LOWER BOUNDS FOR THE DEGREE
OF APPROXIMATION(!)

BY
G. G. LORENTZ

1. Introduction. The problem which is discussed in this paper may be
described as follows. Let X be a Banach space of real or complex valued func-
tions f defined on a compact metric space 4. Let G={gi, - - -, gn, - - - },
g.€X. Then

f— 2

tom]

8 Ey(f) = in

is the degree of approximation of f by G, and

(2) E,? ) = sup Ef €2)
Je¥

is the degree of approximation of a class #CX. Finally,
3) D) = inf E.(X)

is the optimal degree of approximation of . In this paper we shall give simple
methods which permit to find the order of magnitude of D.(¥) for several
important classes U: for some classes of analytic functions (§6); for the unit
ball A7+e of the space C?+= of functions with continuous derivatives of order
o, which satisfy a Lipschitz condition with exponent a, 0 <a=<1 (§5). We

“also consider approximation of continuous functions (§§2, 3) and give results
about condensation of singularities (Theorems 2, 7).

The main content of this paper consists of results which show that stand-
ard means (trigonometric approximation, series of orthogonal polynomials)
give the best possible approximation, at least up to a bounded factor. Since
estimates of D.(¥) from above follow from classical results [1; 5], we are
interested in estimating D.(¥) from below. Clearly, results of this type are
the better, the smaller the norm used in the definition (1). This is why most
of our theorems are for the L!-norm. Kolmogorov [2] (see also [6]) discussed
D, (%) in the L®-norm, and gave an asymptotic formula for it when ¥ is the
class of functions f on an interval with f® bounded in the L?-norm. Originally
the present paper was written to improve (for linear approximation) the
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estimates of D.(%) given by Vituskin [7]. After the research announcement
[4] had been accepted for publication, a book of Vitugkin [8] on the theory
of tabulation appeared with improved estimates. We shall compare his results
with our Theorems 3, 5, 7. Vitu$kin considers only approximation of functions
f of a variable x in the uniform norm, ||f|| =sup. |f(x)|. His results are gen-
erally of the type n> C¢(e), where e =D, (), ¢(¢) is a known decreasing func-
tion of ¢, and C is an unknown bounded function of #. This leads to the same
lower bound as that given in our Theorem 5 for the L!-norm, but his lower
estimates for the cases treated by Theorems 3 and 7 are not as good as ours.
It should be noted, however, that he considers also approximation by expres-
sions more general than linear forms Y -, a.g:(x). He replaces these by poly-
nomials of degree k in the a;, i=1, - - -, n, with coefficients which are given
functions of x, or by a quotient of two such polynomials. His results may be
roughly described by saying that in his previous inequality, » may now be
replaced by 7 log ((K+1)/¢), K being the maximum of the degrees of the
denominator and the numerator. Vitu$kin's methods are quite different from
ours. Vituskin uses the metric entropy of Kolmogorov (compare [3]), while
we prefer a direct approach.

2. Uniform approximation. Let 4 be a compact metric space containing
infinitely many points with the distance function p, and let % be a set of
continuous real- or complex-valued functions on A. Throughout this paper,
|lf]| shall denote the uniform norm ||f|| =supses | fix)| of f.

DEFINITION. The characteristic (at- the origin) of a compact family ¥,
Xn(N), is the largest number 6§ =0 with the following property. There exist n+1

points of A, xo, X1, - + -, Xn Such that for each distribution of real or complex
signs e, k=0, - - -, n, there exists a function fEN with

(4) Signf(xk) = €&k, k= O: RN (2
) | fm)| =8, E=0,---,n.

It is clear from the compactness of 4 and ¥ that a largest § exists.

THEOREM 1. For each compact family U,

(6) D.(A) 2 x.(N).
Proof. Let d=x,(X), and let x,, - - -, x, be the corresponding points of
A. Consider arbitrary continuous functions g1, - - -, gn defined on 4. We
can select constants ¢, k=0, - - - , n with Z:-o |ckl =1 so that
2 agi(x) = 0, i=1,--,n
k=0

Put L(f) = X -0 cxf(xx). Then for arbitrary a;,

”f— $ aigi|| = L(f— $aige> = L(f).
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We select fE to satisfy (4) and (5) with e =sign ¢ and d=x.(N). Then

() E () 2 L(f) 2 xa(X).

This proves (6), since G is arbitrary.
Sometimes one can show that relations such as (7) hold for some fE¥
and an infinity of #. In this direction we have:

THEOREM 2. Let the family U contain 0 and be compact and convex. Then for
each sequence ,—0 and each G there is a function fo €N such“that for infinitely
many n,

(8) Eg (fo) Z exa(N).

Proof. This is a special case of the following lemma. Let 4 be a convex
and closed subset of a Banach space X and let

Il =ENzEOHz - z2EHZ---

be a sequence of semi-norms on X. Let x» =supsen Ea(f) <+ ,n=0,1, - - -.
Then for each sequence €,—0, €, >0, there exists an fo&EN with

(9) En(fo) = €nXn

for infinitely many n.
Assume on the contrary that for each fEN

(10) En(f) < €nXn

for all sufficiently large n. We select fa&¥ such that E.(fs) =Xs/2. By induc-
tion we construct a sequence b >0, k=1,2, - - -, > b,<1 and a sequence
of natural numbers 7, <72 < - - - <m< - - - asfollows. If the b;, n;, 1<k —1
areknown, Y ¢ ' b; <1, we first take b; >0 so small that b <bx_1/2, D ¥ b;<1,
and

1

(11) b < ? €np—1Xng—1-

We then take 7, so large that

(12) beng < bk’
1

(13) E"k( Z b"f».‘) < €nXnpe
1

Let fo= 2_1° bifn,. Then, assuming without loss of generality xo=1, we have

E(fo) 2 Eny(bafor) — E( klfbsfn.) - E( > b..f,.,.),

k+1

E,..( > b.f,.,) = Y biEo(fa) £ 20 £ 2br1 < engXons
k+1 k41 k+1
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by (11), hence by (12) and (13)
1
En;(fo) = 7 kauk - Zeuka; >4 €niXngy k= 1’ 21 °

This is a contradiction with our assumption and proves the lemma.

In §5 we shall see that sometimes e, may be dropped in the statement of
Theorem 2.

3. Approximation of continuous functions. We consider a continuous in-
creasing function w(k) defined for k=0, vanishing at zero and subadditive:
w(hi+hs) Sw(hy) +w(hs). We denote by A®=A“(4) the set of all continuous
real functions on a compact metric space 4 with infinitely many points which
satisfy |f(x)| <1, €4 and

(14) | f(®) — f@) | = w(p(x, 2)).

THEOREM 3. Let 0, =0,(A) be the largest number ¢ >0 such that A contains
n+1 points at mutual distances Z20. Then for all large n,

1
(15) D.(A®) 2 *z—w(vn);
this result is essentially the best possible.
Proof. Let xo, x1, + * - , . be points of A at mutual distances =20, 0 =0,.

Let &= %1, k=0, - - - , n. Put

1

- — p(x, 2)) if p(x, %) < o, E=0,---,n,
(16) f(x) = { g (e = oo m) i plw, m) < 0

0 elsewhere.

To estimate f(x) —f(x') we may assume that | f(x)| = | f(x’)l and that x be-
longs to the ball p(x, x:) 0. If also x’ belongs to this ball,

| f@) — f(&)| = = {w(o — p(x, m)) — w(o — p(+', %))}

=<

mln—w'-n

1
w(e(@', 1) = p(, 1)) = — wlolx, ¥);

and if ¥’ does not belong to the ball,
| /@) = f@)] S 2[f@)] = wlo — plz, %) S wlp(z, 7).

Also, for large =, | f(x)l S<27'w(os) =1,xEA. Thus fEA“. From the definition
of x» we see that x»(A%) = 2~%w(c,), and Theorem 1 gives (15).

This inequality cannot be improved in the following sense. For a given =,
let o/ =d’>0 be chosen so that there exist # open balls Uy, - - -, U, with
centers xi, - - -, ¥, and radii ¢’ which cover 4. Then there exists a system
of real continuous functions G={gi, - - -, ga} With
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(17) Ef(A") < w(ad).

A reasonably chosen ¢, is usually close to o.; for example, one always
has gn1<od [3, p. 8]. To prove (17), consider a decomposition of unity
1=gi(x)+ - - - +ga(x), xEA, where gi(x) are continuous functions on A4
with 0= ge(x) 1, xE A4, gi(x) =0 for xE U, k=1, - - - , n. If fEA“ and
P= 37 f(xr)ge, then

/@) = P@] 5 X 116 = fan) | 81(#) = o).
4. Approximation in the L! norm. Let 4 be a compact metric space and u
a positive regular Borel measure on A. Let % be a subset of L}(4; u). We
prove a theorem similar to Theorem 1 of §2. For this purpose we need the
following: '
DEFINITION. For two natural numbers n, p, 85(H) denotes the supremum of
numbers 20 with the following property. There exist disjoint measurable sub-

sets Ax, k=1, - - -, n+p of A suchthat for any p different sets Ay;, j=1, - - -, p
and any distribution of real or complex signs e, k=1, - - - , n+p, there exists
a function fo& A with
(18) sign fodp = &, E=1,---,n4+p,
A
(19) fod#‘éa, J=1,:-,p
Axj
THEOREM 4. For each subset WC L (A ; p) one has in the L'-norm
(20) D,(A) 2 pa(N).
Proof. Let g;, +=1, - - -, n be arbitrary functions from L(4; u). The
equations
n+p
1) Yol gau=o, isteom
kws1 A

have at least plinearly independent solutions ¢ = { ¢ } 3*2. We use the following :

LEMMA. The vector space X spanned by p linearily independent vectors
c={cx} 337 contains at least one vector c={cr} for which

(22) la| =lldl =sup [al =1
l=1,...,n%p

holds for at least p values of k.

Using this we select constants c; satisfying (21) and (22) and put for
fekr,

nip
L) =Dal| fiu

kw1 Ay
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This is a continuous linear functional of norm one and L(g;,) =0,:=1, - - -, n.
As in §2 we see that ES(f) ZL(f). Hence the theorem will be proved if we
can find an fo&¥ with L(fo) = p8 for each § <8(). If we define the signs €
by e.=sign ¢, and take for &, - - -, k, some p values of % satisfying (22), the
inequality L(f,) = pd follows from the definition of 62 for a properly chosen fj.

Proof of the lemma. Let j, 1 <j<p denote the largest integer for which
X contains a vector x= {x;} with

(23) lo| =llall = sup [m| =1
I=1,...,n+p

holding for j different values of k. We shall show that the assumption j<p
leads to a contradiction. Let x be a vector in X for which (23) holds for
k=Fi, - - -, kj; and consider the j/<j dimensional space Y spanned by the
vectors d= {cx, }{;. We can find j’ of the vectors ¢ for which the correspond-
ing d span Y. Subtracting proper linear combinations of these ¢ from other
vectors ¢, we obtain vectors ¢/, not all zero, with coordinates a,1=0,=1,--,7.
For one of such ¢’ and the x chosen above put y=x-4\¢’, with real X\. The
coordinates of y change continuously with X\, and Iy,,..| = ka‘.| =1. It is easy
to see that one can find a value of A for which y will satisfy (23) for more
than j values of k. This is a contradiction.

As an application of Theorem 4, we can obtain for the class ¥ of analytic
functions of §6, for the L!-norm and the Lebesgue measure, D,(¥) = Cn—'p—".
We omit the details.

5. L' approximation of smooth functions. Let A, be a fixed parallelepiped
of the g-dimensional euclidean space, and let 4 be a subset of 4,, which is a
union of finitely many parallelepipeds. A function f(x), x=(x®, - - ., x@),
defined on A4, belongs to C**2(4,), where p=0,1, - - -, 0<a =1, if it has
continuous partial derivatives of order p on A,, each of which satisfies a
Lipschitz condition

(29) | f®(@) — f@()| < Mp(x, &)=

If Mo is the smallest possible value of M in (24), we put ||f|| 1o = max(||f||, My).
Finally, A»*= will be the set of all functions f on 4, with ||f]| 1« <1.

The following theorem states essentially that D,(A?**) = const. n—(+a)/e;
details will be needed for a “gliding hump” argument in Theorem 6. In this
section, u will be the Lebesgue measure.

THEOREM 5. There exists a constant B >0 depending only on p+a, ¢, m>0
such that for each A with uA Zm and each €>0, for each sufficiently large n,
nzn(d, ¢, p+a, q), and each system G= {gl, N A } of integrable
Sunctions on A, there exists a function foEA?+* defined on Ao and vanishing
outside of A such that for its degree of approximation in the L*-norm on A,,
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(25) En(f) 2 Bn =",

moreover for all partial derivatives f& of orders k=0, 1, - - -, p,
®)

(26) Ifo Il < e.

This fo belongs to C*+'(A’), where A’ is obtained from A by removing a finite
number of open parallelepipeds of arbitrary small total measure.

Proof. We use the construction of Theorem 4 to obtain our fo,. Let F(u)
denote a fixed increasing continuous function for 0= =<1, given by F(u)
=wur** for 0<u =1/2, with continuous derivatives of all orders up to p+1
for 0<% =1, which all vanish at #=1. Clearly, F® () will satisfy on [0, 1]
a Lipschitz condition |F®(4)—F®(u')| SB)|u—u'|®. (The constants
By, B,, - - - will depend only on p+«, q, m.)

For all sufficiently large #, 4 contains 2z points %1, - - -, X2, at mutual
distances from each other =2B,n~1/¢, such that the closed balls 4 with center
% and radius r = Byn~1/? are contained in 4. Let ¢ = 11 be an arbitrary dis-

tribution of signs. We put
arteF(1 — rlp(x, 7)), * € A, k=1,.--,2n,
0 elsewhere on 4,.

5@ = 4

Elementary computations show that fi& C?** with ” f;“ p+a = Bs. On the other
hand, | fl(x)l = Byre*e for p(x, xx) £7/2, hence

@7

f fld“lg Bgrrtete > Bey—(rta)le-l = §,
Ag

If we put fo=f1/Bs, then f, belongs to A?** and satisfies conditions (18) and
(19) of §4, with n replaced by 2#, and p by #, hence EZ(f,) =78 with & given
by (27). This proves (25), and the other conditions are also satisfied for each
large n.

For 0 <a<1 we can prove more.

THEOREM 6. Let A be a closed g-dimensional parallelepiped and 0 <a<1.
There exists a constant B such that for each system G={g.} of integrable func-
tions on A, there exists an fo©E AP for which (for the L'-approximation)

(28) Ex(fo) = Bun ™"

holds for an infinity of values of n.

Proof. We shall have B =B,;/6, where B, is the constant of Theorem 5 cor-
responding to m=puAd /2. Let the sequence G be given. For the construction
we shall need two sequences of sets, 4, A{ consisting each of finitely many
closed parallelepipeds and satisfying

A=A, D4{D - - DADAL D - ;ude>m,
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functions fi defined on 4 and vanishing outside of 4/, integers 1=m, < - + -
<my< - - -, and two sequences of numbers >0, 8, >0 with D " ¢ <1; &
will be the distance from A{ to the boundary of A:. We put My= Y ‘¢,
Fi= > % fi, and denote by N, the C**1-norm of Fi on A1

Let all these elements with subscripts not exceeding k¥ —1 be defined; we
shall define all elements with subscripts k. We can assume that for all suffi-
ciently large »,

pte
q

)

1
(29) E,,(Fk..1) < ? Bm‘", p =

for otherwise Theorem 6 would follow immediately.

We first select Ay, A{ with 4{_;DADA{ and pA) >m such that Fr_,
belongs to the class C**! on A4, and that the distance 8 of A{ to the bound-
ary of A, satisfies

-1 1/ (1—a)
(30) 0 <o < (Ni—16—1) s o < 1.
Then we take 7;>mn;_; so large that (29) holds with n=mn;. Next >0 is
defined with ) ;<1 and

1 -
(31) & < '3— BlnkpMA ,

1 a
(32) &g < 7 €x—16.

Thus € <€:—1/2. Finally we take fix to be the function f, of Theorem $§, with
n, Ao, A, e now replaced by 7, 4, A{ and &, respectively. Put

(33) f= if.

As in Theorem 2, we obtain for the degree of approximation by the g,
g2, - - in the L' norm on 4,

Enlf) 2 En(fs) — En(Fas) — 30 [filud

imk 41
L 1, =

2 Bm' ——Bm — 2, eud
3 k1

= 3 B, — aud 2 ?Blnb .

We now have to show that fEA?+. We have |f]| < 2 ||fi| < Ze<1. The
derivatives of f of orders k=1, - - -, p are obtained by termwise differentia-
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tion of (33); in particular, each partial derivative f») is by (26) and the choice
of ¢ equal to f® (x) =lim;... FP(x). We show by induction that

| (») (»)

(34) Fo@@) — BO@)] £ A+ M)k, k= p(x, «).

We may assume that at least one of the points x, x’ belongs to A{, for other-
wise Fi.=F:_, at these points. Let x&Ay{. We consider two cases. If A =<d,
then x' €A, and by (30), Ni_1h' = €_1. Therefore

(p) (p) (p)

@)| = | BOG@) — FA@) | + 670 — 47 @) |
S Niath + b £ (@1 + Db
= (1 4+ M)k

I F:p)(x) _ F;p)

If on the other hand %> §;, then by (32), ex_1A*> 2€, hence

(») (),

| B ) — FO@)| < (4 + Ma)b” + 2|57

=(
S (14 M)k + 26
S (A 4+ M)k

If we put fo=f/2, we see that fo&A?* and that E,,(fo) 267'Bn,*, k=1,
2, -,

6. L'-approximation of anmalytic functions. Let #{ be the family of the
complex valued analytic functions on [—1, +1], which have analytic con-
tinuation bounded by one into the ellipse E, with foci —1, +1 and the sum
of the half axes p>1. We consider the measure given by du=(1—x?)~1%dx
on [—1, +1].

THEOREM 7. For the family % in the L'(u) norm,
(35) D.(¥%) =z Co™, C=1-p

For the uniform approximation, (35) may be derived from Theorem 1.
One can take for the function f with properties (4), (5) the interpolating
polynomial with values €8 assumed at the n+1 zeros xi of the Chebyshev
polynomial Ty,

Turning to the proof of Theorem 7, we note that l Tk(z)l <p*in E, [5],
hence the functions # =p~*T; belong to A.

Let g1, - - -, gn be arbitrary functions from L!(u); there exist linear
combinations Ak of the g; such that
@
(36) 6 = b2t < En(2), E=01,--,n.

As a set of n+1 vectors in an n-dimensional space is always linearily de-
pendent, there exist constants co, - - -, ¢» such that
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n

(87) 2 al(x) = 0,
(38) kzno ICkI = 1.

The function f= Y so cxx belongs to A by (38). By (36) and (37), [[f]|
S ES(Y). We also have

+1
e 2 | [ s 7uauta) | = o

Hence
fE) 2 | al, E=0,1,---,n.
Summing over k we get
(o™ — DE.@) = .

From this the inequality (35) follows. Classical estimates in the uniform
norm give D,(N) £ Cyp~, Ci=2(p—1)"L

We conclude by remarking that similar estimates can be given for the
class ' of functions analytic on |2z| <1, which have analytic continuation
bounded by one into the circle |z! <p, p>1.
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