#). Let d, and d»
be divisors of 7; then [1]

r\ _ #(d) T
2.6 (3) ody (2)
r r r (d1 = dy),
(27) dzlr C(g; d1>6('d—2: d) = {0 (dl = dg),
As a special case of (2.7) one obtains (d;=1),
Ay
(2.8) %c(n, d) = {0 1 7).

The case n=1 of (2.8) yields the characteristic property of u(r). A useful
reformulation of (2.7) is given by (6.5).
The function ¢,(n) can be generalized [2, §3] by placing

(2.9 cfk)(n) = 2 emxi+ -+ w),
((z5),r)=1

where the summation is over a reduced residue system (mod k, 7). Evidently
er(n) =c(n). Analogous to (2.4) and (2.5) we have

2.10 ® ) = k(L
(2.10) ¢ (n) dlg_,;)dﬂ(d>,

@, Je(ub) 7
(2.11) Cy (n) = —ﬂb)—_’ ( = (n, r))
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REMARK 3. It will be noted that ¢ (n) is an even function of # (mod 7).
We next restate a result of [2] in a slightly more general form.

LEmMMA 1. If s=0 and (mo, - - -, ms, ) =1, then the number of solutions
¢X(n, r) of the congruence, n=moxo+ - - - +mux, (mod r) in x; (mod 7), ¢
=0, ---,s, such that (xo, -, % ) =1, s gwen by o¢Xn, r)

=(r/(n, ))*J:((n, 7)).

Proof. If r=ryr,y, (r1, r2) =1, it follows easily by the Chinese Remainder
Theorem that ¢*(n, r) =¢¥(n, r1)dF(n, r2). It therefore suffices to prove the
lemma in case 7 =p*, p prime, £>0. In this case, one may assume that p{m,,
let us say; the argument of [2, Theorem 5] can then be applied to complete
the proof.

REMARK 4. The function ¢*(n, ) defined in Lemma 1 is independent of

the m;, under the assumption that (m,, + - -, m,, 7)=1.
The function ¢®(n) can be generalized by writing
(2.12) c(my, - -+, my) = Z e(muxy + -+ -+ mpxy).

((z9),r)=1

By Remarks 3 and 4, however, it follows that

LEMMA 2. If my, - - -, mu are arbitrary integers, then
(2.13) Glmy, - m) = e (m, 1) = (m),

where m= (my, + - -, My).

Finally, we note a simple property of the greatest common divisor and
least common multiple. Let d, 8 be divisors of r. Then

(2.14) (d, 5) [% —;—] ~ 1

in particular, if »=dé, (2.14) yields the familiar relation,
(2.15) d, 8)[d, 8] = ds.

3. Trigonometric representations of even functions (mod 7). In view of
Remark 1 (§2) we are justified in adopting the following convention, to be
referred to by the symbol (*), when specifically required.

*CONVENTION. In all summations over a reduced residue system
(mod k, d) where d|7, it will be assumed that the elements X comprising the
system are also elements of a reduced residue system (mod &, 7).

We now prove the basic result of this paper.

THEOREM 1. If f,(m, n) is an even function of m, n (mod r), then f,(m, n)
has a representation of the form
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(3.1 fim, m) = 20 a(d, 8)ca(m)cs(n),
d|r; éir

where the (Fourier) coefficients a,(d, ) are uniquely determined by the formula,

o e 2 o D))

or by the equivalent formula

(3.3) a(d, 8) = L > fla, b)ca(a)es(d).
72¢(d)$(8) 4,5mod r)

Conversely every function of the form (3.1) is even (mod 7).

Proof. As a periodic function (mod r), f,(m, #) has the Fourier expan-
sion [7] N

(3.9 fe(m, n) = Z B:(x, y)e.(mx)e,(ny),

z,y(mod r)
where the §,(x, ¥) are uniquely determined by
1
(3.5) B(x,9) = — 22 frlw, De(—zu)e(—).
u,v(mod r)

By Remark 2 (§2) we may replace x and ¥ in (3.4) and (3.5) by x=(r/d) X,
y=(/8)Y, (X,d)=(Y, §) =1, to get
rX r
3.6) fr(m, n) = Z Z B, <___ , ._Z) ea(mX)es(n¥),
(X, d)=1; (Y,8)=1 )

dir; 8l d

60 8(5 )= T stwme (o) =),

d o 7°  w,v(modr) 0

With u=(/D)U, v=(r/E)V, (U, D)=(V, E)=1, (3.7) becomes
(rX rY)
A

=i E E ff(rU, i)eb(—rXU)eE(—rYV>.

72 Dir Eir (U.D)=1; (V,E)=1 D E d )

However, since f,(m, n) and ¢,(n) are even (mod 7), it follows (*) that

B:(rX/d, rY/5)

r r 1 7 r 7 r
3.8 =B|l—r —)=— fol—) — — —1>
(3.8) B(d a) i <D E)”’(d)“’"(a)

and, by (3.6), that
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3.9) frm,m) = B,( , —) ca(m)cs(n).
d|r;élr
Placing «,(d, 8)=8.(r/d, r/98), (3.9) and (3.8) lead to (3.1) and (3.2).
To show that (3.3) and (3.2) are equivalent, denote the right member of
(3.3) by &/ (d, 8). Placing a=(r/D)x, b=(r/E)y, (x, D)=(y, E)=1, we ob-
tain (Remark 2)

, 1 rx ry (rx) (ry)
1(d,8) = ——— )= =),
o (4,9) r’¢(d) ¢ (8) Dlgl:?lr (z,D)-n;u.E)-lf(D E> )\ E

so that by the evenness (mod ) of ¢,(#) and f.(m, n), it follows (*) that

of (d,3) = 27(7'41)325».2,, 6@ (50 L) ee (L) (2).

Application of (2.6) gives o/ (d, 8) =a,(d, 8), and (3.3) is proved.

The converse part of the theorem follows by noting that cs(n) is even
(mod r) for each divisor d of r. Thus Theorem 1 is proved.

It will be observed that the relation between (3.1) and (3.2) is an inver-
sion formula for the (even) functions f.(m, n) and a,(m, #). In particular, if
we place a.,(d, 8) =g.(d, §), we obtain, in case d=r/(m, r), 6=r/(n, 1),

CoRroLLARY 1.1. If

(3.10) frm, n) = 22 g.(d, 8)ca(m)cs(n),

dir; 8|7

then

61 sz )= (S L) atmat.

(m,r) (n,7) 2 airsir

4. Trigonometric representations of totally even functions (mod r). We
shall show in this section that if f,(m, n) is assumed totally even (mod )
then Theorem 1 can be stated in a much simpler form. For this purpose we
introduce the following additional notation. Let J(r) = Ju(r), Cr(n) =c®(n),
so that by Lemma 2, ¢,(m, n) = C.((m, n)). In particular, ¢.(m, n) is totally
even (mod r); moreover, by (2.10) and (2.11) we have

“.1) Gimn) = Y, d% (%) )

di (m,n,r)
T()u(®) _
4.2) cr(m,n) = 70) , (b = — r)).

We also have the following analogue of (2.6).
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LemMma 3. If d]r, 6]r, then

o(3)-19c(2)

Proof. Place 1,=46/(8, r/d), t:=d/(d, r/5), so that ¢;=t,. Hence by (4.2),

P\ _JOm) _T@Ou) _JG) (1
C‘(F)” I Jw  J@ C"( )

8

The lemma is proved.
We next deduce a fundamental relation between ¢,(m, n) and the ordinary

Ramanujan sums.
LeEMMA 4.

(4.4) almyn) = 25 calm)cs(n).

dlr,8|r; [d,8]=r

Proof. By (2.12)
am,n) = D elmx+ ny).

(z,y,r)=1

Placing s=(r/d)X, y=(r/8) Y, (X, d)=(Y, 8§) =1, we have (*) by Remark 2,

mrX nrY
G = T > a(m)e(")
dlr,8lr; (rid,r /8=l (X,d)=1; (¥,8)=1 d )

= Z ca(m)cs(n).

dlr,8lr; (r/d,r/8)=1
The lemma follows by (2.14).

THEOREM 2. If f,(m, n) = F,((m, n)) is a totally even function of m, n (mod r)
then f,(m, n) has a representation of the form,

4.5) folm, n) = 3 an(d)ca(m, n),

dl|r

where o, (d) is uniquely determined by the formula,

1 r r
(4- 6) ar(d) = r_’ % F, (;) Cs ('Z') ’

or by the equivalent formula,

rZJ(d) b :]de r)fr(d, b)Cd(a, b).

Conversely, every function (4.5) is totally even (mod 7).

(4.7) ar(d) =

Proof. We deduce Theorem 2 from Theorem 1 under the assumption that
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f»(m, n) is totally even (mod 7). Let a.(d) be a function defined by (4.6) for

all divisors d of 7, and place 8,(d) =a,(r/d). By Theorem 1, f,(m, n) = F.((m, n))
has a representation (3.1) with

wo et 5 nl( ()

Rewriting and applying (2.14), one obtains

a,(d, 8) = r— > F) > o (L> s <L>

Alr Dir,Elr; (r/D.r/E)=A d 8
r r

LS W IO (—)(—)
% Al Dir,Elr; (D, E]=r/A d )

Hence by Lemma 4, we have

(4.9)  a(d,d) = ——ZT(A)cr/A( ) Lsr ()(LL)

“ Al r? Alr d A

Therefore, since ¢,(m, n) = C,((m, n)), we have by definition of 8,(d), a.(d, 6)
=B.((r/d, r/8)). By (3.1) it follows then that

(4.10) fmm) == T 8 ((% L)) ctmestn.

r? dir; 8lr

We may apply to (4.10) the same argument as that used in passing from (4.8)
to (4.9), thereby obtaining

fr(m, n) = — Zﬁ,( >cd(m, n).
r? ar d
Since B,(r/d) =a-(d), we have proved (4.5), (4.6). The uniqueness of the
coefficients «,(d) follows from the uniqueness of the «.(d, 6) in Theorem 1.
We now prove the equivalence of (4.6) and (4.7). Denote the right mem-
ber of (4.7) by &/ (d). Then

al (d) =

2.]2((1) . b(mzod r)F ((a) b))cd(a’ b)

Placing {a, b} =r/D{x, y}, ((x,y), D) =1, we obtain (*) by Remark 2, since
F,(n) is even (mod 7),

, _ 1 - (T ry> (rx ry
“@ =5 A ((D’ D) D D)

= mgF ( )J(D)Cd(D)
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By Lemma 3, it follows then that «/ (d) =a,(d).

The converse follows by observing that, for each divisor d of 7, ca(m, n)
= Ca((m, n)) = C4((m, n, r)), and hence that cq(m, n) is totally even (mod 7).
This completes the proof of Theorem 2.

Analogous to Corollary 1.1 we have the following inversion relation for
totally even functions (mod 7).

COROLLARY 2.1. If f,(m, n) = F,((m, n)) is a totally even function (mod r)
defined by

(4.11) f(m, n) = Y, g(d)ca(m, n),
dlr
then
r 1 r
(4.12) g ((m’ ” r)) == %‘, F, (;) ca(m, n).

Proof. In (4.5) and (4.6), replace «,(d) by g.(d), and in (4.6) place
d=r/(m, n, r).

Finally we deduce from Theorem 2 the following arithmetical representa-
tion,

COROLLARY 2.2. If f.(m, n) s defined by (4.5), then
(4.13) fm,n) = D, d* D o, (do)u(d).

d|(m,n,r) dir/d

Proof. Applying (4.1) to (4.5) one obtains

d
fo(m,n) = 3, a(d) > D%y (—) = > D? Y a(DE)u(E).

dir D| (m,n,d); (d=DE) D Dl (mon,r) Elr/D

5. Applications to simultaneous congruences. In this section we apply
Theorem 1 to obtain simple expansions for the number of solutions of certain
types of simultaneous pairs of congruences. We remark that the alternative
formula (3.3) for the Fourier coefficients is particularly suited for such ap-
plications.

The first three applications will be to congruences of the form,
m=xy + - -+ + %9, (mod7),

5.1)
n=2x +---+2x (modr).

THEOREM 3. The number of solutions P, (m, n) of (5.1) in x;, y; (mod ),
1=1, -+, s, s given by

(5.2) P, (m, n) = 122 > M .
dir;sld ds
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Proof. Clearly P, ,(m, n) is even (mod r). With P, ,(m, n) =f.(m, n), it
follows that P, ,(m, n) is given by (3.1), where
1

W(dy 8) = —— o+ - xy)es@i A - - - A+
“ ( f2¢(d)¢(5) z5,y5 (mod y;;(i—lw . -.:)Cd( lyx y) 5(x1 ¥ )

: > ( Y et X ed<uxy>)’

72¢(d)¢(6) (u,d)=1; (v,8)=1 \z(modr) y(mod r)

- 2 < 2 e;(vx)nd(ux)>‘.

d*¢(d)P(8) (u,dy=1; (v,8)=1 \z(mod r)

By (2.2), n4(ux) =0 unless d|x; therefore, we may replace x by x=dX,
X (mod r/d), to obtain

@n="— ¥ ( > <dX))’ — ( ())
+(d, 8) = es(v = al—1) .
“ (8) .5)=1 \X(mod r/d) ! (8 .=t T )
Hence, again (*) by (2.2),

723—2
(5.3) 0d,8) = | d° @] a),
0 (614d).

The theorem follows from (3.1) and (5.3).

THEOREM 4. The number of solutions P, (m, n) of (5.1) in x;, y; (mod r),
such that (y;, r)=1,1=1, - - - | s, is given by
$°(7)  ca(m)ca(n)
=— > .
7% 4 ¢s(d)
Proof. I tiseasily observed that P; ,(m, n) isan even function of m,n (mod 7).

Hence, as in the previous proof, we place P; (m, n)=f,(m, n) in (3.1), so
that by (3.3) and Remark 1,

1

72¢(d)¢(5) z;,y5(mod 7); (yi,r)=1;i=1,---,8
.cd(xlyl 4+ -+ x,y.)c,;(xl + -+ x')

(5.4) P, .(m, n)

It

a,(d, 8)

__ 1 P ( > es(vx) D ed(uxy)>a

'2¢(d)¢(5) (u,d)=1; (v,8)=1 z(mod r) (y,r)=1

AZRN. ) ( S atme)

72¢'(d)¢(5) (v,8)=1 \ z(modr)
Replacing x by (r/D)X, (X, D) =1, one obtains
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it = 5 (o 2 (5) ()
(9 r’¢°(d)¢(8) (v,z.s):-l Di; (;D)—l “\p /" D>
_9(n) r _1)‘
T 12¢e(d) ( DZ.,”<D)CD< a) '
By (2.7), one obtains then

ﬂq(“ﬁy ifd =3,
(5.5) a,(d, 8) = ¢(d)
0 if d 5 5.

The theorem follows by (3.1) and (5.5).
The case s=1 of Theorem 4 yields

COROLLARY 4.1.

r
Cd(m)cd(n) DN 1f (m, 1') = ("’7 f),
——— = i{¢(r/(n, 7))
PR
0 if (m, 1) # (n, 7).
THEOREM 5. The number of solutions P}y(m, n) of (5.1) in x;, y; (mod 1),
i=1, - - -, such that (%), )=((0, - - -, %), r)=1, is given by

Ju(r) > ca(m) ca(n)
r J+(d) .
Proof. Since P},(m, n) is even (mod r) we put P},(m, n)=f.(m, n) in
(3.1), where, by (3.3),
1
720(A)B(8) zivitmod riim, - -ox; ((wi)r)=1
cca(@iyr + - 0+ 2y)es(x+ - -+ x)
1 L]
r’¢(d)¢(3) (u.d)—§(v.6)=l ( H Z.~.v.-(mod§((v.').r)-l ed(ux‘y‘)eb(vxi)).
By Remark 2, we place x;=(r/D))X;, (X;, D;)=1,4=1, - - -, s, to obtain
a.(d, 6)
1 3

-——— ¥ (I x

r20(d)d(8) (u,dy=1; (0.,8)=1 \ i=1 Dilriys(mod 1); ((w),r)=1 (Xy.Ds)ml

urX y; X
*€p; p) €p; 5

-—— ¥ <II > ch..("'y‘+z)).

r’¢()$(8) (u.d)=1; (9.5)=1 \ im1 y;(mod #); ((vs),r)=1 Dylr d )

(5.6) P om,n) =

a.(d, 8) =
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By (2.8) the product is 50 if and only if r(uy:64vd)/déd=0 (mod r), i=1,

-+, s; that is, if and only if uy,6+vd=0 (mod dd), =1, - - -, s. But the
latter relation would imply that Bld, d=Dé, so that uy;+vD=0 (mod d), ¢
=1, - - -, s, which would in turn imply that D =1, since (u, d) =((y:),d) =1.
Hence a necessary and sufficient condition that the product be #0 is that
d=20, uy;+v=0 (mod d), 1=1, - - -, 5. Thus it follows by (2.8) that «a.(d, 6)
=0 if d#J and that

8—2

a.(d, d) =

> 1).
¢2(d) (u,d)=1; (v,d)=1 <1li’='—vu—l(mod d)ii=1,+-+,8 ((yi),r)=1
By Remark 1, we obtain then

[ r3‘2< J,(r)) ifd =0,
(5.7) a(d, &) = J(d)
10 if d 4.

(5.6) follows from (3.1) and (5.7).
We next obtain formulas for the number of solutions (mod 7) of a si-
multaneous pair of bilinear congruences,
m=zxy+ -+ 2y, (modr),

5.8
(5-8) n= a2+ -+ 2,2 (modr).

THEOREM 6. The number of solutions Q. .(m, n) of (5.8) in x, ¥s, 2: (mod r),
t=1, - - ., s, is given by

) = pa ca(m)cs(n)
(5.9 Qr.s(m, n) r dl%r [d, 5]‘

or by the equivalent formula,

ca(m, n)

(5.10) Qr.o(m, n) = r¥2 3
dir da

Proof. Certainly O, :(m, n) is even (mod r). With f,(m, n) =Q, ,(m, n) in
(3.1) we have by (3.3),

(d, 8) = ———
ol D = e
> calxyr + -+ F xy)es(xz + ¢ v -+ x,3,)
z;,¥i,zi(mod r); (i=1, - +,s)
1 8
e T F atm T o ()
r’¢(d)d(8) i.r)=1, (v.8)=1 \z,z(mod ) ’ y(mod r) ‘

i > ( 2 ea(vxZ)na(ux))a-
z(mod

 3d'$(@)$0) .t (o511 )iz (mod §)
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Now 74(ux) =0 unless d| x. Placing therefore x=dX, X (mod r/d), we obtain
by (2.2),

8
.

wld, ) = ¥ ( > m(vdX)>

8°¢(8) w.5)=1 \ X(mod r/d)

But 75(»dX) =0 unless 6[ dX, that is, unless §/(d, 8) divides X. Since 6dl r(d, 6),
we have

8 f/d s
woir=r( T VgL,
X (mod r/d);8/(d,8)|X 6/(d) 6)

and hence by (2.15),

r3:—2
[d,8]*

(5.9) results from (3.1) and (5.11). But (5.9) can be rewritten in the form
(5.10) on the basis of Lemma 4. This completes the proof of the theorem.

We now deduce a simple arithmetical representation of Q. .(m, ) from
(5.10). First it is noted, by (2.1), that

(5.11) ar(d7 6) =

THEOREM 6.

(5.12) Opalm, ) = 12 3 dzf,(i).
dl (mn,r) d
Proof. By (5.10), (4.5), and Corollary 2.2, one obtains with a,(d) =73+—2/d*,
é
Qr.s(m, n) = 732 Z ar ﬁg‘)")
dl (m,n,r) slrjd  0°

and (5.13) follows by virtue of (2.1).
By either (5.10) or (5.13) it follows that

CorOLLARY 6.1. The function Q,.(m, n) is a totally even function of
m, n (mod 7).

6. Simultaneous restricted partitions (mod 7). In this section we deter-
mine the number of solutions of simultaneous pairs of linear congruences with
various types or restrictions on the summands. The first application (Theorem
7) is based on a direct proof in the manner of the preceding section. The re-
maining results are obtained using Cauchy products (mod 7).

We consider the congruence pair,

m=ux+ -+ x (modr),
n=y1+---+y, (modr).

THEOREM 7. The number of solutions G, (m, n) of (6.1) in x;, y; (mod 7),
1=1, - - -, 5, such that ((xs, ¥:), 1) =(X1, ¥1, * * *+, s, Vo, 7) =1, 15 given by

(6.1)
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J24(7) (#(d) )
6.2 G,,o(m, n) = OB
6.2) m ) = =5 (5 ) eat, )
NotE. By (2.11), G, ,(m, n) has the equivalent form
1 (28) r
(6.2a) Gro(my,n) = — D ¢, |—)calm, n).
4 d

Proof. Since G, ,(m, n) is obviously even (mod r), we place, as in §5,
fr(m, n) =G, ,(m, n) in (3.1), where

1
ar(d, 8) = ————— 2 ca(®1+ - - -+ xdes(yr + - - - + 30

72¢(d)¢(5) z5,95(mod r); ((z4,¥5),7)=1
1

oD » >

7’¢(@)¢(8) w,d)m1; (5,8)=1 zi,y (mod r); ((2i3),7)=1
cea(u(xr + - - -+ x)es(nt - - - +90))).
We place now [d, 3] =A and define dD =8E =A. One therefore obtains
1
a(d, 8 = ——" 3} 2

72¢(d)¢(6) (u,d)=1; (v,8)=1 z;,y;(mod r); ((z5,y5),r)=1
cea(Du(xr+ - - - + x) + Ev(yi + -+ - + y0).
Hence by Remark 1 and the definition (2.12), it follows that

1 Jz.(f) )
(d, 8) = Du,---,DU, Ev, - - -, Ev),
(@ ) 72¢(d)¢(5)<-72a(4\) it iy O ’ )

where the arguments Du and Ev each occur s times. Now (D, E) =1, so that
on applying Lemma 2 (*),

_ Jz.(f) (22) _ ch(") ﬂ(A)
6.3) a(d, 8) = T () ca (1) = 2 (12'(A) )
By (3.1) and (6.3) we deduce then
Ja(r) n(4)
(6.4) G,.o(m, n) = 7 g;]’A (]2. ) ) ca(m)cs(n),

and (6.2) results on applying Lemma 4.
COROLLARY 7.1. The function G, .(m, n) is totally even (mod 7).

The remaining portion of this section is based on the following orthogonal-
ity property of the Ramanujan sums [4, (1.2)],

LEMMA 3. If d and & are divisors of r, then



1960] APPLICATIONS TO CONGRUENCES 369

rca(n) ifd =3,

(6.5) Sa,5(n) = E ca(a)cs(d) = {0 ifd s

n=a+b(mod r)
We prove the following analogue of Lemma 5.
LeMMA 6. If d and 6 are divisors of v, then
Sasom, ny = > ca(a, a’)es(b, b')

m=a+b(mod r);n=a’+b’ (mod r)

{r%d(m, n) ifd =9,
1o if d # 6.
Proof. By Lemma 4, one obtains
Smm = X (T a@ob T w@me)).
[D,E]=d; [D’,E']=5 m=a+b(mod r) n=a’+b’ (mod r)

But by (6.5), the inner expression is 0 if DD’ or E#E’. In particular,
Sa,s(m, n) =0 if d8§, thus proving one part of (6.6). In the remaining case,
d=24§, we may therefore limit the summation to values D=D’, E=FE’, obtain-
ing, by Lemmas 5 and 4,

Sa,alm,n) =1* 3, cp(m)cg(n) = rica(m, n).
[D,E)=d

This completes the proof.

THEOREM 8. The number of solutions H, ,(m, n) of (6.1) in x;, y; (mod ),
such that (x;, y;, r)=1,1=1, - - -, s, 15 given by

1 s/ 7
(6.7) 1) =~ 2 C3(2 ) eaom, .
fz dir d
REMARK 5. By (4.2), we may restate (6.7) in the equivalent form,
Jo(r) #(@) \°
(6.8 H. (m,n) = <—>c m, n).
) omym) === S (L Y eatm,

Proof. CAse 1 (s=1). Define p,(n) to be 1 or 0 according as (%, ) =1 or
#1, and place p,(m, n) =p,((m, n)), so that H, 1(m, n) =p,(m, n). Evidently
p.(m, n) is a totally even function of m, n (mod r). We give two proofs to
illustrate different methods.

First proof (s =1). Let f.(m, n) =p,(m, n) in (4.5), so that by (4.7), Remark
1, and Lemma 2,

7
a(d) = Y oty =205 oy =29 ("_(d_))

r’J(d) @ym=1 r2(d) (z,4,d)=1 72 \J(d)
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By (4.5) we therefore obtain (6.8) with s=1.
Second proof (s=1). Clearly

Cllmym) = cx(mym) = X o, (7) calm, ).

dir

Hence by Corollary 2.1, with g,(d) =p,(r/d), we have

6.9) ooy 1, 7)) = oo, ) = ri poe (7) calom, 1).

© dir

This proves (6.7) in case s=1.
Casg 2 (s>1). We proceed by induction, assuming the theorem, in the
form (6.7), for arbitrary s=¢{>1. Then

H,,,+1(m, 11) = Z Hr.t(a, a,)Hr.l(b, b/)r

m=a+b(mod r);n=a’+bdb’ (mod r)

so that by the induction hypothesis and the theorem for s=1, we obtain,
using the notation of Lemma 6,

Hyalm, ) == % (%) . (%)Sd,a(m, o

7" dir;dlr

(6.7) follows immediately in the case s=¢+1, by virtue of (6.6). The induc-
tion is complete.

REMARK 6. The proof of Theorem 8 illustrates the following principle,
which is a consequence of Theorem 2 and Lemma 6: The Cauchy product of
two totally even functions (mod r) is also totally even (mod 7).

In the remainder we consider mixed congruence pairs, s=1, =1,

m=u+ - - +u+x+ -+ 2x (modr),
n=ouv+ -+ v,+y+- -+ 3y (modr).

In particular we have

THEOREM 9. The number of solutions L}‘(m, n) of (6.10) in u;, v;, x;,

(6.10)

y; (mod 7), such that (uy, v1, * * *, Us, Vs, 1) =1, (x5, 35, ) =1,2=1, - - -, 877
=1, .-, 1s given by
s, Jaa(r) T (r +i(d
(6.11) L, t(m, n) = () ( wd) >Cd(m, n).
r? dir ]m(d)]t(d)

Proof. This result follows from the fact that L}*(m, ) is the Cauchy prod-
uct (mod 7) of G, .(m, n) and H,,.(m, n), in conjunction with Lemma 6, and
Theorems 7 and 8.

We shall need the following result proved in [1, Theorem 7], (cf. also
[6, Theorem 7; 7, Theorem 7]).
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LemMaA 7. The number of solutions in x; (mod 7), (x4, r)=1, =1, - - -, s,

of the congruence n=x,+ - - - +x, (mod r), is given by
® ¢°(r) ( u(d) )’

6.12 r () = —— ) ca(n).

(6.12) ér " (n) . ; @) a(n)

Place ¢,,,(m, n)=¢>(m)¢®(n). Further let M™(m, n) represent the
number of solutions of (6.10) in u,, v;, x;, ¥; (mod ) such that (u;, r) = (v;, 7)
=1, (%1, Y1, ++, %4 Yo, 1)=1, 2=1, .- 5; j=1, - - -, ¢; similarly, let
N}'(m, n) denote the number of solutions under the conditions, (u; 7)
= (v;, 7) =1, (xj, ¥;, r) =1. It is clear that M}*(m, n) is the Cauchy product
(mod 7) of @,,.(m, n) by G, (m, n), while Ni*(m, n) is the Cauchy product
(mod ) of ¢, .(m, n) by H. . m, n). We denote these facts symbolically
by writing M¥'=¢,,-G,i, N¥*=¢,,-H,,.

THEOREM 10.

ot _92(r)Jau(r) r(@u@) \* / u(d)
(6.13) M. (m, ) = Alr; [d.8]=A <¢(d)¢(5)) <12¢(A)

Proof. Since M{*=¢,,-G-,:, we have, by Lemma 7 and (6.4), using the
notation of Lemma 5,

) ca(m)cs(n).

72

M (m, n)
_ ¢ Tar) <ﬂ(d)#(5)>’ < u(4)
airslr \NO(@)S(®) /' alrtarsr1=a \J2:(A)

consequently, (6.13) results on applying (6.5).
A similar approach leads to the following representation of N¥(m, n).

)Sd,a'(m)Sa.s'(");

7t

THEOREM 11.
ot _o*(nJ() w(Du@) \* [ w(d)\*
- (6.14) N, (m,n) = — . MZ'”_A <¢(d)¢(6)) (](A)) ca(m)cs(n).

Finally, we return to the question of arithmetical representations, treat-
ing, as an illustration, the function G,.(m, n). We first note two further
properties of Ji(r), [3, (7.8)],

(6.15) Ji(rirs) = Ju(r1)Ji(r2) Jf:a) ) (6 = (r1,79)
p@) [\ Tu(®) _
(6.16) dlr; (d,my=1 Jr(d) - (5) Ji(r) ’ @ =, n).

Property (6.15) reduces to the ordinary factorability property of Ji(r) when
(7’1, 1’2) = 1.
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THEOREM 7'.

6.17) Groa(m, n) = ( )2’_212._2((1”, 1, 7).

(m, n, 1)
Proof. By (6.2), (4.5), and (4.13), with o, (d) = Ja(r)u(d)/r2T2s(d), it fol-
lows, using the factorability of u(r) and Ji(r), that

8d)u(d a*u(d 2(5
PGy W) Tn) = 3 a3 HODEE) u(d) B
d| (m,n,r) dlr/d J2a(da) d| (m,n,r) ]u(d) slr/d; (8,d)=1 ]23(6)

Hence, by (6.16) and (6.15), one obtains

Jas(7) du@) ([ e \* J2((d,e)
Gy s(m, n) = -
r d| (m,n,r);de=r JZS(d) (dy 6) ]23(6)
_ e w(d) )
di (myn,r) @22

and (6.17) follows on the basis of (2.1).

7. Primitive functions (mod 7). In [3, §7] it was proved that a function
f+(n) is primitive (mod r) if and only if f,(z) has a Fourier representation of
the form,

fr(”) = Z ozr(d)cd(n).

dly(r)
We prove an analogous result for even functions of two arguments (mod 7).

THEOREM 12. 4 function f,(m, n) is a primitive function of m and n (mod r)
if and only if its Fourier representation is of the form
(7.1) felmym) = 22 a(d, &)ca(m)es(n).

aly(r);8lv(r)

Proof. Clearly any function (7.1) is primitive (mod 7). Conversely, suppose
that f(n, r) is primitive (mod r) with Fourier representation (3.1). As a func-
tion of the argument = alone, the expansion of f.(m, n) may therefore be
written

(7 2) fr(m7 n) = Z Br(n, d)c(m’ d)

dir

where, for all #n,

(7.3) Bi(n, d) = 2 ar(d, 8)c(n, 9).

Slr
But by the result of [3] cited above, since f,(m, n) is primitive (mod r) as
a function of m, it must follow, for each nonprimitive d(d{vy(r)), that
B.(n, d) =0. By the uniqueness [1] of the e, (d, &) in (7.3), this implies that
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a.(d, 8) =0 for each divisor 6 and each nonprimitive divisor d of r. A similar
argument applied to f,(m, 1) as a function of # shows that a,(d, 6) =0 unless
both d and § are primitive. This completes the proof.

The following lemma, proved in [3, Lemma 3], will be used in proving
the next theorem:

LemMA 8. If r is primitive (free of square divisors > 1), then

(1.4 = T a@e(L).

d|r; (d,n)=1

TueOREM 13. If f,(m, n) is a primitive function (mod r) defined by (7.1),
then f.(m, n) has the arithmetical representation

frlm, n) = 2 dop(d)u(9)

aly(r),8ly(r); (d,m)=(3,n)=1

> a(Dd, E5)¢(D)$(E).

Div(r)/d; Ely(r) /b

Proof. From (7.1) and (7.4) one obtains

fmm = T a2 D#(D)qs(i) » E,,<E)¢,(i)

aly(r); 81y (r) Djd; (D,m)=1 D E|5; (E,n)=1 E
= > DEu(D)u(E)

Diy(r); Ely(r); (D,m)=(E,n)=1

d )
' Z ar(d7 6)4’ (_>¢(_> ;
a1y (i 8l (1 D1d, E| D E/)’

hence with d=DD’, 6= EE’, the latter formula becomes (7.5) with d, §, D, E
replaced by D, E, D', E’ respectively. The theorem is proved.

As an application we shall obtain a particularly simple arithmetical repre-
sentation of the function w,(m, #) defined in the Introduction. First we prove

(7.5)

LEMMA 9. If r 1s primitive and D, E are divisors of r, then
u(r/ D) if D = E,

0 otherwise.

7.6) S u@u) = {
{d,8]1=r;D|d,E|}

Proof. In view of the factorability of u(») it suffices to prove (7.6) for
r=p (p prime), D=p°, E=7" (a, b either 0 or 1). In these four cases, (7.6) is
easily verified, so that the lemma is true in all cases.

In addition we note some simple properties of J(r). In particular, J(r)
is a factorable function of r; moreover,

(7.7 Si@ = I = L)Jw)).
dir 'Y(")
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These facts follow from (2.1) since J(r) = Jy(r).

THEOREM 14, If w.(m, n) is defined as in §1, then

u(d)
(7.8) wr(m, m) = ¢*(r) 2 :
dlr; (d,mn)=1 ¢2(d)
Proof. On the basis of the definitions of M (m, n) and N*(m, n) in §6,
it is evident that w,(m, n)= M}'(m, n) =N (m, n). Therefore, by either
Theorem 10 or 11, w,(m, n) has an expansion (7.1) with

(7.9) old, ) = ¢2(f)f(f)(#(d)#(5)u(/l)>’ A= [d 3],
r? $(d)¢(8)7(4)
Thus by Theorem 13 and (7.9),
2(r)J
w,(m, n) = M > ddu(d)u(s)
r aly(r);élv(r); (d,m)=(8,n)=1
] #(Dd)u(Ed)u(A)¢(D)$(E)
Dly(r)/d; Ely(r) /8;A=[Dd, E3] o (Dad)p(ES)T(A)

With D,=dD, E,=4E, it follows, since (D, d) =(E, 8) =1 and since ¢(r) is
factorable, that

¢*(r)J (r) ddu(d)u(8)
% dlym).lv e dm=6,my=1 (D) B(8)

Sl > u(D))u(Er).

alvr;aia;sia J(A) a=ipy, B35 41Dy, 81 By

w,(m, n) =

Application of Lemma 9 yields

®*(n)J(r) da: u(4) (A )

A Z — ul—
Gy @mm=1 92(d) alvmiaia J(A)

d
By the factorability of u(r) and J(r), one obtains, on placing A=dé and
multiplying by J(v(r))/J(¥(r)),

w,(m, n) =

o, 1) = ¢%(r)J (r) d*u(d) 1
- 2 dlym; @mm=1 94T (d) sivrra J(5)
_$0J0) d*u(d) > )

r2J(v(r)) aive) @mmy=1 9*(@) 5=y /a
Hence, applying the first part of (7.7), it follows that
i, n) = 2T )
r2I(v(r))  air; (@mny=1 $2(d)
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and (7.8) results by the second part of (7.7). The theorem is proved.
Letr=p!, p prime, t>0. A simple computation based on (7.8) shows that

pO(p ~ 1) if p| mn,
P2 — 2) if ptmn.

Hence wy(m, n) =0 if and only if p=2 and mn is odd. By considerations of
factorability we obtain immediately the following criterion for the vanishing
of w.(m, n).

ontm, ) =

THEOREM 15. w,(mn, n) =0 if and only if r is even and m and n are both odd.

8. Totally primitive functions (mod 7). We have the following analogue of
Theorem 12.

THEOREM 16. A function f,(m, n) is a totally primitive function of m, n (mod
r) if and only if it possesses a representation of the form

(8.1) folm, n) = 3. aa(r)ca(m, n).
alv(r)

Proof. Certainly any function of the form (8.1) is totally primitive
(mod r). Conversely, if f.(m, n) is totally primitive (mod r), it possesses
representations of the form (4.5) and (7.1). But in (4.5), a,(d)=0 for each
nonprimitive d, on the basis of Lemma 4 and the uniqueness of the coefficients
in (7.1). This completes the proof.

We next prove an arithmetical formula for the expansion of totally
primitive functions (mod 7). This relation is based on the following lemma
which is analogous to [4, Lemma 1 and Corollary 4]. The details are omitted.

LemMma 10. The sum
Qu(m,m) = 35 c(m — a,n — b)
(a,b,r)=1
has the evaluations,

8.2) oy =70) Y = (i)—
. Qr(m,n) = J(r i T@ K i) w(r)e,(m, n).

Let f,(m, n) be a totally even function (mod r) defined by (4.5), and place
(8.3) flmym) = X fum—a,n — b).

(a,b,r)=1

We prove now

THEOREM 17. The function f¥(m, n) is totally primitive (mod r), and

. & m@h@»
8.4 r y J = _— Oy = d y N
©.) S /10 = T S el %(1@ calm, )
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where a.(d) is defined by (4.6).
Proof. By (4.5) it follows that

fimm) = 2 ald) X calm — a,n — b),

dlr (a,b,r)=1
so that by Remark 1 (§2),
* o (d :
(8.5) fr(m,n) = J(r) % % Qa(m, n).

Successive replacement of Qu(m, ) in (8.5) by its arithmetical evaluations in
(8.2) leads to the theorem, with a slight computation omitted (cf. [4, Theo-
rem 6]).

Before applying Theorem 17 we prove

LemwMmA 11. If e>0, then
(k) r _ fkp(e/f) ’Lffl €,
(8.6) ; i (3)“(‘1) - { 0 if rhe.

Proof. By (2.10), if the left member of (8.6) is denoted by B,(%, ¢), one
obtains

B.(k,e) = 2 u(d) 2. D <i> = > D"#(i) 2 u(d),

dir Dl(r/d,e) D Dir.e) D/ a7p

and the lemma follows by the characteristic property of u(r).

We now obtain an arithmetical evaluation of the function Lf*(m, n) in
the case t=1 (§6). Place 0, ,(m, n) =L (m, n), so that 0,(m, n) =0, 1(m, n),
as defined in the Introduction.

THEOREM 18. If s=1, then
J(r) #(d)

7772 41 @omamy=1 22T (d)

(8.7 0,,4(m,n) =

Proof. Clearly
br,s(m, m) = 2 Gr.+(a, a')pr(b, b)

m=a+b(mod r);n=qa’+b’ (mod r)

= Z G, o(m — a,n — b).

((a,b),r)=1

By Theorem 17, and (6.2a) it follows then that
J d? o /r/d
b =2 3 > o K%)“(B)’

7% i (dmeny=1J (@) s177d




1960] APPLICATIONS TO CONGRUENCES 371
but by Lemma 11, the inner sum has the value u(d)(r/d)?*. This proves the
theorem.
CoroLLARY 18.1 (s=1).
u(d) r
(8.8) 6.(m, n) = J(r) > —= > C<——; r).
dirs dmmy=1 J(d)  apr; (domymy=1 d
In case r=p* (p prime, t>0), it follows quite simply that
PRI — 1) if p| (m, ),
PP = 2) if p}(m, n).

Hence 6,:(m, n) >0; consequently by factorability considerations we have

oy, ) = {

COROLLARY 18.2. For all m, n, r, 0,(m, n) >0; that is, the congruence (1.1)
is always solvable in u, v, x, v such that (u, v, r) = (x, y, r) =1.

9. Infinite series expansions. For real s and >0, let o,(#) denote the sum
of the sth powers of the divisors of 7, and let ¢,(n) denote the generalized
totient,

(9.1) ¢s(n) = 2 don (—Z—) 2 ¢a(d) = dv.

din din

We develop trigonometric series expansions for o,((m, n))/(m, n)* and
¢s((m, n))/(m, n)*, analogous to Ramanujan’s well-known developments of
o,(n)/n* and ¢,(n)/n*. The proofs will be based on the finite Fourier expan-
sions (Theorem 19) of the totally even functions (mod r) defined by

(9.2) oramyn) = S d%. (—’—)
dl (m,n,r) d
and
8 b ’ d
©.3) o m, my = 2 n) wd)
(m’ ", r)a d| (m,n,r) as

First we note [2, (20)] that

r? if 7| n,
©-4) % Calm) = {0 if rfn.
THEOREM 19,
(9.5) cr:.(m, n) =ry, calom, ) ’
dir a:
* _ d),+2(f) ﬂ(d)
(9.6) Obr,a(m, n) = s % (¢c+2(d) ) ca(m, n).
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*
Proof. With f,(m, n)=0,,,(m, n) in (4.5) we have by (4.6) and (9.2), in
connection with (9.4),

o) = 22( 5 va(5))e () - 5 £ oo (5)Z, (%)
-z a(5)=ze(%)

so that by (9.1), a,(d) =r*/d*. This proves (9.5).
In the proof of (9.6), we use f.(m, n) =¢},(m, n) in (4.5) and, by the same
argument, find

a(d) =

3 u(de)  u(d) > rle)

s+2 o+2  Jet2 s+2
d e d e

elr/d elr/d; (d,e)=1

Application of [3, (7.9)] and the fact that ¢,(r7s) =¢,(r)d.(r)(r1, 72)°
<(ps((r1, 7))t (cf. [2, (13)], s=E), one obtains for &7 (m, n),

) u(d)< busalr/D)(d, 1/d) L
T 4t \ (/) (@, 1/d) ] 1 (d)
The proof of (9.6) is complete.

The derivations of the infinite series expansions of this section are based
on the following lemmas.

LEmMMA 12 [2, LEMMA 10]. If 7. is any sequence of positive integers such that
k]rk (k=1,2,:-:), then

©.7) lim 3 f(d) = > fom),
ko w diry m=1
provided the series in (9.7) converges absolutely.
LeEmMA 13 (cf. [2, LEmMA 11]). For fixed m, n (n>0), c.(n) and c.(m, n)
are bounded as functions of r.

We also note [2, (43)] that

(9.8) lim 24

rowo 78

= o for all e > 0, (s > 0).

TrEOREM 20 (cf. [2, THEOREMS 7 AND 8]). If n>0 and s> —1, then

9.9) ——-——”’((Z";L))) — i+ 5 220,
¢o((m,n)) | u(r)
(9'10) (m, n)‘ - g- (S + 2) E < ¢,+2(1’) ) Cf(m; n),

C(t) denoting the Riemann {-function.
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Proof. Replacing s by s+2, a slight computation serves to put (9.5) in

the form,
5 i( 5 u(e)) -y calm, n)

dlemn,r) @° \elrra €2 air  d*t?

with r=r,=Fk!, one obtains, on taking limits as k— o,

> i( lim Y, ”(6)>= lim ch(ﬂhn)'

dlmn) @ \ koo g et? k—w g, 42

Application of Lemmas 12 and 13 as in [2, §6] yields (9.9).
The relation (9.6) can be reformulated as

E@222=(z:“”)2(“@>wwM%

(m) n, ,)s d|r das+? dlr ¢s+2(d)

and the procedure used in proving (9.9) can be applied in connection with
(9.8) to deduce (9.10).
In case s=0, (9.10) reduces to

had F‘(r) _ 7"2/6 2f (m7 "’) = 1)
©-11) Z<7(5>c'(m’ ") = { 0 if (m, m) % 1.

r=1

We obtain a final expansion on the basis of the following relation, which
is a consequence of (7.8) and Theorem 11, with s=¢=1,

pd)  J() r(e)u(d)u(d)
Z elrie=[d,8] (

B 799 (0)

(9.12)
dir; (@mny=1 ¢*(d) r’

>c(m, d)c(n, 8).

THEOREM 21. If m>0, n>0, then

© d 6 i d)u(d
9.13) > kd 6 (u(e)#( )r(9)
a=1; (dmn)=1 (@) T2 =i 1ad.51=e \ J(€)P(d)p(0)
Proof. By virtue of (9.12), the proof of the theorem is similar to that of
Theorem 20, the limit on the right being justified as follows. Since [d, §]
= (dd)V?, the series

)c(m, d)c(n, 9).

hd 1

)
d,5=1; [d,8]=c (dBe2) 1

(0<e<1/2)

converges. But for  sufficiently large, ¢(r) >r'=¢, J(r) =¢a(r) > 22, by (9.8),
so that

i 1
d,6=1§.6]=¢ #(d)$(8)J (e)



380 ECKFORD COHEN [September

converges, and hence by Lemma 13, the series on the right of (9.13) converges
absoutely.

COROLLARY 21.1 (m=n=1).

& w@ 6 2 u(e)
9.14 = — — ).
©0-19) Z 5@ T <J<e)¢<d>¢<a>>

10. Generalizations. In this section we state without proof generaliza-

tions to k variables of the results relating to two variables contained in
Theorems 1, 2, 12, 16, and 17.

THEOREM 22. A function f,(n1, « + +, nx) is even (mod r) if and only if it
possesses a representation of the form,
(10.1)  fi(m, - o m) = 20 aldy, -, ddea(m) - - - ca(me);
dilryi=1,- -k
moreover, the (Fourier) coefficients a.(dy, - - -, di) are uniquely determined by
ar(dl’ R dk)

(10.2) 1 (r r> (r) (r)
_ § - — - C 1 . oC —_— )
r* 6ilr;i=-1.---.kf o } " 6 d " i

or by the equivalent formula,

O‘T(dh sy di)
(10.3) 1
= (a1, -+ oy aw)ea(ar) - ¢ ¢ caplan).
rk¢(dl) D ¢(dk) a;(mod r);2i=1.~ . ~.Icf b P n e k)
THEOREM 23. An even function f.(n1, - - -, nmi) s totally even (mod r) if
and only if it has a representation of the form,
(104) fr(?‘ll, T, nk) = Z ar(d)cd(nb R} ”’k);

dlr

o, (d) is uniquely determined by

(10.5) a(d) —;%F,( )c<k><;),

or by the equivalent formula,

(10.6)  a,(d) = > fr(ay, + -+, ar)calas, + -+, ar).

rka(d) ai(mod r);1=1,- -,k
THEOREM 24. A function f.(m, - - -, m) 1s primative (mod r) if and only
if it has a representation (10.1) in whick the d; are primitive divisors of r;
felmy, + - -, mi) is totally primitive (mod 7) if and only if it possesses a repre-
sentation (10.4) in which d is restricted to primitive divisors of r.
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Place now

(10'7) f:‘(nl) tt nk) = Z fr(nl — X1ty M — xk):

((z¢) ,r)=1
where f,(n1, + -+, nx) is defined by (10.4).

THEOREM 25. The function f¥(n1, - - -, n) is totally primitive (mod r) and

k

A\, IR = and.mn=1 Ji(d) “'/“ar -

o (olm@)y
= %( AT )cd(m, , M),

(10.8)
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