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Introduction. It was proved by von Neuman [10, vol. II] that a ring
R is regular if and only if the set L(R) of all principal left ideals of R is a
complemented modular lattice under the usual operations of addition and
intersection of ideals. We shall here be concerned with the problem, also
investigated by von Neumann, of finding for a given complemented modular
lattice B a regular ring R such that B=2L(R). As von Neumann observed, this
may be regarded as a generalization of the problem of introducing coordi-
nates in a projective geometry, and we shall therefore say that B is COORDI-
NATIZABLE if and only if such a ring R exists.

A complete solution to our problem would consist in an axiomatic char-
acterization of the class K of all coordinatizable lattices. However, this seems
to be an extremely difficult problem, and in fact it is doubtful that any reason-
able axiom system can be found. In any case, as we observed in [4], no finite
set of first order sentences could possibly serve as an axiom system for K.
We shall therefore be concerned with the less ambitious problem of trying to
find sufficient conditions in order for a lattice B to be coordinatizable. Our
principal result will be a generalization of von Neumann’s theorem which
asserts that every complemented modular lattice which has a homegeneous
n-frame with # =4 is coordinatizable. In particular, it follows from our results
that, with certain well known exceptions in the lowest dimensions, every
simple complemented modular lattice is coordinatizable.

Generalizing von Neumann's concept of a normal n-frame of a comple-
mented modular lattice, we shall introduce the notions of a PARTIAL #-FRAME
and a LARGE PARTIAL #-FRAME, and our principal result states that every
complemented Arguesian lattice B possessing a large partial three-frame is
coordinatizable. Essential use will be made of Frink’s representation (cf. [3])
of a complemented modular lattice as a sublattice of the lattice of all sub-
spaces of a projective geometry, and of the resulting representation (cf. [5])
of a complemented Arguesian lattice as a sublattice of the lattice of all sub-
groups of an Abelian group. This latter representation is used to prove that
every complemented Arguesian lattice which possesses a large partial three-
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frame can be embedded as an ideal in a complemented Arguesian lattice with
a normal n-frame where #=4. The proof of this embedding theorem is quite
involved, but once it has been established our principal result follows im-
mediately from von Neumann’s theorem together with the fact that every
principal ideal of a coordinatizable lattice is coordinatizable.

All the lattices considered here will be assumed to have a zero element 0,
which will be regarded as a distinguished element. That is, when speaking
of a sublattice of a given lattice we mean a sublattice containing the zero
element of the original lattice, and when speaking of a homomorphism of one
lattice into another we shall assume that the zero element of the first lattice
is mapped onto the zero element of the second. We shall use 4+ and - for
the binary operations of lattice addition and multiplication, »_ and ] for the
corresponding operations on finite sequences, and = for the inclusion rela-
tion. If b<a, then a/b is the lattice quotient consisting of all elements x
with b<x=<a. In particular /0 is the principal ideal generated by a, but
there will be occasions when this last notation is ambiguous because our
arguments will concern two lattices 4 and B, where B is a sublattice of 4,
and an element a ©B. We shall therefore use complex multiplication and
write Ba and Aa for the principal ideals of B and of 4 which are generated

by a.

If the elements ao, a1, - * -, @z—1 of a modular lattice B are independent
we write (@, @1, * * -, @.—1)L. If the terms of a sum are independent, we also
indicate this by writing + and " in place of + and 3. Thus

e+ b=a+4+0,
Zai:' awtat - Faa= Zai,
i<n <n
in case ab=0 and (aq, @1, - - -, aa.—1)l. The relations of perspectivity and of

projectivity, between quotients or between elements, will be denoted by ~
and =, and we shall write ¢ <b in case a is perspective to a part of b, i.e.,
a~x for some x £b. As before, there may be ambiguity when two different
lattices are being considered, and we shall then write a~b in B in place of
a~b, and similarly for the other two relations.

1. Partial n-frames. Although we are primarily interested in comple-
mented modular lattices, it will be important to introduce the notion of a
partial n-frame for an arbitrary modular lattice with a unit element.

DEFINITION 1.1. Suppose B is a modular lattice with a unit element %, and
n is a positive integer. By a PARTIAL n-FRAME of B we mean an ordered triple
a= (b, ¢, d) where b is an n-termed sequence whose terms b;, =0, 1, - - -,
n — 1, belong to B, ¢ is a symmetric # X # matrix whose terms c¢; j, %, j
=0,1, - - - ,n—1, belong to B, d is an element of B, and the following condi-
tions are satisfied:
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(i) u= 3 icn bitd.

(ii) bi+bj=bitcijfors, j=0,1,-- -, n—1

(1) ¢i,j=(ci.p+Cp.;)(bi+b;) for ¢, 7, p=0,1, - - -, n—1.
If a= (b, c, d) is a partial n-frame of B, we agree to write

a; = b, ai,j = Cij a* =d, a; = E a; + a*.
1#j<n

A partial n-frame @ of B is said to be LARGE in case a* is the sum of
finitely many elements, each of which is perspective to a part of a,.

By a GLOBAL n-FRAME of B we mean a partial n-frame a of B such that
a*=0.

Clearly, if a is a partial n-frame of B, then a; =0, a; and a; are perspec-
tive with @, ; as axis of perspectivity, u =a;+d;=a; j+a; provided 74, and

ad; = Y, ap+ a*.
i,j#p<n

Furthermore, although B is not assumed to be complemented, several ele-
mentary facts concerning n-frames generalize to the present situation. As an
example, if

U = Z b,‘ + d,
<n
and if bo+b;=bo+x:=b;+xifori=1,2, - - - ,n—1, then there exists a unique
partial n-frame a of B such that a;=b; for =0, 1, - - -, n—1, a,:=x: for
1=1,2,---,n—1,and ¢*=d.

LEMMA 1.2. For n=3, if a is a partial n-frame of a complemented modular
lattice B, then the set Bao\J {ao, ao,l} generates B.

Proof. Let C be the lattice generated by BdoU{ao, ao,l}. Since a0 and
dody are elements of C, the element d@,=a¢-+dod; also belongs to C. The per-
spectivity

x>z = ai(x + ao,1)

maps Ba, isomorphically onto Bd,, and since x' € C whenever x &, it follows
that Ba;CC. The element a2 belongs to C, and replacing the subscript 1
by 2 in the above argument we infer that BaCC.

Assuming that x€B and xd,=0, let

y = ai(x + a1), 2 = dx(x + as).
Then yE Ba, and 2E Ba,, hence y, 2&C. Furthermore
@+ 9)(@+2)=(@EF+a)x+a) ==«
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because (ai, as, x).L. Consequently x& C. Finally, for any bEB there exists
xEB such that b=bd,+x. Then bd,EBdy, and since xdo=0, we have xEC.
Therefore b& C. Thus C=B.

LEMMA 1.3. Suppose B is a complemented modular lattice with unit element
u, n=3, and a is a partial n-frame of B. If xEB and u=x+a,, then x~a; for
1=0,1, ---,n—1.

Proof. (For the special case =3 and a*=0, see [1, p. 255].) Let

y = (a0 + a))(x + dody).
Then
y+do=u and yd = aix + dodi) = 0,

and hence y~a,. Choosing j<n with j#0, 7, we therefore have y~a,~a;,
and since (y+ao)a; < (ao+a:)a;=0, it follows (see e.g. [8, p. 58]) that y~a;.
Again, since y(e;+a;)=0 and y~a;~a; we have y~a; Finally, since
ySx+3d0a; and (x, dods, @)L, we have (x4y)a;=0 and this, together with
the fact that x~y~a;, implies that x~a;.

LEMMA 1.4. If the elements a and b of a relatively complemented modular
lattice B are projective, then a is the sum of finitely many elements, each of which
is perspective to a part of b.

Proof. We consider only the case in which ¢ and b are connected by a se-
quence of two perspectivities, a~c~b; the general case follows by an easy
induction.

Since ac ¢, we have ac <b. Choose a, with a =ac+a,. Since perspectivi-
ties are isomorphisms, we can find 5y<b and ¢o=<c¢ such that as~co~b,.
Clearly aoco=0. Letting ¢;=cobo and choosing c; with ¢o=c;+c; we can find
ay, Qs bl, b, such that ao=a1-i-a2, bo=b1+b2, a1~cl~b1, and as~bs~c,. Since
a1 <b, we have a;<b. Also observe that asco=byc,=0. Next let a;=a(b:+c,),
bs=bs(as+c;) and c3=cz(az+5;), and check that as+b;=as4c;=bs4c;, so
that az~b;. Finally, choosing a4 so that a;=a;+a4, we can find bs<b, and
¢4 Z ¢, such that as~cs~by. Since bscs < bsca=0 and a4(b4+c4) <a4w;=0, we
have (a4, bs, ¢s) L, and we infer (see e.g. [8, p. 68]) that as~b,. Thus a is the
sum of the four elements ac, a1, a; and a4, each of which is perspective to a
part of b.

We conclude this section by proving the existence of large partial -
frames in a simple complemented modular lattice. An ideal C of a modular
lattice B is said to be neutral provided the condition a~b&C always implies
that a€C. We recall (cf. [2, p. 125]) that if B is relatively complemented,
then there is a one-to-one correspondence between the congruence relations
over B and the neutral ideals of B, since the neutral ideals are precisely the
kernels of congruence relations and since each congruence relation is com-
pletely determined by its kernel.
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LEMMA 1.5. Let a be an element of a relatively complemented modular lattice
B, and let C be the set of all elements c&B such that ¢ is the sum of finitely many
elements, each of which is perspective to a part of a. Then C is a neutral ideal of
B.

Proof. Clearly C is closed under addition. If b~c& C, then there exist

elements %9, %1, * * -, X»_1E€ B such that
1) c= 2 % and ; <g, fori=0,1,.---,n—1.
<n
Therefore
b=y with y;~ux, forti=0,1,--.,n—1,
<n

By 1.4 we have y,E€C for all :<n, and hence b&C.
If b=c€C, then (1) holds for suitable elements x;. Let y,=0 and

yi=2+ x4 -+ 2 fori=1,2..- n,

and for 1=0, 1, - - -, n—1 choose z;EB so that by;;1=by,+2; Then
b= Z 23
<n

For each i<n we have y;+x:(y:+2)=9y:+2; and we can therefore find
9;EB such that y;+2,=v;4v; and v;<x:(y;+2:). Thus z,~v;<a, and we in-
fer by the first part of the proof that z;&C. Consequently & C. The set Cis
therefore a neutral ideal of B.

COROLLARY 1.6. If a is a nonzero element of a simple relatively comple-
mented modular lattice B, then every element of B is the sum of finitely many ele-
ments, each of which is perspective to a part of a.

TueOREM 1.7. If n is a positive integer and if B is a simple complemented
modular lattice of dimension at least n, then there exists a large partial n-frame
of B.

Proof. By hypothesis there exist independent nonzero elements

bo, by, - -+, h.1EB, and by n—1 successive applications of 1.6 we obtain
nonzero elements x1, X2, * * *, Xa—1, Y1, ¥2, * * *, Y21 EB such that by=2x1 2
= .- 2%, and x;~y;=<b; whenever 0<7<n. Letting 2o=x,_; we can
therefore find 21, 23, - - -, 2.-1& B such that z9~2;<y;for:=1,2, - - - , n—1.
Inasmuch as (2o, 21, * * +, 2s—1)l, there exists a partial n-frame a of B such
that a;=32; for =0, 1, - - -, #—1, and using 1.6 we conclude that @ is large.

2. Complemented Arguesian lattices. A lattice B is said to be ARGUESIAN
if and only if it satisfies the following condition: For all @, a1, a3, b, b1, b:E B,
if
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y = (ao + 01)(bo + bl)[(ao + 02)(bo + bz) + (01 + az)(bl + bz)],
then

(a0 + bo)(a1 + b1)(az + b2) < ao(ay + ¥) + bo(by + ¥).

The name is suggested by the fact (cf. [6]) that a projective geometry satis-
fies Desargues’ Law if and only if the lattice of all its subspaces is Arguesian.
It is known (cf. [6]) that every lattice of commuting equivalence relations is
Arguesian and, a fortiori, so is every coordinatizable lattice.

LeMMA 2.1. Every complemented modular lattice B which possesses a large
partial n-frame a with n=4 is Arguesian.

Proof. By [3], B can be mapped isomorphically into the lattice 4 of all
subspaces of a projective space, the unit element « of B being mapped onto
the whole space. We may assume that B is actually a sublattice of A. The
space # can be decomposed into pairwise disjoint subspaces u;, #€1, in such
a way that the line determined by two distinct points is nondegenerate if and
only if both points belong to the same component. By hypothesis, the unit
element u of A has the property that it is the sum of finitely many elements,
each of which is perspective to a part of ao, and it follows by 1.5 that every
element of A has this property. In particular, every point of « is perspective
to a point in @,. Now consider any 1€ 1, and choose a point p in #;. Then
p~qo for some point ¢ is ao. For j=1, 2, 3 we have ao~a;, and we can there-
fore find a point g; in a; such that go~g¢;. Since p is in u;, the points go, 1, g2, g3
must also be in %;, and since these four points are independent, the dimension
of u; is at least three. Being nondegenerate, #; must therefore satisfy Desar-
gues’ Law. Consequently the whole space u satisfies Desargues’ Law, whence
it follows that A4 is Arguesian, and therefore B is also Arguesian.

LEMMA 2.2. In a simple relatively complemented modular lattice B every non-
trivial ideal is simple.

Proof. Suppose C is a nontrivial ideal of B, and let = be a congruence
relation over C. If = is not the identity, then there exists a nonzero element
a€ C such that a=0. For any cEB there exist, by 1.6, elements x;EB, 1=0,
1, - -+, n—1, with

c=2x,»

<n

and x;<a in B for all :<n. If c¢&C, then for each 1<#n we have x;&C and
x;<a in C. We conclude that x;=0 for each 7 <n, and therefore c=0. Thus C
is simple.

THEOREM 2.3. Every simple relatively complemented modular lattice B of
dimension four or more is Arguesian.
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Proof. For the complemented case this follows from 1.7 and 2.1. In the
general case we observe that any six elements ao, a1, @2, bo, b1, boE B are con-
tained in a principal ideal Bu whose dimension is at least four. Since, by 2.2,
the complemented modular lattice Bu is simple, it follows that the elements
a;, b; must satisfy the Arguesian condition. Consequently B is Arguesian.

3. The embedding theorem. Our principal result will be based oa the
following embedding theorem:

THEOREM 3.1. If a is a partial three-frame of a complemented Arugesian
lattice B, then there exist a complemented Arguesian lattice B’ and an element
bEB’ such that

(i) B is an ideal of B’ and B'=B-+B'b.

(ii) b~ao in B’.

As will be shown, this theorem is an easy consequence of

THEOREM 3.2. Suppose A’ is the lattice of all subgroups of an Abelian group
u', u is a subgroup of u', and B is a complemented sublattice of the lattice A of all
subgroups of u. If a is a partial four-frame of A’ such that Go=u and a,, as, as,
@12, 13, 6*EB, then the sublattice B' of A' which is generated by the set
BU {ao, 0,1} is complemented, and B is an ideal of B'.

Proof that Theorem 3.1 follows from Theorem 3.2. Since the lattice B
in Theorem 3.1 is complemented and Arguesian, it is isomorphic to a sub-
lattice of the lattice 4 of all subgroups of an Abelian group «. It may there-
fore be assumed that B is actually a sublattice of 4, and that & B. Since
the groups a,, a1, a; are perspective, they are isomorphic. Let %’ be an Abelian
group that is a direct product of # and of a group b that is isomorphic to the
groups &;, and let 4’ be the lattice of all subgroups of #'.

If ¢ is an isomorphism of b onto a,, then the set x of all elements of the
form a—¢(a) with a€b is a subgroup of %’ and the axis of a perspectivity
between b and ao. By the remark that follows Definition 1.1 we infer that
there exists a partial four-frame c of A’ such that ¢o="5, ¢;=a;, for =1, 2, 3,
Co1=xX, Ci,j=a;1,j for 2, j=1, 2, 3, and c¢*=a*. Thus the hypothesis of
Theorem 3.2 is satisfied with a replaced by ¢, and the sublattice B’ of 4’
which is generated by the set BU{b, x} is complemented and contains B
as an ideal. Inasmuch as %' =u-+b, it follows that B’=B-B’b and, finally,
since x€ B’ we have b~a, in B’.

Reduction of the proof of Theorem 3.2. In the discussion that follows,
Theorem 3.2 will be shown to follow from four statements, (1)—(4), whose
validity will be established in §§4-7.

The group #’ is the direct product of its subgroups a¢, @1, a2, @3 and a*,
and since the groups a; and @; are perspective, they are isomorphic. In fact,
each element a;&a; can be uniquely written in the form a;=a;+8 with
a;jEa; and BEa;,j, and the mapping a;—a; is an isomorphism of a; onto a;.
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If N\ is a permutation of the set {0, 1, 2, 3}, and if we map each a; in this
manner onto G, and map each element of a* onto itself, then these map-
pings permute the factors of #’ and therefore induce an automorphism @¢*
of #’. Alternatively, a* can be characterized by the conditions that ¢*(a) =«
whenever aEa* and, for all a&a;, 1=0, 1, 2, 3,

aMe) € a(t) and o — aMa) € aipe).

The automorphism of A’ that is induced by e* will be denoted by the
same symbol a¢*, and if X is any subset of A’, then a*(X) will be the set con-
sisting of the images of all the elements of X.

If 7 and j are distinct elements of the set {0, 1, 2, 3}, let (%, j) be the
permutation that interchanges 7 and j, leaving the other two members of the
set fixed. It will be shown (Lemma 4.3) that

1) at(x) = (x + a;;)d; whenever d; = 2x€ 4'.

Since the elements ao, ;= (ao,1+01,;)(@o+a;) belong to B’, it follows that the
lattices Bj(a) =a'""(B), j=1, 2, 3, are sublattices of B’. For ¢, j=1, 2, 3
with 745 let B;, j(a) be the set of all elements b of the form

b=x+ (y+a)(z+ a)

with x€B, yE B;(a), 2€ B;(a) and yu =zu=0. In particular, let B(a) = By 2(a).
It turns out (Lemma 5.2) that B; j(a) is actually independent of ¢ and j.
That is, the formula

(2) B(a) = B (a)

holds for 7, j=1, 2, 3 with 75#;.
Clearly BU {ao, ao,l} CB(a)CB’. After a rather lengthy argument it will
be shown (Theorem 7.4) that

3) B(a) is a complemented sublattice of 4’.

Consequently B(a) =B’, and B’ is complemented. Finally, it is easy to prove
(Theorem 7.4 again) that

(4) B is an ideal of B(a),

thereby completing the proof of our theorem.

Thus the proof of Theorem 3.2 has been reduced to showing that the
statements (1)—(4) hold. The next four sections will be devoted to this task.
In the proof of (3) we shall have occasions to consider, not one fixed partial
four-frame, but several different ones. It is for this reason that the notation
introduced above has been so chosen that it reflects the dependence of the
various constructions upon the frame.

For convenience we collect here the various assumptions and notations
that will be used throughout the next four sections.
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Sectional assumptions 3.3. Throughout §§ 4-7 the following assumptions
and notations will be in effect:

(i) A’ is the lattice of all subgroups of an Abelian group «'.

(ii) A is the lattice of all subgroups of a subgroup % of #’.

(iii) B is a complemented sublattice of 4 with ¥EB.

(iv) F is the set of all partial four-frames a of 4’ such that do=u and
a1, @3, @3, G1, O13, A*EB.

(v) Qis the set of all permutations of the set {0, 1,2, 3}.

(vi) For each aEF and A&, a* is the unique automorphism of #’ such
that a*(a) =a whenever a€a* and, for all a€a;, 1=0, 1, 2, 3,

a"(a) e ax (1) and a — a‘(a) e @i \(i)e

(vii) For all aEF, By(a) =B and B;(a) =a*9(B) for 1=1, 2, 3.
(viii) For all a€F and for 7, j=1, 2, 3 with 757, B; j(a) is the set of all
elements bE A’ of the form

=z+ (y+ a)(z+ a))

with x€B, yEBi(a), 2€Bj(a) and yu=zu=0.
(ix) For all € F, B(a) =B, :(a).
4. The automorphisms a*.

LEMMA 4.1. If a€ F and N\, u&Q, then a*a* =a.

Proof. Suppose 7 is one of the integers 0, 1, 2, 3, and let j=pu(z) and
k=\(j). Given aEa;, let B=a*(a) and vy =a*(B). Then

B8 € a;, a—BEai vy € ax, B— v E aj.
Consequently
a— v € (a6t a)(ai; + ain) = ain,

so that vy =a**(a). Thus the automorphisms ¢ and a*a* agree on each of the
groups @;, and since they both map each member of ¢* onto itself, they
must be identical.

LEMMA 4.2. For all ¢ € F, and for 1,7=0, 1, 2, 3,
a@(a) = a whenever o € d;d;.

Proof. Let A= (3, 7). If 7, j#k=0, 1, 2, 3, then axa) =0, and it follows by
3.3(vi) that a*(a) =a for all ®Cas. Since a¢* also maps each member of a*
onto itself, the conclusion follows.

LEMMA 4.3. For all a€F, and for 1, j=0, 1, 2, 3,
et (x) = (x + a;,;)d; whenever d; = x € A'.

Proof. Given aCx, there exist 8, ¥ such that
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(1) Bca;, oa—BCcad, v<€a, B-—vECa,
Using 4.2 and 3.3 (vi) we infer that

0 (a) = ¢@(a — B) + aN(B) = a— B+ 7.
Consequently a?(a) belongs to the group

(x + aij)(a: + didj) = (x + a:,7)d;.

Conversely, if & belongs to this group, then there exist a such that a€x and
0 —aCa,,;. Choosing B and ¥ so that (1) holds, observe that since the elements
B—+ and 6 —a belong to a;,; and the elements §, «a— B and vy belong to g;, the
element d —a+B —v belongs to both a; ; and @;. Since a,,;3;=0, we conclude

that
6 = — ﬁ + Y = a(f.i)(a) e a(i.i)(x).

We remark that from now on no use will be made of the fact that the
elements of A’ are groups and that the lattice multiplication and inclusion
coincide with the set-theoretic intersection and inclusion. It is for this reason
that we have used the notation employed when speaking about lattices in
general rather than the customary set-theoretic symbols M and C.

LeMMA 4.4, If a€F, N&Q and X(0) =0, then a*(B) =B.

Proof. We need only consider the case in which \ is a transposition,
A= (2, j). Let k be the remaining one of the three integers 1, 2, 3. Given
bEB, let x=0b(axr+a*) and choose y, 2EB so that

(1) b=x+y+3z y=<a, z=0.
Let
v = (2 + ax + a¥)(a: + a;), w = (z + a;)d;.
Then
(2) ta+t+d)(wt+ae)=0G+at+ad)z+a) =23

because (ej, ax, a*, 2)1. By 4.2 every element contained in 4;d; is mapped
onto itself by A, hence in particular this is true of x, a; and a*. Also, by 4.3,
a; and a; are mapped onto each other, and y and w are mapped onto elements
belonging to B. By 4.1,

aGid) = glikgGilglih)

and by successive applications of 4.3 we see that a**) maps v onto an element
v' € B which is contained in ax+a;, that a"? maps v onto an element v EB
contained in a;+4a;, and ¢“"*) maps 9"’ onto an element v""’ € B which is con-
tained in a;+4a;. Thus a¢*(v) =v""’ is a member of B. It now follows from (2)
and (1) that a*(2) €B and a*(b) €B. Thus ¢* maps B into itself, and the fact
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that a@* is of order two enables us to conclude that ¢*(B) = B.

LEMMA 4.5. For all a€EF, and for i, j=0, 1, 2, 3, a¥) maps Bi(a) iso-
morphically onto B;(a).

Proof. If =0 or j=0, then this follows from 3.3 (vi), (vii). The case
1=j is trivial since a*? is the identity automorphism of #’. If 752703,
then

aGid) = gli.0g g0
2" maps B;(a) isomorphically onto B, ¢ maps B isomorphically onto
B, and a%9 maps B isomorphically onto Bj(a).

LEMMA 4.6. For all a€F, and for 4, j, k=0, 1, 2, 3 with k%1, j, a) maps
Bi(a) isomorphically onto itself.

Proof. We may assume that 7%j. If k=0, then the conclusion follows
from 4.4. If 1, 7, k#0, then

a(i.i) = a(o;")a(‘n7)a(0."),

and under the mappings on the right Bi(a) is first taken into B, then into B,
and finally into Bi(a).
If either < or j is equal to 0, say j=0, we have

069 (Bi(a)) = a9 (Bi(a)) = a-0g@R(B) = ¢(:9g0MgGH(B),

where in the last step we use 4.4. Since (z, 0)(0, k) (s, k) = (0, k), we conclude
with the aid of 4.1 that

a9 (Bi(a)) = a®®(B) = Bi(a).
LemMA 4.7. For all aEF and NEQ, and for k=0, 1, 2, 3,
a*(Bi(a)) = Bray(a).

Proof. If A\(k) =k, then this follows from 4.1 and 4.6. If A(k) =k, then we
let u=(k, N(k)) and »=pu\. Since A =u» and »(k) =k, we conclude with the aid
of 4.1 and 4.5 that

@\ (Bi(e)) = a*(¢’(Bi(a)) = a*(Bi(a)) = Bra(a).

LeEmMMA 4.8. Suppose a€F and 1, =0, 1, 2, 3. If xE A’ and x < d.d;, then
the conditions x&B(a) and x& B;(a) are equivalent.

Proof. By 4.2, a(x) =x. Hence the conclusion follows by 4.7.
5. Alternative characterizations of B(a).

LEMMA 5.1. Suppose aE€F, 1, j=1, 2, 3, 1#j, b€ A’, and bu=0. If we let



1960] REPRESENTATIONS OF COMPLEMENTED MODULAR LATTICES 75

y = (b+ a)a, z = (b + a))d;,

then
(i) b=(y+a:)(z+a,),
(ii) bEB;,j(a) if and only if yEB(a) and 2&Bj(a).

Proof. We have
y+a;i=0b+ a z2+a;=1>b++ a
and since (a;, a;, b).L, it follows that
y+ae)z+a)=(0+a)b+a) =0
If b& B,,;(a), then it follows from 3.3 (viii) that there exist y’, z’ such that
b=+ a)(@ + a)),
y' € Bi(a), 7’ € Bj(a), yu=3zu=0.
Let
x = (¢ + ay)a;, y' =9 (x + a;).
Since x = d; we have
x = (2’ + a)dia;
and inasmuch as z’'+a, and d.d, belong to Bj(a), this implies that xEBj(a)
and therefore, by 4.8, x& B;(a). Consequently y"’ € B;(a). Furthermore
y' 4+ a: = y[(@ + a)a; + a;] + a
=y(E + e+ a)d + o
=9y(E +a+a)+a
=0 +e)@ + a: + a))
=0 +a)@ +ae)+ta=0b+a,
and since ¥/ < d; we have
¥ ="+ e)d; = (b + ai)d: = y.
Therefore y&B.(a). Similarly 2EB;(a), and the forward implication in (ii)
holds. Since
ydo = (b + a:)dido = (bdo + ¢:)3; = asd: = 0
and similarly 2d,=0, the backward implication follows from (i) and 3.3 (viii).
LEMMA 5.2. If a€F, i, j=1, 2, 3, and 15], then B; j(a) =B(a).

Proof. Since B;,j(a) =B i(a), it suffices to show that if ¢, j, k=1, 2, 3
and 1#j#k>14, then B; (@) =B;(a). In order to prove this we need only
show that if € B;,;(a) and bu=0, then bE B, +(a).
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Let
yp = (b + ap)dy forp =1, 2, 3.

By 5.1, y;€B(a) and y,&Bj(a), and the problem reduces to showing that
ykEBk(a). Let

2, = (yp + a)a for p = 4,7,
Yy = (2 + a:)(z; + a;).

Since 2;<d;, we have z;=(y;+ax)3:6x< B:(a). Similarly z;&Bj(a). Further-
more, both z; and z; are contained in @, whence we infer by 4.8 that z;, 3;
€ Bi(a). Consequently y' & Bi(a). Next observe that

Y+ e = (3 + @)z + a) +
= (2 4+ ai + ar)(z; + a; + ar),

because 2;, 2;, @; and a; are contained in @, and the elements z;4a;, 2;+a;
and a; therefore generate a distributive lattice. For p =1, j we have

Zp T 0 = Yp + @, Yot 8 =0b+ 0,
Consequently
Yt+a=0+a+a)b+a+a) =050+ a,
because (ai, aj, ax, b) L. Using the fact that y’ < ax, we conclude that
y =0+ a)a = b+ a)a = y,
so that y,& Bi(a) as was to be shown.

LemMMa 5.3. If a€F, :=0, 1, 2, 3, b&A’, and b=a;, then the conditions
bEB(a) and bE B;(a) are equivalent.

Proof. The case 7=0 being obvious, we assume that +>0. First suppose
b&B(a). Since B;(a) is a complemented sublattice of 4’, and since

bu = bay, = bdod; € Bi(a),
there exists c€ B;(a) such that b=bu+c. By 4.8, bu ©B. Also
(¢ + @)a; = ¢ € Bi(a),
and if we choose j=1, 2, 3 with j57, then the element
(¢ + ¢))a; = (c + a;)dia;

belongs to B;(a) and therefore, by 4.8, to B;(a). Thus we infer with the aid of
5.1 and 5.2 that ¢EB(a), and therefore that b& B(a).

Conversely, if 5&B(a) then bu&B and we can find ¢€B(a) such that
b=bu+tc. Observing that (c+a;)d;=c, we use 5.1 and 5.2 to infer that
cEB;(a). But buEB;(a) by 4.8, and we therefore conclude that b& B;(a).
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LEMMA 5.4. Suppose aEF, i=1, 2, 3, bEA’, and bu=0. If bEB(a), and
if we let

(i) y=(b+a:)d;, 2= (b+dwd:)(aotas),
then

(i) b= (y+a.)(z+d0ds),

(iii) yEBs(a), 2€B(a), 25ao+ai, yu=2zu=0.
Conversely, if there exist y, 2E A’ which satisfy (i) and (iii), then bE B(a).

Proof. Let j, k=1, 2, 3 with i>j>k#4. If b&EB(a), and if y and z are
defined by (i), then it follows from 5.1 and 5.2 that y& B;(a) and that the ele-
ment

x = (b+ )4
is a member of B;(a). It is also easy to check that
z=(x+ & + ¢*)(ao + ay),

and we therefore have 2E B;(a) and consequently, by 5.3, 2&B(a). Next ob-
serve that

yu = (b + a))dod; = (bdo + a)d; = aid; = 0,
24 = (b + @od:)(a0 + a))do = (b + @odi)a; = 0,
the last equality holding because (dod;, a;, b) L. Thus (iii) holds. Also,
yta=b+a, 2+ ddi=10b+ Guds,
and again using the fact that (@.d;, a;, b)L we infer that (ii) holds.
Conversely, suppose (ii) and (iii) hold. Let
y' = y(z + av), "= 2(y + d),
x= (' +a)da;, v=(+a)E+ a+d¥),
vy = (y + dodi)ao, 2’ = (3 + a:)ao.
Observe that z+a;, ao and dod, generate a distributive lattice because the

first two of these three elements are contained in a¢+a;, which is disjoint
from @od;. Therefore

3" + dod; = (z + a:)ao + dod;
= (2 + a; + @ods)(a0 + dods) = (3 + do)d;,
y’ = y(z + d) = ydi(z + @) = y(z" + dods).
Now 2z, a; and @, are members of Bj(a), so that z’’€B(a). Consequently
2"’ € B;(a) by 4.8. Since y and a,d; are also members of B;(a), it follows that

y'€Bi(a). A similar argument will show that 2’ € B;(a). In fact, since y+d.d;
and a, are contained in the element d;, which is disjoint from a;, we have
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¥’ + ai = (y + dod:i)ao + a;
= (y + dodi + a.)(a0 + a:) = (y + do)(ao + @),
2 = z(y + a0) = 2(a0 + @) (y + do) = 2(y" + a),
and observing that y"’ €B;(a), hence ¥y’ €Bj(a), we conclude that z' € B;(a).
Furthermore, from the fact that y'©B;(a) we readily infer that x€ B;(a),
hence xE Bj(a), and this together with the fact that 2’ € B;(a) yields vE B;(a).
Since y'#=0 and
vu = (x+ a)(z+ ax + a¥do = (x + a))(ax + a*) = 0,
we see by 5.1 and 5.2 that the proof will be completed if we show that
1) y=0+a)a v=(b+ a)d,.
Since ¥’ £ d;, the first equation follows from the fact that
b+ a;:= (y+ a)(z+ dodi) + ai = (y + 6:)(z + do)
=9y(z+ d) + a; =y + a..
To prove the second equation in (1) observe that
2+ a + o* = (¥ + dd)d;,
vt a+a* =@+ e+ o+ oG + a+ a¥)
= [+ dodi)(ij + a:](z' + ax + a*).
In the last product the second factor is included in the first because

7 = (y+ do)(z+ do) = y(z+ d0) + @0 = ¥ + ao,
2 £ (Y + do)a; = (¥ + dodi)d; + a..

Consequently
v+ ar + a* = 2’ + ar + a¥,
v + Godi = 2’ + dods = (2 + dods)(y + @)
= (z+ dod:)(y + a:) + dodi = b + dods.
Furthermore

v= (x4 a)(@ + ax+ a*) £ (v + ai + ) (z + dodi)
= (y+ a)(z + 6od)) + ¢, = b + a;.
Thus v=b-+a; Sv+4,, and we have
b+ai=v+4+ b+ a))do= v+ bdo+ a; = v+ a;.

Since v is contained in d;, this yields the second equation in (1), and the proof
is complete.
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6. Changes in the frame. Throughout this section we assume that p, ¢,
=1, 2, 3 and p#g#r=p. It will be clear from the results in the next section
that given two partial frames @, bE F with by, bo,,<B(a), the sets B(a) and
B(b) are equal. A direct proof of this fact appears to be difficult, and we shall
prove it here only for the special case in which a;=2b; for all but one value of s.

LEMMA 6.1. Suppose aEF. If dEB and ao=d-+adod,, then there exists
bEF such that b;=a; whenever p#£1<4, b,=d, b*=a*, and b;;=a;,; for 1, j
=0, 1, 2, 3 with 1#p=j.

Proof. By 1.3, d is perspective to @, in B. Let z be an axis of such a per-
spectivity. By the last remark following Definition 1.1 there exists a partial
four-frame b of A’ such that b;=a; whenever p=i<4, b,=d, b*=a*, b,
=a,,; whenever p#1<4, and by, ,=x. Since

bO,r = (bo,q + bq,r)(bo + br) = (ao,q + aq,r)(ao + ar) = Qo,ry
we see that b has all the required properties.

LEMMA 6.2. Suppose a, bEF. If a;=b; whenever p #1<4 and a* =>b*, then
the conditions bo,,EB(a) and bo,,EB(a) are equivalent and tmply that B(a)
=B(b).

Proof. First assume that b, <4, and therefore d,=bJ,. If bo,,EB(a), then
bo,,E€B,(a) by 5.3, and since b,,q, bo and b, are also members of B,(a) we see
that the element bo,q=(bo,p+bp,q)(bo+b,) belongs to B.(a), and therefore
bo,¢EB(a). For similar reasons by, B(a) implies that b,,EB(a). Assuming
now that by,, and bo,, belong to B(a) and therefore that b, ,EB,(¢) and
bo,¢&By(a), we infer by 1.2 that the elements by and b, , together with the
set Ba,= Bb, generate both B,(a) and B.(b), so that B,(a) =B,(b). Similarly
bo and by, , together with the set Bd,=Bb, generate B,(a) and also B,(b), so
that B,(a) = B,(b).

In order to prove that B(a)=B(b) it suffices to show that if c¢€ A4’ and
cu=0, then the conditions c€B(a) and ¢&€B(b) are equivalent. But the ele-
ment

(G + af)a.' = (C + b')bf
belongs to B,(a) if and only if it belongs to B.(b), and the element
(5 + dodr)(ao + ar) = (6 + 6051') (bo + br)

belongs to B,(a) if and only if it belongs to B,(b). Using 5.4 we therefore see
that c¢€B(a) if and only if cEB(b), as was to be shown.
Considering now the general case, let

x = (b, + ap)d,.
Then xEB and dy=x-+dowa, By 6.1 there therefore exists c€F such that
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c;=a; whenever p#i1<4, c,=x, c*=a*, and c;;=a,,; for 7, j=0, 1, 2, 3
with 1#p ;. Since ¢o,r=0a0,,EB(a) and ¢, = d,, we infer by the special case
already considered that B(a) = B(c). Furthermore b,<x+a,=c,+¢,=<¢é, and
using the special case again we infer that the conditions b, ,&EB(c) and
bo,EB(c) are equivalent and imply that B(d)=B(c). This completes the
proof.

COROLLARY 6.3. Suppose a&EF. If ccB and cd,=0, then there exists bEF
such that B(a) = B{(b), b;=a; whenever p#i1<4, c<b,, and b*=a*.

Proof. There exists d€B such that do=d+dd, and ¢<d. Choosing b
according to 6.1 we use 6.2 to infer that B(a) =B(b).

LEMMA 6.4. Suppose aEF. If dEB,(a) and d,=d+dod,, then there exists
bEF such that by=d, b;,=a; for i=1, 2, 3, b; j=a,,; for i, j=1, 2, 3, b*=a*,
and bo,EB,(a).

Proof. By 1.3 d is perspective to a, in B,(a). If x is the axis of such a per-
spectivity, then we infer by the last remark following Definition 1.1 that
there exists a partial four-frame b of @' such that by=d, b;=a; for 1=1, 2, 3,
bo,q=x, b;,q=a; fori=1, 2, 3, and b*=a*. Since

by = (bp.a + ba.r)(bp + b)) = (ap,0 + 0g.s)(ap + ar) = ap,s,
we see that bEF, and that b has the required properties.

LEMMA 6.5. Suppose a, bEF. If a;=b; for 1=1, 2, 3, a*=0b*, and by, by,
EB(a), then B(a) =B(b).

Proof. First assume that bo<d,. Then
bo + dod, = a,

and, by 5.3, by, bo,,EB,(a). We therefore infer with the aid of 1.2 that B,(a)
= B,(b).
The perspectivity

x—¢(x) = (z + a,)d,

maps A’b, isomorphically onto A’d,, and maps each member of 4’a,b, onto
itself. In particular, each x&A4'd.d, is mapped onto itself. Furthermore, if
xEBy(a) and x <), then

o(x) = (x + a,)d,d,,

and therefore ¢(x) EB,(a). In particular ¢(bo) and ¢(bo.,) must therefore be-
long to B,(a), and since they are contained in g, it follows that they belong
to B,(a). Since, by 1.2, B,(b) is generated by the elements by and b,,, together
with the set Bb,=Ba, it follows that ¢ maps B,(b) into B,(a). Similarly the
inverse mapping
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y—=v(@) = (& + b)b,

carries B,(a) into B,(b), and we conclude that ¢ must actually map B,(b)
onto B,(a).
Given any c€ A’ with cu=0, the element

x = (c + a9)d, = (c + by)b,
is a member B (a) if and only if it is a member of B,(d). Letting
y = (c+ b)b,
we have
o(3) = (¢ + a,)8y,

and we have shown that y& B,(b) if and only if ¢(y) EB,(a). Consequently,
by 5.1, c€B(a) if and only if c€B(b). This completes the proof for the special
case.

We now drop the hypothesis that by < ad,. Letting

d = (bo + ag)d,
we have dEB,(a) by 5.1, and d,=d+dd, By 6.4 there exists ¢E F such that
ci=a; for i=1, 2, 3, co=d, c*=a*, and ¢y,,EB,(a). By the first part of the

proof we therefore have B(a) =B(c). Hence by, bo,,&B(c) and bo=co+c =é:-
Using the first part of the proof again we finally conclude that B(c) =B(b).

LeEMMA 6.6. If a € F, x&B(a) and xu=0, then there exists b& F such that
B(a) =B(b), x<b, b;=a; for 1=1, 2, 3, and b*=a*.

Proof. First assume that x £d,. Then xEB,(a) by 5.3, and we can there-
fore find d&€ B,(a) such that

dp= oG, +d and x < d.

By 6.4 there exists &€ F such that bo=d, b;=a; for 1=1, 2, 3, b*=a*, and
bo,EB,(a). Consequently B(a) =B(b) by 6.5.
Considering now the general case, let

¥ = (x + a,)d,.
By 5.1 and 5.3, x’ & B(a). Since ¥’ £d, and
2'u = (x + ap)d808, = (xdo + a,)3p = apdp = 0,
it follows by the special case already considered that there exists ¢c& F such
that B(a)=B(c), x’' Sc¢o, ci=a; for i=1, 2, 3 and c*=a*. Since x=<x'+a,
=c¢o+c,, we apply the special case a second time to obtain b€ F with the re-
quired properties.

7. The closure properties of B(a). Throughout this section we shall as-
sume that p, ¢, r=1, 2, 3 and p=~g=~r=p.
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LeMMA 7.1. Suppose a € F. If xEB,(a) and x(ao+ay) =0, then the set
C={yls+a+a2zyE B0}
is a complemented sublattice of A’.

Proof. The element 2= (x+ao)do= (x+ao)dod, belongs to B,(a), and there-
fore 2EB by 4.8. Hence there exists dEB such that dod,=d-+a, and 2=d.
Letting

v = (e, + a4)d, w = (a* + a,)d

we have a,4a,=v+a, and a*+a,=w+a, Consequently there exists a par-
tial four-frame b of A’ such that b;=a; and b, j=a;,; for 7, =0, 1, 2, 3, and
b*=w. Clearly bEF, and it is easy to check that B(a) =B(b). In fact, using
4.3 we see that a*?(x) =502 (x) and a®"(x) =5 (x), whenever x&B.
Hence B,(a) = B,(b) and B,(a) = B,(b). Since a,=b, and a,=b,, the conclusion
follows with the aid of 5.1. Since bo=v-+bob,, it follows from 6.1 that there
exists cE F such that ¢;=b; whenever ¢ <4, ¢,=v, ¢*=>0* and co,,EB,(b).
Consequently B(b) =B(c) by 6.2. Thus

C={y|lz+c+c 2yEB@)}.

Since x < ¢, and xEB(c), we use 5.3 to conclude that x+c¢o+¢,EB,(c) and
that C is the principal ideal generated by x+co-c, in the complemented sub-
lattice B,(c) of A’.

LemMA 7.2. If aEF and ¢, dEB(a), then c+dEB(a).

Proof. It is a consequence of 3.3 (viii) that a member b of 4’ belongs to

B(a) if and only if
b=b 4=«

where b’ E€B(a), b'u=0 and xEB; we take for b’ the element (y+a,)(z+a;)
in 3.3 (viii). From this it readily follows that if & B(a) and ¢EB, then
b+cEB(a). Using this observation we easily reduce the lemma to the special
case in which cu=du=0. In fact, assuming that the conclusion has been
established for this special case, we have in the general case

c=cta, d=d+d

where ¢, do&EB(a), co =dou =0 and ¢, di&B. Then ¢y+doEB(a) and ¢;+d;
& B, so that

c+d = (co+ do) + (c1 + dy) € B(a).

We shall henceforth assume that cu =du =0, and in view of 6.6 we may
further assume that d £a,. Let

xr = (C + dodp)(ao + ay)’ y= (C + ap)‘ip'
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Then xE B,(a) and yEB,(a) by 5.4, and therefore
y =19 +y where y,=y(ao+a;) and y € B,(a).
Let
¢i = (¥i + ap)(x + dodp) fori =0, 1.
We have
co+ c1= (o + ap)(x + dody) + (31 + @) (x + dody)

= [(yo + a,)(x + dodp) + 31+ aﬂ](x + dody)

= [(yo + @) (x + d0) + y](x + dod,)

= (Yo + 31+ a5)(x + do)(x + dody)

= (y + a,)(x + dody,),
and therefore, by 5.4, c=co+c1.

83

Since yo&EBp(a) and y, = &,, we have y&B,(a) by 4.8. Since the elements

a,, X, @4, ¢* also belong to B,(a), it follows that
¢o = (30 + a,)(x + ag + a¥),
and that ¢o€ B,(a). Consequently co+dEB,(a) and
co+d=d +z where 2= (co+d)u and d =< d € B,(a).

Using 6.6 we can therefore find bEF such that B(a) =B(b), d' Sby<ac+a,

+ag4 b;=a; for1=1, 2, 3 and b*=a*.

We next show that c;EB(a). Since y,E€ B,(a) and y1(ao+ay) =0, it follows

from 7.1 that the set
C = {v|y1+do+0p§”€B(a)}

is a sublattice of A’. The elements y,, a,, x, and (ao+y1)d0d, belong to this

lattice, and

a1 = (y+ ap)(x + Go,y) = (31 +6,) (31 + a0+ a,)(x + dody)

= (1 + ap)[x + (91 + a0 + a,)808,] = (31 + a,)[x + (31 + 80)God,).

The last equation follows from the fact that y,, ao and @,d, are contained in

d,. We therefore have ¢;&C, as was to be shown.

Clearly (y1, @0, @5, ag)Ll, whence it follows that (y1, be, by, bg)L. Since

yEB(b) and yu =0, the element
y{ = (n+ by)b,
belongs to B,(b) by 5.1. Furthermore,
¥ (B0 + by + bg) = (y1+ 8,)(bo + bg) = 0,
and we infer by 7.1 that the set
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D={o]y+bo+bZvEB@)} = {v]| 5 + b+ b, 2 vE B®)}
is a sublattice of 4’. Since d’, c;ED, it follows that d’+c,ED, hence d’'+c;
€ B(a), hence c+d=d'+c,+2EB(a). This completes the proof.
LeEmMMA 7.3. If aE€F and ¢, dEB(a), then cd & B(a).
Proof. There exist co, do&€ B(a) and ¢, i€ B such that
c=co+c, d=do+d, cou = dou = 0.

First observe that the conclusion holds in case dE€B, for in this case cd
=, dE€B. In particular we have cu €B for all c€B(a).

Returning now to the general case, we see by 6.6 that we may assume that
co=<a,. By 7.2 and the observation just made, the elements

¢z = ci{co + do + dy), dz = dy(co + 1 + do)

belong to B and therefore the elements ¢o+c. and do+d. belong to B(a).
Furthermore,

co+ ca = co+ c1(co + do + d1) = (co + c1)(co + do + dv),

do+ dy = do+ di(co + ¢2 + do) = (do + d1)(co + 1 + do),
so that

(co + ¢2)(do + d2) = cd.
It is also easy to check that
(1) co+ do+ ca = co+ do + ds,
whence it follows that the mapping
x— ¢(x) = (x + co)(do + ds)

is an isomorphism of the quotient ¢,/0 of A’ into the quotient
(do+d2)/co(do+dz). In fact, the mapping x—x4-¢, is an isomorphism of ¢;/0

“onto ¢y + ¢/co and therefore into (co + do + d2)/co, while the mapping
y—y(do+dy) is an isomorphism of this last quotient onto (do+ds)/co(do+d>).
Now ¢; can be written in the form c;=x-y where x, yEB, x <4, and yd, =0,
and we have

cd = ¢(c2) = ¢(x) + ¢(9).

Because of 7.2 it is therefore sufficient to show that ¢(x) and ¢(y) belong to
B(a), i.e., we need only consider the special cases ¢; =, and ¢d,=0. It fol-
lows from 6.3 that in the second case we may assume that ¢; Sa,. Similarly
we may assume that either d;<é, or d»d,=0. Accordingly our problem re-
duces to four special cases.

CasE 1. ¢;£d, and dy = d,.
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In this case ¢o+c2 =, and hence
cd = (Co + 62)(dolip + d2)’

and since B,(a) is a sublattice of A’ and a subset of B(a), it is sufficient to
show that dvd, & B,(a). By 5.4 the elements

x = (do+ 0p)8p, y = (do+ dody)(ao + ay)
are members of B,y(a) and of By(a), respectively. Therefore yac&E B (a), and
it follows by 4.8 that yao,EB,(a). Consequently the element
z = x(yay + God,)
belongs to B,(a). Furthermore,
z = (do + a,,) [(do + dod,)ao + dodp]
= (do + a,)(do + dod,p)dy = (do + a,)(dod, + dody)
= dodp + (do + dp)(iodp = dod,,.
The last equality holds because (dod,, @, do)l. Consequently dod,E B,(a),
as was to be shown.
CASE 2. ¢;Za, and d: < d,.

We have
cd = (co + ¢2)(do + d2) (a0 + a,)

and since co+c:EBg(a), it is sufficient to show that (do+ds)(ae+a,) is a
member of B,(a). Let

x = (do + a5)dp, y = (do + @d,)(a0 + a5),
2 = (x + d2)a,, v = (3 4+ ap)y.
By 5.4, x€B,(a) and yEB(a). We infer that 2&EB,(a), hence 2EB(a) by
4.8, and hence vEB(a). Furthermore
24 ap = [(do + 0,)8, + de]ao + 0, = (do + d2 + a,)3,00 + 4,
= (do + d2 + ap)a0 + ap, = (do + d2 + a,) (a0 + a5)
= a, + (do + d2)(a0 + ayp),
and consequently
v = [a, + (do + d5) (a0 + a,)](do + Gody)
= a,(do + dod,p) + (do + d2)(a0 + a,) = (do + d2)(a0 + a,).

Thus (do+d2)(a0+a,) EB,(a), as was to be shown.

CASE 3. ¢ éd, and dzdp=0.

In view of 6.3 we may assume that d;<a,. By 6.6 there exists b& F such
that B(a) =B(b), do=b, bi=a;for i=1, 2, 3, and b*=a*. This case therefore
reduces to the preceding one, with ¢; and d; interchanged.
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CASE 4. c2=2a, and dxd,=0.

An argument similar to the one that reduced the original problem to the
four special cases under consideration also shows that in the present case
we may assume that either d; <d, or else dz<a, In the two subcases that
result, the conclusion follows from the first and the third case, respectively.

The proof is now complete.

THEOREM 7.4. For any aE F, B(a) is a complemented sublattice of A’, and B
is an ideal of B(a).

Proof. By 7.2 and 7.3, B(a) is a sublattice of A’. If c€B(a), then cu EB
and there exists x€B such that #=cu+x. The element ao(c+x) belongs to
the complemented sublattice B,(a) of B(a), hence there exists y&B,(a)
such that ao=ao(c+x)+v, and it is easy to check that #'=c+(x+y). Thus
B(a) is complemented. Finally, by 5.3, B;(a) is an ideal of B(a), and hence
in particular B=By(a) is an ideal of B(a).

The four statements from which Theorem 3.2 was shown to follow have
now been established, and the proof of Theorem 3.2 is therefore complete.

8. The existence of a representation. The following definition was stated
informally in the introduction.

DEFINITION 8.1. A lattice B is said to be COORDINATIZABLE if and only if
B=2L(R) for some regular ring R.

LEMMA 8.2. Every principal ideal in a coordinatizable lattice is coordinatiza-
ble.

Proof. Consider a principal ideal C= Bb of a coordinatizable lattice B. By
hypothesis there exists an isomorphism f of B onto the lattice L(R) of all
principal left ideals of a regular ring R. Since f(b) is a principal left ideal of R,
we have f(b) = Re for some idempotent element eER. The subring R’ =e€Re is
regular, and we shall show that C is mapped isomorphically onto L(R’) by
the correspondence

x— g(x) = RN f(x).

First observe that if a € R’ is idempotent, then R‘MRa=R’a. In fact, if
BER'NRa, then B=¢B=PRe¢=Pa, and hence B=e¢Bea & R'a. Consequently
R'NRaC R'a. The opposite conclusion is obvious.

If x&C, then x=b and hence f(x) &f(b). Therefore f(x)=Rf for some
BERe. We have B=pvB for some yER, and hence f=Pa where a=eyf.
Clearly a€ER’, a is idempotent, and RB=Ra. Consequently g(x)=R'a
€L(R’). Conversely, every member of L(R’) is of the form R'a for some
idempotent a ER’. Therefore Ra=f(x) for some xEB, and since & Re we
have RaC Re, hence x <b, and we conclude that g(x) = R'MNRa=R'a. Thus g
maps C onto L(R').

Suppose x, yEC and g(x) Sg(y). Then there exist idempotent elements
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a, BER’ such that f(x) =Ra and f(y) =Rg, and hence g(x)=R'a and g(y)
=R'B. Since R'aCR'B, we have aER'BCRB, hence RaCTRB, f(x)f(y),
x=<y. We therefore see that g is one-to-one, and being order-preserving it
must therefore be an isomorphism. Consequently C is coordinatizable.

THEOREM 8.3. Every complemented Arguesian lattice which possesses a large
partial three-frame is coordinatizable.

Proof. Suppose B is a complemented Arguesian lattice with unit element
%, and assume that a is a large partial three-frame of B. Then

a* =Y x
<n
where each of the elements x; is perspective to a part of ao. Applying Theorem
2.1 n times we embed B as an ideal in a complemented Arguesian lattice B’
in such a way that

B’ = B+ Bby+ Bby+ - - - + Bb.y

where the elements by, by, -+ -, b.tEB’ are perspective to a,. Since
(@0, by, x;)L, it follows by 1.3 that x; is perspective to an element y; <b;. Con-
sequently u is easily seen to be perspective to the element

v=atatatntnt -+
and B is therefore isomorphic to the ideal B'v. Let
w = ao'i'al’i'dz'i'bO'i'bl'i‘ e "i'bn—l-

Then B'w possesses a global (n+3)-frame, and is therefore coordinatizable,
whence it follows by 8.2 that B'v is also coordinatizable. Thus B is coordi-
natizable.

In the above theorem we did of course make essential use of von Neu-
mann’s coordinate theorem for a complemented modular lattice B which
possesses an n-frame a with » = 4. The proof of von Neumann'’s theorem pro-
ceeds in two stages. First the auxiliary ring R is constructed and it is shown
that Ba, is isomorphic to L(R), and then it is shown that B is isomorphic to
L(R,) where R, is the ring of all » X7 matrices over R. Since all the known
proofs of this theorem are quite long, it is of some interest to observe that
actually only the first part of this result is needed here, for applying Theorem
3.1 4n+12 times we can embed our lattice B of Theorem 8.3 as an ideal in a
complemented modular lattice B” which possesses a four-frame b such that
u = by. Consequently, if B’'b, is coordinatizable, then so is B by 8.2.

COROLLARY 8.4. Every complemented modular lattice which possesses a large
partial four-frame is coordinatizable.
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Proof. By 2.1, such a lattice is necessarily Arguesian, and the conclusion
therefore follows from 8.3.

COROLLARY 8.5. Every simple complemented modular lattice of dimension
four or more is coordinatizable.

Proof. By 1.7 and 8.4.

9. The isomorphism theorem. We shall prove that under the hypothesis
of 8.3 the ring R in the conclusion of that theorem is uniquely determined up
to isomorphism. The basic ideas of the proof are the same as in von Neu-
mann’s proof for the case when the lattice possesses a global #-frame, although
in the general case R will not be isomorphic to a full matrix ring over the
auxiliary ring, but rather to a subring of this ring. The next lemma is actually
known from the literature. (Cf. [8, p. 149].)

LEMMA 9.1. Suppose €, and e are idempotent elements of a regular ring R
and eer=e160=0. If the elements Reo and Re, of L(R) are perspective with
cEL(R) as an axis of perspectivity, then there exist unique elements o and B of
R such that

cx=aa=a ef=Pc=8 e=a8 e=fa
c = R(eo - a) = R(€1 - ﬁ).

Proof. We have
1) e=a+a, aea=B+p8 with a&E Ra, B E Re, o, p Ec.
Therefore a =ae and B =P¢. Also

(o — DNa=(1—¢)(eo —a) = (1 — €)'’ €E RaMNc =0,
so that eea=c. Similarly e8=8. Since
Rey € Ra + Ro’ C Re; + Ro/,
we have
Rel + c = R€1 + Reo Q Rel + Ra’,
and since Ra’Cc¢ and ReMNc=0, we must have ¢=Ra’ = R(¢—a). Similarly
¢=R(e—B). It follows that
€ — a= Ne — B) for some A € R,
and therefore
a=¢ — AMer — B), a = ae, = — Ay,
af= —Xef = — N8 =€ — a — \e; = €.
Similarly Ba=¢. Thus a and B have the required properties.

Conversely, if @ and B satisfy the conditions of the lemma, then the ele-
ments &’ =€ —a and ' =¢—B belong to ¢, and (1) holds. But the elements
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a, 3, a’, B in (1) are unique, and this proves the uniqueness part of our lemma.

DEFINITION 9.2. By a GENERALIZED SYSTEM OF 7 X7 MATRIX UNITS over
a regular ring R we mean an ordered quadruple (¢, 7, , ) of n-termed se-
quences whose terms ¢;, 1, a;, B; belong to R and satisfy the following condi-
tions:

(i) €o, €, * - -, €1 are idempotent, eo+e&+ - - - +€1=1, and €€;=0
for all 7, j <n with i5j.
(ii) no=e€vand, fori=1,2, - - -, n—1, 9, is idempotent and 7€y = € =1;.

(iii) ao=Bo=eoand, fori=1,2, - - -, n—1, nai=aie;=a; efi=Bini=B;
ni=af; and €;=P.;.

LEMMA 9.3. If (¢, 0, @, B) is a generalized system of n Xn matrix units over a
regular ring R, then R is isomorphic to a subring of the ring of all n Xn matrices
over €sReo under the correspondence f such that f(v):,;=asyB; for all yER, and
for i,j=0,1, - - -, n—1. The tmage of R consists of all those matrices m for
which nm; j=m; m;=m; jfori,j=0,1, - - -, n—1, and the inverse mapping is
the function g such that

glm) = 25 Bami ;.
$,j<n

Proof. Let S be the set of all #X#n matrices m such that pm; ;j=m; n;
=m; ;for,j=0,1, - - -, n—1. Clearly f maps Rinto Sand g maps Sinto R.

If yER and m=f(y), then

glm) = 2 Bamisa; = 2, BiyBia; = 2 eve; = 7.
1,j<n 1,j<n t,i<n
If m&S and y=g(m), then for p, ¢=0,"1, - - - , n—1,
f(¥)p.a = ap¥By = E apBimi, oy = NyMp g = My g
1,j<n

- Here we used the fact that if 75, then a,8;=a,e€,8,=0. Thus we see that
f maps R in a one-to-one manner onto .S, and that g is the inverse of f.
Suppose m, m' €S. Clearly g(m+m’) =g(m)+g(m’). Also,

glmm') = Z B:( Emi.jm;‘,p) ap = E Bfmi-f'n;.pam

1,p<n i<n 1,7.p<n

stmsgtm) = ( meses)( Z B

i,j<n p.q<n

Z Bim: ja;8:myp 404

1,4,p,q<n

E Bfmi.fmg’,qaq = g(mm').

1,J.q<n

Thus g is an isomorphism, and hence so is f.
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THEOREM 9.4. Suppose B is a complemented modular lattice and assume
that there exists a large partial three-frame a of B. If R and R’ are regular rings
such that L(R)=2L(R')=B, then R=R’.

Proof. If « is the unit element of B, then
U = Z b.‘
<n

where b;=a; for 1=0, 1, 2, and each of the elements b; is perspective to some
element x;<b,. Let ¢; be the axis of such a perspectivity, and also choose
v:€ B with by=x;-+y;. In particular, for =0, 1, 2 we have x;=b, and y,;=0.

If f is an isomorphism of B onto L(R), then there exist idempotent ele-
ments €, €, - -+, €..1ER such that

l=«+ea+ - -+ e1,66=0 fori,j=0,1,---,n—1 with ¢ 3,
f(b:) = Re; fori=0,1,---,n—1.
For each 7 <#n there exists an idempotent 7;&E R such that
nieo = i = M,  f(x) = Rni,  f(3) = R(eo — ms),
and by 9.1 there exist unique elements a;, ;&R such that
o = age; = a, eif; = Bm: = B;, 7 = afi, € = Biay,
fle) = R(ni — ;) = R(es — B3).

Thus (e, 7, a, B) is a generalized system of matrix units of R and, by 9.3,
R is isomorphic to the ring S consisting of all those nX# matrices m over
€ Rey which satisfy the condition

nMmi; = mim; = mi; fori,j=10,1,---,n—1

Similarly, if f' is an isomorphism of B onto L(R’), then there exists a.
generalized system of matrix units for R’, (¢, 7', &/, 8’), such that

7)) =Rel, f(x)=Rn, [f(y)=R( —ni),
filc) = R'(n! — i) = R'(l — B)).
Consequently R’ is isomorphic to the ring S’ of all those #Xn matrices m’
over ¢ R'e¢/ which satisfy the condition
n;’m;',j = m;’,,ﬂ,{ = m.",,- fori,7=0,1,---,n— 1.

The proof of the theorem will therefore be completed if we show that there
exists an isomorphism of e;Re; onto €f R'e; which maps #; onto 9! for all 1 <.

For each yEeoReo there exists a unique element g(y) €B such that fg(y)
= R(y —a;). We shall show that g is a one-to-one mapping of €Re; onto the
set
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T = {vlvEB and b0+b1=bo+v}.
Since YyE Reo=f(bo) and a1 =a16,E& Re; =f(b1), we have g(y) Sbo+5:. Since
&1 = Pio1 = Bry — Bi(y — 1) € Reo + R(y — 1) = f(bo) + fg(v),

we have bi<bo+g(y). If 8€f(bo)Nfg(y) =ResR(y—a1), then 6=2de¢ and
8=N(y—a1) for some NER. Therefore § =Ny —a1)eo=Ny, Na1=0, Aéo=Na18;
=0, My =Ney =0, and we conclude that § =0. Thus beg(y) =0. We have there-
fore shown that g(y) ET for all yE €Reo.

If v € T, there exist unique elements vy € Re¢, and & € f(v) such that
a1 =+ +34. Since a;= €1 =¢€yy+ €, we must have y=eyyEeReo. Also, the
fact that Re;=RoyCRy+ROC Rep+Rd and R6Cf(v) implies that f(v) =Ré
= R(y—a1), hence v=g(vy). Thus g maps €Re¢o onto T.

If v, € ¢oReo and g(y) =g(8), then § —ay =N(y —a) for some AER. There-
fore 6= deo= (5 —al)éo =)\('Y —a1)€o =)\‘)’, )\(11 =)\‘Y - 8+0[1 =0y, )\éo =)\alﬁl =C!131
=€, MY —a1) =Neo(y —a1) = €(y —a1) =y —au1. Thus we conclude that y=34.

Having shown that g is a one-to-one mapping of €Re, onto T, we can
define operations @ and O of addition and multiplication in T in such a
way T becomes a regular ring and g maps €,Re, isomorphically onto T.

We next express the ring operations in T in terms of the lattice operations
in B. Let

d= (61 + 62)(61 + bs).

Since f(¢;) = R(€o—a.) and f(b;) = Re;, every element £Ef(d) can be expressed
in the form

£ = M(eo — a1) + Moo — @) = pier + poeo

fOl' some )\1, Xz, M1y, M2 G R. Therefore féo = )\160 + )\260 = O, )\zéo = - Xléo,
E=N(eo—a1—€y+as) = —Ni(ay —as). Since clearly a; —a,Ef(d), we thus find
that f(d) = R(a1—as).

We shall now show that, for all v, w&E T,

(1 v® w = [(v+ d)(bo + bs) + (w + b2)(bo + d)](bo + b1).
(2) v O w = [(v+ c2)(br + bs) + (w + d)(bo + b2)](bo + b1).
Let

20 = (v+d)(bo+ bz), 21 = (‘w+b2)(bo+d);

22 = (20 + 21)(bo + 1), 33 = (v+ ¢2)(bs + bs),

24 = (w = d)(bo + b2), 25 = (25 + 24)(bo + b1).
There exist v, §&eRey such that v=g(y) and w=g(8). If £€f(2), then
E=N(y —a1) + oo — as) =pi€o+pzez for some A;, Ny, p1, ue©&R. Therefore
= —Mhart+hon =0, Ne=Nhasfraz=Mafioe=Nas, E=N(y —a1+a;—as)

=My —a2) ER(y —az). If EEf(21), then &£ =X (8—ou)+No€r = p1€0+ps(0n —atz)
for some A1, N2, w1, u2ER. Hence 6= —Moy=ps0; and e =M= — o, so
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that Neez = — pooe = — pesfior = MBis = Moz and  consequently
E=M(0—a1ta)) ER(6 —ay+ay). It follows that if £Ef(z,), then E=N(y — )
+)\2(6 —o +a2) = M1€0 +#z€1 for some )\1, X2, M1, /.lzGR. Therefore Eéz = —)\1(12
+Neag =0, Ng€o=Noasfls=N1ctsfa =\1€0, & =My —oet+d—ai+as) =M(y+0—a)
ER(y+06—oay). Thus we see that f(2:) CR(y+6—ay), but on the other hand
it is easy to check that vy —a:Ef(2) and 6 —a; +a2Ef(21), and hence y+5—a;
€f(2:). We therefore conclude that

f(@) = R(y+ 8 — 1) = fg(y + 0) = f(0 ® w),

which shows that v¥@®w =2, and therefore proves (1).

If £E€f(25), then £=N(y —a1) +N2(€0—ar2) = p1€1+pze2 for some Ny, Az, p1, p2
€ R. Therefore £e; = Ayy + N\26o = 0,50 that £ = Mi(y — a1) — Mry(eo — o)
=M(yos—a1) ER(yaz—a). Since 2z is obtained from 2, by replacing v by w,
we see that f(2)) CR(§—a.). Consequently, if £Ef(z5), then £=N\(yaz—ay)
+)\2(8—a2) = [.uéo'l"ﬂzﬁ for some )\1, )\2, M1,y MzER. Therefore Eﬁz=)\1'yazﬂz
— N2 =0, Ary =Nz€0, s0 that E=N\(yd —a1) ER(Yd —a1). On the other hand
we easily see that yas—aEf(2;) and 6 —a2&f(2;), whence it follows that
vd—a1Ef(25), and we conclude that

f(zs) = R(v8 — 1) = fg(vd) = f(v O w),

and therefore z=vQw. This proves (2).
As regard g(9,), it is easy to verify that

3) gt) = (% + bi)er 4+ (3: + c1)bi.
In fact,
Sf((x; + b1)c1) = (Rni + Rex) M R(eo — a1) = Ryi(ns — o),
f((y: + e1)b1) = (R(eo—m:) + R(eo — 1)) M Rex = R(niers — a1)
= R(eo — 1:) (s — ).
Therefore f maps the right hand side of (3) into

Rni(ni — 1) + R(ei — n:)(ms — a1) = R(ni — a1) = fg(ns).

Considering now R’ in place of R, we obtain a one-to-one mapping g’ of
€) Red onto T such that gf(y') =R'(y' —ai) for all ¥’ Eed R'e( , and this gives
rise to operations with respect to which T is a regular ring and an isomorphic
image of ¢/ R'ed . However, since @ and © can be expressed in terms of the
lattice B and do not depend on the ring R, we see that the new operations
must actually coincide with the old ones. Therefore there exists an isomor-
phism % of eyReo onto €y Rey such that g’h=g. Finally, in view of (3) and the
corresponding equation which must hold for g’'({), we see that k(n;) =9/.

The proof of the theorem is now complete.

10. Examples of simple complemented modular lattices. Von Neumann
(cf. [10]) constructed two kinds of simple complemented modular lattices.
The lattices of the first kind he obtained as limits of finite dimensional non-
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degenerate projective geometries, and observing that these lattices possess a
positive valuation (dimension function), he was then able to complete them
with respect to the resulting metric, thereby obtaining the lattices of the
second kind, which are of course continuous geometries. Both types of lat-
tices possess a global n-frame with =4, and von Neumann'’s coordinatiza-
tion theorem does therefore apply to them. By a modification of von Neu-
mann's first construction we shall exhibit a simple complemented modular
lattice, or actually a whole class of such lattices, for which this is not true.
Our lattices do possess a positive valuation, but when the valuation is normal-
ized by assigning the value 1 to the unit element, then there are no elements
taking the values 1/#, n=2, 3, 4, - - - . As far as we know it is an open ques-
tion whether there exists a simple complemented modular lattice which does
not possess a positive valuation.

THEOREM 10.1. There exists an infinite dimensional simple complemented
modular lattice which does not possess a global n-frame for any integer n> 1.

Proof. Choosing an infinite sequence of positive integers ko, k1, ks, - - -,
let mo=1, my=Fko and m,=mk;+m,;, for 1=1, 2, 3, - - - . Let F be any
field (division ring) and let B; be a lattice which is isomorphic to the lattice
of all subspaces of an m;—1 dimensional nondegenerate projective space
whose coordinate field is F. The dimension of B; is therefore m;.

The unit element #;,1 of B;,; can be written as a sum

Uit1 = Z Vi,j + w,

1<kg
where each of the elements v; ; is m; dimensional and w; is m,_, dimensional.
Hence there exists an isomorphism p; ; of B; onto B;;1v;,j, and an isomor-
phism ¢; of B;_; onto B;.,w;. The sublattice C; of B;y;, which is generated by
the ideals Biys,;, j<k:, and Binw; is the (inner) direct product of these
ideals, and we can therefore map the (outer) direct product B;XB;_; iso-
morphically into C; by letting

fillx, y)) = 22 pas(®) + ¢:(y)
J.<k,'

for all x€B; and yEB;_;. Finally we map B;XB;_; isomorphically into

B;;1XB; by letting
" g:((x ) = (Fil(x, ), 2.

We now define our lattice B to be the limit of the lattices B; X B;_; with
respect to the isomorphisms g;. Thus there exist isomorphisms &; of B;XB;_,
into B for i=1, 2, 3, - - -, such that k;;1g;=Hh;, and such that every element
of B is in the image of B;XB;. for sufficiently large 7. Since

gi((i, ti1)) = (Ui, s,

we se€ that B has a unit element, and since the lattices B;XB;_, are comple-
mented and modular it follows that B is also complemented and modular.
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If E is a congruence relation over B, then we can define a congruence
relation E; over B; X B;_; by the condition that (x, y)E;(x’, ¥') if and only if
hi({x, ¥))Ehi({(x’, ¥')). It follows that the conditions (x, ¥)E:(x’, ¥') and
2i({x, ) Eip1gi({x’, ¥')) are equivalent. Now suppose 0%z& B and 2E0Q. Then
for a sufficiently large positive integer ¢ we have z=h;({x;, x;_1)) where
x;€B; and x;,,EB; ;. Furthermore

gi((xi, xim1)) = (®ipy, %), gir1({Fig1, 2:)) = (Fige, Tig1)
where x;,1€ By and x;,2:& B,». Since x; and x;_; cannot both be equal to 0,
we must have x,;170 and %2540, and inasmuch as (¥;;2, %it1)E42(0, 0), it
follows by the simplicity of Bi;2 and By that (#iys, #i41)E42(0, 0). Conse-
quently #EQ where » is the unit element of B. We have therefore shown that
B is simple.
Finally, suppose there exists a global n-frame a of B. Then

Uu = Z a;
i<n
where the elements a; are pairwise perspective. For sufficiently large ¢ we
can therefore find elements x;EB; and y;&€B;,, for j=0,1, - - -, n—1, such
that a;=hi({x;, ¥;)). Consequently

w; = Z x; and @iy = Z Yis

i<n i<n
g XL - N X and Yo~ YL N Y.

It follows that both m; and m,_, are divisible by #. But from the recursive
definition of the integers m; we see that m; and m,_, are relatively prime, and
we therefore conclude that n=1.

BIBLIOGRAPHY

1. 1. Amemiya, On the representation of complemented modular lattices, J. Math. Soc. Japan
vol. 9 (1957) pp. 263-279.

2. G. Birkhoff, Lattice theory, rev. ed., New York, Amer. Math. Soc. Colloquium Publica-
tions, vol. 25, 1948.

3. O. Frink, Complemented modular lattices and projective spaces of infinite dimension, Trans.
Amer. Math. Soc. vol. 60 (1946) pp. 452—467. '

4. B. Jénsson, Extensions of von Neumann's coordinatization theorem, to appear in Lattice
theory, Proceedings of Symposia in Pure Mathematics, vol. 2.

5. , Modular lattices and Desargues’ theorem, Math. Scand. vol. 2 (1954) pp. 295-314.
6. , On the representation of lattices, Math. Scand. vol. 1 (1953) pp. 193-206.
7. , Representations of lattices. 11, Bull. Amer. Math. Soc. vol. 60 (1954) p. 24.

8. F. Maeda, Kontinuierliche Geometrien, Berlin, Springer-Verlag, 1958.

9. J. von Neumann, Examples of continuous geometries, Proc. Nat. Acad. Sci. U.S.A.
vol. 22 (1936) pp. 92-100.

10. , Lectures on continuous geomelries. 1, 11, 111, Princeton, 19361937,

UNIVERSITY OF MINNESOTA,
MINNEAPOLIS, MINNESOTA



