ON THE SPECTRAL THEORY OF SINGULAR
INTEGRAL OPERATORS(®),(®

BY
WALTER KOPPELMAN

1. Introduction. Because of its numerous applications, the subject of
singular integral equations of Cauchy type has attracted the attention of
many authors. The bulk of the theory, as it now stands, has been developed
by various Russian mathematicians (see [4; 5] and the references given
there). Some interesting refinements in special instances have been obtained
by Tricomi [9] and Sshngen [7].

The absence of a unified L? theory for singular integral equations involv-
ing open line segments has led us to the investigation of the spectral theory
of bounded, self-adjoint operators of the form

g0\, w) < with f(A) real
d
PR W g0\, 1) = Es, A)) ’

acting on functions x(\) belonging to the class L%(a, b). (The integral which
appears here is to be interpreted as a Cauchy principal value.) Needless to
say, we have not attempted to give a complete theory but we have restricted
ourselves to a setting which permits a unified treatment.

Initial investigations in this subject matter were carried out in a previous
paper [3], where a simple singular integral operator was used to furnish an
example involving perturbations of continuous spectra. Because of the con-
nection between the present paper and this preceding work, we have gone
into considerable detail to obtain spectral representations for a special sub-
class of the set of operators introduced above.

The operators on which we shall focus our attention have the form

100 (RORG)Y
(1.1 L) = /00200 + — [ GORGDT | d

a ll:_)\

1 b
M) = 0=0) +— f

The domain of L is to be the complex Hilbert space L%(a, b) of square inte-
grable functions x(\) on the open interval (e, b). We shall assume that f(\)
and k(\) are real, continuously differentiable functions on the interval
a =N =), such that the functions f’(A\) +%'(\) have only isolated zeros and
where k(\) >0 almost everywhere on the interval ¢ SA<b(). When referring

Presented to the Society, October 25, 1958; received by the editors September 14, 1959.

(*) This research was carried out under the auspices of the Atomic Energy Commission,
while the author was a Visiting Mathematician at Brookhaven National Laboratory.

(%) A preliminary announcement of these results appeared in [11].

(®) The techniques of this paper also apply to the case where k(\) is negative almost every-
where.
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to the operator (1.1) or L in the subsequent sections of this paper, we shall
tacitly assume that all of the hypotheses which we have just listed, are satis-
fied.

As we have said, our aim here will be to obtain a spectral representation
of the operators L, i.e., an isometry U of L2(a, b) onto a direct sum of other
L? spaces, such that ULU™! is just a simple multiplication operator. Again
our investigations will be far from complete, especially because of the exces-
sive calculations involved. We hope, however, that our special considerations
are a reflection of the general situation.

2. The dominant singular integral operator. In conjunction with the
operator (1.1) we shall also consider the dominant singular integral operator

kQ) P x(u)

‘l’.

@9 Ls() = f0)a(\) + du,

a B— A
which differs from the operator L by the completely continuous operator

(k()\))lﬂfb (B(\)12 — (k(”))mx

.22

PR (w)du.

Singular integral equations involving operators of the form (2.1) were
already considered by Carleman [1]. His results subsequently played a sub-
stantial role in the modern development of the theory of singular integral
equations [4; 5]. We shall use Carleman’s method here to obtain certain basic
results about the spectrum of the operator L. First, however, we shall state
several known facts concerning integrals of Cauchy type. For the proofs, the
reader should consult [6; 8].

DEFINITION 2.1. A function F(z) which is regular analytic in the upper
half-plane Im z>0 will be said to be of class H; if

f | F\ + i) |2dN £ K

for all >0.
For functions which are regular analytic in the lower half-plane Im 2<0 a
class H, is defined in an analogous manner. We now have

LEMMA™E1. A function F(z) of class Hy possesses mean-square limits

FQ\ + i0) = Li.m, F\ + in).

1-0; 1>

Furthermore, if 0 <Im z<1, then
1 © F(\+ 10 1 © F(\ + ¢
Pay = — [T FQ+0 f Fa+m

miJ_, A —3 2wid o N+ in—3
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A similar result holds for functions of class H;. From this lemma we ob-
tain the following

COROLLARY. If F(3) belongs to H,, G(2) belongs to H,, and F(\ + 10)
=G\ —10), then F(z) and G(2) are analytic continuations of each other.

LEMMA 2.2. If x(N) is of class L?(— o, «), then the function

1 ® x
X&) = —— (w)
278J o — 3

du

is of class Hy for Im >0 and of class H, for Im 2<0. Furthermore, the limits
X (\1140) satisfy the Plemelj relations

l L]
X0+ 40) — XA — i0) = 2(A), X\ + i0) + X\ — i0) = — x(“)k du.
TIJ o 4 —
We are now ready to prove

THEOREM 2.1. Let £ be a real number which does not lie in the closed interval

[minagags {fA) —EQA) ), maxagrgs {FQA) +EQ)} ). Then & is not a point eigen-
value of the operator L.

Proof. Suppose that x(A\) belongs to L2(a, b) and that
k) * %)

w Ja p— A

(2.2) (o) — g0 + du = 0.
We now apply Carleman’s method. The function

1 b
(2.3) X@) = o= :(:‘)z

du

is analytic in the complex z-plane cut along the real axis from a to b, is of
class H, for Im 2>0, of class H: for Im 2<0 and satisfies

and
(2.5 {f0) — 4+ EM}XA +4i0) — {f(0) — £ — kW) } X\ — 40) = 0,

a<\A<hb

(Relation (2.5) follows from the Plemelj formulae.) We now observe that the
function

fw) — & — k() dp
fw) — &+ k() p — 3

1 b
(2.6) E(¢ 2) = exp — f log
2mid .
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is a solution of the barrier equation (2.5). Of course
(2.7) E(§, ») = 1.

One can show that E(£ A+10) is Hoélder continuous on any subinterval
(a’, b') of (a, b) and that E(¢, z) is both bounded and bounded away from zero
[5]. We also have

X(\ + 0 X\ — 10
O + 30) ( z)--0, a<\<b.

(2.8) e =
E(E N +140)  E(§ A — 40)

With the aid of the corollary to Lemma 2.1, we can now conclude that
X (2)/E(¢, 2) is regular in the entire plane. In addition, (2.4) and (2.7) show
that X (z)/E(£, z) vanishes at «. Hence X(2)/E(£, 2) =0, so that X(2)=0.
From the Plemelj formulae we then see that x(A) =0 almost everywhere on
the interval (a, b).

THEOREM 2.2. Let & satisfy the hypothesis of Theorem 2.1. Then & belongs
to the resolvent set of the operator L.

Proof. Consider the integral equation

EQ) ° x(u)

x Jo p— A

2.9) {fO) — g2 + dp = k),  kQ\) € L¥(a, ),

for functions x(\) of the class L%(a, b). If x(\) is a solution of (2.9), then we
again introduce the function

X(z) = Lfb #(u) du.

2w u—2z

X (2) satisfies the barrier equation
2.10){f) — £+ EQ} XA + i0) — {fQA) — £ — EA)} XA — i0) = A(),
a<\A<b
Using the solution (2.7) of the homogeneous barrier equation, we obtain
X(\ + 40) X(\ — 10) h(\)
(2.11) EEX +1i0)  E(EN—i0)  {JO) — £ + FOJEG A +i0)
a<\A<bh

The function

h(u) du
(2.12) G(z) = — ;
wida {f(u) — £+ kW) EE u+90) u — 2

vanishes at © and satisfies
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BQ\) .
{f0) — &£+ RO} E(¢, ) + 40)

Hence X (2)/E(¢, 2) differs from G(z) by a function K(z) which vanishes at
o and which satisfies K(\410) — K\ —10)=0, a <A <b. Of course K(2) is
of class H, for Im 2>0 and of class H; for Im 2<0. Hence K(3) is analytic
in the entire plane and vanishes at . Thus K(2)=0 and X (2) = E({, 2)G(2).

Let us therefore consider the function E(¢, 2)G(g). It satisfies (2.10) and
is of class H; for Im >0, H, for Im 2<0. Furthermore E(£, 2)G(2)vanishes
at «. By Lemma 2.1, the function

y(A) = E(%, N + i0)G(\ + 10) — E(¢, A — 10)G(\ — i0)
belongs to the class L%(a, b). Form

LI L O

2mide u— 3

GO\ + i0) — G\ — i0) =

We then have
Y(A\ 4 i0) — E(¢, N + i0)G(\ + i0) = Y(A — 0) — E(¢, N — i0)G(\ — 10).

In addition Y (2) — E(£, 2)G(2) belongs to the classes H, H; and vanishes at «.
Thus Y(2) —E(%, 2)G(2)=0 or Y(z) =E(¢, 2)G(z). Of course then

) . . ) 1 b oy
E(£, X 4+ 10)G(\ + 10) + E(§, A — i0)G(\ — i0) = — N du,
mJe u—

and therefore y(\) is a solution of the integral equation (2.9). From Theorem
2.1 we know that this is the only solution of class L%(a, b). Therefore L—¢-1
is a 1-1 mapping of L*(a, b) onto itself. By the closed graph theorem then, the
operator L—£-1 has a bounded inverse [10]. This completes the proof of the
theorem.

Since our original operator L differs from L by a completely continuous
operator, we obtain the following

COROLLARY. The limit points of the spectrum of the operator L lie in the

closed interval [min {fQ\) —kQ\)}, max{fQ\) +&Q)} ].

3. Relations for the function E(J, 2). In order to obtain more specific in-
formation about the spectrum of the operator L, we shall attempt to obtain
a spectral representation for L. Our technique is based upon various rela-
tions which the fundamental solution

) Lt f) == k) du
B, 2) = exp {zﬂ'f,, "8 S — 1 B) 1 z}

of the Hilbert problem {f(Q\)—I+kM\)} X(A+40) — {f(A) —I—E(\) } X (A —10)
=0 satisfies and which will be developed here.
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Of course we must have

(3.1) {f0) — I+ EW}EQ A +i0) — {fQ) — I — RO} EQ, X — 0) = 0,
a<A<b

If we set H(J, \) =E(l, \+140) — E(}, A\—10), then (3.1) may also be written
in the form

(3.2) {fQ) — }HE,N) = — kQ){E@, A + i0) + E(, A — i0)}, ¢ <A <b.
From (3.2) one obtains
(2 = W H(, NH(o, )

3-3) = 2k { E(ly, A + $0)E(le, A — i0) — E(l, X — i0)E(lz, X + i0)}.

We shall now derive analogous barrier relations which the function E(l, 2)
satisfies with respect to /. Since

L[ ) = = )| da
£t ) exp{ o8 ) — 1+ o)l — s
Lt W) -1 — kW dn}

LT S w prarn S

we have

E(¢ + 10, 2) 1 pb fu — & — 10 — k(u)

EE—i0,0 T {E;f (‘"g f) — €= 0+ k()
f(#) —E+10—k(u)) dp }
f(u) —§+ 0+ k) p—2

1 Y f(u) —§— 90— k(u) du
- e {7f i) — E— 0+ B u — z} ’
min{f(\) — kQ\)} <&< max{fQ\) + k(\)}.

From this expression it is not difficult to.see that

C(E’ Z)E(E + iO’ Z) - g(E) Z)E(E - 109 z) =0,
min{f(\) — EQA)} < £ < max{fQ\) + &N},

where, for each fixed &, ¢(§, 2) and g(, 2) are polynomials in z with real coeffi-
cients and of the same degree.

For convenience in subsequent computations we shall express the quotient
E(£+10, 2)/E(£—10, 2) in another form. Let Ay, Ag, + - -, As be the zeros of
N +E(N) and let &y, X, - - -, A\ be the zeros of f'(\) —k’(\). Assume that

(3.4)
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N=8=M <A< ¢+« <KAySb=Apy1 and NM=ash<h< - <;\m§b=;\m+1.
Through integration by parts one can show that
f” fw) =1 — k(u) dp
log
o fW)— itk p—23

I@)+k(a)  dy n SO+ +ENG+1) d
= log (a — 2) +X log {g;(v) — 3}
3.5) ro—k@ =1 i2d rapn+kan v—1

m o SO+t dv SOI+E®) gy
->f log{ k() — 5} —— — log(b — 2 =
=09 s &)-kR)) v—1 sk v — 1

with v=1(g;(v)) +k(gi(v)), N\;Sgi(v) S\js1 and v=F(h.(v)) — k(h.(v)), N Shi(2)
<XAs1. The right-hand side of (3.5) is simply(4)

£ g(v,3) dv
f log ——

c(v, 2) v—l.

If we set F(¢, 2) = E(£+10, 3) — E(£ —10, 2), then (3.4) may also be written
in the form

(3.6) Mp(s,z) = — {E@ +i0,2) + E(t — 0,3)}.
c(§2) — g, 2)
From (3.6) we obtain
P(¢, 21, 22)
Q(&, 200, 22)
= {E(t + 0, 20E(¢ — i0,2) — E(t — 40, 2) E(§ + 40, 25)},
with P(§, 21, 22) =c(, 2)g(§, 21) —c(§, 21)2(£, 20) and Q(§, 2) =c(§, 2) —g(§, 2).

Since P(£, 21, 22) vanishes for 21 = 2;, we must have P(£, 21, 2) = (22— 21) P(§, 21, 22),
where P(£, 21, 2,) is a polynomial in 2; and 2, with real coefficients. Thus

(22 — 21) P(§, 21, 22)
Q(&, z1)Q(&, 22)
= {E(¢ + 10, 2)E(¢ — 40, 2) — E(¢ — 40, 2)E(¢ + 40, 2)},
min {f(A) — kQA)} < & < max{f(A) + k(\)}.
Next we turn our considerations to some relations which certain integrals
involving H(l, \) and F(§, 2) satisfy. If we integrate E(l, 2) over a contour

in the z-plane which passes around a cut from a to b along the real axis in a
clockwise direction, then the calculus of residues yields

(*) Here we have set a=min {f(A)—k(A)} and 8=max{f(\)+E(\)}.

F(E! ZI)F(£7 §2)
(3.7)

F(E) ZI)F(Er 22)
3.8
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f(n)—l—k(ﬂ)
i) Eo z)dz"—f 8 ) — 1+ B ™
Hence
—i—%
(3.9) fH(l )\)d)\———f ;(((Z;_Hkg

By integration by parts one can show that

f”l f) =1 — k(u)
ogm—— gy
e Jw) =14 k()

f(a)+k@a) dy n SO+ +HQG+)  gi(p)
=a f + > f dv
sr@-k@ v—1 = son+roy v—1

(3.10)

m e Gg-k Gy hy(y JOHE®) gy
Zf " bl dv — bf
! s

=0 7R )—k(X,) v— ®—k@ v—1

Hence if we define the function 4 (£¢) by the equation

. 1 b
B1) 4@ = -~ lim {H(&+ in,\) — H(E — in,\)}a\,

Tt 1—0; n>0

then the right-hand side of (3.10) is just
A
B f (v) i
« V—1
Now we use a similar procedure on the function E(J, 2) with respect to
the /-variable. We integrate E(l, z) over a contour in the /-plane which
passes around a cut from min {f(\) —k(\)} to max { I\ +k()\)} along the

real axis in a clockwise direction. Using the calculus of residues we then
obtain

1 L
f Bt pa = - L [T E
i s u—2
and hence
b k(u)
(3.12) — f F(, 2)dt = — — du.
wmJe p—2z

Using the same type of contours we see that

1 E(l, 2)

27 Z—w

dz = E(l,w) — 1
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and therefore

1 YHQN
(3.13) LRGN o B w) — 1,
27t «a A—w
Similarly
1 [ EQ,
——f G2 4w B, g — 1
2xi l—w
and
1 (8 FRGE
Gy 8D b p -1

rid s E—w

1 -
_f E(,, Z)E(Iz, z)dz
2%t

b
= [ (B + OFG A — i0) — EGux — i0)E( A + i0)]d

2xid ,

=L' pA(v){l - 1}dv.

27 a v—lz v—-ll

Using (3.3) we then have

lo— 5 Y¥H(,NH(,, ) 1 8 { 1 1 }
(3-15) i f 2k(N) i = zrif., 40 v—1, v—10 .

1 —
——:f E(l, Z])E(l, 22)dl
2wi

1 B _ _
= ;;f {E@ + 40, 2)E(¢ — 10, 2,) — E(§ — i0, 5,)E(£ + 40, 2,) } d¢

From (3.8), we obtain
22 — 21 B P(E, 2, z2)

2wt J O 20, 2y | & B E)dE

1 b 1 1
=— | k(u) - du.
TlJ o — 22 m — 21

4. Properties of the function A(£). In the preceding section we defined the
function 4 (£) through the relation (3.11). From (3.9) it is not difficult to see
that

(3.16)
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1 "{ Jw) = § =40 — k(w) f(u)—£+i0—k(u)}d“

A -
O= =) Vvt ke 5wttt iR

(4.1)

1 f” f(u) — & — 90 — k(u)
=——] arg : dy,
7Ja  flw) —§— 0+ k(u)
for all but a finite number of values £.
Formula (4.1) immediately gives us the following lemma:
LEMMA 4.1. A (§) is non-negative for all but a finite number of values &.

A more thorough investigation will show that we can strengthen the
statement of Lemma 4.1. In fact we obtain

LEMMA 4.2. A(£)>0 for almost all £ such that min{fQ\)—kQ)} <¢
<max{f(\)+E()}.

Proof. Suppose, first, that £ lies in the given interval but that £ does not
lie in the ranges of the functions f(\) £ 2(A). Then £>max { TN —k()\)} and
£ <min{f(\)+%Q) }. Therefore

JO) — & — kN
J) — &+ k)

From (4.1) we see that A(£) >0.

Assume, next, that £ lies in the interior of the range of at least one of the
functions f(A) £k(\), say f(A\) —k(\). Suppose, furthermore, that £=f(A)
—k(A), where kE(A)>0 and f'(A) —k'(A)#0. Then there exists an interval
(1, m2) such that ui <A <uz, BQA) =m >0 for py <AN<pe and f'A)—E'(\) #0
for puy <\ <pe.

Thus there exists a A, uy <A; <pg, such that £>f(A) —k(A) >E—m. We
shall now show that f(A))+k(A)>£ In fact f(A))+E(Ar) = {f(A1) —k(A)) }
+2k(Ay) > {§—m} +2m=F+m >t Hence

{f(Al) £— 10 k(A,)} <0
f(A)) — & — 90 + k(A1)
Formula (4.1) now shows that A4(£)>0. A similar argument holds when £
lies in the interior of the range of the function f(A) +k(\) with ¢=f(A)+k(A),
k(A)>0 and f'(A)+%'(A) #0.

That we have omitted only a set of values ¢ of measure zero, now follows

immediately from our hypothesis about the zeros of the functions f'(A) £ ’(\)

and k()\), and the absolute continuity of the functions f(\) £ k(\).
Finally we shall prove the formula

) b
(4.2) fA(v)dv =f 2k(u)dpu.

<0, asS A=
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By integration by parts we have

b b b
f 2k(p)dp = 2uk(u)| — 2 f uk’(u)dp

b b b
= — ulf + ulf) + kw}| + f wlf W) — ¥(u)}du
b
—f p{f(w) + ¥ (u)}du
m 1 Qat1)—k Rat1) £ (®)+k (b) 1 (a)+k(a)
= f hy(v)dv + b dv—a f dv
8=0 j(i.)—k(i,) 1 (b)—k(b) f(a)~k(a)
n S \j+1)+k (N j+1)
-3 o
J=0Y f(N\j)+k ;)

where we have used the notation which occurs in (3.5) and (3.10). Through
the remark after formula (3.11), we see that our last expression is just

B
f A(v)dv.
This proves (4.2).

5. Spectral transformations for the operator L. In this section we shall
prove the following theorem:

THEOREM 5.1. The transformations

1 b H(£ + iﬂ) x) - F(E - i’l: A)
. Rr) = — — i
G- KhQ) = =55 lim ) @Ay P
and
1 8 F(§,\ + in) — F(E, )\ — in)
S Ut ,,-i‘ 20 f @A fO%

generate isomelries of a subspace £\ of L%(a, b) onto
E¥(min{f(\) — k) }, max{f(\) + k\)})

and S of L*(min{fQ\) —kQ\)}, max{ fQ)+kMN)}) onto £, such that RS=1
and SR=1. Furthermore, the subspace £ is invariant under the operation L.
If h(\) belongs to £\ and if g(§) = Rh(\), then £g(£) = RLAQN).

Proof. Let us denote the linear manifold generated by the elements
{@EQ\)Y2, H(w, \)/ (2k(7\))1/’} where w is any complex number in the ex-
terior of the closed interval [mm{f()\) EQ)}, max{fQ)+kQ)}], by &
From (3.11) we then obtain
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b E(f'l' 'iﬂy A) - HG — iy, A) { —(2k()\))1/’}d)\

(A(z))"2=—% lim f

TL n—0; 7>0 (2k(\) A(8)) 12
and thus
(5.3) R{—(2e() 72} = (4@
From (3.15) we have

o fbmz +ind) ~FE—inN) Hw)) _ (A@)"
27i 4—0i >0 oJ 4 (2E(N) A (8))11 (2k(N))172 E—w
and hence
H(w, A A(E))r/?

(5.4) R{(Zk‘(w’n} - (E L

Thus the transformation R maps the linear manifold £, onto the linear mani-
fold &; which is generated by the functions {(AE))”’, AE)HV/(E—w)}.
From (3.12) we see that

1 lim fﬁ F(§, N+ in) — F(§,\ — in) (A@)2dE = — (2EON))V2.

2xt 7—0; >0 (Zk(X)A(E))llz
Thus
(5.5) S{(4®)} = — (e e

From (3.14) we obtain
] in) — — 1/2
1 " f F(§\ + in) — F(§,\ — in) (A(¥) J H(w, \)

21 90 950 J o (RN A ()12 E—w QRO
Therefore
(4@ _ Hw,))
(5.6) 3{ P w } = 2r)

Thus if we restrict our considerations to the manifolds £, and £, we have
RS=1 and S§R=1. Now formula (4.2) states that

j; " o) = f 2y,

From (3.9), (3.10) and (3.11) we obtain

» H@w,)) RN
60 [ Geen-@opa - [TE2 faeye) e




1960} SPECTRAL THEORY OF SINGULAR INTEGRAL OPERATORS 47

Using (3.15), we conclude that
® H(w;,\) H(ws, k)d _f" 4@ @)
o (2R))'2 (2k(V)112 « E—w1 E— b

From (4.2), (5.7), and (5.8) we see that when R and § are restricted to £, and
£; respectively, they are isometries. Hence R and § have bounded extensions
R and S to the closures £, and £; of the linear manifolds £, and £;. Rand S
are also isometries such that RS=1 and SR=1.

Szeg6 [2] has shown that the linear manifold generated by the elements
{1/ (¢ —w)} is dense in the L? space over a finite interval. Formula (4.1)
shows that 4 () is bounded. From Lemma 4.3 it therefore follows that the
set of elements { (4 (£))V?/(¢—w)} generates a linear manifold which is dense
in the space L*(min{f(\)—kQ)}, max{f(\)+£Q) }). Hence we see that
£¢=L¥(min{f\)—kN\)}, max{fQA)+k()}). Furthermore, since S is an
isometry of £; onto £\, the linear manifold generated by the elements
{H(w, \)/(2k(\))¥2} must be dense in €. Using the fact that
b
1 H(w, p) J

E(w, 3) — = o .

dt.

(5.8)

(see (3.13)) and the Plemelj formulae, we see that

H(w,\) H(w, \) b (BN k(p)'? H(w, )
L{(zko\))wé} =/a ){(2k(x))1/2} + mf Y (2k(#))1/=d

k) [0 Hw, w)
mmmn+”if @}

a I-‘-')\

1

~ G ¢
T 2k AN HGw, N + kO {E@w, ) + i0)

+ E(w, X\ — i0) — 2}}

——— {f{0) H(w,\) — {f\) — w} H(w,\) — 2k(\)}

(2O
(from (3.2))
g BN
= 2k + w 2RO
This proves
H(w, )\) _ 1/2 H(w) x) .
(5.9) L{———(Zk()\))‘”} = — (2k(\)V2 4+ w———-——(Zk()‘))m

Since the linear manifold generated by {H(w, \)/(2k(\))Y 2} is dense in £
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and since L is a bounded operator, (5.9) shows that £, is invariant under L.
Finally, we observe that

L{ H(w, \)
(2k(N))12

H(w, A
} = R{—(2k(\)'?} + WR{(zl:Z\))‘)”}

a@r : (A(E))”’}

E—w E—w

= (4@)"*+w

while R{H(w, \)/ (fk(k))”’} =(A(£))V%/(¢—w). Since R is an isometry and
since the £ interval is bounded, we can now conclude that if g(¢) =Rha(M),
with AQ\) in £», then £g(£) = RLE(\). This completes the proof of the theorem.
6. Further development of the spectral transformations for the operator L.
In the investigations of this section we shall restrict ourselves to the following
hypothesis:
HyroTHESIS 6.1.

P, 21, 29) _ 1 + i Ci(§, 21)Cj(¢, 20) ’
0, 21)0(,2) A® =1 O 2)0(, 22)

where the C;(¢, 3) are polynomials in z, with real coefficients. (Here P(§, 21, %)
and Q(¢, 2) are the polynomials which we defined in §3).

LEMMA 6.1. Under Hypothesis 6.1, there exists an isometry & of L%*(a, b)
into the direct sum 3¢ of N+1 L*(min {fQA) —k(\) }, max{fQ\) +k\) }) spaces,
which coincides with the transformation R of §5 on the space L.

Proof. Let (fo(£), f1(£), - - -, fv(£)) be an element of 3¢. Consider the fol-
lowing transformation:

o 1 BFE(E N+ in) — F(E, N — 1

5.1, o f@) = 5 tim | [ TR BE R

UL AL LS IR L L XL
X+ MGEN 06X — in) k()P

Utilizing (3.16), we see that
1 . ‘l‘p{P(&A + iﬂ; Z)F(E,)\ + iﬂ) _ P(E)A - in: Z)F(Ea)‘ - iﬂ)}

}ff(E)JS-

j=1v «a

2mi 10, 750 Q& N + in) (2k(N))/? Q& X — in)(2k(N) V2
R, D | _ @R
QG 2) A—z
Under Hypothesis 6.1, this last formula just states that
62 3 { F&5 Gk af®D | CeaFG z>} )
(4@ Q@ 2) QG 2) A—z
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Using (3.16) again, we also have
f 8 P(&, 21, 22)

« Q(&21)Q(¢, 22)

Under Hypothesis 6.1 this equation becomes

A F(E) 23) . F(E, ﬁl) E + E k CJ(E’ 52)F(£) 32) CJ(E’ zl)F(E, zl)
« (4@ (4@ i1 Q(¢, 2) 0(, 21)
_ f” (2k(w)) 1 (2k(/u))”2 i

n—32 p—2

_ b (2B()V2 (2B(u))V2
F(t, 2)F (¢, 22)dt = f (2RG)™ QRGN

a B— 21 p— 2

d§
(6.3)

The left-hand side of (6.3), however, is just the scalar product of the two
elements

( F(E’ 5.) Cl(Ea ZG)F(E’ 20) ce, CN(S’ ZO)F(E’ 2‘)) s=1.2
(A@) Q(&, =) Q(&, =) ’ o
On the linear manifold (&£, 0, - - -, 0), with £; as in §5, the transformation

$ coincides with the transformation S of §5. We shall now show that if we
restrict the domain of the transformation § to the linear manifold 9; gener-

ated by the elements (£, 0, - - -, 0) and
( F(Ey 2) , Cl(sv Z)F(f, 2) e CN(E: Z)F(Ey 2) )
(A@) 0, 2) 09 /)’

where z is any complex number which does not lie in the closed interval [a, b],
then § i is an isometry. The image of 91; is the linear manifold M generated
by the elements {(Zk()\))"2 H(w, N)/QE\)V2, (2RA))V2/(N— z)} Since
the linear manifold generated by the elements {(2k(\))V2/(A—2)} is dense
in L*(a, b), MM, is also dense in L%(a, b).

From (3.12) we have

F(¢ 2) b (2k(u))?

oo [ e i [ {-am S

Using (3.13) and (3.14), we see that

f” (A@®)* F(&2) ik = b H(w,u) (2k(u)'? i
« E—w (4@ o (QR@)YV: p—z

The relations (4.2), (5.7), (5 8), (6.3), (6.4) and (6. 5) show that § is an
isometry when its domain is restricted to ;. Thus § is a 1-1 map of fmtg
onto M. §, then, defines an mverse map ® whose domain is 9. Since @ is
bounded on 91, we may extend & to the closure of 91, which is just L(a, b),
as a bounded transformation. We shall call this extension ®. ® is indeed an

(6.5)
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isometry of L*(a, d) into 3C. To show that & coincides with R on the space
.,ex, we observe that the image of (£, 0, , 0) under § is just £ and that
$ coincides with the transformation S for these elements. Thus ® coincides
with R on &,. These transformations have unique bounded extensions to £.
This completes the proof.

LEMMA 6.2. Under Hypothesis 6.1, the transformation R defined through
formula (5.1) gemerates a bounded transformation R of nmorm 1 of the space
L*(a, b) on the space L*(min {f(\) —k\)}, max{fQ\) +EQ) }).

Proof. From (3.13) we obtain
r SH(E+ in,\) — H(E — in,\) (2k(0))'2 F(¢,3)
— — lim f a\ =

i 1 (2k(N) A(E)112 N—z o (A@)r
Thus
L (@R P2
(6.6) R{ 2 } T A

Now let @ be the projection of 3 onto its first component. If we restrict
our domains to 9N, then we see that R = ®®. Consequently R is bounded on
91, and has a unique bounded extension R to the closure of 91, which is just
L2(a, b).

COROLLARY. R=@®®, where @ is the projection of 3C onto its first component.
Next, we turn to

LEMMA 6.3. Let P denote the projection of the space L*(a, b) onto £x. Then
R=RP.

Proof. The map SR maps L*(a, b) onto €. (R agrees with R on the sub-
space £:.) Furthermore, RS=1. Hence (SR)?=SR. Thus SR is just the
projection of L%(a, b) onto £,i.e. SR=P.Now RP= RSR= Rsince RS=1.(%)

CoROLLARY 1. Under Hypothesis 6.1, the linear manifold generated by the ele-
ments {F(E, 2)/(4 (‘4’))1/2} is dense in L?(min {f()\) —kQ\)}, max {f()\) +EQ) }).

Proof. Since the linear manifold generated by the elements

ey

is dense in L?*(a, b), the manifold generated by the elements

(%) From (5.6), (6.5), and (6.6), one readily concludes that R and S are adjoints of each
other, so that SR is self-adjoint,
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(2k(N)) 112
A—2z
i
is dense in £,. Now
(2&(N))1/2 (2k()112 F( 2)
P = =
k { A—2z } R{ A—3z } (A())ve

from (6.6) and Lemma 6.3. But when R is restricted to &£, it coincides with
R which is an isometry of £\ onto L%(min {f()\)—k()\)}, max {fQ\) +kQ\) H.
Hence the manifold generated by the elements {F({:, 2)/(A(£))"2} is dense in

L*(min{fQ\) —kQ\) }, max{ () +£Q) }).
COROLLARY I1. Under Hypothesis 6.1, if Rh(\) =g(§), then RLE(\) =£g(§).

Proof. Rh(\) = RPh(\) by Lemma 6.3. Since €, is invariant under the opera-
tion L (see Theorem 5.1), we must have LP=PL. Now RLhQ\) = RPLA(Q\)
from Lemma 6.3. RPLh(\)= RLPh(\)=£g(¢) by Theorem 5.1. (R agrees
with R on £..)

Next we turn to the more elaborate

LeEMMA 6.4. If ®REQ\) = (go(£), 21(%), - - -, gn(£)), then
®RLA(\) = (£go(8), £81(8), - - -, Egn(D)).

We outline the proof.
By considering the expansion of the function E(l, 2:)E(J, 2;) in powers of
1/1 up to the second power, one can evaluate the integral

1 /T =
(6. 7) ﬁflE(l, Zl)E(l, Zz)dl

1 8 — —
6.8 = f E{E@ + 10, s)E(E — i0,2) — Et — i0, ) B(¢ + 10, 25) } de
ux a

22— 21 B P(Ea 21, 52) =
6. = F y %1 F y Za dt.
(6.9) i Je 0G0 ) o P B

(The last equality follows from (3.8).) The computation leads to the formula
1 f" {P(E, A + in, 5) F(§,\ + in) _ P(g,\ — in,5)F(§, N — iﬂ)}

— kL

274 70 1>0 Q& N + in) (2E(N))? Q(& N — i) (2k(\))/
EF(53) QRO L P (RQ)R®w)) N2 f(2k(u))H2
.Q(E,z) d‘é—f(k){ A—z }+1rij; k= A { u— 3z }dﬂ’

or, under Hypothesis 6.1,
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A EF(& 2) SCI(E’ Z)F(E’ 2) £CN(£) Z)F(f, ?-')

s {((A@))m T owa T oG >}
%
)

A—3

(6.10)

We now indicate how to show that § is an'isometry on the linear mani-
fold 9; generated by the elements
F(E) 2) Cl(ey Z)F(E’ 2) CN(E; Z)F(Ey 2))
370)""0’ ’ y ey —m— ——————
{( f ) (<A @ 06 0,2
(EF(E, 2) ECI(E’ Z)F(E’ i) . ECN(& Z)F(f’ 2))}
4@ Q& 2) 0, 2) '

A lengthy computation beginning with the results obtained in evaluating the
integral (6.9) leads to the formula

B EF(E, 22) F(f) 21) ¥y b CJ'(E’ Zz)F(f, 22)Ci(E’ zl)F(S; 21)
6.11 d -
6 [ Caor aor ttE). T oew e X

_ f ’ { I (2k(u))"2} o 2R

B — 22 X—Zl

In this last set of computations, the equation

e [R5 (L5 )

which follows from
t o1 (bR ) ( [ )2
— du) dt = d
2ri {—z(j;#—g'” £ a M— 2% #
1 b 1 b k 2
: [ (rirow + [ W i)
211! a A -2 a ”, b A

(e 22 )]

b 2k(A bk
S te=Rn
a A— 2 a M— A
plays a key role.

If one expands E(}, z,)E(], 2;) in powers of 1/! up to the third power, one
can evaluate the integral
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1 _

(6.13) — f BE(l, z1)E(l, z2)dl
27

1 B —
6.19) == f £{E( + i0,5)E(E — i0,3) — E(E — 0, ) E(E + i0, 22) } dt

615 2Bt _Plmm) o0 ep from (3.8
. = 2mwi . Q(E, Zl)Q(f, 22) §F (¢, zl)'E (£’ 22) 3 (rom( . ))-

An extremely cumbersome computation leads to the equation

s P(E’ 21, 22)
« Q& 2)Q(, 2)

£EF (£, z1) -£F (£, 22)dE

_ j;" {L(2k(n))”’} - { (2k(n))”’} M)A

M — 22 B — 2

(6.16)

In the derivation of (6.16), (6.12) and
b EQA) /1 bk
[ e
a A—3 ﬂ'i a b — A
6.17)
1 bk 1 e RO
TR TR
3'2 a B — 2 3 a A — 3
are utilized. (6.17) is a consequence of the following computation:
1 1 bk bk 3
L (f (w) )d§_<f (w) dp,)
27 §—2\J, p—¢ « B—3

__1— b1 . b k(u) 3
" o ax—z[(’"ko‘H a#—xd">

o ([ 2o

a

_(_”) dy)']d)\

Now we shall show that

8 £F (¢, 2) vere — [0S (k@) e
.1 [ o @y = [ (L2 o0 (- oo

If we expand E(!, 2) in powers of 1/I, we obtain
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11,5k
(I‘)dp

B¢y =1+~ —
€19 RS b k)
+l’{ f u—z +7<mj;u—z )}+
Hence
e L] B e {1 et

From (6.12) we have

e B N
so that

1 8 B i b k(p)
o f P& Dt = — — f 10 =2

(6.20) LR {f» k(u) } _fb EQ\) {fb k(u) dﬂ}d)‘.
e A—=2J, p— A a A —3 a UH— 3

However,

S e R e e L

sl ol e

f EF (5, 2)dE = f {—f(x) ZEQ) | FQ) ab{Zk(")} du }dA

)\—z T =32 u—A
(6.21) oy
A 1/2
f{f(x)( (

1 b (BNE@W)Y2 ((2k(u))1? 12
-/ {2 g =) .

k= A k=

Thus

From (6.21) we easily obtain (6.18).
Finally we shall prove that
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o ERED A @) B,
. Q)" E-w d“fa {L R } O oy ™

N B f.b (2: (i))zm'(f {(Z(Z))"),}) (an.
ow

f. p z:(_s,z) i = f F(t, 5)dk + o f (z,z 2

1] 1/2 b 1/2 H
=f (2:(1))2 {— e 2}an + wf (2:(1»2 (2k((1:\;;1)/ - A
(from (6.4),(6.5)),

(6.22)

b 2bO)) o H@
=fa N —z { (2R +w(2k()\))‘/’} d’\

_ f b (2:(1));/2 (I {(Z(Z))”l)n}) O)an (from (5.9)).

Formulae (6.10), (6.11), (6.16), (6.18) and (6.22) show that § is an isometry
on the linear manifold 91;. The image of 9; is the linear manifold 91, gener-

ated by the elements
- H(w, \) (2k(A))1/2 (2E(\)) V2
{(Zk()\))l,(zw‘))m, s L }

Of course, &)lgjimf and I DM Thus § is a 1-1 _map of 9; onto M. S, then
defines an inverse map ® whose domain is 9. & is a bounded extension of
the map ® used in the proof of Lemma 6.1. Since ® has a unique bounded
extension to L’(a, b), the mapping ® must also be an extension of ®, i.e.
® agrees with & on 9. Suppose now that ®k(\) = (go(£), &:1(£), - - - , gn(£)).
Then the image element (go(£), g21(£), - - -, gn(£)) lies in the closure of IM,.
In fact, the element must lie in the closure of the linear manifold generated
by the elements

{((A(é))”” - ) ( Fe. CaFeD O dFG z))}
t—w (4@E)e Q(, 2) 0, 2) '
Since the &-interval is bounded, (£go(£), £21(8), - - -, £gn(£)) can be approxi-
mated by elements from the linear manifold generated by
{(z @y 0) ( D €06 IFED

E—w (4@) Q(¢, 2) ’

EC”(Z’(ZZ(&’ ° )} '
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Thus (£g0(%), £21(8), - - -, Egn(£)) lies'in the closure of 91;. Since all the opera-
tions involved are continuous, we must have (£go(£), £Eg(£), - - -, £ga(£))
= ®LA(\). This completes the proof.

7. Some properties of the polynomials P(¢, 21, z,) and Q(£, z). In §3 we
defined certain polynomials c(£, ) and g(£, 2) with real coefficients and of the
same degree (see (3.4)). Let D; be the dggree of c(§ 2) and g(¢, 2). Let
r1(£), r2(8), - - -, 7py(§) be the roots of ¢(£, z) and let 51(£), s2(§), - - -, spy(£)
be the roots of g(¢, z). Because of the way in which c¢(¢, 2z) and g(¢, 2) were
formed, we may assume that

(7.1) s51(8) < 11(§) < 52(8) < 7a(§) < - - - < spyl§) < 7p(8).

Furthermore, c(, 2) and g(¢, 2) have leading coefficient 1. Hence

D¢ D¢
(7.2) ot 2) = 2 (—Dioi(r(®)zP7,  g(§,2) = 2 (—1)ios(s(§))sP,

=0 =0

where g; represents the elementary symmetric function of weight j. In formula
(3.7) we introduced P(£, 21, 22) =c(&, 22)g(£, 21) —c(§, 21)g(£, 22) and Q(¢, 2)
=c(£, 2) —g(§, 2). Thus

Q¢ 2)Q(E, )
(7.3) D¢ D¢ . D,—i Dy—k
= Zo ;0 (=) {0;(r®) — 0i(s@®)} {or(r(®)) — aa(s(®)}2:¢ 228
Now
De DE i+k D,—j D.—k
ok 3)gEm) = 2 2 (= 1) 01 (®)or(s(®)at mt .
J=0 k=0
Hence
< itk Dg—j Dg—k
(7.4) Pt 51,3) = g § (= 1) {or(r(®)ai(s(®) — oi(r(®)or(s(®)) } 2" 22

In P(%, 21, 2,) the coefficients of 2% ’20¢* and 2% %327 differ only by a
minus sign. Therefore

P(E) 21, 22)
(7.5) | ' 4
= 3 (=" ar®)o(s®) — ot @)@} @t 2T =t nE ),

i<k
Now
k—ij—1 .
D,~j Dy—k  D,~k D,—j D,—j—1—» D,~k+» .
2 2t — 5t 2t = — (32— 2) Z 21 2t J <k

r=0
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Therefore
P(Ey 21, 22)
(7.6) ik it ing Dy—j—1-» Dp—k+»
= Z; (1) H{oi(r(®)ar(s(®) — ar(r®)ai(s@)} 2 2 %3
i< ye=0

In order to verify the Hypothesis 6.1, we shall have to examine the ex-
pressions

P(t, 2, 22) o A®)P(&, 21, 22) — Q(&, 21)Q(E, 22) '
0,202  A® A®Q(E 20, 2)
I{lsing (4.1) and the expression for E(£¢410, z)/E(£—10, 2) in §3, one can see
that
(1.7 A(§) = a1(r(8)) — a1(s(®).
From (7.3), (7.6), and (7.7), we readily obtain
LemMA 7.1. If the degree D; of the polynomials c(, z) and g(&, 2) is 1, then
P(E,Zl,zz) _ 1
Q&m0 AE)

Next, let us examine the case where D;=2. Here

Bt 21, 22) = {o1(r(¥)) — 471(3(5))}2122 + {o2(s(8)) — oo(r(®)} (31 + 322)
+ {02(r®)a1(s(®)) — a2(s(®))nr(r(®)},
0, 50 ) = {o1(r(®) — a1(s0)} 2135
+ {01(r(®)) — o1(s(®) } {o2(s(®))) — aals(r(£))} (21 + 22)
+ {as(r(®) — o2(s®)] .
Using (7.7), we hawe

A@® P&, 2, 22) — Q& 2)Q(E, 22)
= {a1(r(®) — 1(s®) } {o2(r () 01(s(®) — o2(s(B))oa(r(®))}
— {oa(r(®) — oo(s®)}’

= {ri 4 12— 51— sa} {rira(ss + 53) — s1520r + 1)} — {172 — s34}

It is easy to verify that this last expression vanishes when r;=s;, sa=ry,
re=S3, or s1=r;. From algebraic considerations it then follows that

A@)P(E 21, 22) — Q& 3)Q(%, 33) = (71 — 51)(52 — r1)(r2 — s9)(r2 — 5).
In view of the inequalities (7.1), we must have

A(é)P(!f, %1, 32) — Q(§, 21)Q(§, 22) > 0.
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Hence if Dy=2,
P, 21, 20) 1 B(£)/A(#)

06 =0z  A® Q%20 2)
where B(£) >0. Thus we can write
P(ga1,2) 1 (B&)/A@E)? (B(§)/A®)'"?
0 m0E)  A4®) QO =) (¢, 2)
and the Hypothesis 6.1 is satisfied. This proves

LEMMA 7.2. If the degree Dy of the polynomials c(§, 5) and g(§, 2) is <2, then
the Hypothesis 6.1 is satisfied.

8. Singular integral operators with simple continuous spectra. If the
polynomials c(£, 2) and g(¢, 2) are of degree <1, then Lemma 7.1 can be
used to show that the transformation § defined through (6.1) is just the
transformation S defined by (5.2). In this case S furnishes an isometry of
9N, onto M. Furthermore if R (see (5.1)) is restricted to 91, then RS=1 and
SR=1. Thus the bounded extensions R and S of R and S to the spaces
L2*(a, b) and L?*(min { f()\)—k()\)}, max { f()\)—k()\)}) are isometries such
that RS=1 and SR=1. The range of S is all of L%(a, b) and the results of
Theorem 5.1 yield a complete spectral representation for our operator. The
purpose of this section is to give a criterion which guarantees that the degrees
of c(, 2) and g(¢, 2z) do not exceed 1. We shall prove

THEOREM 8.1. Consider the function
™) —E— kN
&) — &+ k(N

Suppose that when f(a) —k(a) ZEZf(a)+Ek(a), the function changes signs at
most once, and that for all other values of &, the function changes signs at most
twice. Then the operator L has a simple continuous spectrum from
min {fQ\)—kQ)} to max {fA)+EQ)} and the transformations R and S of §5
furnish a complete spectral representation for L.

Proof. In (3.4) we saw that
ogg(iZ_)= _l_f"argf(n) —E—i0— k(W dp
ck,2) wJa  f(w) —E— 0+ k@) p—2
The integrand is zero unless (f(u) —£&—k(u))/(f(n) —E+E () is negative. If
() — & — k() <
) — &+ E(u)
then we must have f(u) —£—k(u) <0 and f(u) —£4k(u) >0, since k(u) =0.
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Suppose, first, that
fw) — & — k(w)
fw) — &+ k()
in some half-open interval a <u=<\.. Then f(u)—k(u) <E<f(u)+k(u) for
a<p=\ and therefore f(a) —k(a) <£=f(a)+*(a). According to the hypoth-
esis of the theorem, the function (f(u)—£&—k(u))/(f(u)—&+k(u)) changes
signs at most once. From this fact it follows that ¢(£, 2) and g(¢, z) are of

degree 1 in 3.
For all other values of £,

f(a) — & — k(a)
f(@) — &+ k(a)
According to the hypothesis of the theorem, the function

(fw) — & = k())/(fw) — & + k(w)

now changes signs at most twice. From this fact it is easily seen that the de-
grees of ¢(£, 2) and g(¢, 2) do not exceed 1.
9. Singular integral operators with continuous spectra of multiplicity 2.
In §7 we saw that if c(¢, 2) and g(¢, 2) are of degree D; <2 for min {f()\) —kQ\) }
<g<max{fQ\) +kQ)}, then
Pl o) 1 (B(&)/A®)* (B(§)/A#)'* ’

06m0Gm 40 T 06 =) 0 =)

where B(£) 20. Furthermore, in Lemma 6.4 we proved that if

(go(®), £1(®), - - -, gn(®)

lies in the domain of the transformation 8, then (¢go(£), £g1(%), - - -, &gn(£)) also
lies in the domain of 8. Suppose, now, that 2z is a real number which does
not lie in the closed interval [a, b]. The element

(29" 262
\N4®/ 0 2
lies in the domain of 8. Thus if T'(£) is any polynomial in £, then

(o) 5 )

lies in the domain of S. Now

L G S
F(§2) = {(C(E; z)g(E, z))ll:} exp {211’»[; log fw) — ¢+ k(l‘) B z} .

Since z does not lie in the interval [a, b], then one sees easily from (3.5) that
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c(¢, z) and g(¢, z) do not vanish in the interval min { fOY =k} <t
<max{f(\)+kQ)}, except for a finite number of points £. Now Q(£, 2)
=c(t, z) —g(£, %). Since

g(§2) 1f" fw) —£—10 — k(w) dp

og—— = — arg )

ct,2) wJa T f(w) —E—i0+ k() b—z
the argument used in the proof of Lemma 4.2 shows that log(g(¢, 2)/c(£, 2)) #0
for almost all £ m the interval min {f(\) —kQ\) } <& <max{fQ\)+EQ)}. Thus
Q(£, 2) =0 for almost all £ from this interval and therefore F(¢, 2) =0 for al-
most all £ from the same interval. From the expression for log(g(¢, 2)/c(¢, 2))

one can also easily establish that F(¢, 2) is bounded. Hence the linear mani-
fold generated by elements of the form

B(®)\'? F(¢ )
{ro (A(z)) oG, i
is dense in L’(Z), where

> = {¢] B® = 0} N {¢]| min{f\) — 2N} < £ < max{f(\) +:)}}.

The discussion of §6 can be used to show that R(1-P)=(1—@®)Q® is an
isometry on £y, the orthogonal complement of £, in L2(a, b). Thus the set of
elements of 3¢ which lie in the domain of 8 and which are of the form (0, g(£))
is closed. Therefore the closure of the linear manifold generated by the ele-

ments of the form ~
(ool 2

lies in the domain of 8. But then the domain of § is just the direct sum of the
spaces L*(min { f()\)—k()\)}, max { f()\)+k()\)}) and L%*(Z). Hence the trans-
formations ® and $ of §6 furnish a complete spectral representation for the
operator L in this case.

Just as in §8 we can now formulate suitable conditions on the functions
f(\) and k(\), so that the degrees of ¢(£, 2) and g(£, 2) do not exceed 2.

THEOREM 9.1. Consider the function
JO) — & — k()
f) — &4+ k(N

Suppose that when f(a)—k(a) SEZf(a)+k(a), the function changes signs at
most three times, and that for all other values of &, the function changes signs at
most four times. Then the operator L has a continuous spectrum of multiplicity
=2 and the transformations ® and 8 of §6 furnish a spectral representation for L,

SAS.

Proof. We again utilize the expression
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1

g(£,2) 1 f” fw) —E—40 — k(p) dp
og = — arg .
C(E,Z) wJa f(u)—E—zO-I—k(p) B — 2
If

fw) — & — k(w) <0

fw) — &+ k(w)

in a half-open interval a <u=\,, then we again have f(a) —k(a) ££Zf(a)

+k(a). Thus the sign of (f(u)—&—ku))/(f(u) —E+k(u)) changes at most
three times, by hypothesis. Hence it follows that the degrees of ¢(¢, z) and

g(§, 2) are =2.
For all other values &,
fla) — & — k(a)
fl@) — £+ k(a)
and the sign of (f(u)—£—kW))/(f(u) —£+E()) can change at most four
times according to our hypothesis. Thus the degrees of c(¢, 2) and g(¢, 2)
are again <2. This completes the proof.

10. Remarks about the general operator L. From the corollary to Theo-
rem 2.2 and from Theorem 5.1 we immediately obtain

THEOREM 10.1. The set of limit points of the spectrum of the operator L is
the entire interval

min{f(\) — k(N\)} = ¢ < max{fQ\) + k\)}.
If B\) >0, a S\ <0, then the operator L is similar to the dominant singu-
lar integral operator L of §2. Hence we obtain

THEOREM 10.2. If E(\) >0, a SN0, then the spectrum of the operator L is
precisely the interval

min{f() — kO)} = § < max{f) + kM)

11. Remarks about more general self-adjoint singular integral operators.
In this section we shall give a general indication of the reduction of the prob-
lem of finding the spectrum of operators of the form

b g\ 1)
a M —

(11.1) Mx(N) = fN=(N) + -i;

where f(\) and g(\, u) are smooth functions, to the problem of determining
the spectra of certain multiplication operators, operators of the form (1.1)
and completely continuous operators.

First, we observe that the operator M differs from the corresponding

dominant singular integral operator
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(11.2) M) = 0200 + 2 ”

T a H— A
by a completely continuous operator. We now define

B = g\, N), if NE {M g\, N 2 0}
= (, otherwise

and
k(N = — g0, N), if NE {N] g\, \) = 0}
= 0, otherwise.

We then consider the operator

b (k1M Rr ()12 — (Ra(N)ka(w))/? .
u—2A

. 1
(11.3) Ha) = SO0 +— f (W)

This operator M commutes with the cut-off projection
ox(\) = x(A), N € {A]| g, A) = 0}
(11.4) .

= 0, otherwise.

We can thus analyze the spectra of the operators

o 1 (BB 2
ars) MO =IO AT e —n S
on L2({A| g\, V) 2 0}),
. 1 (ka(N) ka(u))t/?
Max(\) = _1 "R
(11~6) x()\) f()‘)x()\) i {ulg (u.n)<0} "= A x(l‘) #

on L*({A]| g, M) = 0})

separately. The operator M, is essentially of the form (1.1). The operator
M, commutes with the cut-off projection

Mx(\) = x(A\), N € {A| k2(A) > 0}

0, € (M| :0) = 0} N {X] g\, N) = 0}.

Hence we can analyze the spectra of the multiplication operator

(11.8) Mux) = fMW)x() on L2({N| 2\, N) = 0} N {A]| g\, N) = 0})

and the operator

(11.7)

“ 1 ki(A) By(u))'?
Mpx(N) = f(NxN) + — M)__ x(u)dp
T k>0 B — N

(11.9) on L({X| B > 0})
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separately. The operator M, is essentially of the form (1.1). Finally we ob-
serve that the operator M (see (11.3)) differs from M by a completely con-
tinuous operator, since

(M — M)z(\) = 0(M — M)x(\) + (1 — O)(M — M)z(\)
@MWfWMW—%MW
- X

u—A

(w)du
2 1/2 b 2 1/2 2 1/2
+ (% ()\?) f (ka(M)) (ka(n))

i

x (I-‘) dp,

i =X

is the sum of two completely continuous operators.
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