AREA AS THE INTEGRAL OF LENGTHS OF CONTOURS(})

BY
RAYMOND RISHEL

Introduction. Let Q be the unit square in E? and T:Q—E* a continuous
mapping of Q into Euclidean k-space. Let =1 o m be a monotone light fac-
torization of T with monotone factor m, light factor 1, and middle space M.
For a, b€EM let I'(a, b, T)= {f: [0, 1]>M:f is continuous and f(0)=a,
f(1)=b}. The geodesic distance, G(a, b, T), between 1(a) and 1(b) on the
surface T is defined by G(a, b, T) =infser@.,m length 1 0 f.

For a fixed point p of Q, let D(¢t, G, T) = {¢€EQ: G(m(p), m(q), T) >t}. Let
L(D(t, G, T)) denote the length of T restricted to the boundary of D(¢, G, T)
as defined by Cesariin [2](2) and A(T) denote the Lebesgue area of T. This
paper investigates the relationship between 4(T) and [y L(D(t, G, T))dt.

For nondegenerate mappings T of finite area, Theorem III asserts that
if p is a point of Q such that G(m(p), b, T) is not infinite for every bEM
different from m(p) then equality holds. If T is a continuous mapping of
finite area and F={b&EM:G(m(p), b, T) < oo} then there is a monotone
retraction 7p: M—F of M onto the closure of F. If Tr is defined by Tr
=1orpom, Theorems IV and V assert that A(Tr)=[cL(D(t, G, Tk))
= [¢L(D(t, G, T))dt.

The paper consists of four parts. In Part I geodesic and p;-geodesic dis-
tance are defined and the relationship between them is discussed. These
concepts have been used previously by Silverman in [10] and [11]. Some
properties of the length of a mapping restricted to the boundary of an open
set as defined by Cesari in [2] are stated and for a connected open set an in-
equality between this definition and the definition given by Federer in [6]
is given.

In Part II the inequality A(T)2 s L(D(¢t, G, T))dt for nondegenerate
mappings T is proved. The use of u;-geodesic distances makes it possible to
give a proof of this inequality which is very similar to the proof of the
Cavalieri inequality given by Cesari in [2].

Part III is concerned with proving Theorem III. Two examples are given
to show the hypothesis of Theorem III are necessary. Morrey’s representa-
tion theorem and a recent result found independently by Federer [7] and
L. C. Young [13] are used in the proof of Theorem III.

In Part IV the cyclic additivity of L(D(¢, G, T)) is discussed. Theorems
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IV and V are proved using Theorem I11I, and the cyclic additivity of Lebesgue
area and L(D(¢, G, T)).
Part I. Let f: [0, 1]— Y be a continuous mapping of the unit interval into
a metric space Y with metric d. Let £y <4, =6, < - - - £t; be a collection of
j+1 points of [0, 1]. Let I, = {t: i1 <t <t} for k=1, 2, 3, - - -, j. The fol-
lowing notion of length is a slight modification of a length used in [10].
DEerFINITION I. The p;-length of f is defined:

sup i
p;-length f = all subdivisions E diameter f(I}).
as above by j + 1 points k=1

The following properties of uj;-length follow from the definition:
(a) wj-length f <u;i. length f.

(b) |u-length f—pj;-length g| <2j supieron d(f(), g(8)).

(c) pj-length f<j diameter f([0, 1]).

(d) Let f, g be functions from [0, 1] into ¥ such that f(1) =g(0).
Let f # g be defined by

1
fanioss —

fée@®) = {
g —1if-Si=1

Then p;-length f # g Suj-length f4pu;-length g.

Let T: Q—E* be a continuous mapping of the unit square Q in E? into
E* Let T=10m, m: Q—M, 1. M—E* be a monotone light factorization of
T with monotone factor m, light factor 1 and middle space M. The middle
space M will be understood to be metrized by the metric d(a, b) defined as
follows: let ¢ and b be points of M, and let C denote the class of continua K
in Q that meet m~1(a) and m~1(b), then d(a, b) =infxec diameter T(K). For
a, bEM let T'(a, b, T) = {f: [0, 1] M: f(0) =a, f(1) =b}.

DeFINITION II. The pj-geodesic distance between T'(p) and T(g) on T,
u(d, 9, q, T), is defined:

/"(j) 28 T) = inf uj-length 1 Of.
1er (m(p),m(q),T)

The function u(j, p, ¢, T) has the following properties:

(a) e, £ @ T)é”(]"'lr a0 7).

(b) u(G, p, ¢, T) =j infrermem me.7) diameter 1 0 f ([0, 1]).

(c) m{, p, -, T) is continuous.

(d) Let T and T’ be continuous mappings. Let T=1 o m and T’
=1’ o m’ be monotone light factorizations of T and 7" with middle spaces
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M and M'. If there is a homeomorphism H: M—M' such that m'=Hom

then .
II‘(J’P, ¢, T) — u(4, 9, ¢ T’)I = 2]|T - T’I .

(e) If T is quasi linear and ¢ and ¢’ belong to the same triangle on which
T is linear then

|6 2,0, 1) — w2, ¢, D] = [ T(@) = T(@) ]
(f) If T is Lipschitzian with Lipschitz constant K then

|Gy 2,0, T) — w(G, 0,0, 1| =K|g—¢].

For each mapping T two geodesic distance functions will be used, one
defined on the middle space M, and the other defined on the parameter do-
main Q. The geodesic function on the middle space, G(a, b, T), is defined by
G(a, b, T) =infser@s,ry length 1 0 f. The geodesic distance function defined
on Q, G(p, ¢, T), is defined by

G(p,q, T) = inf length 1o f = G(m(p), m(g), T).
JET (m(p)m(0),T)

Let u(p, g, T)=lim;., u(j, , ¢, T). (Note that the limit exists since

pG+1, 6 g, D 2pG, £,0, 1))

LemMma L.1. G(p, ¢, T)=p(p, ¢, 7).

Notice that for a collection of curves it is not true that inf, length f,
=lim;., inf, u;-length f,. Let Sk be the circle in E? of diameter 1/k and center
(0, 1/2k). Let fi be the function which traverses Si k times starting from (0, 0).
Then p;-length fi <j/k, so infx p;-length fi =0 for every j but inf; length fi=m.

Proof of Lemma 1.1. G(p, ¢, T) =u(j, p, ¢, T) for every j hence G(p, ¢, T)
2u(p, q, T). To show the other inequality it may be assumed that u(p, ¢, T)
< . Let f;ET(m(p), m(q), T) be such that uj;-length 1o f;—u(, p, ¢, T)
<1/j. Since ui-length 1o fi=pj-length 1ofi for k=j, pj-length 1ofi
<u(p, ¢, T)+1 for k=j.

Let { f.,} be a collection of functions fa: [0, 1]—Y where Y is a compact
metric space. According to [8] a necessary and sufficient condition that there
exist a collection {f. } which is relatively compact in the topology of uniform
convergence and such that f, and fJ are Frechet equivalent is that the
{f«} be equally divisible i.e. for each >0 there is an integer # such that for
each function f, the interval [0, 1] can be subdivided into # subintervals on
which the oscillation of f, is less than e. (The same #» must work for all the
fa's.)

Let ¢ be a positive number and N an integer greater than (u(p, ¢, T) +1)e™ .
For each integer k> N the interval [0, 1] can be divided into fewer than N
subintervals such that oscillation 1 o fi is <€ on each interval in the following
manner:



98 RAYMOND RISHEL [October

Let t;=sup {¢: diameter 1 0 fi([s: 0Ss=¢]) Se}.

Let t;=sup{¢: diameter 1 o fi([s: 1 <s<t]) ¢}, etc.
There are at most N—1 of these ¢;’s which are less than one. Suppose not.
Then

diameter 10 fi([t: £ s S tip1]) = eif tip1 < 1
and
un-length 1ofi = Ne > u(p, ¢, T) + 1 > pxy-length 1 0 f;,

a contradiction.

Since it is possible to find a number N’ so that for each of the finite number
of functions 1 0 fy, - - -, 1 0 fv the interval [0, 1] may be subdivided into N’
intervals on which the corresponding functions have oscillation less than e,
it's seen that the collection { 1o fk} +=1 is equally divisible.

From the definition of the metric in M, diameter 10 fi([t:<s=t:1])
>diameter fi([t; <5=<t;y1]). Hence the { fk} are equally divisible. Let { f:}
be a collection of functions such that f; and f; are Frechet equivalent and the
collection { fr } is relatively compact. By selecting a subsequence and relabel-
ing, it may be assumed that the f; converge to a function f. It’s seen that

f¥ and fET (m(p), m(q), T) and
p;-length 10 fi = u,-length 10 f.
If k=j,
pi-length 10 fif < we-length 1o fF < w(p, ¢, T) + 1/k.
By property (b) of pj-lengths
lim pj-length 10/ = p;-length 1of < pu(p, q, T),

k—

lim ujlength1of = length 10 f < u(p, ¢, T).

J—w

Hence G(p, ¢, T) =u(p, ¢, T).

COROLLARY I (OF THE PROOF). For a, b, & M there is an fEX'(a,b, T) such
that length 1 0 f=G(a, b, T).

CoroLLARY I1. G(p, +, T) and G(m(p), -, T) are lower semicontinuous.

The functions u(j, p, -, T) are an increasing sequence of continuous func-
tions such that limj. u(j, , ¢, T)=G(p, ¢, T) so G(p, -, T) is lower semi-
continuous. {bEM: G(m(p), b, T) ét} =m({q€Q: G(p,q, T) ét}) and hence
is a closed set for each t. Therefore G(m(p), -, T) is lower semicontinuous.

Let Q be the unit square with the relative topology as a subset of E2. For
subsets of Q open, closed, boundary, etc., will be understood to be with re-
spect to this topology. For a set 4, A* will generally be used to denote its
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boundary. Fog'the square Q it will be necessary to speak of its boundary both
using the convention mentioned above and as a subset of E2?, Q* will be used
for the relative boundary and Q* for the boundary as a subset of E2.

For a continuous mapping T: Q—E* and an open subset D of Q, let
L(T, D*) denote the length of T restricted to the boundary of D as defined
by Cesari in [2].

The following statements about L(T', D*) are proved (although not stated
in quite this manner) in [1; 2] or [3] or follow directly from the definition of
length.

LEMMA 1.2. Let T: Q—E* be a continuous mapping and D an open subset
of Q.

Let (D), = {qEQ: dist(g, Q—D) =p}. If €>0 then there is a p>0 such that
if T' and D' are a continuous mapping and an open subset of Q such that
| T— T'] <p and (D),CD'CD then L(T’, D'*)2L(T, D*) —e.

LemMA 1.3. If D is an open subset of Q and T and T’ are continuous map-
pings of Q into E* such that T|D*=T'| D* then L(T, D*)=L(T’, D*).

LeEmMA 1.4, Let T and T' be Frechet equivalent mappings of Q into E*. By
[9] or [5] there exist monotone light factorizations T=10m and T' =10 m' of
T and T' with a common light factor 1 and a common middle space M. Let D be
an open subset of M and let D(T) and D(I") be m~' (D) and (m')~1(D) respec-
tively. Then L(T, D(T)*)=L(T’, D(T")*).

LeEMMA 1.5. Let a be a connected open subset of Q and T: Q—E* a continuous
mapping. Let v be a component of a* and A(y) be the associated open set with
v as its boundary défined in [2]. If L(T, A(y)*) < « there is a set B which can
be taken to be a circle or a closed interval and a function f: B—y such that:

(a) T of: B—E* is continuous.

(b) The continua of constancy of T which contain a point of f(B) cover v.

(c) L(T, A(y)*)=length Tof.

In Part III essential use will be made of a length defined by Federer in [6].
The following lemma gives a comparison of L(T, D*) and this length.

LeMMA 1.6. Let T: Q—EF be a continuous mapping. Let a be a connected
open subset of Q. Let T=10m be a monotone light factorization of T with
middlespace M. Let W denote the set of points at which m(a*) is of positive
dimension. Let N(x, 1, W) equal the number, possibly infinite, of points a of W
such that 1(a) =x. Let Hy denote 1-dimensional Hausdorff measure in E*. Then
L(T, a*) 2 [e*N(x, 1, W)dH]}.

It is no loss of generality to assume L(T, a*) < «. Let oy be a component
of a*. Since L(T, a*) < wo, L(T, A(v)*) < » and Lemma I.5 may be applied.
Let f be the function described in Lemma 1.5. By the theorem relating lengths
and Hausdorff measure for curves
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L(T, A(y)*) = length Tof = f N@ Tof, B)dH,.
E

By (b) of Lemma 1.5,
N(x) 1, m(‘Y)) = N(x) 1, mof(B)) = N(x7 Tof, B)’

hence
LT, A(m)*) 2 f NG, 1, m()ds.

Let E={yCa*: L(T, A(y)*)#0}. By 20.2(i) of [2] L(T, A(y)*) =0 if
and only if T is constant on 7. Since each point of E belongs to a ¥ on which
T is not constant, m(E) C W. Let S be the family of all countable collections
{Ci} of iiisjoint nondegenerate continua contained in m(a*). By Theorem
3.30f [6

sup 2, diameter 1(C;) = f N(x, 1, W)dH:.
(CIES o1 E*

Let {C:} be a countable collection of disjoint nondegenerate continua of
m(a*). Since m is monotone, each C; must be contained in some m(y) where
vYEE hence

> diameter 1(C;) < 3, EhN(x, 1, C)dH; < fEkN(x, 1, m(E))dH,

=1 =1
so [*N(x, 1, m(E))dHy= [g*N(x, 1, W)dH;. Now
L(T, a*) = 2 LT, 4%

YDL(T,A(7)%)0

> X f NG, 1, m()dEL

OL(T,A(7)*)0
> f N(x, 1, m(E))dH, = f N(x, 1, W)dH,.
& &

PartI1.Let D(t,u;, T) = {qEQ:/.c(j, 0,9, T) >t} .Sinceu(j,p,+, T) is continu-
ous D(¢, pj, T) is an open set. Denote L(T, D(¢, uj, T)*) more briefly by
L(D(tr Ki T))'

LEmMA I1.1. Let T,, T be continuous mappings such that T, converges uni-
formly to T and all the T,’s and T are light or all the T.'s and T have Q* as
their only nondegenerate continuum of constancy. Then

lim igf lim inf L(D(r, pj, Ty)) = L(D(, uj, T)).
T

n—> 0
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Let Tw=1, 0 m., T=1 o m be monotone light factorizations of T and T,
with middle spaces M and M,. If T and T, are light m and m, are homeomor-
phisms. In the other case m and m, define homeomorphisms of the quotient
space Q/Q" with M and M,. Hence property (d) of the function u(j, , ¢, T)
may be used to show u(j, p, «, ) converges uniformly to u(j, p, -, T).

Let € be a positive number and p be the corresponding number for T,
D(t, uj, T) described in Lemma 1.2. Let ¢’ =mingewn.p;.1)0 £, £, ¢, T). Then
t'>t. Let T be any number ¢t <7 <¢' and let e =min(r—¢, ¢’ —7). Let N be an
integer so that if n> N, | T,.—T| <p and |;.c(j, b, -, Tw)—u(d, p, -, T)| <o.

If qe(D(tr Kis TV))P and n>N

#(f,PaQ; Tn)>#(j,P»QaT)—0%i'—vé‘r

s0 D(r, pj, Ta) DD, pj, T)),.
If gq&€D(r, uj, Tn) and >N

I‘(j:ﬁ’q; T)>/"(j’P’q’ T,.)—U>T—dgt

SO D(T’ 120) Tﬂ) CD(t9 Mjy T)'
Hence by Lemma 1.2 for > N, L(D(r, p;, T»)) ZL(D(¢, pj, T)) —e. Taking
limits
lim_il:f lim inf L(D(7, pj,T»)) = L(D(@, pj, T)) — e.
T n— o

Since € was arbitrary the conclusion of the lemma follows.

LEMMA I1.2. Let T:Q—E* be a continuous mapping. Let D(t, G, T)
={q€Q:G(p, q, T)>t}. Then lim inf;.., L(D(t, u;, T)) 2 L(D(t, G, T)).

Let € be a positive number and p be the corresponding number for T,
(D(, G, T)) described in Lemma 1.2. Since u(j, p,¢, T) =G(p,q, T), D(t, u;, T)
CD(, G, T). Since lim; ., u(j, p, ¢, T) =G(p, g, T) the sets D(¢, uj, T) cover
D(, G, T). Since (D(¢, G, T)), is compact there are a finite number of sets
D(¢, pj, T) which cover (D(t, G, T)),. Let J be the largest of the integers j
corresponding to these sets D(¢, u;, T). Since u(j+1, p, ¢, T) Zu(, p, q, T).
(D(t) G, T))pCD(tr K T) fOl'j>J.

By Lemma 1.2, L(D(¢, p; T))ZL(D(, G, T))—e for j>J. Hence
lim inf;., L(D(¢, pj, T)) ZL(D(t, G, T)) — e and since € was arbitrary the con-
clusion of the lemma follows.

LemMMa I1.3. Let T:Q—E* be a quasi linear mapping then A(T)
2 [2L(D(, uy, T))dt.

Let 2= [A,-} be a subdivision of Q into triangles on which T is linear. Let
M be a Lipschitz constant for T. Let A; be a triangle so that T(A;) is a non-
degenerate triangle in E*. Then T|A,~ has an inverse (T|13.~)'1: T(A:)—A:
which is linear and hence Lipschitzian on T'(A:). Let N be the maximum of
the Lipschitz constants of the (T|A:)~".
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Let S, denote a strip of width 2(2/%)!/? about the edges of the triangles
of Q. Let C, denote the square of center ¢ and sides 1/# about ¢. Let u*(q)
=1/n%fcu(i, p, r, T)dLs(r). The functions pu~(q) are continuously differenti-
able, converge uniformly to u(j, p, -, T) and using property (f) of the func-
tion u(4, p, ¢, T) it is seen that

[u(g) —w(g)| s M|g —ql.
By 20.4(ii) of [2] there is a quasi linear function ¢*: Q—E! such that
0<u(j, 9, ¢, T) —¢"(q) <en, where ¢, is a sequence of numbers tending to 0,
and Igrad ¢"(q) —grad y"(q)l <1/Nn at each interior point of a triangle of
linearity of ¢*.
Let Q"= {A;} be a triangulation of Q so that ¢ and T are linear on each
triangle of Q, each A; is contained in a A; of @, and A, is contained either in
Sn or Q—S,.
Let A; be a triangle of Q" such that T'(A;) is a nondegenerate triangle. Let
D(TlA.-)“(x) be the differential of (T[A.-)‘1 at a point x of T(A;).
llgrad ¢7 o (T'| A)~*(x)| — | grad w0 (T| A)~1(x)]]
= [lgrad ¢"[D(T| A~ '@)]| — | grad w[D(T| 2)*@ ]|
< | grad ¢[D(T| 4)7'(x)] — grad w[D(T| A)~*(#)] |
< | grad ¢°((T] A)7'(®) — grad w((T| )@ D(T| 4)72(x) |
< (1/Nn)N = 1/n.

Hence

| grad ¢" o (T| A)~}(x)| < | grad w0 (T| A)~'(=x)| + 1/n.
If ¢, ¢’ belong to a triangle of Q" contained in Q—.S, then
| u*(g) — w7(g") |

si/mt| | wG,pn D) —pGopyr+g— ¢, T)| dLs(r)
Cq

< 1/ f w(G, 77 + g — ¢, TVALa()
C

q

1/n? | T(r) — T(r+q—¢) | dLy(r)

Cq

I

int | | Tl — ¢)| dLa(r) = | T(9) — T(¢)| 1/n? L)

= | T - T@)].

Hence if A; is a triangle of Q" contained in Q — S, so that T'(A;) is a nondegen-
erate triangle, | grad u" o (T|A:)~!| 1. This implies that
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| grad ¢7o (T| A)~*(x)| =1+ 1/n.
If A; is any triangle of Q" for which T'(A;) is nondegenerate and x, yE T'(A;)
| o (T A)=1(x) — w0 (T] A) ()|
S M| (T]|A)(®) — (T 8)Y(y)| < MN|z—y].
Hence rgrad u"o (T|A;)‘1(x)| < MN which implies I grad ¢"o (TlA,-)“(x)|

SMN+1/n.
Let D(¢, ¢") = {qEQ: ¢"(q) >t} . By Lemma 20.4(i) of [2]

1+ 1mAT| 8) 2 [ L] 8 D689 O A

if A, is a triangle contained in Q — S, so that T'(A,) is a nondegenerate triangle
and

(MN + 1/n)A(T| &) = wa(T| A, [D(t, ¢m) N AT at

if A; is a triangle contained in S, so that T(A;) is a nondegenerate.
Since
L(T’ D(t’ ¢”)*) = E L(Tl A;, [D(tr ¢") N As']*)’

{A;:T(A;) is nondegenerate)

A+1/n) X AT|A)+ MN+1/n) Y A(T|A)

4,CQ-8, A;C8,
> f L(T, D(t, $"))dt.
0

Since ¢" converges uniformly to u(j, p, ¢, T) and ¢"=u(j, p, ¢, T), Lemma
1.2 implies lim inf,., L(T, D(t, $")) Z L(D(¢, pj, T)). By taking limits, apply-
ing Fatou’s lemma, and noting that lim inf.., Y a,cs, A(TIA;) =0, it’s con-
cluded that A(T) 2 [¢L(D(t, uj, T))dt.

LeMMA 11.4. Let T be a light mapping or a mapping whose only nondegener-
ate continuum of constancy is Q%; then A(D) 2 [7L(D(, pjy T))dt.

By [9]if Tis light T may be approximated by a sequence T’ of light quasi
linear mappings such that 4(7T.) converges to A(T) or if Q* is the only con-
tinuum of constancy of T, T may be approximated by a sequence T, of quasi
linear mappings with the same property such that 4(7.) converges to A(T).

Let ¢(r) =lim infa. L(D(7, pj, T»)). By Lemma I1.3 and Fatou’s lemma

A(T) = lim A(T,) = liminf L(D(r, pj, T,))dr gf o(r)dr.
0 0

n—ow n—>o
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Let h=7—t and define ¢(r) =0 for 7<0. Then [g¢(r)dr=[3¢d(t+h)dt. By
Lemma II.1 and Fatou’s lemma

lim inf f ot + hydt = f lim inf (¢ + k)dt = f L(D, T, uj, T)di.
0t J o koot 0
Hence
A(T) = f L(D, w;, T))d.
0

LeMMA IL1.5. Let T be as in Lemma 11.4. Then A(T) 2 [¢L(D(t, G, T))dt.

By Lemma I1.2, Lemma II1.4, and Fatou’s lemma

A(T) = lim inf L(D(¢, uj, T))

j—w 0

= lim inf L(D(¢, u;, T))dt = f L(D(t,G, T))dt.
0

0 oo

THEOREM 1. Let T be an open or closed nondegenerate mapping, then A(T)
2 [fL(D(, G, T))dt.

Since T is open or closed nondegenerate T is Frechet equivalent to a
mapping T” of the type described in Lemma I1.4. Let p’ be a point of Q
such that m(p) =m’'(p’) and let D(¢, G, T") = {¢EQ: G(m'(p"), m'(q), T") >t}.
Then m(D(¢, G, T))=m'(D(t, G, T’)) and Lemma I1.5 can be applied to give,

A(T) = A(T") 2 f:L(D(t, G, T'))ds =f°°L(D(t, G, T))dt.

Part I11. The following example shows that [ L(D(¢, G, T))dt need not
equal A(T) if A(T) is infinite. Let (u, v) be coordinate variables in Q. Let
¢: [0, l]—)E1 be a nowhere differentiable real valued function defined on
the unit interval. Let T: Q—E? be defined by T'(«, v) = (¢(u), ¢(v)).

¢ is a light mapping, for if ¢ were constant on some nondegenerate con-
nected set, the set would contain an interval on which ¢ was constant and ¢
would be differentiable on the interior of the interval. This implies T is a
light mapping. If I: Q—Q is the identity mapping of Q onto Q, T=To I is
a montone light factorization of T with middle space Q.

Let p, g be distinct points of Q and fET'(p, ¢, T). Let (x1, x.) be coordi-
nates in E; and f;: [0, 1]—[0, 1] be the component mappings of f. For i=1, 2
let m;: E2>E! be defined by m;(x;, x2) =x,. m; is Lipschitzian with Lipschitz
constant 1. Since p and ¢ are distinct at least one of f;[0, 1] covers a non-
degenerate interval [c, d]. Now ;0 T o f(t) =¢(f:(t)) and
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length Tof = f N@Toj, [0, 1))dH:
> f N(x:, 70 Tof, [0, 1])dH,
El

n
gf IN(xi’ %, [C, d]dH: = ®
E

since if the last expression was finite ¢ would be of bounded variation on
[¢, @] and hence differentiable almost everywhere on [c, d].

This implies G(p, g, T) = « if ps#¢g so D(¢, G, T) is the complement of the
point p for every ¢t > 0 and hence L(D(¢, G, T)) = 0 for ¢ > 0. Therefore
JeL(D(¢, G, T))dt=0.

There are many ways of showing 4(T)= «. One is that if this were not
so Theorem II proved below would be contradicted.

The following is an example of a mapping of finite area, such that there
is a single point at an infinite geodesic distance from every other point. Let
C be the closed unit disc in E2 Let (p, 8) be polar coordinates in E? and (7, w, 2)
be cylindrical coordinates in E? Define F: C—E? by r=p, w=0, z=p sin 1/p.
Let H be any homeomorphism of Q onto C and let T=F o H. Then point
which maps into the center of C is at an infinite geodesic distance from every
other point of Q.

Most of the remainder of this part will be concerned with proving the
following equality corresponding to the inequality of Theorem I.

THEOREM III. Let T be an open or closed nondegenerate mapping of Q into
E* for which A(T)< . Let 1 0 m be a monotone light factorization of T with
middle space M. Let p be a point of Q such that G(m(p), b, T) is finite for some
bE M different from m(p). Then [{L(D(t, G, T))dt=A(T).

If T is a closed nondegenerate mapping T is Frechet equivalent to a
mapping T which has Q¥ as it’s only nondegenerate continua of constancy
[9]. By [9] or [5] there is a monotone mapping m’: 0— M so that 1 o m’
is a monotone light factorization of 7’ with the same light factor 1 and middle
space M as in the monotone light factorization of T and such that m(Q%
and m'(Q") are the same single point of M.

Let Q’ be a square contained in Q—Q* Then T’|Q’ is an open nondegen-
erate mapping, m’ I Q' is a homeomorphism and 1o (m’ | Q') is a monotone
light factorization of T’I Q' with middle space m'(Q") C M.

In order to handle the cases of open and closed nondegenerate mappings
simultaneously let 77=T and Q’=Q if T is open nondegenerate. Then if T is
either an open or closed nondegenerate mapping of finite area T’ | Q' is an
open nondegenerate mapping of finite area. Morrey’s theorem may be applied
to obtain an almost conformal mapping T'': Q—E* such that 7' and T"|Q’
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are Frechet equivalent. There will be a monotone mapping m'’: Q—m’(Q")
C M such that 1 o m’’ is a monotone light factorization of T/ with the same
light factor as T and middle space m'(Q’) contained in the middle space M
of T.

Let (u, v) be coordinate variables in Q and %1, - - - , xx be the component
mappings of T"’. Since T’ is almost conformal it has the following proper-
ties: (@) 7"’ is BVT and ACT (of bounded variation and absolutely con-
tinuous in the sense of Tonelli). Hence T'’ has partial derivatives almost
everywhere in Q.

: aT" [t : AT |2
HEQ =Y wu=|—/, G@=2 tm=|—oI,
te=l du P ou
(b) k aT// aT//
F(Q) = inuxa" = - b)
=1 du 9y

and J(g) is the Jacobian matrix of the partial derivatives then E(g) =G(g),
and F(g) =0 almost everywhere in Q and

an = [ RECIE A fQ(E@G(q) - F@ywaLs = [ EQLs

Since T"' is ACT, for almost every parallel to the u-axis and for almost
every parallel to the v-axis 7"’ restricted to this parallel is absolutely con-
tinuous as a function of one variable.

LemMa II1.1. Let dEM, eEm'(Q’). Let fET(d, e, T) be such that length
1o0f=G(d, e, T). Then there is a continuum K C (m'")~1(f([0, 1])) which joins
(m'")~1(d) and (m'’")~1(e) or (m'")~'(e) and Q. If T is open nondegenerate K
joins (m'")~1(d) and (m'")~1(e).

If [0, 1]Cm'(Q") let K= (m’")~1(f([0, 1])). Note that if T is open non-
degenerate f([0, 1]) is always contained in m’(Q’) since m'(Q’) =M in this
case. If f([0, 1]) is not contained in m’(Q’) let r=sup{t: f() EM—m'(Q")}.
Let m'(Q")* denote the boundary of m'(Q’). Then f([r, 1]) meets m(Q")*.
Since m'’ is monotone and m’(Q’) is a two cell m''(Q¥) Cm’(Q’)* [9]. There-
fore K =(m'")~Y([r, 1]) joins (m'")~'(e) and Q*.

THEOREM II. Let T: Q—EF be an open or closed nondegenerate mapping of
finite area. Let I={aEM:G(a, b, T)=o for every bE MDbsa}. Then
G@, b, TN<w ifa, b€M—Iand (M—1)*=M.(3

If a, b are points of M —1I there are points ¢, d of M such that asc,
b#d, G(a, ¢, T)<», and G(b, d, T) < ». If T is closed nondegenerate at
least one point in each of the pairs a, ¢ and b, d is not equal to m(Q" say for

(%) The notation (M —I)¥ is used in place of a bar over M—1.
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definiteness that @ and d are different from m(Q*). Let T’ and m’ be the map-
pings described previously and let Q’ be a square contained in Q— Q" such
that (m’)~'(a) and (m')~!(d) are contained in Q' —Q’*. If T'is open nondegen-
erate let Q'=Q. Let 7'’ and m'’ be the mappings described previously for the
above square Q’.

Let K, and K be continua as described in Lemma III.1 with d=a, e=¢
for K, and d=b, e=d for K. If T is closed nondegenerate m'| Q—0Qtis a
homeomorphism and hence since m’’ is monotone m'(Q"*) =m’(Q')*=m'"' (0.
Then since (m’)~'(a) and (m')~}(d) are contained in Q'—Q"*, (m'’)~'(a)
and (m'’)~1(d) are contained in Q — Q* Since K, joins (m’’)~(a) and (m'")~*(c)
or (m'")~'(a) and Q* and a similar statement holds for K,, K, and K, are
nondegenerate if T is closed nondegenerate. If T is open nondegenerate K;
joins (m’")~1(a) and (m'’)~!(c) and K, joins (m'’)~1(b) and (m'’)~1(d); hence
K, and K, are nondegenerate in either case.

Let S be the union of all parallels to the coordinate axes on which T is
absolutely continuous as a function of one variable. Since S contains almost
every parallel to each axis, S separates any pair of points of Q. Hence K;N\S
and K,N\S are not empty. Let rE KNS, s&€K,N\S; then G(a, m''(r), T) <
and G(b, m''(s), T) < .

If P is a parallel to say the #-axis contained in S such that T’ |P is
absolutely continuous then length T"/| P= [}|dT"'/du|du < ». Since a sim-
ilar relationship holds for each parallel contained in S, G(m'/(r), m''(s), T)
< o for r, s&€S. Hence G(a, b, T)=G(a, m''(r), T)+G(m' ' (r), m''(s), T)
+G(m''(s), b, T) < = fora, bEM—1I.

Since S is dense in Q, m'’(S) is dense in m’’(Q). If T is closed nondegener-
ate let {Q. } be a sequence of squares contained in Q—Q* such that Uz, Q.
=Q—Q" If S, are the corresponding sets of parallels described above
Upeymi!! (Sa) CM—1I and (Up.; m’ (S.))¥=M. If T is open nondegenerate
m''(Q) = M ; hence in either case (M —I)*= M.

It follows from Theorem II that if T is an open or closed nondegenerate
mapping of finite area there always is a point p as described in the
hypothesis of Theorem I11. From now on unless stated otherwise the hypoth-
esis of Theorem III will be'assumed and 7', m’, Q’, 7'/, and m’’ will be as
defined previously.

A mapping which may be discontinuous but satisfies all the other condi-
tions for an ACT mapping is said to be ACE (absolutely continuous in the
sense of Evans).

Lemua I11.2. Let G(g, T'"") = G(m(p), m"'(g), T). Then G(q, T'") is ACE.

Let Q,, denote a subset of S of the type Qu,={ (%, ¥)EQ: u=u,}. Let
n=<19n= --- =v, be points of [0, 1] and gi=(u0, v;) for i=1, 2, - - -, n be
the corresponding points of Qu,. Since T”’ is absolutely continuous as a func-
tion of v on Qu,
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a TII
dv.

v§+1
G (gisr), m"(g), T) < f

[t

If I is the set described in Theorem II, both m(p) and m’/(S) are contained
in M —1I. Hence by Theorem II G(m(p), m''(q), T) < = if ¢gES.

n—1

2 | Glgin, T) = Glgi, T) |
= 3 | @), m" (g, T) = Glm(p), m"(g), )|
n—1 n—1 vi+1 aT//
S qun @DsS[ | —|a

Since similar considerations hold for analogous sets Q. it follows that
G(q, T"") is ACE.

Since T’ is almost conformal and G(g, T'’) is ACE there is a measurable
set B contained in Q with the following properties:

(a) The partial derivatives of T'' and G(q, T'') exist and E(q) =G(q),
F(g) =0 at every point of B.

(b) B=U;}, B; where the B; are disjoint measurable sets on which 7"’
and G(gq, T'’') are continuously differentiable. (A function f: E»—E" is said
to be continuously differentiable on a set HCE™ if its restriction to H may
be extended to E™ so that the resulting function is continuously differenti-
able.)

(c) At every point of B, T'' and G(q, T’’) have regular approximate
differentials, and the same set A of boundaries of squares with sides parallel
to the coordinate axes on which the limits are taken may be used for both
functions.

(d) For each 7 let ¢;: E2>E! and ,;: E2>—E* be continuously differenti-
able functions such that ¢.~[ B;=G(q, T")]B.- and ¥;| B;= T”| B.;. Let D¢,(q)
and Dy,(q) denote the differentials of ¢; and ¢, at a point ¢g. Let DT"'(q)
and DG(g, T'') denote the regular approximate differentials of 7'’ and
G(g, T"') at a point ¢. Then the linear transformation associated with the
Jacobian matrix J(g) of the partial derivatives of T7’, Dy;(q), and DT"'(q)
are equal at every point of B; and the linear transformation associated with
grad G(q, T"'), D¢i(q), and DG(g, T'') are equal at every point of B;.

(e) B is contained in the set S of parallels to the axes on which T/ is
absolutely continuous as a function of one variable.

(f) No point of Q*is in B.

® |J (q)[ #0 at every point of B.

(h) L((Q—B)N{q€Q: | J(g)| =0})=0.

The set B may be obtained as follows: Since 7"’ is almost conformal and
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G(g,T'") is ACE the statement of (a) holds almost everywhere in Q. By
Theorem I of [14] the existence of the partial derivatives of T’/ and G(g, T"")
almost everywhere implies that Q may be written Q=U,., P; where Ly(Py)
=0 and the sets P, for 121 are a disjoint sequence of closed sets such that
T"'| P; and G(g, T"")| P; are continuously differentiable. By 26.2 (i) and (ii)
of [2] the existence of the partial derivatives of "’ and G(g, T'’) almost
everywhere in Q imply the statement of (c) holds at almost every point of Q.

Theorem 26.2 (i) of [2] implies the equality of the linear transformation
associated with J(g) and DT’/(q) and the equality of the linear transforma-
tion associated with grad G(g, T'’) and DG(gq, T'') at almost every point of
Q. 1t is seen that D¢;(q) =DG(q, T'’) and Dy;(qg) =DT’''(q) at every point
of density of P; where the quantities on the right of the equal sign exist, hence
almost everywhere in P;.

Hence by discarding several sets of measure 0 and the set of points where
| J (q)l =0 from the sets P, for =1 sets B; are obtained such that B=U.2, B;
has all the desired properties.

LemMa II1.3. |Grad G(q, T")| =E(q)*/? at every point of B.

Consider the regular approximate differential DT''(q) of T’ at a point
g of B. Let w=(a, b) be a point of E2 From conditions (a) and (d) it is seen
that
@)

= ( é (xiua + :)c;.b)’)ll2

Y X1

| DT"(g)(w)|

Xku  Xko
(a2E(q) + b°G(g) + 2abF(g))"'? = | w| E(g)*2.

Let fET'(m(p), m'’(q), T) be such that length 1 0 f=G(m(p), m''(q), T).
Let K be the corresponding continuum described in Lemma III.1 with
d=m(p) and e=m''(g). Let {g.} be a sequence of points approaching g so
that {g.} CANK where 4 is the set described in property (c) of the set B.
. Since ¢.€K,

| G(g, T") — G(gay T") |

| Gm(p),m"(9), T) — G(m(p), m"(g.), T)|
G(m" (), m"(gn), T).

i

Hence
| G(g, T") — G(gn, T") | o | T(gw) — T"(q) |
m

lim = -
0y l g — gal = |g—ql
= lim | DT"(¢) <——gi-)

| gn — gl

0,

= B,
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If g= (uo, vo) let g} be a sequence of points approaching ¢ which belong to
Qu,NA4. Then
| Glg, T") — G(g*, T") | = | G(m(p), m"(g), T) — G(m(p), m" (¢¥), T) |
< G(m'"(9), m"(ga"), T).
By condition (e) of the set B, BCS. Hence

| G(g, T'") — Glg¥, T | i GO @, (@), T)

lim =
0 | g — g*| -t |g— e
f oE(q)‘/zdv
< lim —* = E()'~.
e | Vo — ‘Unl

LEMMA 111.4. Let C,={qEQ:G(q, T'"")=t}. Using the preceding defini-
tions and conventions

A(T) = fo °°l: f EAN(x, T", BN c,)dHi] dt.

The following theorem is a special case of a more general theorem recently
found independently by Federer [7] and L. C. Young [13].

Let F: Q—E! be a continuously differentiable real valued function on Q
and k: Q—E! a nonnegative Borel measurable real valued function on Q. Let
A.={q€Q: F(g) =t} and K be measurable subset of Q. Then

fhlgradF]dLg=f [f hdHi]dt. |
K — A,NK

Proof of Lemma I11.4. Let ¢; be the function described in property (d) of
the set B. It follows from property (d) that B.f\{qEQ: ¢i(g) =t} =B:NC:
and that grad G(q, T’') =grad ¢:(q) on B;. Applying the above theorem with
F=¢;, h=E'?, and K =B; it follows using Lemma III.3 that

f [ f E(q)‘”dai]dz= f EQ)""| grad 4(g) | dLs
0 c:NB; B;

= fB.E(q)uq grad G(q, T) | dL; = fB.E(q)dLg = fB _1J(q)|dL2.

Since |grad ¢(q)| = E(g)'* ¢ 0 at every point of B; and C:/MN B;
=B.N{¢CQ: ¢:(q) =t} the classical implicit function theorem implies that
C:NB; is the disjoint union of countably many sets C; each of which lies on
a differentiable arc 7. ’

Let u(g) denote a unit tangent vector to v; at the point ¢. Let ¥; be the
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function described in property (d) of the set B and let Dy;(q) denote the
differential of ¥; at ¢. The directional derivative of ¥; in the direction of the

unit tangent vector #(q) at the point g is given by Dy;(¢) (#(g)). By a classical
theorem on Hausdorff measures

[ uowiarai = [ NG, v, coami
Cq B

Since by property (d) of the set B, Dy(g) =DT"'’(q) at each point ¢ of B; and
T" I B : =¢l| B $

DT"(q)(w(q))dH; = f NG, T C)dH.
Cq

By the argument used in Lemma II1.2 DT"'(g)(u(q)) = E(q)‘”l u(q) | =E(g)'/3.
Hence since the sets C; are disjoint

f E(g)"aH, = f N(z, T, C: N B)dH,.
C‘nB,‘ E*

Hence

f [ f N(z, T, B: N\ c,)dyi]dt= f [ f E(q)"’dﬂi]dz
0 E* 0 C‘nB.'

= | |J(@]|dL.

B

Now

4y = [ 1@l an= [ |70 ar.

e RECIETAED>

1=l 1=1

- f [ f N(z, T", BN c,)dHi] .
0 E*

LemMma II1.5. No point of B is contained in a nondegenerate continu-
um of constancy of T"'.

©
0

[ f EEN(x, T, B; N C,)dH:] dt

Suppose ¢ were a point of B belonging to such a continuum C. Let 4 be
the set described in property (c) of the set B. Let g. be a sequence of points
belonging to CNA such that g.7g and g. converges to g. There is a point v
on the unit circle and subsequence {g.} of g» such that (g —¢)/| g+ —g|
converges to v. Now
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. |T"(gs) — T"(9) — DT"(g)(gs — q)‘

lim - = 0.
— lgd — ql

Since T"'(g. ) =T"'(q) and DT’'(q) is continuous,

’
n— o« n

DT"()(v) = lim DT"(q) (—Igf——_—q—l) -0

contradicting |J (q)| #0.
The following can be easily shown to hold by using the usual argument
for relative maximum and minimum of functions.

LeEMMA I11.6. Let F: G—E! be a function from an open subset G of E* into
the real numbers. Let x be a point of G at which the partial derivatives of F exist.
If F(x)=1t and there is a neighborhood of x on which F(x)Zt(F(x)=t) or there
are arbitrarily small neighborhoods of x on whose boundaries F(x) =t(F(x) <t)
then grad F(x)=0.

Lemma IIL7. Let D(t, G, T"")={q€Q:G(g, T'")>t}. Then C.N\B
CD(, G, T')*.

If go were a point of C;M\ B not in D(, G, T'')*, the interior of
Q—D(t, G, T'") would be a neighborhood of g, on which G(g, T'') £¢ and
hence by Lemma II1.6 grad G(go, 7'') =0. But since |gradient G(q, T”)|
=E(¢g)'? and E(q) = | J (q)l #0 at every point of B this is a contradiction.

LeMMaA I11.8. The point p does not belong to B.

Since no point of Qf belongs to B this follows from Lemma II1.6 by an
argument entirely analogous to that of Lemma III.7.
The proofs of the following two lemmas are elementary.

LeEmMMA I11.9. Let X be a locally connected unicoherent Hausdorff space. Let
A and B be disjoint, nonempty, closed, connected subsets of X. Let K be the
component of X —A containing B. Then X — K is connected and hence by uni-
coherence K*=KN[X —K] is a connected subset of A*.

LeEMMA I11.10. Let X and Y be compact Hausdorff spaces and f: X—Y be

a continuous mapping of X onto Y. Let U be an open subset of Y and V=Ff-1(U).
Then f(V*) = U*.

LemMa II1.11. Let T: Q—E* be a continuous mapping. Let D(¢, G, T)
= {aGM : G(m(p), a, T)>t}. Let {ﬂ;} be the collection of components of

D(t, G, T). Then B¥ is a connected set. If T satisfies the hypothesis of Theorem
111 and ¢ is greater than 0, B.¥ is a nondegenerate connected set.

M—D(, G, T) is closed and connected, for if cEM —D(¢, G, T) there is
a function fET'(m(p), ¢, T) for which length 1 0 f=G(m(p), ¢, T) and hence
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f([0, 1]) is a connected set contained in M —D(¢t, G, T) joining m(p) and c.
Let e be a point of B;. Applying Lemma II1.9 with A=M—-D(¢, G, T),
B={e} it is seen that B is a connected set.

If T satisfies the hypothesis of Theorem III, M is a 2-sphere or a 2-cell.
Since B; is open B will be a single point if and only if M —8; is the single
point m(p). There is a point bE M different from m(p) for which G(m(p), b, T)
<o, Let fE€l'(m(p), b, T) be such that length 1 0f=G(m(p), b, T). Let
r=sup {s: G(m(p), f(5), T)=<t}. Since t>0, f(0, ) is a subset of M—p;
which is not a single point. Therefore B is a nondegenerate set.

LemMa 111.12. For t>0 let D(t, G, T)={aEM: G(m(p), a, T)>t} and
{B;} be the collection of components of D(t, G, T). Then

LDGG )2 S JRC B8¥)dH.

te=]

Let {o;} be the collection of components of D(¢, G, T). Since m is mono-
tone and D(¢, G, T) =m~Y(D(¢, G, T)) each a; is of the form m~1(B;) for some j.
For convenience it will be supposed that the indices have been chosen such
that a;=m~1(8;). By the additivity of the length

L(DG, G, 1)) = 3 L(T, ab).

t=1

Let W;={bEm(a¥): dimension (m(a¥), b)>0}. By Lemma 1.6 L(T, a¥)
2 [5*N(x, 1, W;)dH}. By Lemma I11.10 m(a¥) =B¥. Since by Lemma II11.11
B¥ is a nondegenerate connected set, 8¥=W,. Hence the conclusion of the
lemma follows.

LemMA I11.13. Let ¢ be a number greater than 0. Let {a!’ } be the collection
of components of D(¢, G, T'""). If L(D(¢, G, T)) < « then

C:N BN [D(t, G, T - U ai'*]
1

15 empty.

(Note that the assertion L(D(¢, G, T))< o has to do with the set
D(t, G, T) and the mapping T while the conclusion involves the set D(¢, G, T'")
associated with the mapping T7’.)

Let {'Yj} denote the collection of components of m’(Q'YN\D(¢, G, T). Since
(m'")Y(m'(Q"YND(¢, G, T))=D(¢, G, T'') each v; is contained in a component
B: of D(t, G, T) and if v} denotes the boundary of v; relative to m’(Q’) it is
seen that y*Cg*.

By Lemma III1.10 m'’ (o) =v*CB¥. By Lemma 111.12
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> EbN(x, 1, B¥)dH; < .

=1

This implies there is an integer j, so that

er(x, 1, U 7,.*) dH, < 1/n.

Jem=in

Suppose ¢EC:NBN[D(t, G, T'")*—U;2, a!'*]. Consider the mapping
R: E*—E! defined by R(x)= |x—T’ ! (q)] . R is Lipschitzian with Lipschitz
constant 1, hence -

o L] 1
f N(y,Rol, u 'y}")dH:(y)g f N(x,l, u v,-*)dHi(x><—-
B E* n

J=jn J=jn

For each integer n there is a number 7., 0 <7, <1/n such that the boundary
of the sphere S(T7/(q), ra) of center T'/(¢) and radius r, does not meet
1, v¥). If there were not Ro 1(UZ, v}) would cover the interval
0<r,=1/n contradicting ‘

le(y’ROI) U 7:‘>dH:(y)<1/n
E

J=jn

Since ¢€B by Lemma II1.5 ¢ does not belong to a nondegenerate con-
tinuum of constancy of T’. Hence the components G, of (T'")~1(S(T"'(q), 7))
that contain ¢ form a basis of connected neighborhoods of ¢ whose boundaries
do not meet U2, af. If the sets G, did not form a basis of neighborhoods of
g the intersection of their closures would be a nondegenerate continuum of
constancy of T’/ containing ¢ contradicting Lemma III.5.

Since ¢EB, ¢ Q. Since the sets G, are a basis of neighborhoods of ¢ it
may be assumed by selecting a subsequence that G, is contained in S(g, 1/7)
the sphere of radius 1/7 about ¢ and that Qf and m''~1(m(p)) are contained
in the same component of the complement of Q — G,. Denote this component
by K.. Let G/ =Q—XK.. By Lemma II1.9 G/* is connected and G.*CGi.
Since G.CS(g, 1/n), G CS(g, 1/n) and hence the sets G, form a basis of
neighborhoods of ¢ with connected boundaries whose boundaries do not meet
Uty "™,

Let fET (m(p), m''(q), T) be such that length f= G(m(p),m’'’(q), T). Let
K be the continuum described in Lemma III.1 connecting Q* and ¢ or ¢ and
(m'"y"Y(m(p)). Since G(m(p), m''(g), T)=¢ and m'"(K)Cf([0, 1]), KCQ
—D(t, G, T"'). Since G./* separates ¢ and Q* or (m’")~3(m(p)), G/*NK 0.
Hence G/*N\[Q—D(t, g, T"')] #0. This implies, since G.*NU,%, a/'*=0 and
GA* is connected, that G/*NUZ; o/’ =0.

Since ¢€[D(t, G, T'")*—U;., a''*], g€Q—U, &/’. Let
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in
H, =G/ n[Q —u a;'].
j=1
HyClo-Uz. &' ¥, HiNUiaf' =
Since Hy CG *U[Q—Uf, &/']* and neither of these meets U, af,
H‘f\U,-,. =0.

Thus the sets H, are a basis of neighborhoods of ¢ on whose boundaries
G(-, T'") £t, hence by Lemma I11.6 grad G(gq, T'’) =0 contradicting g€ B.

Lemuma I11.14. A(T"") S [¢L(D(¢, G, T))dt.

By Lemma I11.4 A(T"") =[5 [s*N(x, T"', BN\C)dHdt. By Lemma 111.12
LD, G, )2 Z,-lfg'N(x, 1, B¥dH;. Using Lemma II1.10 it is seen that
m''(a!"*) CB¥ for some j. Therefore

LD, G, T)) 2 f EbN (x 1, m" (,Gl a;-")) dH,.

By Theorem I, A(T)2[¢L(D(t, G, T))dt, hence L(D(¢t, G, T)) is finite for
almost every ¢ Therefore by Lemma IIl1.13 and Lemma III.7 BNC,
C UL, af'* for almost every t. By Lemma IILS N(x, T, BN Cy)
=N(x, 1, m"'(BNC;)). Hence for almost every ¢

Since

L(D(, G, T)) 2 f R (x 1, m”( U a;-'*)) dH. = f V@ TN C)dH..
J:

1

Therefore
A(T") _—_f [kaN(x, T, BN C,)dH:] dt < f L(D(, G, T))d:.
0 0

Proof of Theorem I11. If T is open nondegenerate Theorem 111 follows from
Lemma II1.14 and Theorem I since 7'’ and T are Frechet equivalent. If T
is closed nondegenerate a succession of squares Q. may be chosen in a manner
similar to the choice of Q’ so that the Q. expand outward to Q. Let T
= T'I Q. and T/’ be defined as T’ was defined. Then A(T))=A(T,") and
A(T)) converges to A(T")=A(T). Hence using Lemma I11.14

lim A(T.") = A(T) < f "L(DG, G, T))dt.
0

n—ro0

Part IV.

LEMMA IV.1. Let T: Q—EF* be a continuous mapping and 1 o m a monotone
light factorization of T with middle space M. Let B be a component of D(¢, G, T).
Then either B* is a single point or B* belongs to a single proper cyclic element of
M.
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Suppose not, then there would be a pair of distinct points ¢ and b of g*
and a point ¢ of M such that ¢ separates ¢ and b. By Lemma III.11 8* is
connected, hence ¢ must belong to B8*. Since B is open ¢ must belong to
M —B. Let A be the component of M — {¢} containing @ and B=M—-A4U{c}.
Since ¢ separates @ and b and ¢S, AMB and BMNP are nonempty sets which
form a separation of 8 contradicting that 8 is connected.

If C is a proper cyclic element of M each boundary point of C separates
M and there is a monotone retraction r¢: M—C of M onto C which takes the
part of M separated from the rest of C by a'boundary point of C onto the
. boundary point [9]. Let T¢ be defined by T¢=10rc o m; then 1| C and
rc o m are the light and monotone factors and C the middle space in a mono-
tone light factorization of T¢.

LeMMA IV.2. Let sc=G(m(p), rc o m(p), T). Let t be a number greater than
or equal to s¢. Let D(s, G, T¢)= {aEC: G(rc o m(p), a, Tc)>s}. Let B¢ be
the union of the components B; of D(t, G, T) such that B;\C#0. Then B¢
=rg'(D(t—sc¢, G, Tc)).

If m(p) &€C, rc o m(p) is a boundary point of C and hence separates m(p)
and C — {rcom(p)}. If m(p) € C, G(m(p), rcom(p), T) = 0. Hence if
aE€C, G(m(p), a, T)=G(m(p), rc o m(p), T)+G(rc o m(p), a, T). Since if
e, bEC, G(a, b, T)=G(a, b, Tc), G(m(p), a, T) =sc+G(rc o m(p), a, T¢) for
acC.

Since each B; is connected, B;M\C50, and r¢ has the properties described
above, r¢(B8:) CB:. Hence if bES;

sc + G(chM(?), fc(b), TC) = G(m(ﬁ), 'C(b)y TC) >t

which implies 8;Cr¢*(D(t—sc¢, G, T¢)) for each ;.

If a€rg*(D(t—s¢, G, T¢)), G(rc o m(p), re(a), T)>0. This implies m(p)
and a do not belong to the same component of the complement of C, hence
either aEC or r¢(a) separates m(p) and a in M. Therefore G(m(p), a, T)
=2 G(m(p), rc(a), T)=s¢c+G(rc o m(p), rc(a), Tc) >t. Hence a&D(t, G, T).

Since r¢ is a monotone retraction each component of 7¢'(D(¢—s¢, G, T¢))
meets C and hence is contained in a component B; of B¢. Therefore B¢
=fal(D(t—$c, G, T¢).

LeMMmA IV.3. If C is a cyclic element for which sc <t and there is a com-
ponent B of D(¢t, G, T) which meets C, B* meets C. Conversely if B* meets C,
Scét.

Suppose C was a cyclic element for which s¢<¢ and a component 8 of
D(¢, G, T) met C and B* did not meet C. Since s¢<t, C—f is not empty.
Since B* separates M and *"N\C=0, BNC and C—B would be a separation
of C contradicting that C is connected.

I bEB*NC, G(m(p), b, T) St. f m(p) EC, s¢=G(m(p),rc o m(p), T)=0.



1960] AREA AS THE INTEGRAL OF LENGTHS OF CONTOURS 117

If m(p) &C, rc o m(p) separates m(p) and the rest of C hence in either case if
B*NMC#0, s¢=t.

COROLLARY. There is only one cyclic element C for which BN\C#=0 and
Scét.

By Lemma IV.1 8* is contained in a single proper cyclic element of M.

LEMMA IV 4. Let F= {aE M:G(m(p),a, T)< o } For a proper cyclic ele-
ment C of M let

L(D(t — sc,G,Tc)) ifsc St

Le() = { 0 if s¢ > t.

Then L(D(t, G, T)) = 2¢cF Le(®).

For each cyclic element C of M for which s¢ £¢, let B¢ be the union of the
components of D(¢, G, T) which meet C and let {8} be the collection of com-
ponents not meeting any cyclic element C for which s¢<t. Let A¢=m"1(B¢)
and {a} = {m“l(ﬁ)}. By Lemma IV.3 and its corollary D(¢, G, T) is a dis-
joint union of the sets of {a} and the sets A¢. By the additivity properties
of the length

L(DG, G, T) = 22 L(T,a" + 3 L(T, A.

aclal (C:ccst’ .

By Lemma IV.1 8* is either a single point or is contained in a proper
cyclic element of M. From Lemma IV.3 if 8* meets a proper cyclic element
C, s¢=t. Since BNC=0 for each C for which s¢=¢, BCM—C. Then 8* must
be contained in CN\(M — C)* which is a single point. Hence 8* is always a
single point of M. Therefore Lemma III1.10 implies that T is constant on o*,
and hence L(T, a*) =0 for every aE {a} .

By Lemma IV.2 r¢ o m=Y(D(¢—s¢, G, T¢)) =m~'(B¢)=Ac. Since m(4¥)
CC, it follows from Lemma III.10 that r¢ o m(4§) =m(A§) =B¢. Hence
T|A%=T¢| A% which implies by Lemma 1.3 that L(D(t—s¢, G, T¢))
=L(T, A?).

For the mapping T¢ let I¢ be the set I described in Theorem II. If CEF
either s¢ is infinite or r¢ 0 m(p) belongs to I¢. If this were not so, by Theorem
II and the fact that if 6&€C, G(m(p), b, T)=s¢+G(rcom(p), b, T¢), F
would be dense in C contradicting C{F.

If s¢ is finite then r¢ 0o m(p)EI¢ and hence for every t>0, D(¢, G, T¢)
consists of the complement of the single point . Hence L(D(¢, G, T¢)) =0
for every ¢ in this case.

Combining the preceding remarks it is seen that

L(D(t, G, T)) = > _ L(D@ - sc,G, Tc)) = X Le(?).
CCF

{c:sgst snd CCF}
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THEOREM 1V. Let T: Q—EF be a continuous mapping of finite area. Let
T=10m be a monotone light factorization of T with middle space M. Let C
denote the collection of proper cyclic elements of M. Let D(t, G, T), T¢, and F be
as defined previously. Then

f wL(D(t, G, T))dt = Y. A(Te).
0 CcCF

From Lemma IV.4, L(D(, G, T))= chi Lc(t). Integrating and using
Lebesgue's convergence theorem

f L(D@,G,T))dt = Y, Le(tdt = Y, L(D(t — s¢, G, Te)d(t — sc).
0 cCFY o cCFJ o
Since CCF the mappings T¢ satisfy the conditions of Theorem III hence

[ uoe6,ma = T _ama.
0 CcCF

If C is a proper cyclic element of M and b € C, G(m(p), b, T) = s¢
+G(r¢ o m(p), b, T¢), hence by Theorem II FNC is either empty, the single
point r¢ o m(p), or dense in C. Since F is connected this implies that F is
either a single point or an A-set in the terminology of [9]. By [9] there is a
monotone retraction rp: M—F retracting M onto F. Let Te=10rrom.
Then rr 0 m is the monotone factor, 1 the light factor and F the middle space
in a monotone light factorization of Tp.

THEOREM V. Let T be as in Theorem IV and suppose the hypothesis of
Theorem 1V holds. Let F and Tr be as described above. Then

Ay = [ 106, 6, T = [ L6, 6, Tya

If F is not a single point, F is a A-set and each boundary point of F
separates M. Since m(p)EF and rr is a retraction rr o m(p) =m(p). These
two statements imply that if b6EF

G(’Fom(P)’ b, Tr) = G(M(P), b, T).

Hence {b€F: G(rrom(p), b, Tr) <} =F.
Since r¢ o rp=r¢ if CCF, by applying Theorem IV to the mapping Tr
it is seen that

f "L, G, Tait = 3 A(To).
0 cCF

Hence by the cyclic additivity theorem of [9] it is seen that [y L(D(¢, G, Tr))dt
=A(Tr).
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