ON CERTAIN COEFFICIENTS OF UNIVALENT
FUNCTIONS. II()

BY
JAMES A. JENKINS

1. In the first paper with this title [4] the author showed how an exten-
sion of the General Coefficient Theorem in the case of some special quadratic
differentials gave a very effective means of dealing with bounds for initial
coefficients of normalized univalent functions. Since that time the author has
given a corresponding extension of the General Coefficient Theorem to the
most general positive quadratic differentials on finite oriented Riemann sur-
faces [5]. In the present paper we will apply this result to the discussion of
the coefficients of normalized univalent functions. Some authors, see for exam-
ple [6], have discussed the effect on the coefficients of a univalent function of
having certain initial coefficients vanish while others [1; 2] have obtained
bounds for the coefficients of univalent functions which are odd or display
higher degrees of symmetry. We will find a very interesting relationship be-
tween these two types of results.

2. We will consider the families S and Z of functions according to the
standard notation [3, p. 1] and in addition the following family of functions.

DEFINITION 1. Let M denote the family of functions f(z) meromorphic and
univalent for |z| <1 with f(0)=0, f/(0) =1.

We have the evident result.

LEMMA 1. We have f(z) €2 if and only if 1/f(1/2)E M.

We begin by giving certain mappings which play the role of extremal
mappings.

LeMmMA 2. Let Q(w; n, 0, y)dw? be the quadratic differential
e—?n%iwn—2(6en¢i — wn)d.w2

where n is a positive integer, is real and 0S8 =4. For 0<86=4 let f(z; n, 6,¢)
be the function in Z mapping Iz] >1 conformally onto the domain A(n, 8, ¥)
bounded by the n rectilinear segments joining the origin to the points
dlingit2riln)  j=0, 1, - .., n—1, together with 2n arcs of equal length on the
other trajectories of Q(w; n, 8, Y)dw? having limiting end points at these zeros of
the quadratic differential (when 8 =4 the last 2n arcs are absent). Let f(z; n, 0,9)
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be the function in T mapping Iz] > 1 conformally onto the domain A(n, 0, ¥)
bounded by 2n rectilinear segments of equal length emerging from the origin along
trajectories of Q(w; n, 0, Y)dw?. We have

f(z; n, 0, ¢) = z(1 — e¥¥ig—2m)lin
the root being chosen so that the expansion of f(z; n, 0, ¥) about the point at
infinity begins

1
g — — embig=antl f ...
n

The functions which can be obtained from f(z; n, 0, ¥), n=2, by translation
along the trajectories of Q(w; n, 0,¥)dw? are a one parameter family F(z;n,0, ¥, u)
where

F(z; n, 0, ¥, ) = 2(1 + iner¥iz™ — emvig=an)in,

the root is chosen so that the expansion of F(z; n, 0, Y, u) about the point at
infinity begins

2+ ipentigrHl 4 ("’ — 1ﬂ2 - i) ebig=tntl L L.
2 n
and p(—2/n=pu=2/n) denotes the (sensed) amount of translation in the Q-
metric. The same formulae remain valid for n=1 if we restrict ourselves to func-
tions not assuming the value zero for Iz[ >1. For 0<8=4 the expansion of
f(z; n, 8, ) about the point at infinity begins

1
z+ P 8[1 — log (8/4)]emviz—n+1
n

+ [i 5~ 52log (5/4) — "2 s21og (/)] —In—] eIl 4

8n? 4p? 8n?

When 0 <8 <4 there can be obtained from f(z; n, 8, ) by translation along the
trajectories of Q(w; n, 8,¥)dw? a one parameter family of functions F(z;n, 8,¥, un)
where u denotes the (sensed) amount of translation and satisfies the inequalities

- —(1 - iaﬁ>m FRLIPYEL R —2—(1 - i:sz)m +Lcos
2n 4 n 16 2n 4

In particular

F(z; n, 6, ¥, 0) = f(z; n, 5, ¥).

The expansion of F(z; n, 8, y, u) about the point at infinity begins
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1 1
2+ —[nyi + —56(1 — log (43/4)):|e"'“z‘"+1
n

+|i—1—a'+("—1>2+<"*1)'51 0/4) + —— 52— s210g (5/4
2 # 2y ) o8 (4/4) H 5 8% — 8 log (6/4)

2
(n—1)
8n?

1
62(log (6/4))% — —] eig=intl L L
n

For 6 =4 there are no functions obtained from f(z;n,4,¥) by nontrivial transla-
tion along the trajectories of Q(w; n, 4, ¥)dw?.

For 6=0 the result of the lemma is elementary. For 0 <8 =4, in terms of
the notation of [4, Lemma 1], if we set W=w", Z=2",7=0, p=n, \=nu we
readily find

Q¢(W)dW2 = an(w; n, 0, ¢)dw2,

1z, 7, )] = f(z; 1, 7, ¥),
[F(Z,7, ¢, N]V» = F(z; n, 7, ¥, 1)

with appropriate choices of the roots. From this the remaining results of the
lemma follow directly. It will be observed that our notation is somewhat
modified from that of [4].

LemMA 3. Let Q(w; n, x)dw? be the quadratic differential
e—inan—Zdw2

where n 1is a positive integer and x 1s real. Let g(z; n, x) be the function in Z
mapping |z| >1 conformally onto the domain A(n, x) bounded by n rectilinear
segments of equal length emanating from the origin along trajectories of
Q(w; n, x)dw?. Then

g(z; m, x) = 2(1 4 emxigTm)?/»

the root being chosen so that the expansion of g(z; n, x) about the point at infinity
begins
2
2 + _— enxlz—n+l + ce e,
n
When n is odd no functions can be obtained from g(z; n, x) by nontrivial transla-
tion along the trajectories of Q(w; n, x)dw?. When n is even and greater than

two the functions which can be obtained from g(z; n, x) by translation along the
trajectories of Q(w; n, x)dw? are a one parameter family G(z; n, x, u) where

1 . A\
G(z;n,x, m) = 3 (1 + B npenx2znI2 4 e"x’z"‘) )
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the root is chosen so that the expansion of G(z; n, x, u) about the point at infinity
begins
2 n-—2

2 + #enxil2z—n/2+1 + <._.. —_

n

”2> z——n+l + e

and u(—4/n=u=<4/n) denotes the (sensed) amount of tramnslation in the Q-
metric. The same formulae remain valid for n=2 if we restrict ourselves to func-
tions not assuming the value zero for |z| >1.

This is proved in a straightforward manner.
3. THEOREM 1. Let f(2) EZ and have the expansion about the point at
infinity
0 C.
(1) f@) =2+ 32—

j=0 2

where ¢;=0 for j=<(n—1)/2, n an integer =0. Further for n=0 let f(z) not
assume the value zero for |z| >1. Then

2
2 len| £ ——-
n

Equality can occur in (2) only for the functions g(z; n+1, x), x real.

Let ®(w) denote the inverse of g(z; n+1, x) defined in A(z+1, x). Then
we apply the General Coefficient Theorem in its extended form [5, Theorem
1] with % the w-sphere, Q(2)dz? being Q(w; n+1, x)dw?, the admissible do-
main A(n+1, x) and the admissible function f(®(w)).

The latter function has the expansion about the point at infinity

0 d
w+ 3 —
j=0 W

where d;=0 for j=(n—1)/2 and d,=c¢,—2e"+tDxi/(n+1). The quadratic
differential has a pole P, of order n+3 at the point at infinity. We have
my=n+3, ky=[n/2]. The corresponding coefficients are

m —(n+D)xi m 2 i
a =e y, Gy =Ch———e

The fundamental inequality [5, (6)] then gives

ER{C—('H'I)Xi [cn - 2 e(n+l)xi:|} < 0
n+1 -

or
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2
n+1 '
For appropriate choice of the real quantity x we have
R{eixic,} = | ¢,

so that inequality (2) follows. The equality statement follows at once from
the general equality conditions in the General Coefficient Theorem.

g{{e—(nﬂ)xicn} <

THEOREM 2. Let f(2)EZ and have the expansion (1) about the point at
infinity where c;=0 for j<n, n a positive integer. Then for real

—2(n. i —(n T 1 —2(n i
@) ER{ 2(nt)gi conss -+ 8¢ (k)i o = — e 2(nt L)Y c:}
< ° 82 ! 82 log (5/4) + ! 0<6<4
= - o] _— =
T 8(n4+1) 4(n+ 1) g nt+1 =7
—2(nt )i 1 _sinyi 2 1
4) R<I—e Cony1 — — M€ cn}é—— 6=0.
4) { il = —— ’

For 0 £6 <4 equality occurs in (3) or (4) only for the functions F(z;n+1, 8,¢, u).
For 8 =4 equality occurs in (3) only for the functions f(z; n+1, 4,¥). For n=0,
(4) remains true without further restriction, but for (3) we must require that
f(2) does not take the value zero for |z| > 1. The equality statement for (3) is un-
changed, but for (4) equality can occur for any function f(z; 1, 0, ¥)+k, k a
constant.

Let V(w) denote the inverse of f(z; n+1, §,¢) defined in A(n41, §, ).
Then we apply the General Coefficient Theorem (again in its extended form)
with % the w-sphere, Q(z)d3? being Q(w; n+1, 8, Y)dw?, the admissible domain
A(n+1, §, ¥) and the admissible function f(¥(w)).

The latter function has the expansion about the point at infinity

w+ Z — where d;=0 for j<n,
=0 w?
dn = Cn — —1—5[1 — log (5/4)]e(n+1)w,
2(n+ 1)

and
2n + 1 5
8(n + 1)2

d2n+l = Cong1+ Cn

{2—(;-";—1)— 5[1 — log (5/4)]e‘”+‘)‘“} - [

2n + 1
- —8?1 6/4 8211 ) 2 ] 2(n+1)¥i
4(n + 1)2 0g(/)+8( +1)2 [log (8/4)] w1 e
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The quadratic differential has a pole P; of order 2n+4 at the point at infinity.
We have m;=2n-44, ky=n. The corresponding coefficients are

al) = — —2(n+1)w,
€ = 1,
a;:) = d,,
d:l)— = d2n+1,
Blf,l-:-l - _ 66(n+l)¢i.

The fundamental inequality then gives

n
R{ =2t e + (m 5(1 — log (5/4)ecv+v)

( 2n+ 1 52 2n + 1
8(n+ 1) 4(n+ 1)2

52 log (8/4)

1
2 2 2(n+1 )Yi
80 +1)25(Ig(8/4)) +1)e '

1 1 :
+—n<cn—-——51—10 6/4 8(”+1)'“>
5 2+ 1) ( g (6/4))
—Sent¥il o 51 — log (/4 e("“)‘“]} =0,
. ( sy 2 B @/
or
—2(n i —(n t 1 —<(n i
ﬁt{—e i Cany1 T+ Oe ey Cn — ?”6 Hoend C:}
<3 & L st log (3/4) + —
= - 0 I
~ 8(n+ 1) amt1) B nt1’

proving inequality (3). Inequality (4) is proved by a similar but simpler
argument. The equality statements follow from the standard equality condi-
tions in the General Coefficient Theorem.

COROLLARY 1. Let f(2)EZ and have the expansion (1) about the point at
infinity where ¢;=0 for j<n, n a non-negative integer. Further for n=0 let
f(2) not assume the value zero for ]z| >1. Then for a+n/2<0
1—n—4a

(n+1)?

Equality occurs in (5) only for the functions F(z; n+1, 0, ¢, £2/(n+1)), ¢
real. For a+n/2=0

(%) I Cony1 — aci| =
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1
n+1

Equality occurs in (6) only for the functions F(z;n+1,0,¢,u),¢¥real, —2/(n+1)
Su=s2/(n+1). For —n/2<a<n/2+1

1

Cont1 + Y ne, |

(6)

- -2 2
) | conir — ac| < (n+ 1) 1[1+2exp<—2£——a——|:——>:|.
n + 2a
Equality occurs in (7) only for the functions
n—2a-+ 2
Z;n+1,4ex (———), ,
f( P o )
Y real. Forazn/2+4+1
2 da+n—1
(8) l Cont1 — ac,.| =< (n—_l_l—)—z— .

Equality occurs in (8) only for the functions f(z; n+1, 4, ¢), ¢ real.
We take the first inequality (4) and choose ¥ so that

—2(nt1)vi 1
—ER{e 2(nt1)¥ <62n+1 n = nc:)} _

from which inequality (6) is immediate. Likewise the equality statement fol-
lows from Theorem 2. Now for a+#n/2 <0 we have

—<a+-lz n> [c:I

1
Cant1 T+ Y Nen

2

2
l Cont1 — acnl =< Cont1 + ?ncn

< ! -<a+in> !
T a4 2 (n+ 1)?
1—n—4a

(1

Equality is possible only for those functions F(z; 41, 0, ¢, n) with Ic,,+1|
=2/(n+1), that is F(z; n+1, 0, ¢, +2/(n+1)).

Now let a+#n/2>0. Then by Theorem 2
—2(n+1)¥s

2 ) ) o
o ER{ —e (cans1 — ac,.)} < S 1) 8?2 — D) 82 log (8/4) + ——
9

1 —2(n i
— Rse-trivic) + m{(—z- n+ a)e ey cf} ,  0<5<4,
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—2(nt1)¥i 1 1 —2(nt1)yi
I e i | SRt LR ¥

§=0.
We can choose ¢ real so that

—2(nt+1)ys

%{ —e (cont1 — 016:)} = l Cont1 — 016:
while
R{e~nt1vic,} > 0.

Now in any case

(11) Rfe T c:} < [Eﬁ{e_(”ﬂmcn}ﬁ
with equality occurring only when
S{e+vic,} = 0.
Thus if
R{e~+1vig,} = 0,
from (10) we obtain
1
2
|62n+1 - acnl ém'
Otherwise (by Theorem 1) we can find §, 0 <8 =<4, so that
1
Rie ¥t = ———— 5[1 — log (8/4)].
{ } 2 F D [t — log (3/4)]
Then from inequalities (9) and (11) after a mechanical simplification we ob-
tain
(n+ 1) {Qa — 1)8" — 22a — 1)5" log (5/4)
+ (n + 2a)8*[log (5/4)]* + 8(n + 1)}.

OOIH

l Cont1l — OIC:I =

Now we define

Au(8) = % (n + 1)72{(2a — 1)82 — 2(2a — 1)5 log (5/4)

+ (n + 20)8[log (5/9)]* + 8(n + 1)}, 0<s=4
1
T at

§=0.
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The function A.(8) is continuous for 0 =<8 <4. Further we have
| Cont1 — acf.l < max A.(5).
0sss4
Now for 0<6=4
dAa®)  (n + 2) log (3/4) [n — 2a + 2
& 4(n+ 1) [ "+ 2a

+ log (5/4)].

Thus for «=n/2+1 the function A,(8) is a strictly increasing function on
[0, 4], its maximum occurs for =4 and

datn—1
(n+ 1)

Since we have used Theorem 2, equality can occur here only for the functions
f(z; n+1, 4, ¢). Finally for —n/2<a<n/241 the function A,(d) increases
from 6=0 up to the point where

| consr — OIC:I =

n—20z-|—2+l /8 = 0
w+t 2a B =5

that is

and then decreases. Thus the maximum of A,(6) occurs for this value of § and
— -2 2
| Cons1 — ac,z,l Sn+1) 1|:1 + 2exp (—Zn———i>:|.
n + 2«

Since we have used Theorem 2 and inequality (11), equality can occur here
only for the functions f(z; n+1, 4 exp(— (n—2a+2)/(n+2a)), ¥), ¥ real.

COROLLARY 2. Let f(2) EZ and have the expansion (1) about the point at
infinity where ¢;=0 for j<n, n a positive integer. Then

(12) | ctnsa| = (n + 1)‘1[1 + 2 exp (_2n + 2)]

n

Equality occurs in (12) only for the functions f(z; n+1, 4 exp(—2(n+2)/n),¥),
Y real.

This follows at once by specializing Corollary 1 to the case a=0.
One can use Theorem 2 to solve other extremal problems—for example, to
find the bounds for | csns1| —|¢a| under the assumptions of Theorem 2.
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4. LemMaA 4. Let f(2) €E M and have the expansion

(13) 24+ D Al

j=2

about the origin where A;=0 for j<n, n an integer =2. Then 1/f(1/2)E2 and
has the expansion (1) about the point at infinity where

¢ = — Ajs, JS2n—4,
2
Con—3 = An - A2n—1o

If in addition f(2) €S then 1/f(1/2) does not take the value zero for Izl >1and
conversely.

This is immediate.

THEOREM 3. Let n be an integer 22, let f(2)ES (n=2), f(e)EM (n>2) and
have the expansion (13) about the origin where A;=0 for j< (n+1)/2. Then
2

(14) | 4] =—

Equality can occur in (14) only for the functions 1/g(1/z; n—1, x), x real.

This follows at once from Theorem 1 and Lemma 4. Prawitz [6] obtained
this result in the more special case that f(z) €S without regard to the value
of n. Had he proved it for f(z) € M, n> 2, he would have anticipated Schiffer
and Golusin in obtaining the bound ,Cgl =2/3 by about ten years.

THEOREM 4. Let n be an integer 22, let f(2)ES (n=2), fG)EM (n>2)
and have the expansion (13) about the origin where A;=0 for j<n. Then for
real ¥

—2(n—1)¥i —(—1)pi 1 2w 2
R {e Aoy — e A, — 2— ne 'An}

3 1 1
< 82 — 5 log (8/4) + ——— 0<5<4,
8(n — 1) 4(n — 1) g (/4 +

—2(r—1)¥i 1 ety 1
(16) %&ulwhm—sz(wA$§ z 5 = 0.
e

(15)

For 0 =0 <4 equality occurs in (15) or (16) only for the functions
1/F(1/3;n—1, 8, ¥, ). For §=4 equality occurs in (15) only for the functions
1/f(1/2; n—1, 4, ¥). For n=2, (16) remains true for f(z)EM but with the
analogous revision of the equality statement to that in Theorem 2.

This follows at once from Theorem 2 and Lemma 4.
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COROLLARY 3. Let n be an integer =2, let f(2)ES (n=2), fR)EM (n>2)
and have the expansion (13) about the origin where A;=0 for j<n. Then for
B>n/2

an | Azar — B44| <

Equality occurs in (17) only for the functions 1/F(1/z;n—1,0,¢, £2/(n—1)),
Y real. For B=n/2
1

n—1

(18) <

1 2
Ao — —nA,
2

Equality occurs in (18) only for the functions 1/F(1/z; n—1, 0, ¢, u), ¥ real,
—2/(n—1)=u=s2/(n—1). For n/2>B>1—n/2

- 28— 2
19 | A= 42| = o= 0714 20 (-2 22 |
n— 28

Equality occurs in (19) only for the functions
+286-2
1/f (1/zn — 1,4 exp(— "—~ﬁ——> ¥,
n— 28
Y real. For B=1—n/2

(20) | Aznoy — B4,

Equality occurs in (20) only for the functions 1/f(1/z; n—1, 4, ), ¢ real.
This follows from Corollary 1 and Lemma 4.

COROLLARY 4. Let n be an integer 22, let f(z)ES (n=2), fe)EM (n>2)
and have the expansion (13) about the origin where A;=0 for j<n. Then

(21) | Aonca| = (0 — 1)—1[1+2exp(—2f’—;—2>].

Equality occurs in (21) only for the functions
n— 2
i /sn = en(-22), 0,
n
Y real.

This follows at once by specializing Corollary 3 to the case f=0.
It should be observed that the preceding results include as special cases
all known precise bounds for the coefficients of functions in S and 2 apart
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from the bound |4, £4. Further many other extremal problems can be
solved on the basis of them.

It is interesting to observe that if we take »=3 in Corollary 4 we obtain
the result proved by Fekete and Szego [1] under the assumptions that f
belonged to S and was odd. Their proof made strong use of these assumptions,
but it is seen that the validity of the result does not depend on them but only
on the conditions f(z) &M, 4,=0. A similar remark applies to Golusin’s
rather natural generalization of the Fekete-Szego result to functions with
higher degrees of symmetry [2].
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