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BY
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1. Introduction. Because of its numerous applications, the subject of

singular integral equations of Cauchy type has attracted the attention of

many authors. The bulk of the theory, as it now stands, has been developed

by various Russian mathematicians (see [4; 5] and the references given

there). Some interesting refinements in special instances have been obtained

by Tricomi [9] and Söhngen [7].

The absence of a unified L2 theory for singular integral equations involv-

ing open line segments has led us to the investigation of the spectral theory

of bounded, self-adjoint operators of the form

1   rh í(a,m)    , ,     /      with/(X) real      \
Mx(\)=f(\)x(\)+-        m—xMdJ J\ ),

wiJ a    P - X \and g(\, p) = g(p, A)/

acting on functions x(X) belonging to the class L2(a, b). (The integral which

appears here is to be interpreted as a Cauchy principal value.) Needless to

say, we have not attempted to give a complete theory but we have restricted

ourselves to a setting which permits a unified treatment.

Initial investigations in this subject matter were carried out in a previous

paper [3], where a simple singular integral operator was used to furnish an

example involving perturbations of continuous spectra. Because of the con-

nection between the present paper and this preceding work, we have gone

into considerable detail to obtain spectral representations for a special sub-

class of the set of operators introduced above.

The operators on which we shall focus our attention have the form

1   rb (k(X)k(p)yi2
(1.1) Lx(\) m /(X)x(X) + - I \        x(p)dp.

iriJ a p — X

The domain of L is to be the complex Hubert space L2(a, b) of square inte-

grable functions x(X) on the open interval (a, b). We shall assume that/(X)

and k(\) are real, continuously differentiable functions on the interval

a^X^ö, such that the functions /'(X)+£'(X) have only isolated zeros and

where &(X)>0 almost everywhere on the interval a^X^&(3). When referring
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to the operator (1.1) or L in the subsequent sections of this paper, we shall

tacitly assume that all of the hypotheses which we have just listed, are satis-

fied.
As we have said, our aim here will be to obtain a spectral representation

of the operators L, i.e., an isometry U of L2(a, b) onto a direct sum of other

L2 spaces, such that ULU~l is just a simple multiplication operator. Again

our investigations will be far from complete, especially because of the exces-

sive calculations involved. We hope, however, that our special considerations

are a reflection of the general situation.

2. The dominant singular integral operator. In conjunction with the

operator (1.1) we shall also consider the dominant singular integral operator

k(X) cb x(u)
(2.1) Lx(X)=f(X)x(X) + —l    -^-dp,

Tt    J a   P — X

which differs from the operator L by the completely continuous operator

(k(x)y2 rb(k(x)yi2-(k(p)y'2r»(k(X)y<2-(k(p)y<2
I-—-x(p)dp.

J a IX  —  XTÍ J „ P  —  X

Singular integral equations involving operators of the form (2.1) were

already considered by Carleman [l]. His results subsequently played a sub-

stantial role in the modern development of the theory of singular integral

equations [4; 5]. We shall use Carleman's method here to obtain certain basic

results about the spectrum of the operator L. First, however, we shall state

several known facts concerning integrals of Cauchy type. For the proofs, the

reader should consult [6; 8].

Definition 2.1. A function F(z) which is regular analytic in the upper

half-plane Im z>0 will be said to be of class H2 if

/:
F(X + in) \2dX = K

for all7j>0.

For functions which are regular analytic in the lower half-plane Im z<0 a

class H2 is defined in an analogous manner. We now have

Lemma'2.1. A function F(z) of class H2 possesses mean-square limits

F(X + iO) = lim. F(X + in).
«Í-.0; ii>0

Furthermore, if 0<lm z<v, then

-iO)
--dX -

2« J _M X + in — z2iri J _M      X — z 2« J -,
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A similar result holds for functions of class H2. From this lemma we ob-

tain the following

Corollary. If F(z) belongs to H2, G(z) belongs to H2, and £(X + ¿0)

= Ct(X — ¿0), then F(z) and G(z) are analytic continuations of each other.

Lemma 2.2. i/x(X) is of class L2(— », œ), then the function

x(p)1    r°°  x(p

2tí J -w p —
x(') = ~.        ^— du

is of class Ht for Im z>0and of class Hi for Im z<0. Furthermore, the limits

X(k + i0) satisfy the Plemelj relations

x(p)   J

-dp.
1   r

X(\ + iO) - X(\ - iO) = x(\),       X(\ + iO) + X(\ - ¿0) = — I
rriJ-.K p — X

We are now ready to prove

Theorem 2.1. Let £ be a real number which does not lie in the closed interval

[minosxs¡> {/(X)-&(X)}, max„sxS6 |/(X)+ife(X)} ]. Then £ is not a point eigen-

value of the operator L.

Proof. Suppose that x(X) belongs to L2(a, b) and that

.        .        k(\) ri x(p)
(2.2) y(x)-^x{x) + ^J.¡   _^d/i = 0.

TI    Ja   P — X

We now apply Carleman's method. The function

L fb x(jx

2x1 J a    P  —

is analytic in the complex z-plane cut along the real axis from a to b, is of

class Ut for Im z>0, of class H2 for Im z<0 and satisfies

(2.4) JSr(oo) = 0

and

(2.5) {/(A) - { + k(\)}X(\ + *0) - {/(A) - « - k(\)}X(\ - *0) = 0,

a < X < b.

(Relation (2.5) follows from the Plemelj formulae.) We now observe that the

function

toen vit   ï l   C\    /W-*-*0«)    dp(2.6) £(£, z) = exp— I    log-
2m J a

>h x(p)

(2.3) X(z) =-   ; I    —^-dp

2wiJ a f(p)   —  £ +  k(p)   p  —  Z
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is a solution of the barrier equation (2.5). Of course

(2.7) £(£, oo) = 1.

One can show that £(£, X+iO) is Holder continuous on any subintervaV

(a', b') of (a, b) and that £(£, z) is both bounded and bounded away from zero

[5]. We also have

X(X + iO) X(X - iO)
(2.8)-= 0, a<X<b.

£(£, X + iO)     £(£, X - tO)

With the aid of the corollary to Lemma 2.1, we can now conclude that

X(z)/E(£, z) is regular in the entire plane. In addition, (2.4) and (2.7) show

that X(z)/£(£, z) vanishes at oo. Hence X(z)/E(£, z)=-0, so that X(z)=0.

From the Plemelj formulae we then see that x(X) = 0 almost everywhere on

the interval (a, b).

Theorem 2.2. Let £ satisfy the hypothesis of Theorem 2.1. Then £ belongs

to the resolvent set of the operator L.

Proof. Consider the integral equation

. . k(X) rh «GO
(2.9)     {/(X)-£}s(X)+—       -^-dp = h(X),       h(X)EL2(a,b),

TI    J a    P —  X

for functions x(X) of the class L2(a, b). If x(X) is a solution of (2.9), then we

again introduce the function

i   r" «GO
X(z) = —       -^ dp.

2m J a  p — z

X(z) satisfies the barrier equation

(2.10){/(X) - ? + ¿(X)}X(X + ¿0) - {/(A) - ? - k(X)}X(X - iO) = h(X),

a<X<b.

Using the solution (2.7) of the homogeneous barrier equation, we obtain

X(X + iO) X(X - iO) h(X)

(2.11)    £(£, > + iO)      £({, X - iO)      {/(A) - f + k(X)} E(S, X + iO)

a < X < b.

The function

1    Cb h(p) dp
2.12) G(z) =- I    -;-^-—

2iriJa   [f(p) -£+k(p)}E(t,p + iO) p-z

vanishes at =o and satisfies



1960] SPECTRAL THEORY OF SINGULAR INTEGRAL OPERATORS 39

h(X)
G(X + iO) - G(X - iO) = -.-^-

{f(X)-t; + k(X)}E(Z,X + iO)

Hence X(z)/£(£, z) differs from G(z) by a function K(z) which vanishes at

oo and which satisfies K(X+iO)— K(X—iO) =0, a<X<b. Of course K(z) is

of class H2 for Im z>0 and of class H2 for Im z<0. Hence K(z) is anatytic

in the entire plane and vanishes at oo. Thus K(z) =0 and X(z) = £(£, z)G(z).

Let us therefore consider the function £(£, z)G(z). It satisfies (2.10) and

is of class H2 for Im z>0, H2 for Im z<0. Furthermore £(£, z)G(z)vanishes

at oo . By Lemma 2.1, the function

y(X) = £(£, X + ¿0)G(X + ¿0) - £(£, X - ¿0)G(X - ¿0)

belongs to the class L2(a, b). Form

Y(z) = -— I    -dp.
¿mJ a p — z

We then have

Y(X + iO) - £(£, X + t0)G(X + ¿0) = Y(X - iO) - £(£, X - i0)G(X - iO).

In addition Y(z) — £(£, z)G(z) belongs to the classes H2, H2 and vanishes at oo.

Thus F(z)-£(£, z)G(z) = 0 or F(z) =■£(£, z)G(z). Of course then

£(£, X + *0)G(X + iO) + £(£, X - i0)G(X - iO) = — f   ^-dp,
iri J a   p — X

and therefore y(X) is a solution of the integral equation (2.9). From Theorem

2.1 we know that this is the only solution of class L2(a, b). Therefore L—£-1

is a 1-1 mapping of L2(a, b) onto itself. By the closed graph theorem then, the

operator L — £-1 hasa bounded inverse [lO]. This completes the proof of the

theorem.

Since our original operator L differs from L by a completely continuous

operator, we obtain the following

Corollary. The limit points of the spectrum of the operator L lie in the

closed interval [min {/(X) — k(X)}, max {/(X) +&(X)} ].

3. Relations for the function E(l, z). In order to obtain more specific in-

formation about the spectrum of the operator L, we shall attempt to obtain

a spectral representation for L. Our technique is based upon various rela-

tions which the fundamental solution

E(l, z) = exp <- I    log—-•->
P l2«J„     6/(M) - / + ¿0,) ju-zj

of the Hubert problem {fÇX)-l+k(X)}X(X+i0)- {f(X)-l-k(X)}X(X-i0)
= 0 satisfies and which will be developed here.
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Of course we must have

(3.1) {/(A) - / + k(\)}E(l, A + ¿0) - {/(A) - / - k(\)}E(l, A - ¿0) = 0,

a < A < b.

If we set H(l, \)=E(l, \+iO)-E(l, X-iO), then (3.1) may also be written

in the form

(3.2) {/(A) - l\H(l, A) = - k(\){E(l, A + iO) + E(l, A - i0)),    a<\ < b.

From (3.2) one obtains

(h - h)H(li, \)H(k, A)

= 2k(\){E(h, A + îO)£(Ï2, A - iO) - E(lu A - iO)E(h, \ + i0)).

We shall now derive analogous barrier relations which the function E(l, z)

satisfies with respect to /. Since

W7   , / i   fî   I/O«) - *-*G0|   aV
£(/, z) = exp ^—J  log

f(p)  - / + ¿(p)lp-Z

J_ r " ̂  /(p) - ¿ - k(p)     dp  \
2rcJa   arg/(p) - / + k(p) p-z}''/GO - Z + k(p)

we have

£({ + ¿o, z) í i r V    /0» - {- *o - *00
= exP îrT I     I arS

£(| - ¿0, z) l2ir J a   \      f(p) -C-i0 + k(p)

^ /Qt) - f + iO - ¿(m)\    ¿m   \
arg/(M)-? + i0+*(M)/p -z/

H   /•6 ar  /(p.) - f - tO - *QQ     ¿p  )
" 6XP t it Ja  arg/(p) - Ç - <0 + *G0 p - zj '

min {/(A) - ¿(A)} <£< max {/(A) + *(A)}.

From this expression it is not difficult to. see that

c(f, z)£(| + ¿0, z) - g(Z, z)£(£ - ¿0, z) = 0,

min {/(A) - ¿(A)} < * < max{/(A) + *(A)},

where, for each fixed £, c(£, z) and g(£, z) are polynomials in z with real coeffi-

cients and of the same degree.

For convenience in subsequent computations we shall express the quotient

£(£+î0, z)/£(£ — ¿0, z) in another form. Let Xi, X», • • • , X« be the zeros of

/'(X)+Jfe'(X) and let Ai, Â2, • • • , Xm be the zeros of/'(X)-¿'(X). Assume that
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Xo = a^Xi<X2< • • • <X„^ô=X„+i and Xo = aáXi<X2< ■ • • <Xmí¡¿> = Xm+i.

Through integration by parts one can show that

\    f(p)-l-k(p)    dp
log

f(p) - I + k(p) p - z

/(<0+*(<0      ¿v n      /./(X, + i)+t(X, + i) ¿v

f.
-: + E / log \gj(v) - *} —

/(«)-*(<■)      V  —  I J=0«'/(Xy)+*(Xy) V   —   I

<n      /•/(W+MX.+i) ¿v /./(»)+* (i)   ¿v

- E I log{ *.(») - 2}-: - log(6 - z) 1 -,
»=0«' /(X.)-*(X.) V — I J /(6)-*(&) » — I

with »=/(fo(»))+*(fo(«0), X^«i(»)áXí+1 and v=f(h,(v))-k(h.(v)), \.£h.(v)
— Xt+i. The right-hand side of (3.5) is simply(4)

/.

" ,     g(v, z)    dv
log

c(v, z) v — I

If we set £(£, z) =£(£+i0, z) —£(£ — ¿0, z), then (3.4) may also be written

in the form

c(i, z) + g(£, z) ,
(3.6) ' £(£, z) = -{£(£ + ¿0, z) + £(£ - ¿0, z)}.

c(£, z) - g(£, 2)

From (3.6) we obtain

£(£, zi, 22) _

„ 0(1, «i)«3tt, *0
= {£(£ + ¿0, zi)£(£ - ¿0, z2) - £(£ - ¿0, zi)£(£ + »0, z2)},

with P(£, zi, zs)=c(£, z2)g(£, zi)-c(£, Zi)g(£, z2) and <?(£, z)=c(£, s)-g(£, z).

Since £(£, Zi, Z2) vanishes for zi = z2, we must have £(£, Zi, z2) = (z2 — zi) P(£, Zi, Z2),

where jP(£, Zi, Z2) is a polynomial in Zi and Z2 with real coefficients. Thus

(Z2-Zl)P(£,Zi,Z2)   vít       ,ñ,t   - x

(3 8)
= {£(£ + iO, zi)£(£ - ¿0, z2) - £(£ - ¿0, Zi)£(£ + iO, z2)},

min {/(X) - k(X)} < £ < max{/(X) + k(X)}.

Next we turn our considerations to some relations which certain integrals

involving H(l, X) and £(£, z) satisfy. If we integrate E(l, z) over a contour

in the z-plane which passes around a cut from a to b along the real axis in a

clockwise direction, then the calculus of residues yields

(«) Here we have set a = min{/(X)-Jfe(X)j and j3 = max}/(X)+fe(X)}.
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-<b E(l, z)dz =- I    log-dp.
2iriJ 2wiJa       f(p)-l+k(p)

Hence

1    Ç" If"     f(p) -I- k(p)
~2r~iJa Hil,X)dX = ~^iJa l0g/(p)-Z + *(p)dM'

By integration by parts one can show that

I
»     f(p)-l-k(p)
log-tip

7(p)-z + ¿(p) *
/(o)+*(o)      ¿j, n       /./<X/+i)+*<Xj+l)    „.(„)/>/(o;+*Co)      ¿j, n       /»/(A,+l)+A—+ Z) I

/(o)-*(a)     » — Z J-O^/CX^+itXy) H ~ I

m   /•/âHi>-*<ïHi) a,(s)             f/m+kib)   dv
— 2J I -¿» — i | -.

«-o J fú.)-ká.)       v — l J /(*)-* (6)   » — /

Hence if we define the function ^4 (£) by the equation

(3.11)     ¿(f)=--^     lim       f   {£(£ + *,,, A) -£(£-*„, X)}rfX,
2«    ij->0;   n>0  «J a

then the right-hand side of (3.10) is just

"» A(v)

/'" Aa      V

dv.
I

Now we use a similar procedure on the function £(/, z) with respect to

the /-variable. We integrate £(/, z) over a contour in the /-plane which

passes around a cut from min {/(X) — k(\)} to max{/(X)+£(X)} along the

real axis in a clockwise direction. Using the calculus of residues we then

obtain

ir i r" *&*)
-; <b   £(/, Z)dl =-;  I      —- dp
2-iriJ mJ a   p — Z

and hence

1   rf i  rb  *0«)
(3.12) — I   £(£, *)d{ = - -        -^- ¿p.

2«»/„ mJa   p — z

Using the same type of contours we see that

£(/, 8)L£
2m J2mJ      z — w

dz = E(l, w) - 1
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and therefore

1    r " B(l, X)
(3.13) - I dX = E(l, w) - 1.

2tíJ a   X — w

Similarly

1   f  E(l,z)
/E(l,  ,-dl=E(w,z)- 1

I — w

and

1    r<

2iriJ a

1    rßF(i;,z)
á£ = E(w, z) — 1.

£ — w

i   r
- <i> E(h, z)E(h, z)dz
2m J

1   r\
= —- I    {£(/i, X + ¿0)£(/2, X - ¿O) - E(h, X - iO)E(l2, X + i0)\dX

2m J a

fßA(v)\-±---i-\dv.
J a \V — h V  —  II)

i   p»

2m

Using (3.3) we then have

h - h C" B(hy X)H(Ï2, X)(3i5) fc-fc r>m,wv„»A _± c'AIAij__ _L+,,
2m   J a 2k(X) 2iriJ a (v — l2       v — l\)

- (f E(l,Zi)Ë(ï,Zi)dl
2m J

- —-: f  {£(£ + <0, zi)£(£ - Í0, z2) - £(£ - Í0, 2l)£(£ + iO, z2)}<f£
2m J a

= — f AG,) {-—} dp.
m J a \p  —  Z2        p — Z\ j

From (3.8), we obtain

Z2 - zi r0   -?(£, zi, zi)

„  i<tt       2t¿    J„  <?(£, *i)Ö(f, **)
(3.16)

F({, 2l)F(£, z2)á£

-: f *G») î-)¿m.
mJ a \P  —  Z2 p   —  Zi)

4. Properties of the function A(Ç). In the preceding section we defined the

function j4(£) through the relation (3.11). From (3.9) it is not difficult to see

that
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1   r"f       /GO - Í - iO - 40») f(ß)-i + iO-k(M)\j
A(t) =-I    < arg- — arg->dp

2rrJa   l       f(p) - ? + ¿0 + *(m) 700 - ? + «0 + k(p))
(A.Í)

i c"    f(p)-i-io- k(p)
-|    arg-m—:—.n , ,, N "M,

IT J a 7(p) -1 - io + k(p)

for all but a finite number of values £.

Formula (4.1) immediately gives us the following lemma:

Lemma 4.1. A(£) is non-negative for all but a finite number of values £.

A more thorough investigation will show that we can strengthen the

statement of Lemma 4.1. In fact we obtain

Lemma 4.2. A(£)>0 for almost all £ such that min{/(X)— ¿(X)} <£

<max{f(\)+k(\)}.

Proof. Suppose, first, that £ lies in the given interval but that £ does not

lie in the ranges of the functions /(X) ±&(X). Then £>max{/(X) — k(X)} and

£ < min {/(X)+k(\)}. Therefore

/(A) - £ - ¿(A)  „
-< 0, a s A s 6.
/(A) - £ + k(\)

From (4.1) we see that A(C)>0.
Assume, next, that £ lies in the interior of the range of at least one of the

functions f(\)±k(\), say /(X) — k(\). Suppose, furthermore, that £=/(A)

— k(A), where ife(A)>0 and /'(A)— k'(A)9*0. Then there exists an interval

(pi, p2) such that pi<A<p2, k(\)^m>0 for pi<X<p2 and /'(A)— fc'(X)?í0

for pi <X <p,2.

Thus there exists a Ai, pi<Ai<p2, such that £>/(Ai)— ¿(Ai)>£ — >ra. We

shall now show that /(Ai)+£(Ai)>£. In fact f(Ai)+k(Ai) = {/(Ai)-t(Ai)}
+ 2k(Ai)> {%-m} +2m = £+m>%. Hence

(/(Ai) - £ - iO - Jt(AQj

t/(Ai) - £ - Í0 + k(Ax))

Formula (4.1) now shows that A(Ç)>0. A similar argument holds when £

lies in the interior of the range of the function f(K)+k(X) with £=/(A)-f-fe(A),

fe(A)>0 and/(A)+*'(A)*0.
That we have omitted only a set of values £ of measure zero, now follows

immediately from our hypothesis about the zeros of the functions / (X) ±k'(X)

and Jfe(X), and the absolute continuity of the functions/(X) ±fe(X).

Finally we shall prove the formula

(4.2) f A(v)dv = f 2k(p)dp.
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By integration by parts we have

/» b b /» b
2k(p)dp = 2pk(p)     - 2 I   pk'(p)dp

a a " a

= - p{f(p) - k(p)\\b+p{f(p) + k(p)}\h + (bp{f(p) - k'(p)}dp
■ o I a        J a

- f n{f'(f) + *'(/•)W
J a

m      /./(X«+i)-t(X,+l) /./(&)+*(») /./(n)+*(a)

= Y_ l h,(v)dv + b I dv — a I dv
,-oJ /(X.)-it(X,) J /(&)-*(»> «//(<■)-*(<.)

n       /•/(X,+l)+*(X,+i)

-  E  I giWa",
j=oJ fÇ\j)+kÇ\j)

where we have used the notation which occurs in (3.5) and (3.10). Through

the remark after formula (3.11), we see that our last expression is just

/.

ß
A(v)dv.

This proves (4.2).

5. Spectral transformations for the operator L. In this section we shall

prove the following theorem :

Theorem 5.1. The transformations

1 rh Htt + in, X) - 2?(£ - iv, X)
(5.1)      Rh(X) =-lim      I    —-—-£-—h(X)dX

2mn^o.,n>oJa (2k(X)A(S)yi2

and

2« ,-*o™>o J « (2k(X) A (£))U2

generate isometries of a subspace £\ of L2(a, b) onto

L2(min{f(X) - k(X)}, max{/(X) + k(X)})

and S of L2(min{f(X)-k(X)}, max{/(X)+fe(X)}) onto £x, such that RS=1
and SR=1. Furthermore, the subspace £\ is invariant under the operation L.

If h(X) belongs to £x and if g(£) =Rh(X), then £g(£) =RLh(X).

Proof. Let us denote the linear manifold generated by the elements

{(2k(X))112, H(w, X)/(2fe(X))1/2}, where w is any complex number in the ex-

terior of the closed interval [min{/(X) —ife(X)}, max {/(X)+jfe(X)} ], by £\.

From (3.11) we then obtain

* ,«      1    ,«       C"F(*>x + *»> - Hi, x - iv) ,_„
(5.2) Sg(£)= —    km      I    - -g(£)d£

2« .-H): n>0 J« (2«(XM(£))1/Z
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i c " £(£ + h, x) - £(£ - iv, x), ,
(A(mil2=-~     lim       / ,!J '!,2 {-(2k(\)V'2}d\

2m *-*; v>o Ja (2k(X)A(^))1l2

and thus

(5.3) *{-(2*(A))>/*} -(¿(Ö)1".

From (3.15) we have

1 /•»£(£+*„, A)-£(£-*„, A)   H(w,\) U(£))1/2
-hm      I-■ dX = -

2x»,-*i,>o Ja (2/fe(AM(£))1/2 (2/è(A))1'2 £-w

and hence

(5.4) £
6 [ g(», X) )   _ U(£))*'

\(2k(\)yi2)      t-w

Thus the transformation £ maps the linear manifold £\ onto the linear mani-

fold «C{ which is generated by the functions {(AC))112, (^4(£))1/2/(£-w)}.

From (3.12) we see that

1 r"F(£, \ + iv) - F(%,\- it,)
—     "m      I *' !--U(Ö)I7,«= -(2A(X))»».
2« ,-k>; ,>o J„ (2*(A)^(£))1'2

Thus

(5.5) ¿{(¿(Ö)1'1} = - (2¿(X))1/2.

From (3.14) we obtain

1       „          r> F(£,\ + in) - F&\ - vi)  (AW H(w,\)
hm      I-— a£

2mv^o;n>oJa (2k(\)A(Ç)y'2 t-w (2k(\)y12

Therefore

(5.6)
U(£))1/2)   _   H(w,\)

£ - w  )      (2k(\)y<2

Thus if we restrict our considerations to the manifolds £\ and <£{, we have

ÊÊ = l and ££ = 1. Now formula (4.2) states that

f  A(v)dv = f 2*0»)*».
J a Ja

From (3.9), (3.10) and (3.11) we obtain

rh h(w,\) ( if U(£))1/2 (        )
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Using (3.15), we conclude that

rb h(wi,x) h(w2,x)        r0(A(i)yi2 (aw2
(5.8) I-dX =   I-ct£.

Ja (2k(x)yi2 (2k(x)y2      Ja  i-wi   i-w2

From (4.2), (5.7), and (5.8) we see that when R and Ê are restricted to £\ and

£{ respectively, they are isometries. Hence R and Ê have bounded extensions

R and 5 to the closures £x and £j of the linear manifolds £x and ££. R and 5

are also isometries such that RS = 1 and SR = 1.

Szegö [2] has shown that the linear manifold generated by the elements

{l/(£ — w)} is dense in the L2 space over a finite interval. Formula (4.1)

shows that A (£) is bounded. From Lemma 4.3 it therefore follows that the

set of elements {(^4(£))1/2/(£ — w)} generates a linear manifold which is dense

in the space L2(m'm{f(X) — k(X) ), max{f(X)+k(X)}). Hence we see that

£{ = L2(min{/(X)— k(X)}, max{/(X)+£(X)}). Furthermore, since 5 is an

isometry of £{ onto £x, the linear manifold generated by the elements

{H(w, X)/(2k(X))112} must be dense in £x. Using the fact that

E(w, z)-l = ~f
ImJ a

" H(w, p)
dp

LmJ a    p — z

(see (3.13)) and the Plemelj formulae, we see that

( E(w, X) \  ^        ( H(w, X) \        1_ r" (k(X)k(p)yi2   H(w,p)

'\(2k(x)yi'2) ~i{ \(2k(x)yi2)    mJa'  p-x " (2k(p)y2 ß

1 ( k(X) riH(w,p)      )

{f(X)H(w, X) + *(X) {E(w, X + Í0)

(2k(x)y

1

(2k(x)y2'

+ E(w, X - iO) - 2}}

1
J/OOffiw.X) - {/(X) - w}H(w,X) - 2k(X)}

(2k(x)y>2'

(from (3.2))

E(w, X)
= - (2k(X)y2 + w —^-L ■

(2k(X)y2

This proves

H(w, X)( B(w, X) )
(5.9) L{ > = - (2k(X))l'2 + w

\(2k(x)y2f (2k(x)y2

Since the linear manifold generated by {H(w, X)/(2A(X))1/2} is dense in £x
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and since L is a bounded operator, (5.9) shows that £x is invariant under L.

Finally, we observe that

( H(w, A) ) , , I H(w, A) )
RL{ \ = £ -(2¿(A))"2   +wR\ ]>

\(2k(\)y<2) ' ' l(2*(A))1'2/

,,mwu  (Mt)y>2   >(A(&y*= (A(W '  + w-= £-,
£ — w £ — w

while R{H(w, \)/(2k(\))ll2}=(A(Oyi2/(t-w). Since £ is an isometry and

since the £ interval is bounded, we can now conclude that if g(i;)=Rh(\),

with A(X) in £x, then £g(£) =RLh(\). This completes the proof of the theorem.

6. Further development of the spectral transformations for the operator L.

In the investigations of this section we shall restrict ourselves to the following

hypothesis:

Hypothesis 6.1.

£(£, z,, z2) 1       ,   »   C,(£, Zi)Cy(£, z2)

ö(£,2l)ö(£,22) MS) 1=1    Q(H,Zl)Q(k,Zi)

where the Cy(£, z) are polynomials in z, with real coefficients. (Here £(£, Zi, z2)

and Q(£, z) are the polynomials which we defined in §3).

Lemma 6.1. Under Hypothesis 6.1, there exists an isometry (R of L2(a, b)

into the direct sum 3C of N+l L2(min{/(X)— k(\)}, max{f(\) +k(\)}) spaces,

which coincides with the transformation R of §5 on the space £\.

Proof. Let (/o(£)7i(£)> * " * 7^(£)) he an element of 3C. Consider the fol-

lowing transformation:

s(/o(£),/i(£), • • • ,M£)) - — Jim     I   -,,■■.■.■.■■„,-/»(£)<*£
2« >»-o; »>o Ja (2k(\)A(Ç))112

"   f ' (C(£, X + »?)F(£, A + iV)      C,(£, A - iV)F(è, A - ¿r,) )
¿Í J« t e(£, a + iv)(2k(\)y<2      ç(£, a - iv)(2k(\)y2 fm) *"

Utilizing (3.16), we see that

_1_ f » (£(£, A + ^, z)F(£, A + w,)     £(£, A - f,, z)£(£, A - iy)\

2ri *^™>o Ja  \   Ç(£, X + iv)(2k(\)y2 £(£, X - iv)(2k(\)y2   )

m z)   = (2*(x))'/2 _

ö(£, z) X - z

Under Hypothesis 6.1, this last formula just states that

,* «     »■/*&*>     Ci(£, z)F(£, z) Ctf({,*)F(Mtt       (2*(X))1'2
(6.2)      S <-! —-» ■ • ■ > -} =-•

{(AU))112 Q(t,z) Q(H,z)      ) X-z
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Using (3.16) again, we also have

•" P(t, h> 22)     „ '.._,.., „    r" (^(p))112 (2k(p)y>2rß   P(i,zi,Zi) _ cl

Ja    0(£.Zl)0(£, Z2) J a
dp.

« Q(Í,zi)Q(Í,z2) Ja       p-zi      p - Zi

Under Hypothesis 6.1 this equation becomes

Ç0 F(j,Zi)     F(j,zi) »   C> C,(£, z2)F(£, za) C,(£, zj)F(j, zi)

(6 3)       "   {m)U2  (A(mUi ***''    Ö(*'22) m'Zl)

->(2k(p)y2(2k(p)y2
dp.

-/ p — Zi        p — Zi

The left-hand side of (6.3), however, is just the scalar product of the two

elements

/ F(j, z.)     Cift, z.)F(ii, z.) C*tt,z.)F(£,z.)\ s==1 2

\U(£))1/2'        Ott,«.) Ott,«.)      )' '

On the linear manifold (£{,0, • • • , 0), with £{ as in §5, the transformation

S coincides with the transformation S of §5. We shall now show that if we

restrict the domain of the transformation S to the linear manifold 9H{ gener-

ated by the elements (£j, 0, • • • , 0) and

/ 7(j,z)      Ci(£, z)F(£, z) C„(£, z)F(j, z) \

\(¿tt))1/2'        Q(Í,z) Q(i,z)       )'

where z is any complex number which does not lie in the closed interval [a, b],

then S is an isometry. The image of 9TC{ is the linear manifold 3Hx generated

by the elements {(2Jfe(X))1/2, H(w, X)/(2k(X)y2, (2fe(X))1/2/(X-z)}. Since

the linear manifold generated by the elements {(2fe(X))1/2/(X —z)} is dense

in L2(a, b), Siïix is also dense in L2(a, b).

From (3.12) we have

F" F(i,z) (•'[ (2k(p)y2)

Using (3.13) and (3.14), we see that

ç»(A(W*    F(£,z) r" H(w,p)   (2k(p)y>2d

Ja   i-w   (A(t)y2      Ja(2k(p)y2  p-z   ""

The relations (4.2), (5.7), (5.8), (6.3), (6.4) and (6.5) show that S is an

isometry when its domain is restricted to Siïlf. Thus S is a 1-1 map of SfTCf

onto 3Hx. S, then, defines an inverse map öl whose domain is 9TCx- Since öl is

bounded on 9TCx, we may extend öl to the closure of 9TCx, which is just L2(a, b),

as a bounded transformation. We shall call this extension öl. öl is indeed an
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isometry of L2(a, b) into 3C. To show that (R coincides with £ on the space

£x, we observe that the image of (£{, 0, • • • , 0) under S is just £\ and that

S coincides with the transformation 5 for these elements. Thus 01 coincides

with £ on £x. These transformations have unique bounded extensions to £x.

This completes the proof.

Lemma 6.2. Under Hypothesis 6.1, the transformation R defined through

formula (5.1) generates a bounded transformation R of norm 1 of the space

L2(a, b) on the space L2(min{/(X)-¿(X)}, max{/(X)+fe(X)}).

Proof. From (3.13) we obtain

1                   r"H(í + ir,,\)-H(í-in,\) (2k(\)y2 £(£,z)
lim      I-dX

2itrt;w J„ (2k(X)A(0)112 A-z (¿(£))1/2

Thus
_
F(S, z)„ i(2k(x)y2)

(6.6) R\\ Î\   A — z   ) (A(£)y2

Now let (P be the projection of 3C onto its first component. If we restrict

our domains to 3H\, then we see that £=(P(R. Consequently £ is bounded on

9TCx and has a unique bounded extension R to the closure of SIR* which is just

L2(a, b).

Corollary. 5 = (Pot, where (P is the projection of 3C onto its first component.

Next, we turn to

Lemma 6.3. Let P denote the projection of the space L2(a, b) onto £\. Then

R=RP.

Proof. The map SR maps L2(a, b) onto £x. (£ agrees with £ on the sub-

space £x.) Furthermore, RS=1. Hence (SR)2 = SR. Thus SR is just the

projection of L2(a, b) onto £x, i.e. SR = P. Now RP= RSR= £ since £S=1.(5)

Corollary I. Under Hypothesis 6.1, the linear manifold generated by the ele-

ments {F(£, z)/(A(0y2} is dense in L2(mm{f(\)-k(X)}, max{f(X)+k(X)}).

Proof. Since the linear manifold generated by the elements

((2k(\)y>2\

V1TT7
is dense in L2(a, b), the manifold generated by the elements

(6) From (5.6), (6.5), and (6.6), one readily concludes that R and 5 are adjoints of each

other, so that SR is self-adjoint.
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^(2k(X)y2)

is dense in £x. Now

i  (2k(x)y2\

^(2k(x)y2\     „ ((2HX))112)      F({,i), j(2k(x)ym     R ((2k(x)y>2\ =

(Am 1/2

from (6.6) and Lemma 6.3. But when R is restricted to £x, it coincides with

£ which is an isometry of £x onto L2(min{/(X) — fc(X)}, max{/(X)+£(X)}).

Hence the manifold generated by the elements {F(£, z)/C<4(£))l/2} is dense in

L2(mm{f(X)-kÇX)}, max{(f\)+k(\)}).

Corollary II. Under Hypothesis 6.1, if Rh(\) =g(£), then RLh(X) = £g(£).

Proof. Rh(X) = ËPhÇX) by Lemma 6.3. Since £x is invariant under the opera-

tion L (see Theorem 5.1), we must have LP = PL. Now RLhÇK) = RPLh(\)

from Lemma 6.3. RPLh(\) = RLPhQ,) =£g(£) by Theorem 5.1. (R agrees

with £ on £x.)

Next we turn to the more elaborate

Lemma 6.4. If <RA(X) = (g0(£), gi(£). • • • . gjv(£)), then

<ñLh(X) = (£g„(£), &i(Ö, ■ • • , &»(8).

We outline the proof.

By considering the expansion of the function £(/, Zi)£(/, z2) in powers of

1// up to the second power, one can evaluate the integral

(6.7) —: <£ /£(/, zi)£(/~, zt)dl
2m J

(6.8) = — f £{£(£ + ¿0, z,)£(£ - ¿0, z2) - £(£ - Í0, Zl)£(£ + ¿0,z2)}</£
2m J a

z2 — zi /• "    £(£, zi, z2) _
(6.9) =—— I '      '       . £F(£,zi)F(£,z2)¿£.

2m   J a  Q(%, zi)Q(£, z2)

(The last equality follows from (3.8).) The computation leads to the formula

J_    iim      f ß f^*' X + *"' Z)F& X + iv)     P& X ~ **'z)F(l'X ~ *»>]
2t* ̂ o™>o Ja   I   (?({, X + iv)(2k(X)y2 Q(t, X - iv)(2k(X)y2   J

«*«»<> „    ,^ í(2*(x))1/2)   ,  i f» (¿(x)¿(m))1/2((2¿(p))1/2'

á£ =/(A)
ett, z)

or, under Hypothesis 6.1,

/(2fe(x))1/2-j | i <" (fe(A)a(p))1'2 pap»))"2)

l   A — 2   )        «J0        p — A       I   p — z   J
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(6.10)

s U JF(J, z)     £Ci(£, z)F(j, z) £Cy(£, z)F(£, z)\|

Sl\Utt))1/2' Qtt.z) Q(i,z)       ))

= L
j(2k(x)yW2)

We now indicate how to show that S is arí isometry on the linear mani-

fold 3lf generated by the elements

,,      n „v/3^      Ci(£, z)£(£, z) Cirtt.ijPtt.m

i(£{'0) • • ' ' HöS)^   e(«,.)   ' ' ' "    eft,.)   >
(JF(Í,*)       £Ci(£, z)F(£, z) £Cy(£, z)F(£, z)\|

Wd»1"'"     Ott,*) Ott,*)      //'

A lengthy computation beginning with the results obtained in evaluating the

integral (6.9) leads to the formula

,* «^      C " && ^    Hi, *i)   ,„  ,   4, F0 C,(i, z2)F(i, -z^dd, zi)£(£, zi)
(6.11)      I-at + z_# I-=-dt

J a     V P  —  Z2    ) X  —  Zl

In this last set of computations, the equation

cb 2k(x) ( rh *oo    i      / r" *o»)    v

which follows from

2«y      f—2 \J„ ju - f     / \JaM-z      /

2«^„   X — zL\ Ja p — X      /

- (-mk(\) + f   —— <»V) láX

Ja      X  —   Z   l J„    M —  X j

plays a key role.

If one expands E(l, zi)E(l, z2) in powers of l/l up to the third power, one

can evaluate the integral
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(6.13) —; ^"/2£(/, zi)£(/, z2)dl
2m J

(6.14) = — f i2{ £(£ + i0, zi)£(£ - Í0, z2) - £(£ - Í0, zi)E(i + »0, z2)} ¿£
2m J a

z2 — zi C0     Hi, Zi, z2) _
(6.15) =—-r-\    —-———rÍF(Í,Zi)-ÍF(i,z2)d^ (from (3.8)).

2irt   J a   Ç>(£, Zi)Ç(£, zi)

An extremely cumbersome computation leads to the equation

rß    P(i,zi,z2)
I    nu    ,',t    JHi,zi)-iF(i,zddl-

Ja Q(Í,zi)Q(i, z2)

(6.16)
r" t (2k(p)y2)      (_ (2k(p)y2)

= \   \lk   wj   \(x)-\l \(X)dX.
Ja    \        P — Zi   ) \ p — Zl   )

In the derivation of (6.16), (6.12) and

dX
z

Ja X — z\mJa p — X     /

(6.17)

3w2\J a    P — Z        I 3  J a    X  —

are utilized. (6.17) is a consequence of the following computation:

J-/_L(f'iW.«,Yif.(f'«rI4,Y
2mJ     f — z\Ja  p — f      / \Ja   p — z      /

' ^~- f^r— IY«*(X> + fb^- dp\
2m J a  X — zL\ J a  p — X      /

- (-mk(X) + f  -^—dp\ IdX

f   -|2(«)3)fe3(X) + 6mk(X) ( f   ——dp)   |¿X.
1   r"

2m»

Now we shall show that

r0 iF(i,z) r" ( C2k(p)y2)     , .
<6-18> /,''    2(^tt))1/2^=        \L HX)-{-(2¿(X))'/2}rfX.

Ja     (A(i))112 J a     l M   -  Z     ;

If we expand £(/, 2) in powers of l/l, we obtain
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1     1    /•»    k(p)
£(/, z) = 1 +-; I      -</p

/    iriJ a    P — z

(6.19)

Z2 (ir¿J0    p — z 2 \mJ a  p — z      / )

Hence

1   y lr" k(p)f(p) 1 /1  r " k(p)      \2
—: 6 /£(/,z)dl = - — I '      áp-(— I   —^- ¿p) .
2m J mJ a    p — z 2 \mJ a  p — z     /

From (6.12) we have

\mJa p — z     I w2Ja  X — z (Ja p — X     )

so that

i   rß i r"       *(m)i  rß i r"      ¿oo
—      £^(£, z)di = - -      f(p)-dp
2mJ a mJ a p — z

TC2J a    X   —  Z  (J a    p  —  X ) 1T2J a    X   —  z(Ja    P~Z        )

However,

_ i r » ̂ é00_ | r »^ j_i-M 7 dx
7T2JaA — z(J0 (p — A       p — z)      J

1    rb        [ Cb        k(p)dp       \
=-|   k(X){\    -^++-}dX.

T2Ja [Ja    (P-X)(p-Z)f

Thus

rf r"(       2k(x)    k(x) rb ( 2k(p))  dp )
I   £F(£,z)¿£=        i-/(A)-^-+-V| ^^i--U

Ja «/al X — z        m   J a \p — z) p — X)

(6.21)
/•»(        (2¿(X))1/2

7. {/w
X - z

1   r" (k(X)k(p))     ((2k(p)y. rb (k(x)k(p)y2 t(2k(p)yi2)   ) . ,

îJ0       p — X       l   p — z   ;     ;

From (6.21) we easily obtain (6.18).

Finally we shall prove that
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(6.22)

Now

J.  (Am)11'    £-S> J.X      u-t  I       (2i(»)">

.(•aic/ijÄüw
J0      X-z    \     1(2¿(m))1/2//

f^ttfZ)    rv-wtJ. - f^^I-cf£ =  I   F(£,z)d£ + wl-d£
J a      i —  W Ja Jai  —  W

'b(2k(x)y2. ri'(2k(x)y2 h(w,x)r"(2k(x)y2( c»
=  I    \K"     {-(2¿(X)'/2}rfX + *

J a        X — Z J a
dX

x - z   (2k(x)y2

(from (6.4),(6.5)),

f"(2k(X)y2( .   H(w,X))
^Ja^^\-{2km'+wm^2idx

= |    -(L<-M(X)¿X (from (5.9)).
Ja    X-Z   \   \(2k(jx)y2) )

Formulae (6.10), (6.11), (6.16), (6.18) and (6.22) show that S is an isometry

on the linear manifold 9lj. The image of 3lj is the linear manifold 3lx gener-

ated by the elements

i h(w,x)   (2k(x)y2    (2k(x)y2)
\ (2k(x)y<2,    v ' ' ,v , LK K "   \.
\ (2k(X)y2      X-z X-z  )

Of course, aifD^iTí and 9lxD9TCx. Thus S is a 1-1 map of 3lj onto 3lx. S, then

defines ah inverse map öl whose domain is 9lx- öl is a bounded extension of

the map (R used in the proof of Lemma 6.1. Since <R has a unique bounded

extension to L2(a, b), the mapping öl must also be an extension of öl, i.e.

öl agrees with oí on 3lx. Suppose now that öiA(X) = (go(£)> gi(£), ■ ■ • , giv(£)).

Then the image element (go(£), gi(£), • • • , gtf(£)) lies in the closure of 9TC{.

In fact, the element must lie in the closure of the linear manifold generated

by the elements

U(A(Í)y2 \   (F(Í,z)     Ci(i, z)F(£, z) C„(£,z)F(£,z)\   / Hi, z)     Cx(i, «)Ftt, z) C„(£,z)F(£,z)\j

' /' W))1'2'      Gtt.z) Q(i,z)    ))'\\i-w )' \(A(i)y2 Ött.z) <2(£,z)

Since the £-interval is bounded, (£go(£), £gi(£). • • ■ , £g#(£)) can be approxi-

mated by elements from the linear manifold generated by

Utt))1'2    ä „\   / £F(£, z)    £Ci(£, z)F(£, z)

U(£))1/2'~    Q(i,z)        ""'

jCN(j, z)F(j, z) \\

Q(i, z)        )i '

(/   (A(i))1'2 \   (
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Thus (£go(£), £gi(£), • • • . £gtf(£)) lies in the closure of 9lj. Since all the opera-

tions involved are continuous, we must have (£go(£)> £gi(£). • • • ■ £gn(£))

= (ñLh(X). This completes the proof.

7. Some properties of the polynomials £(£, zi,z2) and Q(£, z). In §3 we

defined certain polynomials c(£, z) and g(£, z) with real coefficients and of the

same degree (see (3.4)). Let D^ be the degree of c(£, z) and g(£, z). Let

ri(£)> r2(0, • • ■ , rrj{(£) be the roots of c(£, z) and let si(£), s2(£), • • • , sD((Ç)

be the roots of g(£, z). Because of the way in which c(£, z) and g(£, z) were

formed, we may assume that

(7.1) s,® < n(£) < 52(£) < r,(Q < < SDi(Q < rr,£(£).

Furthermore, c(£, z) and g(£, z) have leading coefficient 1. Hence

D( D£

(7.2) c(£, z) = £ (-1)Vi(r(£))zDf-',       g(£, *) - £ (- l)'^«))«»*-',
y-o y=o

where a¡ represents the elementary symmetric function of weight/. In formula

(3.7) we introduced £(£, Zi, zi) = c(^, z2)g(£, Zi)-c(£, Zi)g(£, z2) and Ç(£, z)

= c(£,z)-g(£,z). Thus

Ott, Zi)Ö(£, z2)

(7.3) ££,     _it(     .„     .>*»-, »r*
- Z Z (-l)í+*{cry(r(£)) - <ry(i(Ö)} {«*(r(Ö) - <r*(s(£))}zr{ '*<

y=o *-o

Now

D£    Z>£

c(£,zi)g(£,z2) =EI (-l)J+t<ry(r(£))<r*(i(£))z?{",z^"*.
y=o *=o

Hence

D(    D(

(7.4)    £(£,zi,z2) = E E (-l)í+*{^(»-(£))<ry(í(£)) - ay(r(ÖMi(«) }#"'#"*.
y-o k—o

In £(£, Zi, z2) the coefficients of zff'zfl-* and zft~*zff-í differ only by a

minus sign. Therefore

£(£, zi, zt)

(7.5)

= E (-l/+V(K£)VyW£)) - cry(r(£))«r*(5(£))}(zDr *F* - #?#"}.
y<*

Now

*-j-i
Bt-y Bt-* De-k De-i N     ^     Bj-y-l-» De-k+r

y=0

i«   z2s     -zi*   z2'    = — (z2 — zi)   2-, zi Zi        »       7 < *•
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Therefore

£(£, «i, *»)

(7'6)    = E (-i)mMKÖM*(Ö) - «MDfeC«»» E1zry_1"'z^-i+'
y<* »=o

In order to verify the Hypothesis 6.1, we shall have to examine the ex-

pressions

Pit, zi, z2) 1        ¿(£)£fczi,z2)-Q(£,zi)Q(£,z2)

ö(£,z,)Ö(£,z2)     ¿(£) ^(£)Ö(£,zi)(2(£,z2)

Using (4.1) and the expression for £(£+¿0, z)/£(£ — iO, z) in §3, one can see

that

(7.7) ¿(£) = <n(r(£)) - <n(i(£)).

From (7.3), (7.6), and (7.7), we readily obtain

Lemma 7.1. If the degree D( of the polynomials c(£, z) and g(£, z) is 1, then

£(£, zi, z2 ) 1

Ö(£,zi)Ö(£,z2)     ¿(£)'

Next, let us examine the case where £>{ = 2. Here

P(?, zi, z2) = {*M&) - <ri(s(£))}ziz2 + (<t2(î(£)) - <r2(r(£))}(zi + z2)

+ jnWBWi») -^WÖWKÖ)},
Ott, «OGtt, *») = {»i(r(ö) - »»Mo)}"«*

+ {«ri(f(Ö) - <ri(í(£))H<r2(s(£)) - <r2(í(r(£))} (zi + Z2)

+ MK£))-<^«£))}2.

Using (7.7), we have

A(QP(t, z„z2) - Ott, «Oett, «i)

= {»i(r«)) - »!(*«))} {*!('tt))«ri(*tt)) - «r.(*tt))»i(f(0)}

- {<r2(rtt))-<r2(5tt))}'

= {ri + r2 — si — s2}{rir2(si + s2) — SiS2(ri + r2)\ — {rir2 — SiS2}  .

It is easy to verify that this last expression vanishes when ri = Si, s2 = ri,

r2 = St, or si = r2. From algebraic considerations it then follows that

A(£)£(£, zi, z2) - Ott, «Oett, zt) = (n - si)(st - n)(n - st)(n - si).

In view of the inequalities (7.1), we must have

¿ (£)£(£, zi, z2) - Q(t, Zi)Ö(£, zt) > 0.
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Hence if D( = 2,

P(i,zi,z2) 1 B(i)/A(Q

Q(Í,Zi)Q(Í,Zi)     A^)     Q(i,zi)Q(t,Zi)

where £(£) >0. Thus we can write

P(£,zi,Z2) 1 (B(Q/A(Qy*   (B(Ç)/A(i)y2

Q(Í,zi)Q(Í,Zi)     A(t\ Q(i,zi) <2(£,z2)

and the Hypothesis 6.1 is satisfied. This proves

Lemma 7.2. If the degree D( of the polynomials c(£, 2) and g(£, 2) is ^2, then

the Hypothesis 6.1 is satisfied.

8. Singular integral operators with simple continuous spectra. If the

polynomials c(£, 2) and g(£, 2) are of degree *£1, then Lemma 7.1 can be

used to show that the transformation S defined through (6.1) is just the

transformation 3 defined by (5.2). In this case S furnishes an isometry of

3TÎ{ onto 91Tx. Furthermore if R (see (5.1)) is restricted to 3Ilx, then RÊ=1 and

§R=1. Thus the bounded extensions £ and 5 of £ and Ê to the spaces

L2(a, b) and £2(min {/(X)— &(X)}, max {/(X) — ¿(X)}) are isometries such

that £5=1 and 5£=1. The range of 5 is all of L2(a, b) and the results of

Theorem 5.1 yield a complete spectral representation for our operator. The

purpose of this section is to give a criterion which guarantees that the degrees

of c(£, z) and g(£, 2) do not exceed 1. We shall prove

Theorem 8.1. Consider the function

/(X) - £ - k(x)
-,        a < X < b.
/(X) - £ + k(X)

Suppose that when f(a)—k(a)^i^f(a)+k(a), the function changes signs at

most once, and that for all other values of £, the function changes signs at most

twice. Then the operator L has a simple continuous spectrum from

min {/(X) — k(X)} to max {/(X) +&(X)} and the transformations R and S of §5

furnish a complete spectral representation for L.

Proof. In (3.4) we saw that

IT J a

g(i,z)     l  r>     f(p)-t-io-k(p)    dp
-= — I     arg-
c(Í,z)      J,      * f(p) - Z - iO + k(p) p-z

The integrand is zero unless (f(p)—i — k(p))/(f(p)—i+k(p)) is negative. If

f(n) - j - k(p)     o
M - i + k(p)      '

then we must have f(p) —£ — k(p) <0 andf(p)—l-+k(p)>Q, since k(p)—0.
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Suppose, first, that

f(p) - £ - k(p)      o
f(p) - £ + k(p)

in some half-open interval a<p^Xi. Then f(p) — k(p) <%<f(p)+k(p) for

a<pgXi and therefore/(a) — k(a) ^^èf(a)+k(a). According to the hypoth-

esis of the theorem, the function (f(p)—^ — k(p))/(f(p)—^ + k(p)) changes

signs at most once. From this fact it follows that c(£, z) and g(£, z) are of

degree 1 in z.

For all other values of £,

f(a) - £ - k(a)      o

f(a) - £ + k(a)

According to the hypothesis of the theorem, the function

(/00 - £ - k(p))/(f(p) - £ + k(p))

now changes signs at most twice. From this fact it is easily seen that the de-

grees of c(£, z) and g(£, z) do not exceed 1.

9. Singular integral operators with continuous spectra of multiplicity 2.

In §7 we saw that if c(£, z) and g(£, z) are of degree D( ^ 2 for min {/(X) — Jfe(X)}

<£<max{/(X)+Jfe(X)}, then

P(H,zi,Zi) 1 (B(Q/A(&y*   (B(i)/A(t)y2

Ö(£,zi)Ött,z2)      A(Ç) Ö(£,zi) e(£,z2)

where £(£)2:0. Furthermore, in Lemma 6.4 we proved that if

(fott), gitt), ■ • • , gtftt))

lies in the domain of the transformation S, then (£go(£), £gi(£), • • • , £gtf(£)) also

lies in the domain of S. Suppose, now, that z is a real number which does

not lie in the closed interval [a, b]. The element

/   /£tt)Y/2 £tt, z)\

V'Utt)/     Ott,«)/,A(i)f      Ott, z)/

lies in the domain of S. Thus if £(£) is any polynomial in £, then

\       ™\A(t)/     QXi, %))

lies in the domain of S. Now

*tt,«)-{   -«n'UfLf'k, ^^Al
l(ctt, «)itt, z))1'2/     F 12TÍJ. /(p) - £ + Km) ** - */

Since z does not lie in the interval [a, b], then one sees easily from (3.5) that
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c(£, 2) and g(£, 2) do not vanish in the interval min{/(X) — k(X)} <£

<max{/(X)+fe(X)}, except for a finite number of points £. Now Q(£, z)

= c(£, z)-g(^, z). Since

g(Í,z)      1   Ch      f(p)-i-iO-k(p)     dp
;-= — I    arg-'-;
c(£, z)      Tí J„     6/(m) - £ - Í0 + k(p) p - z

the argument used in the proof of Lemma 4.2 shows that log(g(£, z)/c(£, z)) ¿¿0

for almost all £ m the interval min{/(X)— k(X)} <£<max{/(X)+fe(X)}. Thus

Gtti z)j¿0 for almost all £ from this interval and therefore £(£, z)j¿0 for al-

most all £ from the same interval. From the expression for log(g(£, z)/c(%, z))

one can also easily establish that £(£, 2) is bounded. Hence the linear mani-

fold generated by elements of the form

I      V4(£)/     G(£,z)Jl(£)/     Gtt, z)J

is dense in L2(2), where

S = {£| £(£) * 0} H {£| min{/(X) - ¿(X)} < £ < max{/(X) +k(X)\ }.

The discussion of §6 can be used to show that 01(1—P) = (l —ö>)öl is an

isometry on £^, the orthogonal complement of £x in L2(a, b). Thus the set of

elements of 3C which lie in the domain of S and which are of the form (0, g(£))

is closed. Therefore the closure of the linear manifold generated by the ele-

ments of the form

i(o, m/m)"- ZM)i

lies in the domain of S. But then the domain of S is just the direct sum of the

spaces L2(m'm{f(X)—kÇX)}, max{/(X)+£(X)}) and £2(2). Hence the trans-

formations öl and S of §6 furnish a complete spectral representation for the

operator L in this case.

Just as in §8 we can now formulate suitable conditions on the functions

f(X) and k(X), so that the degrees of c(£, z) and g(£, z) do not exceed 2.

Theorem 9.1. Consider the function

f(X) - £ - k(X)

/(X) - £ + ¿(X) '
a^X^b.

Suppose that when f(a)—k(a)^!-^f(a)+k(a), the function changes signs at

most three times, and that for all other values of £, the function changes signs at

most four times. Then the operator L has a continuous spectrum of multiplicity

= 2 and the transformations (R and S of §6 furnish a spectral representation for L.

Proof. We again utilize the expression
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,     g(ií,z)      i   rb      f(p) - £ - Í0 - k(p)    dp
log —-= — I     arg-'-•

c(£, z)       it Ja        f(p) - £ - ¿0 + k(p) p - z

If

f(p) - £ - k(p)     o
/(p) - £ + k(p)

in a half-open interval a<p^Xi, then we again have f(a)— k(a) ^£g/(a)

+&(a). Thus the sign of (f(p)— £ — k(p))/(f(p) — %+k(p)) changes at most

three times, by hypothesis. Hence it follows that the degrees of c(£, z) and

g(£, z) are ^2.

For all other values £,

/(a) - £ - k(a)

f(a) - £ + k(a) >

and the sign of (f(p)—£ — k(p))/(f(p)—t;+k(p)) can change at most four

times according to our hypothesis. Thus the degrees of c(£, z) and g(£, z)

are again ^ 2. This completes the proof.

10. Remarks about the general operator L. From the corollary to Theo-

rem 2.2 and from Theorem 5.1 we immediately obtain

Theorem 10.1. The set of limit points of the spectrum of the operator L is

the entire interval

min {/(A) - ¿(A)} ^ £ ^ max {/(A) + ¿(X)}.

If kCX)>0, a^X^b, then the operator L is similar to the dominant singu-

lar integral operator L of §2. Hence we obtain

Theorem 10.2. If k(X) >0, a^X¿b, then the spectrum of the operator L is

precisely the interval

min {/(A) - k(X)} g £ ^ max{/(A) + k(X)}.

11. Remarks about more general self-ad joint singular integral operators.

In this section we shall give a general indication of the reduction of the prob-

lem of finding the spectrum of operators of the form

1   Cb g(\ m)
(11.1) Mx(X) m f(X)x(X) + —       ^-¡-L x(p)dp,

mJ a   p — X

where /(X) and g(X, p) are smooth functions, to the problem of determining

the spectra of certain multiplication operators, operators of the form (1.1)

and completely continuous operators.

First, we observe that the operator M differs from the corresponding

dominant singular integral operator
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g(X, X)   r >  x(p)
dp

g(X, X)  r '
(11.2) Mx(X) =f(X)x(X) +       \      \

m    J a  P — X

by a completely continuous operator. We now define

*i(x) = g(x,x), if xe {x|g(x,x) èo)

= 0, otherwise

and

k2(X) = -g(X,X), if XG ix|g(x,x) go}

= 0, otherwise.

We then consider the operator

(i>.3> few = /W*(x) + i f'MIW-MIW^
m J a p — X

This operator M commutes with the cut-off projection

n*(x) = *(x), xe {x|g(x,x)^o}

= 0, otherwise.

x(p)dp

We can thus analyze the spectra of the operators

Mlt(X) =/(X)*(X) + — I-
(11.5) mJ {^\a(u,u)^o) p — X

onL2({x|g(X,X) è0}),

1   r (k2(X)k2(p)y2
m M2x(X) m f(X)x(X) - - Y       *V>d"
(11.6) mJ \a\Q{ß.n)<o\ p — X

onL2({x|g(X,X) g0})

separately. The operator M2 is essentially of the form (1.1). The operator

Mi commutes with the cut-off projection

Uix(X) = x(X), XE {\\ki(X) >0)

= o, x g {x| ki(x) = o} r\ {x\ g(x,x) = o}.

Hence we can analyze the spectra of the multiplication operator

(11.8)    Mux(X) = f(X)x(X)    onL2({x\ki(X,X) =0} r\{x\g(X,X)^0})

and the operator

i r (ki(x)kx(p)yi2
Mux(X) a /(X)*(X) + — I x(p)dp

,..   Q, vi-J l»IMe)>0]        p — X

onL2({x\ki(X)>0})
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separately. The operator Mi2 is essentially of the form (1.1). Finally we ob-

serve that the operator M (see (11.3)) differs from M by a completely con-

tinuous operator, since

(Û - M)x(\) m U(M - M)x(X) + (1 - U)(M - M)x(X)

(ki(x)y2 c»(ki(p)y>- (ki(x)y2
=-;- I    -:-x(p)dp

m      Ja p — X

(kt(x)y2 r"(kt(x)y2-(ki(p)y2
H-:— I   -:-x(p)dp,

m      J a p — A

is the sum of two completely continuous operators.
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