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STEVE ARMENTROUT

In this paper, certain separation theorems, which hold in spaces satisfying

R. L. Moore's Axioms 0 and 1-5 of [2], are established for a class of spaces

in which there do not necessarily exist either arcs or simple closed curves.

The spaces considered satisfy axioms suggested by those of Moore.

Consider a nondegenerate complete metric space 5 which satisfies the

following axioms from [2 ] :

Axiom 2. 5 is locally connected.

Axiom 3. S is connected and has no cut point.

Axiom 4. If / is a simple closed curve in S, then S—J has exactly two

components and J is the boundary of each of them.

Axiom 5. If x and y are distinct points and U is an open set containing x,

then there is a simple closed curve J in U such that J separates x from y.

It will be shown that even with a weakening of these conditions on S, the

following separation theorems hold: (1) If neither of the compact point sets

H and K separates the two points x and y, and either H and K are disjoint

or Hf\K is connected, then H\JK does not separate x and y. (2) If the com-

mon part of the two compact continua H and K is not connected, then HVJK

separates S.

Principally, the conditions above are weakened by the omission of the

stipulation that 5 be complete. It is assumed instead that 5 is locally com-

pactly connected (a point set K in S is compactly connected if and only if

each two points of K belong to a compact continuum in K). As an example in

§4 shows, in a locally compactly connected metric space, there does not nec-

essarily exist an arc. However, there exist chains of compact continua, and

sets which are the unions of links of such chains serve as substitutes for arcs.

The sets which serve as substitutes for simple closed curves are the unions of

the links of closed chains of compact continua. Moore's Axioms 4 and 5 are

replaced by analogous axioms for closed chains.

This problem was suggested to the writer by R. L. Moore, and the de-

velopment presented here is along lines similar to that in [2] which leads to

the separation theorems mentioned above.

1. Consequences of Axioms 1 and 2.

Axiom 1. 5 is a nondegenerate connected metric space with no cut point.

The diameter of a bounded point set M and the distance between two

point sets H and K are denoted by diam M and dist (H, K), respectively.

Presented to the Society, August 29, 1957 under the title, A study of certain plane-like

spaces without the use of arcs; received by the editors April 24, 1959 and, in revised form,

January 29, 1960.

120



SEPARATION THEOREMS FOR SOME PLANE-LIKE SPACES 121

The point set X is compactly connected if and only if each two points of

X belong to a compact continuum contained in X, and X is locally compactly

connected if and only if for each point p of X and each open set U containing

p, there is a compactly connected open set F containing p and contained in U.

Axiom 2. 5 is locally compactly connected.

Corollary 1.1. 5 is locally connected and each connected open set is com-

pactly connected.

If x and y are two distinct points, then / is a chain of open sets from x to y

if and only if / is a finite collection {/i, /2, • • • , /„} of open sets such that

(1) xE/¿ if and only if i'= 1, (2) yQfi if and only if i = n, and (3) if i and /
are positive integers, i<j^n, then/< and/y intersect if and only if j = t+l.

It is well known [2, Chapter I, Theorem 77] that if M is a connected point

set, It is a collection of open sets covering M, and x and y are points of M,

then there is a chain of open sets of CU from x to y.

Theorem 1.2. Suppose that U is a connected open set, B is its boundary,

xQB, there is an open set V containing x such that V(~\B is compact, W is an

open set containing x, and yQ U. Then there exist a point z of BC\Wand a com-

pact continuum K containing y and z and such that K — {z} Q U.

Proof. Let T be the component of W(~\V containing x; U\JT is a con-

nected open set. Let fti be the set of all connected open sets N such that

(1) NQUVT, (2) diam JV<1, (3) if N intersects B, then ÑQT, and (4) if
yQ-N, then NQU. There exists a chain { Un, Ui2, ■ ■ • , Uin¡} oí open sets

of di from y to x. Let/i be the least positive integer i such that Uu intersects

B. Let i?i denote Ui¡v let yi be a point of RiC\Ui<j,-d, and let Xi be a point

of BC\Ri. Let £>i be U { t7i¿: i<ji\ ; Di is a connected open set contained in U.

Let Ct2 be the set of all connected open sets A7such that NQRi, diam N<l/2,

and if yiEN, then NQ U. There is a chain { Un, Un, • • • , U2n%) of connected

open sets of Ct2 from yi to Xi. Let j2 be the least positive integer i such that

Uu intersects B. Let R2 denote t72y2, let y2 be a point of RíCsU^j^d, and let

x2 be a point of BC\R2. Let D2 be U { ¿72,-: i <j2}. Let this process be continued.

There exist a sequence Di, D2, Ds, ■ ■ ■ and a sequence Ri, R2, i?3, • • •

such that RiQ W(~\ V and if ra is a positive integer, then (1) Dn is a connected

open set contained in U and intersecting Dn+i, (2) Rn is an open set such that

Rn intersects B, both Dn+i and Rn+i are subsets of R„, and diam Rn<l/n.

Since VC\B is compact, it follows that there is one and only one point z

such that for each positive integer ra, zQRnC\B. Clearly zQ-WC\B. It follows

with the aid of Corollary 1.1 that there exists a sequence Ki, K2, K%, • • •

such that (1) Ki is a compact continuum containing y, intersecting D2, and

contained in Du and (2) if ra is a positive integer, then Kn+i is a compact

continuum intersecting both Kn and Dn+2 and contained in Dn+i. Let K be

U^_! Knyj{z} ; then K is a compact continuum such that zQK, yQK, and

K-{z}QU.
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Corollary 1.3. If U is a connected open set, M is a compact continuum

intersecting U, and zEU—M, then there is a compact continuum K such that

zEK, KQ U, and K has one and only one point in common with M.

The statement that g is a chain means that g is a finite collection

{gi. gt, • • • , gn\ of compact continua such that (1) if i and j are positive

integers, i<jûn, then g,- and gy intersect if and only if j = i + l and if g< and gy

intersect, then they have one and only one point in common, and (2) « is

large. The sets gi, g2, • • • , and g„ are the links of the chain g, and gi and g„

are the endlinks of g.

Lemma 1.4. If x and y are distinct points of a connected open set U and e

is a positive number, then there is a chain g such that (1) x belongs to one end-

link of g and y belongs to the other endlink of g, and (2) each link of gis a sub-

set of U and has diameter less than e.

Lemma 1.4 follows easily with the aid of Corollary 1.3.

2. Consequences of Axioms 1-3. The statement that a is a closed chain

means that a is a finite set {«i, a2, ••-,«„} of compact continua such that

(1) if i and/ are positive integers, i<j^n, then a,- and a, intersect if and only

if either j = i + l or i=l and j = n, and if g¡ and g; intersect, then they have

one and only one point in common, and (2) « is large. The sets cti, a2, • • • ,

and an are the links oí the closed chain a.

If M is a closed proper subset of S, then by a complementary domain of

M is meant a component of S—M.

If Ct is a collection of sets, then Q,* denotes the union of the sets of the

collection Ct.

Axiom 3. If a is a closed chain, then there exist two and only two comple-

mentary domains of a*, each of which has a boundary point in each link of a,

and every other complementary domain of a* has for its boundary a subset

of some one link of a.

If a is a closed chain, then by a principal complementary domain of a* is

meant a complementary domain of a* which has a boundary point in each

link of a. If a is a closed chain, then a* has two and only two principal

complementary domains.

Lemma 2.1. Suppose that ais a closed chain {cti, cti, • • • , ar}, D is a prin-

cipal complementary domain of a*, n is a positive integer less than r such that

ifg={ai,a2, • ■ ■ ,an} ,thenboth ganda —gare chains,and [(a —g)* — (aiUan)]

is connected, and h is a chain {hi, h2, ■ • ■ , hm} such that (1) if l—^i — m and

1 újíkr, then hi and a¡ intersect if and only if either (i, j) = (1, 1) or (i, j)

= (m,n) and if hi and ay intersect, then they have only one point in common, and

(2) for 1—^i—^m, (hi —a*) ED. Then there is one and only one principal comple-

mentary domain of (gWA)* which is a subset of D.
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Proof. Let E be the principal complementary domain of a* distinct from

D. Since (gWA)* and E are disjoint, £ is a subset of a component U of

5— (gWA)*; it is easily seen that U is a principal complementary domain of

(gWÂ)*. With the aid of the hypothesis, it follows that [(Uj_n+1 a,) — (aiUan) ]

QU. Then if I is the principal complementary domain of (gWA)* distinct

from U, I and a* are disjoint; since some link of A is a subset of D, it follows

that IQD. Clearly U is not a subset of D.

Lemma 2.2. Suppose that a, g, A, and D satisfy the hypothesis of Lemma 2.1,

g* — («iWa„) is connected, and k is a chain \ki, k2, • • • , Ay} such that ki inter-

sects a link of g but does not intersect an endlink of g, kj intersects a link of a—g

but does not intersect an endlink of g, and if 1 <i<j, kiQD. Then h* and k*

intersect.

Proof. Suppose that the notation is as in the proof of Lemma 2.1, and let

/ be the chain whose links are those of a —g together with ai and a„. Let Di

and D2 be the principal complementary domains of (¿Oh)* and (}\Jh)*,

respectively, which are subsets of D. It follows, with the aid of results estab-

lished in the proof of Lemma 2.1, that Di and D2 are disjoint.

Suppose that h* and k* are disjoint. With the aid of Theorem 1.2, it

follows that there exists a chain s, where 5= {si, s2, • • • , st}, such that (1) si

has one and only one point gi in common with g*, si— {gi} is a connected

subset of D, and Si intersects neither «i nor aa, (2) st has one and only one

point qt in common with/*, st— {qt} is a connected subset of D, and st inter-

sects neither ai nor a„, (3) if 1 <i<t, then s(QD, and (4) A* and s* are dis-

joint. It may be shown that s* intersects neither Di nor D2. There exist two

chains u and v such that (1) u has the same relation to g, A, and Z>i as s has

to g, f, and D, and (2) v has the same relation to/, A, and D2 as í has to g,f,

and D. There exists a closed chain ß such that (1) each of s, u, and v is a sub-

set of ß, (2) each link of ß is either a link of one of s, u, and v, or a subset of

a*VJh*, (3) a*—ß* has at most two components, and if there are two, ai

and an are contained in different components of a*—ß*, and (4) h*—ß* has

at most two components, and if there are two, one intersects ai and the other

intersects an. If E is the principal complementary domain of a* distinct from

D, then E and ß* are disjoint, and E is a subset of a component U of S—ß*.

Let 7 be a principal complementary domain of ß* such that I is distinct from

U. Now EVJ(a*—ß*) is connected and hence is contained in U; it follows

that / and a* are disjoint. It is easily seen that I and A* are disjoint. Since

some link of ß is a subset of Z>i and some link of ß is a subset of Di, then I

intersects both Di and D2. But this involves a contradiction, and Lemma 2.2 is

proved.

If x and y are distinct points and a is a closed chain, then a* Separates x

and y if and only if x and y belong to different principal complementary

domains of a*. If x is a point, M is a point set, and a is a closed chain, then
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a* Separates x and M if and only if x and M are contained in different prin-

cipal complementary domains of a*, and a similar definition holds for two

point sets.

Theorem 2.3. Suppose that x and y are distinct points, U is an open set,

ais a closed chain such that a* is a subset of Uand separates the points x and y,

V is a connected open set such that xE V, and V and a* are disjoint, and e is a

positive number. Then there exists a closed chain y such that y* is a subset of U

and Separates y and V, and each link of y has diameter less than e.

Proof. Suppose that a= {ai, ai, ■ ■ ■ , a„). Let D and E be the principal

complementary domains of a* containing x and y, respectively. Suppose that

r and t are positive integers, r <t<n, such that r, (t — r), and (n — t) are large.

Let A and B denote «rUat+iUar+¡ and a(Ua,+iVJa,+2, respectively. With

the aid of Theorem 1.2 and Axiom 3, it follows that there exists a chain h,

where h= {hi, fa, ■ ■ • , hm}, such that (1) fa has one and only one point d0

in common with A and does not intersect any link of a distinct from ar,

a,+i, and aT+i, (2) hm has one and only one point am in common with B and

does not intersect any link of a distinct from at, at+i, and at+2, (3) if, for

1 —i<m, ai is the point common to Ä, and A,+i, then, for 1 ¿i — m, hi is ir-

reducible between d,_i and d„ and (4) A*— {do, am\ ED.There exists a chain

k, where k= {fa, fa, • ■ ■ , k¡}, such that (1) fa has one and only one point

¿»o in common with A and does not intersect any link of a distinct from ar,

ar+i, and ar+i, (2) k¡ has one and only one point bm in common with B and

does not intersect any link of a distinct from at, at+i, and at+2, (3) if, for

1 =-i<j, bi is the point common to fe, and &<+i, then for 1 —i^j, ki is irreduci-

ble between ¿>,_i and ¿>„ and (4) k*— {bo, b,} EE. Since h*—{ao, am}ED,

there exists a compact continuum H lying in D containing x, and intersecting

h*. Similarly, there is a compact continuum K lying in E, containing y, and

intersecting k*. There exists a connected open set R such that PC U, aiER,

i?na*C«!WaiWo„ and R intersects no one of h*, k*, A, B, H, K, and V.

With the aid of Theorem 1.2, it follows that there exists a chain gi, where

gi= {gn, gi2, • • • , gini}, such that (1) each link of gi is a subset of R and has

diameter less than e, (2) gn has one and only one point Xi in common with

(a— \cti\)* and XiEcti, (3) gini has one and only one point x2 in common with

(a— {ai})* and x2Ectn, and (4) if Ki<«i, then gi,- and (a— {ai})* are dis-

joint. Let 7i be the closed chain (a— {c*i})Wgi. Since (h*— {do, dm})U7Pis a

connected set not intersecting 71*, containing x, and having limit points both

in A and in B, then by Axiom 3, x belongs to some principal complementary

domain of 7*. By a similar argument, y belongs to a principal complementary

domain of 71*.

Suppose that x and y are not Separated by 7*. Then let ß be the closed

chain whose links are those of h and those of k, together with A and 73,

except that if &o = d0, omit A as a link, and if b¡ = an, omit 73 as a link. By
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Axiom 3, there is a principal complementary domain I of ß* which contains

each link ax of a for l^i<(r — l) and (t + l)<i^n. Clearly then g*QI.

Since x and y belong to the same principal complementary domain of 7*, it

may be seen that there is a chain s, where 5= [Si, s2, • ■ • , sq\, such that (1)

for some positive integer pi, 1 <pi<m, Si intersects hVl, (2) for some positive

integer pi, l<p2<j, sq intersects kPl, (3) if Ki<q, then 5,- and ß* are dis-

joint, and (4) s* and 7* are disjoint. Since s* intersects a*, then s* intersects

«i and hence for Ki<q, SiQI. But this contradicts Lemma 2.2, and therefore

7 * Separates x and y.

Now 7* Separates y and V and is a subset of U, and 71 has at most

(ra —1) links, each of which has diameter greater than or equal to e. This

process may be repeated, using the closed chain 71 and the link a2 oí 71 in

place of the closed chain a and the link «i of a. There results a closed chain

72, at most (ra —2) links of which have diameter greater than or equal to e,

and such that 7* is a subset of U and Separates y and V. Let this process

continue; it terminates after a finite number of steps with a closed chain 7

such that each link of 7 has diameter less than e, 7*E U, and 7* Separates y

and V.

Suppose that p is a point and a is a closed chain. Then a is bounded with

respect to p if and only if p belongs to some principal complementary domain

of a*. If a is bounded with respect to p, then the interior, with respect to p, of

a* is the principal complementary domain of a* which does not contain p,

and the exterior, with respect to p, of a* is the principal complementary domain

of a* which contains p.

Throughout the remainder of this section, let co be some definite point,

and let the terms "bounded," "interior," and "exterior" mean "bounded

with respect to co," "interior with respect to co," and "exterior with respect to

w," respectively. If a is a bounded closed chain, int a* and ext a* denote the

interior and exterior, respectively, of a*.

Lemma 2.4. Suppose that Ui and U2 are open sets, ai and a2 are bounded

closed chains such that a*Q Ui and a*Q U2, Vi and V2 are connected open sets

such that coE ViiWi, TiCext a*, and F2Eext a*, and pQ(int ai*)n(int at*).

Then there exist two bounded closed chains 71 and y2 such that y*Q Ui, y*Q U2,

FiEext 7*, FüEext 7*, pQ(int yf)r\(int 72*), and if x is a link of 71 inter-

secting V2, then there exists a bounded closed chain <rx such that (1) each link of

<rx is either a link of 71, or a link of y2 which lies, except possibly for one point,

in the interior of 71*, and (2) p belongs to the interior of a* and xE(ext o*).

Proof. Let Wi be an open set such that afQ Wi, WiQ Ui, and Wi and Vi

are disjoint. With the aid of Theorem 2.3, it follows that there exists a closed

chain p\ such that (1) ßfQWi and pQ'mt ß*, (2) each link of ßi which inter-

sects V2 belongs to a chain of links of ßi, no one of which intersects a},

and (3) each link of ßi is irreducible between the two points it has in common
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with other links of j8i. By taking unions of links of ß%, if necessary, there re-

sults a closed chain jui such that píEUi, pEintp*, p* and Fi are disjoint,

and a* contains no point common to two links of pi. Let F be an open set

such that a*EF and F contains no point common to two links of pi. As in

the proof of Theorem 2.3, it may be shown that there is a closed chain 72

such that (1) y2*EF(~\U2, y2* and V2 are disjoint, and pGint72*, (2) each

link of 72 is irreducible between the two points it has in common with other

links of 72, (3) no link of 72 intersects two distinct links of pi, and (4) the

links of 72 have small diameters. Let 71 be the closed chain such that y is a

link of 7! if and only if for some link z of jui, y is the union of z and all the links

of 72 which intersect z.

Suppose that x is a link of 71 intersecting V2. It may be shown, prin-

cipally with the aid of Lemma 2.1 or of a modification of it, that there exist

a chain hx of links of 72 and a closed chain ax whose links are those of hx to-

gether with certain links of 71 such that <rx satisfies the conditions of the con-

clusion of Lemma 2.4.

Theorem 2.5. Suppose that Ui and U2 are open sets, «i and a2 are bounded

closed chains such that a*E Ui and a2*EU2, V\ and F2 are connected open sets

such that coG Vi(~\ V2, FiCext a*, and F2Cext a*, and pE(int a*)r\(int a*).

Then there exists a bounded closed chain ß such that ß*EU^JU2, pEintß*,

and FiWF2Cext ß*.

Proof. Let 71 and 72 be bounded closed chains satisfying the conditions of

Lemma 2.4 relative to Ui, Ui, Vi, V2, and p. Let xi, x2, ■ ■ ■ , and x„ be the

links of 71 which intersect F2. By Lemma 2.4, there is a bounded closed chain

Pi, each link of which either is a link of 71 or is a link of 72 which, except pos-

sibly for one point, lies in the interior of 7*, and such that pEintp* and

xiEextp*; note that int jui*Cint 71*. Now if for some positive integer m, m

ííw, xm intersects p*, then xm is a link of pi. Let «2 be the least positive

integer i such that x, intersects p*. Again by Lemma 2.4, there is a bounded

closed chain p2, each link of which either is a link of ^i or is a link of 72 which,

except possibly for one point, lies in the interior of p*, and such that

pEintp*, xiEextp*, and intp*Eintp*. Neither xi nor 3C2 is a link of p2.

Let this process be continued; there results a bounded closed chain ß such

that pEint ß*, ß*E Ui^JUí, and no one of Xi, x2, ■ ■ • , and x„ intersects ß*.

It follows that FiU F2Cext ß*.

Theorem 2.6. Suppose that Ui and U2 are open sets, ai and a2 are bounded

closed chains such that a*E Ui and a*E U2, and Vi and V2 are intersecting con-

nected open sets such that FiCinta* and F2Cintc*2*. Then there exists a

bounded closed chain 7 such that y*E Ui^JU2 and FiWF2Cint7*.

Proof. Let g be a point of FiP\F¡, and apply Theorem 2.5, regarding

"interior" and "exterior" as "interior with respect to q" and "exterior with

respect to q," respectively.
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3. Consequences of Axioms 1-4.

Axiom 4. If x and y are distinct points and U is an open set containing x,

then there exists a closed chain a such that a*QU and a* Separates x and y.

Theorem 3.1. Suppose that H and K are disjoint compact point sets, xQH,

and yQ-K. Then there is a closed chain y such that y* Separates x and y and y*

does not intersect HOK.

Proof. Let D be the component of S — K which contains x. If pQD, then

by Axiom 4, there is a closed chain ap such that a* is a subset of D and Sepa-

rates p and y. There is a connected open set Vp such that pQ Vp, VPQD, and

Vp and a* are disjoint. Let *U be { Vp: pQD) ; since DC\H is compact, there

is a finite subset {pi, p2, • • • , pn\ of DC\H such that { VPv VPî, • • ■ , VPn)

covers DC\H. Let i be a positive integer, i^n. Since D is connected, there

is a chain { Un, Un, • • • , Uin,} of open sets of V such that xQUn and

UXn¡= VPi. For each positive integer j, jún(, there is a point px¡ of D such

that ¿7,y= FPi,-, and let Vy and a,y denote VPij and aPjy, respectively. By re-

peated application of Theorem 2.6 to the chains an, ai2, • • • , and a¿n<, it

follows that there exists a closed chain ßx such that ß*QD, ß? Separates

x and y, and U"Í! V,j and p\* are disjoint. For each positive integer i, i^n,

let Wi denote U"!,, V\y. Since for each positive integer i, i^n, xQWi, it fol-

lows with the aid of Theorem 2.6 that there exists a closed chain y such that

y*QD, 7* Separates x and y, and U"«i Wi and 7* are disjoint. Since HC\D

EU"=1 Wx, then 7* and iï are disjoint, and since y*QD, then K and 7* are

disjoint.

Theorem 3.2. If x and y are distinct points, H and K are disjoint compact

point sets, and neither H nor K separates xfrom y, then H\JK does not separate

x from y.

Proof. There exist compact continua A and B, each containing both x

and y, such that A and H are disjoint, and B and K are disjoint. Suppose

that B intersects H, for otherwise the conclusion clearly holds. Suppose that

pQBC\H; since H and KO A are disjoint compact sets, then by Theorem 3.1,

there is a closed chain yp such that y* Separates p and x, and 7* and HOK

KJA are disjoint. Let Vp be a connected open set containing p and such that

Vp and 7* are disjoint. Now { Vp: pQBC^H) covers the compact set Bf\H

and there is a finite subset {pi, p2, • ■ ■ , pn\ of B C\ H such that

{ Vpv Vpt, • • • , Vpn) covers BC\H. Let W denote U?.j Fp,.. W has only

finitely many components and it follows, with the aid of Theorem 2.6, that

there is a finite set {p\, ß2, • ■ ■ , ßm\ of closed chains such that (1) if U is a

component of W, then for some positive integer/, / g m, ß* Separates x and

U, and (2) for each positive integer/, j'è.m, HOKVJA and ß? are disjoint.

Let R~i, Kt, • • • , Kr be the components of U^iß*, and let Ko, Kr+i, and

KT+i denote {x}, {y\, and H, respectively. Let S be the minimum of

[dnt(Ki, Kj):0£i£r+2, Oújúr+2, and *V/}.
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There exists a chain/, where/= {fi,fi, ■ • • ,/<¡}, such that (1) xEfi and

yEfd, (2) each link of / has diameter less than 8/N, where TV is some large

positive integer, and (3) K and /* are disjoint and f*(~\H is a subset of W.

Let Si be the least positive integer i such that /,• intersects Uï_j Kq. Since

no link of / intersects distinct components of U^i Kq, there is a positive

integer mx such that ftl intersects Kmi and no other component of U^-i Kq.

Let h be the largest positive integer i such that /,■ intersects Kmy Note that

Ksi^ti<d. Let gi denote {/i, /2, • ■ • , /„,}. Let 52 be the least positive

integer i such that i>h and /, intersects UJ_i Kq. There is a positive integer

m2 such that /,a intersects Km2. Let ¿2 be the largest positive integer i such

that fi intersects Kmr Then h<s2=^t2<d. Let g2 denote {/(l,/¡1+i, • • • ,/«,}.

Let this process be continued and suppose that u is the largest positive integer

i such that/, intersects Uj_i Kq, and let gu+i denote {/t„,/(„+i, ■ ■ ■ , fd} ■ It is

clear that

is a continuum containing x and y and intersecting neither H nor 7£. There-

fore HVJK does not separate x and y.

Theorem 3.3. If x and y are distinct points, neither of the compact point

sets H and K separates x and y, and H(~\K is connected, then H\JK does not

separate x and y.

Proof. There exist compact continua A and 73, each containing both x and

y, such that A and H are disjoint, and K and 73 are disjoint. Let b be a point

of HC\K; by Theorem 3.1, there is a closed chain a such that a* Separates

x and b and a* does not intersect A\JByj(HC\K). There exists a connected

open set V such that bE V, HC\K~E V, and V and a* are disjoint. There is,

by Theorem 2.3, a closed chain ß such that ß* Separates AVJB and V, and

each link of ß has diameter less than (1/N) dist (H— V, K — V), where N is a

large positive integer. There exists a finite set {fi,fi, • • • ,/y} such that (1)

for 1 =i^j,fi is a chain of links of ß and ft intersects at most one of H and

K, (2) if 1 *S*<r áj, then/* and/* are disjoint, and (3) if a link of ß intersects

HVJK, then it belongs to some one of /i, fi, • • • , and /,-. If pEHC\B, there

is a closed chain 7P such that y* Separates p and x, y* does not intersect either

A, K, or U<=i/,*, and the links of yp have small diameters. For each point p

of HC\B, let ¿7, be a connected open set containing p such that Up intersects

neither y* nor ß*. Then there is a finite subset {/>i, £2, • • • , pn} of HC\B

such that { UP1, Up¡, • • ■ , UPn} covers HC\B. For each positive integer

i, i^n, let 7< be yPi and let ¿7< be ¿7Pj. Then it may be shown, by a process

similar to that used to establish Lemma 2.4, that for each positive integer

i,i — n, there is a chain A, of links of 7<, where fa= {hn, h,i, • • • , A,„,.}, and
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a chain A,- of links of ß, where A,= {kn, ka, • • ■ , kim%}, such that if ju, is the

chain whose links are those of hi except for its endlinks, those of A, except

for its endlinks, hnOkn, and hin,Okimi, then it,* intersects neither A nor K,

and p* Separates x and Ux.

Since B is a continuum, there is a chain g, one of whose endlinks contains

x and the other of which contains y, such that (1) g* intersects neither K nor

(8*, (2) if a link of g intersects H, then it is a subset of U"»! Ui, and (3) the

links of g are small. By a process similar to that used in the proof of Theorem

3.2, it may be shown that there exist a finite set {si, s2, • • • , sr}, each ele-

ment of which is a chain of links of g, and a finite set {h, t2, ■ ■ ■ , tq}, each

element of which is a chain of links of some one of pi, pt, • • • , and pn, such

that

(¿*M¿*)
is a continuum containing both x and y and intersecting neither H nor K.

Then HKJK does not separate x and y.

Theorem 3.4. If H and K are compact continua and H(~\K is not connected,

then HOK separates S.

Proof. Suppose that A and B are closed disjoint point sets such that

HC\K=A\JB. Let x and y be points of A and B, respectively. By Theorems

3.1 and 2.3, there exists a closed chain y such that (1) 7* Separates x and y,

(2) y* does not intersect Hi\K, and (3) there exists a finite set {gi, g2, • • • ,g„}

of chains of links of 7 such that (i) g*, g2*, ■ • ■ , and g* are mutually disjoint,

(ii) each link of 7 which intersects HOK belongs to some chain of gi, g2, • • • ,

and gn, and (id) no one of g*, g*, • ■ • , and g* intersects both H and K,

and each of them intersects one of H and K. Let {7m, 7,,,, • • • , ynj) be

the set of links of 7 which belong to no one of gi, g2, • • • , and g„.

Suppose that H\JK separates no two of yni, 7«,, • • ■ , and ynj. Let H0

be the union of those sets of g*, g*, ■ ■ ■ , and g* which intersect H, and let

Ko be the union of the other sets of gi*, g*, • • • , and g*. For each pair 5 and t

of positive integers, s&j and t&j, let Z,,» be a compact continuum inter-

secting both 7„, and 7„, and not intersecting HKJK. Let L be

(Uyn{}U(U{L.t:í£s£j, litfj}).

Clearly L, HoOL, and K0OL are compact continua, HoOL and X are dis-

joint, and KoOL and H are disjoint. Therefore neither H0OL nor K0OL

separates x from y. However (HoOL)0(K0OL) has 7* as a subset and con-

tains neither x nor y, and hence separates x and y. Since the common part

of HoOL and KoOL is the continuum L, this contradicts Theorem 3.3. It

follows that HOK separates S.
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4. An example. In this section, there is described an example of a space

satisfying Axioms 1-4 of this paper and in which there exists no arc. The

example is a subspace of the Cartesian plane.

Suppose that « is a positive integer, and each of i and j is an integer. Let

Knij denote the square in the plane whose vertices are the points (i/2",j/2n),

([¿+l]/2»,j/2»), (i/2", [j+l]/2»),and ([i+l]/2\ |j+l]/2"). Let An¿ be a
pseudoarc (for a description of a pseudoarc, see [l]) which contains the two

points (i/2n, j/2n) and ([*+l]/2\ [j + l]/2n) and, except for these points,

lies in the interior of Kna, and let 73„,y be a pseudoarc which contains the two

points (i/2n, [j+l]/2") and ([i+l]/2n, j/2n) and, except for these points,

lies in the interior of Knij. Then let S denote U {.4„,yW73n,y: « is a positive

integer and each of i and j is an integer}. It is easily seen that the space 5

satisfies Axioms 1-4 of this paper, and it is of some interest to note that S

has dimension 1.

Theorem 4.1. 5 contains no arc.

Proof. Suppose that 5 contains an arc A. S is the union of countably

many pseudoarcs Si, 52, • • • . If « is a positive integer and A and Sn inter-

sect, then AC\Sn is closed and totally disconnected, for Sn contains no arc.

Then the compact continuum A is the union of countably many closed totally

disconnected sets. But this is contradictory [2, Chapter I, Theorem 44'].

Hence 5 contains no arc.
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