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1. In the first paper with this title [4] the author showed how an exten-

sion of the General Coefficient Theorem in the case of some special quadratic

differentials gave a very effective means of dealing with bounds for initial

coefficients of normalized univalent functions. Since that time the author has

given a corresponding extension of the General Coefficient Theorem to the

most general positive quadratic differentials on finite oriented Riemann sur-

faces [5]. In the present paper we will apply this result to the discussion of

the coefficients of normalized univalent functions. Some authors, see for exam-

ple [6], have discussed the effect on the coefficients of a univalent function of

having certain initial coefficients vanish while others [l; 2] have obtained

bounds for the coefficients of univalent functions which are odd or display

higher degrees of symmetry. We will find a very interesting relationship be-

tween these two types of results.

2. We will consider the families S and 2 of functions according to the

standard notation [3, p. l] and in addition the following family of functions.

Definition 1. Let M denote the family of functions f(z) meromorphic and

univalent for \z\ <1 withf(0)=0,f'(0) = l.
We have the evident result.

Lemma 1. We havef(z)E~2 if and only if l/f(l/z)EM.

We begin by giving certain mappings which play the role of extremal

mappings.

Lemma 2. Let Q(w; n, 8, \p)dw2 be the quadratic differential

e-inT-iwn-2({jen+i  _   wn^w2

where n is a positive integer, \p is real and 0^5 5=4. For 0<5^4 letf(z; n, 8, if/)

be the function in 2 mapping \z\ >1 conformally onto the domain A(n, 8, ip)

bounded by the n rectilinear segments joining the origin to the points

gi/neiW+2T;7n)j j = Qt 1, • • ■ , n~ 1, together with 2n arcs of equal length on the

other trajectories of Q(w; n, 8, ip)dw2 having limiting end points at these zeros of

the quadratic differential (when 5 = 4 the last 2n arcs are absent). Letf(z; n, 0,ip)
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be the function in 2 mapping \z\ >1 conformally onto the domain A(re, 0, \p)

bounded by 2 re rectilinear segments of equal length emerging from the origin along

trajectories of Qiw; re, 0, \p)dw2. We have

/"(z; re, 0, yp) = z(l - e>«**r»»)i/»

the root being chosen so that the expansion of /(z; re, 0, t^) about the point at

infinity begins

1
Z-e2n^iz-2n+I _f_  .  .  . >

re

The functions which can be obtained from /(z; re, 0, ^-), re 2:2, 6y translation

along the trajectories ofQiw;n,0, \j/)dw2 are a one parameter family F(z; re, 0, ^, p)

where

F(z; re, 0, ^, p) = z(l + inpeniiz~n — ein*iz-tn)lln,

the root is chosen so that the expansion of F(z; re, 0, \p, p) about the point at

infinity begins

/re - 1 1 \
z + ipen*iz~n+l + I-p2-) e2«sHz_2n+1 4- • • •

\    2 n)

and pi — 2/n^p^2/n) denotes the isensed) amount of translation in the Q-

metric. The same formulae remain valid for w = l if we restrict ourselves to func-

tions not assuming the value zero for \z\ >1. For 0<5^4 the expansion of

fiz; re, 5, \p) about the point at infinity begins

z + — 8[i - log (5/4)]e"**z-*+1
2re

T 1 1 (re - 1)    r ,11
+ k^52 " ^S21°8 ^4) "      o  ,     8^log W^2 ' ~   e2»^z-2»+i + • • • .

L8w2 4w2 8re2 re J

When 0<8<4 there can be obtained from fiz; re, 8, yp) by translation along the

trajectories of Qiw; re, 5, \j/)dw2 a one parameter family offunctions F(z;«, h,\f/,p)

where p denotes the isensed) amount of translation and satisfies the inequalities

2 / 1     Y'2       1 5 2/1     Y'2        1 5
-(1-S2       +— 5 cos"1— gp. ^— (1-82)     +—8COS-1—.

re \        16    / 2re 4 re \        16    / 2w 4

7« particular

Fiz;n,S,+,0) = /(«; re, 8, f).

The expansion of Fiz; re, 8, \p, p) about the point at infinity begins
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l r i -|
z-\-\ npi H-5(1 - log (5/4))   e"*iz-»+1

n L 2 J

r l /»-1\       /»-1\ l l
+ -*"* + \—rY2 + (~r-)iflS lo8 (5/4) + ^i62 - 77521°g W4)

L2w \    2    / \   2n   / 8ra2 4w2

(n - 1) 1 "I
--i52(l0g (5/4))2-L2„fi2-2n+l +   .   .   .  .

8w2 »J

For 5 = 4 there are no functions obtained fromf(z; n, i,\f/) by nontrivial transla-

tion along the trajectories of Q(w; n, 4, \p)dw2.

For 5 = 0 the result of the lemma is elementary. For 0<5:S4, in terms of

the notation of [4, Lemma l], if we set W—wn, Z = zn,r = 8, <p = n\r/, \ = np we

readily find
Q*(W)dW2 = n2Q(w; n, 8, i)dw2,

|/(Z,t, *)]"» =/(Z;»,r,iM,

[F(Z,T,4>,\)]l'n = F(z;n,T,i,p)

with appropriate choices of the roots. From this the remaining results of the

lemma follow directly. It will be observed that our notation is somewhat

modified from that of [4].

Lemma 3. Let Q(w; n, x)dw2 be the quadratic differential

e~inxwn~2dw2

where n is a positive integer and % is real. Let g(z; n, x) be the function in 2

mapping |z| > 1 conformally onto the domain A(n, x) bounded by n rectilinear

segments of equal length emanating from the origin along trajectories of

Qyw; n, \)dw2. Then

g(z; »» X)   =   2(1   +  e"X>3-n)2/»

the root being chosen so that the expansion of g(z; n, x) about the point at infinity

begins
2

H-en^z-n+x + • • • .

When n is odd no functions can be obtained from g(z;n,x) by nontrivial transla-

tion along the trajectories of Q(w; n, x)dw2. When n is even and greater than

two the functions which can be obtained from g(z; n, x) by translation along the

trajectories of Q(w; n, y)dw2 are a one parameter family G(z; n, x, p) where

/I \ 2/n
G(z; n, x, p) = 2 ( 1 H-npe"xil2zrnt2 + enxiz~" J     ,
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the root is chosen so that the expansion of Giz; n, x> p) about the point at infinity

begins

(2      re-2    \
Z 4- llg»X.72z-n/2+1 +l-M2 \ z-n+l 4-   •   •   •

\re 4        /

and p( —4/regp^4/re) denotes the isensed) amount of translation in the Q-

metric. The same formulae remain valid for re = 2 if we restrict ourselves to func-

tions not assuming the value zero for \z\ > 1.

This is proved in a straightforward manner.

3. Theorem 1. Let fiz)G% and have the expansion about the point at

infinity

(1) fiz) =z + 2ZCjr
y-o  2'

where c; = 0 for j^ in —1)/2, re are integer 2:0. Further for w = 0 let fiz) not

assume the value zero for \z\ >1. Then

(2) |*|s-4t-
re + 1

Equality can occur in (2) only for the functions giz; w + 1, x), X rea^-

Let <£(w) denote the inverse of g(z; re + 1, x) defined in A (re 4-1, x). Then

we apply the General Coefficient Theorem in its extended form [5, Theorem

l] with 9t the w-sphere, Qiz)dz2 being Qiw; re + 1, x)dw2, the admissible do-

main A(re + 1, x) and the admissible function/($(w)).

The latter function has the expansion about the point at infinity

°°   d-
w + 2~2 —:

y_o  w'

where dj = 0 for j^(«-l)/2 and a'n = c„-2e(,'+1>''i/(re4-l). The quadratic

differential has a pole Px of order «4-3 at the point at infinity. We have

mi — n+3, ki= [re/2]. The corresponding coefficients are

(1) -(.n+l)xi (1) 2 (n+l)Xi
a     = e ,      an   = cn-e

re+1

The fundamental inequality [5, (6)] then gives

ft je-(»+Dx»Ln-g(n+l)xi 11    g  o

or
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' M+l

For appropriate choice of the real quantity x we have

9t{eH«+i>x«c„} =  |c|

so that inequality (2) follows. The equality statement follows at once from

the general equality conditions in the General Coefficient Theorem.

Theorem 2. Fe//(z)£2 and have the expansion (1) about the point at

infinity where cy = 0 for j<n, n a positive integer. Then for real \p

/->\       cv\ (        -2<n+l)*i -(n+l)*» 1 -2(n+l)*<  2)
(3) vi<—e c2n+i + 8e cn-tie cn>

= *,     ■   ix8'-„/   _L1   a2log(5/4) + -—-) 0<5g4,
8(» +1) 4(w + 1) M+l

,.,       „  (       -2(n+l)#< 1        -2(n+l)*,-  2) 1
(4) $R<-e c2n+i-«e c„>  g-, 5 = 0.

K 2 )       n+1

For 0 ^ 5 < 4 equality occurs in (3) or (4) only for the functions F(z ;n + l,8,\p,p).

For 5 = 4 equality occurs in (3) only for the functions f(z; n + 1, 4, \(/). For w = 0,

(4) remains true without further restriction, but for (3) we must require that

f(z) does not take the value zero for \z\ > 1. The equality statement for (3) is un-

changed, but for (4) equality can occur for any function f(z; 1, 0, \j/)+k, k a

constant.

Let ^(w) denote the inverse of f(z; n + 1, 8,\f/) defined in A(w + 1, 5, \J/).

Then we apply the General Coefficient Theorem (again in its extended form)

with 9t the w-sphere, Q(z)dz2 being Q(w; n + 1, 8,\f/)dw2, the admissible domain

A(w + 1, 5, ip) and the admissible function/(^(w)).

The latter function has the expansion about the point at infinity

"    dj
w + 2-1 — where dj = 0 for j<n,

,-_o w>

d" - c» ~ „,     ,   ,,«[! - lo§ (8/4)]«("+1>*S
2(n + 1)

and
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The quadratic differential has a pole 7*x of order 2re+4 at the point at infinity.

We have rejx = 2re+4, ki = n. The corresponding coefficients are

a(D   =   —  g-iin+D+i

«1=   1,

(1> A
ak,   — an,

(1) A
ami-z — a2n+i,

AD . (»+n*»
P*i+i = — oe

The fundamental inequality then gives

Vti-e-^+wfcin+i + cn( 3(1 - log (cV4))e<»+i>*'N)
t L \2(» +1) /

/ 2re 4- 1 2« 4- 1
- (-52-52 log (5/4)

\8(re+l)2 4(re+l)2

+ „   1^252(lQg ^4»2 ~ "Tr) e2("+1 W
8(« 4- l)2 re + 1/

+ T w(c» -  „,     ,   ,s*0 - log («/4))e«-+»*')
2      \ 2(re +1) /

- Se(»+D*< ( Cn-6(1 - log (a/4))e<"+1>**] 1^0,
\ 2(re + 1) J;

or

f -2(n+l)H _(„+X)^,- 1 -2(n+X)*»   2)
SJC<— e dn+i + 8e cn-we cn>

3 1 1
^ -52-52 log (5/4) H-,

8(re 4- 1) 4(re + 1) re+1

proving inequality (3). Inequality (4) is proved by a similar but simpler

argument. The equality statements follow from the standard equality condi-

tions in the General Coefficient Theorem.

Corollary 1. Let fiz) GS and have the expansion (1) about the point at

infinity where cy = 0 for j<n, n a non-negative integer. Further for n = 0 let

fiz) not assume the value zero for \z\ > 1. Then for a + re/2 <0

I 2 ,       1 — re — 4a
(5) I dn+i - acn I   = —— •

(re + l)2

Equality occurs in (5) only for the functions Fiz; re + 1, 0, \p, +2/(re+l)), yp

real. For a+n/2 = 0
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1 2 1
(6) c2„+x + — ncn   S- •

2 re+1

Equality occurs in (6) only for the functions Fiz;n + l,0,yp, p) ,yp real, —2/(re + 1)

^p^2/(w + l). For -n/2<a<n/2 + l

, 2, -iT /       n-2a+2\l
(7) \ Cin+i - acn\   ^ in + I)       l + 2exp    -2-     .

L \ re + 2a    /J

Equality occurs in (7) only for the functions

(    n- 2a+2\
fiz;n+ l,4exp(-—-), +),

\        re + 2a   /

yp real. For a 2: re/2 +1

. 2 .       4a + re — 1
(8) I c2n+i - acn |   ^ —-——- •

in + l)2

Equality occurs in (8) only for the functions fiz; re + 1, 4, yp), yp real.

We take the first inequality (4) and choose yp so that

/ -2(n+l)ii/ 1 2\) 1       2
— vl <e Ic2„+i4-wc„l> =   c2n+x -)-rec„

from which inequality (6) is immediate. Likewise the equality statement fol-

lows from Theorem 2. Now for a+re/2 <0 we have

i                  2i                               2\      f        ^     \ i   21
| c2n+x — acn I   ^    c2n+x + — wc„   — I a 4-re 1 | cn \

1 /        1    \      4
^-I a H-re I-

re+1      V 2     / in + l)2

1 — re — 4a

=    (re + l)2

Equality is possible only for those functions F(z; re + 1, 0, yp, p) with |c„+x|

= 2/(« + l), that is Fiz; re + 1, 0, ^, ±2/(re + l)).

Now let a+re/2 >0. Then by Theorem 2

_g-2(n+i„,(c2n+i _ ^j ^        *- _ —i—52 log (5/4) + -L-
8(re + 1) 4(re +1) re+1

(9)

- ^{Se-^+^Cn} + ft i(— re + a) e'^'^S , 0 < 5 g 4,
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yC{-e (c2n+i - acn)\  ^ ——-+ W<( — n + a )e c„> ,
(10) n+1 (A 2 / ;

5 = 0.

We can choose \p real so that

, -2(»+l)*< 2   > , 2 |

Ut| — e (C2n+l  —  aCn) j    —    |  C2n+1  —  CtCn \

while

3t[e-(n+l)^Cn}   g.  Q

Now in any case

(11) »{«~'0,H>*li} ^ [5R{r("+WcJl2

with equality occurring only when

3{e-<»+Wc„} = 0.

Thus if

9t{«-<»+»#'c,,} = 0,

from (10) we obtain

C2n+1  —  OiC„       ^ -  •
M+l

Otherwise (by Theorem 1) we can find 5, 0<5^4, so that

3t{c-C»«)*^} = l        5[1 - log (5/4)].
2(» + 1)

Then from inequalities (9) and (11) after a mechanical simplification we ob-

tain

| C2n+i - occl\   g — (m + 1)~2 { (2a - 1)52 - 2(2a - 1)52 log (5/4)

+ (n + 2a)52[log (5/4)]2 + 8(n + 1)}.

Now we define

1
A«(«) = — (n + l)-2{(2« - 1)52 - 2(2« - 1)52 log (5/4)

+ (n + 2a)52[log (5/4)]2 + 8(m + 1)},        0 < 5 ^ 4

1
=-> 5 = 0.

n+[l
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The function A„(5) is continuous for 0 = 5^4. Further we have

| c2n+i — acn\  ^   max Aa(5).
0SJS4

Now for 0<5g4

dAa(8)       (n + 2a)5 log (5/4) Vn - 2a + 2 1
-=-h log (5/4)   .

dS 4(» + l)2 L    M + 2a J

Thus for «Sm/2 + 1 the function Aa(5) is a strictly increasing function on

[0, 4], its maximum occurs for 5 = 4 and

■ 2 ,       4a + m — 1
| c2n+i - acn I   ^ •

(m + l)2

Since we have used Theorem 2, equality can occur here only for the functions

f(z; n + 1, 4, ^). Finally for — w/2<a<w/2 + l the function A„(5) increases

from 5 = 0 up to the point where

m — 2a + 2
-—-+ log (5/4) = 0,

m + 2a

that is

/    M-2a+2\
5 = 4 exp (-,

V M + 2a     /

and then decreases. Thus the maximum of A0(5) occurs for this value of 5 and

i ii        , ,-iT /      M-2a+2\"l
|c2n+i-ac„|   ^(m+1)       l + 2exp    -2-     .

L \ m + 2a    /J

Since we have used Theorem 2 and inequality (11), equality can occur here

only for the functions/(z; n + 1, 4 exp( — (n — 2a + 2)/(n + 2a)), \p), \p real.

Corollary 2. Fer/(z)£2 and have the expansion (1) about the point at

infinity where c, = 0 for j <n, n a positive integer. Then

(12) |C2n+i|   ^ (M+l)-iri + 2exp(-2^-Yl.

Equality occurs in (12) only for the functions f(z; n + 1, A exp( — 2(n + 2)/n),\//),

ip real.

This follows at once by specializing Corollary 1 to the case a = 0.

One can use Theorem 2 to solve other extremal problems—for example, to

find the bounds for |c2n+i| — \cn\  under the assumptions of Theorem 2.
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4. Lemma 4. Let fiz) GM and have the expansion

OO

(13) z + }~2 AjZ*
J=2

about the origin where .4y = 0 for j<n, re aw integer 2:2. Then l//(l/z)GS and

has the expansion (1) about the point at infinity where

Cj = - Aj+2, j g 2re - 4,

2

C2n-3   =   A„   —   A2n-1.

If in addition fiz) GS then l//(l/z) does not take the value zero for \ z\ > 1 and

conversely.

This is immediate.

Theorem 3. Let re be an integer 2:2, let fiz)GS (re = 2),/(z)GAf («>2) and

have the expansion (13) about the origin where Aj = 0 for 7'^(re + l)/2. Then

(14) 1^.1   g--•
re — 1

Equality can occur in (14) only for the functions l/g(l/z; re — 1, x), X ?'eo^

This follows at once from Theorem 1 and Lemma 4. Prawitz [6] obtained

this result in the more special case that fiz) GS without regard to the value

of re. Had he proved it for/(z)G-?l7, «>2, he would have anticipated Schiffer

and Golusin in obtaining the bound \c2\ ^2/3 by about ten years.

Theorem 4. Let re be an integer 2:2, let fiz)GS in = 2),fiz)GM (w>2)

and have the expansion (13) about the origin where Aj = 0 for j<n. Then for

real yp

{   -2(n-lW, _(„_1)^ 1 -2(n-l)*,-      l)
m<e Ain-i — he An-we An>

(15)

= g,   3   .   82--——-32log(5/4)+-i-,        0<5^4,
8(re — 1) 4(w — 1) re — 1

/1/n CO  / -2(»-l)*«"   . 1 -2(n-l)*t      2) 1
(16)     ft^e ,42„_x-ree ^n>  g -, 5 = 0.

I 2 j        re - 1

For 0 :S 5 < 4 equality occurs in (15) or (16) only for the functions

l/F(l/z; re —1, 8, i/', p). For 8 = 4 equality occurs in (15) only for the functions

i/fil/z; n — 1, 4, \£<). For re = 2, (16) remains true for fiz)GM but with the

analogous revision of the equality statement to that in Theorem 2.

This follows at once from Theorem 2 and Lemma 4.
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Corollary 3. Let n be an integer S2, let f(z)ES (n = 2), f(z)EM (n>2)

and have the expansion (13) about the origin where Aj = 0 for j<n. Then for

P>n/2

, 2 ,       4/3 - m - 1
(17) \A2n-i-pAn\   g--—-■

(m — l)2

Equality occurs in (17) only for the functions l/F(l/z;n — l,0,\p, ±2/(n — l)),

\p real. For /3 = m/2

1 2 1
(18) A2n-i-nAn   S-

2 w — 1

Equality occurs in (18) only for the functions l/F(l/z; n — 1, 0, yp, p.), \p real,

-2/(n-l)^p^2/(n-l). For n/2>P>l-n/2

, 2, -i\~ /       n+2p-2\l
(19) \A2„-i-pAn\   ^ (n- 1)      l + 2exp(-2-).

L \ n — 2/3   /_

Equality occurs in (19) only for the functions

(      n + 2/3 - 2 \
l//(l/z;M-l,4exp-—-   , *),

\ m — 2/3    /

\p real. For /3 ̂  1 — m/2

. 2 , 1 + M - 4/3
(20) \A2n-l~PAn\     g~-— •

(m - l)2

Equality occurs in (20) only for the functions l//(l/z; n—1, 4, \p), \p real.

This follows from Corollary 1 and Lemma 4.

Corollary 4. Let n be an integer S2, letf(z)ES (n = 2),f(z)EM (n>2)

and have the expansion (13) about the origin where Aj = Q for j<n. Then

(21) |^2„-i|   ^ (n- l)-iri + 2expf-2^——jl.

Equality occurs in (21) only for the functions

/    m- 2\
l//(l/z;M-l,4exp(^-——J, ^),

^ real.

This follows at once by specializing Corollary 3 to the case /3 = 0.

It should be observed that the preceding results include as special cases

all known precise bounds for the coefficients of functions in S and 2 apart
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from the bound   \Ai\ ^4. Further many other extremal problems can be

solved on the basis of them.

It is interesting to observe that if we take re = 3 in Corollary 4 we obtain

the result proved by Fekete and Szego [l] under the assumptions that/

belonged to 5 and was odd. Their proof made strong use of these assumptions,

but it is seen that the validity of the result does not depend on them but only

on the conditions fiz)GM, ^42 = 0. A similar remark applies to Golusin's

rather natural generalization of the Fekete-Szego result to functions with

higher degrees of symmetry [2].
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