OBSTRUCTION THEORY OF PRINCIPAL FIBRE BUNDLES

BY
ALBERT T. LUNDELL(")

Introduction. The object of this paper is the computation of higher ob-
structions to cross-sections of a principal fibre bundle £¢=(E, p, B, G, G),
in terms of the Postnikov invariants of the fibre. This calculation can be
carried out explicitly in the case where G is a connected countable CW-group
and B is a locally finite simplicial polyhedron, modulo the usual difficulties
in computing the Postnikov invariants.

In a research announcement, Hermann [9] describes a method for com-
puting higher obstructions to a cross-section for a general fibre space
(E, p, B, F), in which he makes use of the Moore-Postnikov decomposition of
the fibre space. For a countable CW-group G, there is a (finite) Postnikov
system in which each space is a countable CW-group and the maps are con-
tinuous homomorphisms. This fact leads to a construction which is “dual”
to that of Hermann in the sense that certain fibre maps in Hermann’s con-
struction are replaced by inclusion maps. The fibre spaces in this decomposi-
tion are all principal fibre bundles with the terms of the Postnikov system of
G as the fibre. It is due to the additional structure of a principal fibre space
that our computation is feasible. While Hermann’s method requires that G
have relatively “nice” homotopy groups for effective computation, the meth-
od we describe works for any (finitely generated) homotopy groups. An
example at the end of §6, in which we consider a principal S*-bundle, illus-
trates the difference between Hermann's work and ours. We suspect that the
simpler formulae obtained by our method in this case is typical of the differ-
ence which would result on application of the two methods to an arbitrary
principal bundle.

The first five sections of this paper give preliminary results and construc-
tions, and the main results occur in §6. In the last three sections, we give
applications to bundles whose fibre is SO(n), U(n), and Sp(n), and in the
case of SO(n), n=5, and U(n), we are able to calculate the second and third
obstructions. In some special cases, we are able to relate these higher obstruc-
tions to certain characteristic classes of the bundle.

The author wishes to acknowledge his indebtedness to Professor W. S.
Massey for many valuable discussions during the preparation of this paper.

1. Definitions and conventions. A fibre space is an ordered quadruple
¢=(E, p, B, F), where E, B, and F are topological spaces and p: E-B is a
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continuous function, such that the following “local triviality” condition
holds: for each point x©B there is a neighborhood U of x and a homeomor-
phism ¢y of UXF on p~!(U) with the property that péy(y, z) =y for (v, 2)
CUXF. E, B, and F are the total space, base, and fibre, respectively, and
p is the projection of £=(E, p, B, F). A principal fibre space £=(E, p, B, G)
is a fibre space where the fibre G is a topological group and for which'there
exists a continuous function u: G X E—E (we denote u(g, x) by g-x) such that
if pv: UXG—p~(U) is a homeomorphism defining local triviality as above,
if b€ U and g, g’ €G, then g’-¢y (b, g) =¢u(b, g’-g), and such that

(i) g-x=x if and only if g=e, the identity of G for xEE,

(ii) g'-(g-x)=(g’-g)-x for g, g’ EG and x€E.

A cross-section of a fibre space £=(E, p, B, F) is a continuous function
f: B>E such that pf(b) =b for all bEB. Two cross-sections fo, fi: B—E are
homotopic if and only if there is a continuous function k: BXI—E such that
h(b, 0) =fo(b), k(b, 1) =f1(b), and pk(b, t) =b for b&B and 0=t =<1.

If £=(E, p, B, F) is a fibre space and ¢: B'>B is a map, then ¢1(£) will
denote the induced fibre space [6, Exposé 6].

Throughout this paper, we will assume that the base space B is a locally
finite connected simplicial polyhedron. B* will denote the #n-skeleton of B. We
will also assume that the fibre F is connected and is #-simple in all dimensions.

We will use the singular homology theory, and if no coefficients are men-
tioned, we will assume they are in the integers. The group of integers will be
denoted by Z, and the group of integers (mod 7) by Z..

2. Fibre subspaces. Let £=(E, p, B, F) and ¢ =(E’, p’, B, F’) be fibre
spaces over the same base B. We say that ¢’ is a fibre subspace of £ provided
E'CE, the inclusion j: E'—E satisfies pj=29’, and for each x&B there is a
neighborhood U of x and a homgomorphism of pairs ¢y: (UXF, UXF’)
—(p~1(U), p'~1(U)) such that ppy(y, 2) =y for (y, 3) EUXPF. A pair of fibre
spaces (£, £') will consist of a fibre space ¢ and a fibre subspace £. If (¢, &)
is a pair over the base B, and if ¢: A—B is a map, then (¢~1(£), ¢71(¢)) is a
pair over A called the induced pair, and will be denoted by ¢~1(¢, &). If ¢
is an inclusion map, we will write (&, £') 1= (£4, £4). For notational purposes,
£4=(Ex4, pa, A, F) and &4 = (EY4, pa,-A, F’). This notation holds throughout
this section.

We wili need the following form of the covering homotopy theorem.

THEOREM 2.1. Let £=(E, p, B, F) be a fibre space, let X be locally compact
and paracompact, and let A be a closed subset of X. Suppose f: X—E and
h: X XI—B are such that pf =h| XX {0} . Suppose further that there is a “par-
tial lifting” of h on A, i.c., a map k': AXI—E such that ph' =h|AXI and
W|AX{0}=f|A. Then there exists a map h: XXI—E such that ph=h,
Bl XX {0} =fand H|AXI=H.
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The proof requires a trivial modification of the proof of the covering
homotopy theorem given by Cartan [6, Exposé 8]. We suspect, but have not
proved, that this theorem holds without the assumption of local compactness.

The following corollary gives a covering homotopy theorem for pairs of
fibre spaces.

COROLLARY 2.2. Let (£, £') be a pair of fibre spaces over the base space B,
let X be locally compact and paracompact, and let A be closed in X. Suppose
f: (X, A)—>(E, E’) and h: X XI—B are maps such that pf=h| X X {0}. Then
there exists a map k: (X XI, A XI)—(E, E') such that k| X X {0} =f and ph=h.

Proof. First apply the usual covering homotopy theorem in ¢ to obtain
K:AXI—E' such that ph'=h|AXI and k'|AX {0} =f| A. An application
of Theorem 2.1 completes the proof.

The propositions of this section have to do with homotopy and homology
properties of a pair of fibre spaces, which will be used in our theory of ob-
structions to cross-sections and in some applications of this theory.

LEMMA 2.3. Let (£, &) be a pair of fibre spaces, and let j: E—E' be the inclu-
sion map. Let ACB with inclusion k: A—B, and let (§4, £4) be the induced
pair. Then for each integer m 2 2, the inclusion k: (E4, E4)—(E, E') induces
an isomorphism onto

Ev: 7m(Ea, Ed) > 7u(E, E'),
and there is a direct sum decomposition wn(E, E}) ~mu(E, E')+7.(B, 4).
Proof. Consider the commutative diagram:

N e

0

mm(E, E4) mm(E, E')
/ \\ / |
T".(B, A) Tm(E EA E*

Tm(E EY) ‘l’m(EA,E )

/
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where the diagonal sequences are portions of the exact homotopy sequences
of the triples (E, E', EY4) and (E, E4, E!4). Since pj=p’ and ps and p4 are
isomorphisms onto, these sequences break up into sequences of length three
and 7j is an isomorphism onto, as shown in the diagram.

If xEnm(Ea, E4) and 0=Fky(x) =k kx(x), then ku(x)=3jx(y), and ju(¥)
=jais (¥) =jd kx(x) =0, so y=0. But then k«(x) =0, which implies &4 is one-
to-one, because ks is one-to-one.

If x€xm(E, E'), then x=ky (y). Since j¥ (y) =je(2) =jv je(2), y—ja(2)
=ke(w). But ks(w) =k kx(w) = ks (y—ju(2)) =k# (y) =%, and ky is onto.

The statement about the direct sum decomposition follows from a lemma
of Eilenberg and Steenrod [8, p. 32].

COROLLARY 2.4. [, 'f (&, &) is a pair of fibre spaces, then for each integer m =2,
the inclusion i: (F, F')—(E, E') induces an isomorphism onto

ix: 7m(F, F') — 7m(E, E').

Proof Take A = {x} for x€ B, and apply the lemma.

Let (¢, &) be a pair of fibre spaces such that (F, F’) is m-simple, i.e.,
mi(F’) operates trivially on 7,(F, F'). Then by the use of Corollary 2.2, we
are able to define operations of 71(B) on 7w.(F, F’) entirely analogous to the
usual operations of m(B) on the homotopy groups of the fibre induced by
“translating the fibre around a curve.” Specifically, let a: (o™, ™, z)
—(F, F’, y0) be a mapping of the oriented m-cell which represents the element
aEwa(F, F, y0), let&,: (F, F')—>(E, E') be an admissible map, let xo =&,(¥0),
and let p: (0!, o)—(B, by) be a map representing p&Em (B, bo). Then
Lt (0™, 6™, 20)—(E, E', x0) and p&y,(y) = bo for all yE F. Define a homotopy
h:o™X I—B by h(z,t) =p(t),and use 2.2 to lift to a homotopy %,:(e™X I, 6™X I)
—(E, E') such that pk,=h and %,| o™X {0} =&,a. Then ph,(s, 1) =p(1) =b,,
) ﬁ,la’"x {1} : (o™, 6™, 20)— (P~ (bo), p'~4(bo), x1), where x1=Fk,(20, 1). Thus
B=£,'%,|omX {1} defines an element of Tm(F, F', y1), where y1=£,"(x1). The
proof that this element depends only on the homotopy classes of @ and p
is the same as usual. Since (F, F’) is m-simple, we may disregard base points
in (F, F’) and write p 0 @a=p, where BEm(F, F’') is the homotopy class of .
In the usual manner, we prove that “o” is an operation of 7,(B) on m,(F, F').

ProrositioN 2.5. If (F, F') is m-simple, w&m(E’', xo), p(xo)=Dbo,
aEmn(F, F'), and i: (F, F')—(E, E') is the inclusion, then

ix(py (1) 0 &) = W-7x(a),
where “ -7 is the usual operation of w1 (E’, xo) on wm(E, E’',x0).

Proof. Let w: (¢!, ¢!)—(FE’, xo) represent %, and let a: (o™, o™, 20)
—(F, F', o) represent & Then p'w represents py (%) Emi(B, bo). As in the
discussion above, we construct a homotopy k,,: (6™ XI, 6*XI)—(E, E').
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Let pu(t) = hyw(20, £). Then uy, is a curve in E’ from x, to x1. If &,: (F, F')
—(E, E') is an admissible map, and if N is an arbitrary curve in F’ from y,
to y=£,' (1), then N =§&N\:a'—p'1(bo) is a curve from xo to x1. Thus
NVu,1=2': (¢!, 6})—(E', %) is a closed curve such that p’w’ =p'w, where
“\/” denotes path multiplication. Let BEm.(F, F’, y1) be the homotopy class
of &' kyu|o™X {1}, so that #(B)=p,"is(a@). Thus i(pd (®) 0 &) =ix(N'8)
= (£aoM)¥ix (B) = (£soM) ¥t Mia (@) = @' - ix(@). Since p4 (w) = psl (@), w0 = (%),
where #Em(F', y0). Hence, (071%') - #x(&) = 44/ (%) - 7a(&) = % (% - &) = (@), and
W' -ix(&) = -7 (@). Thus ©-ix(a) =’ -#(a) =#(ps (@) 0 &).

COROLLARY 2.6. If (F, F') is m-simple, then m(B) operates trivially on
mn(F, F") if and only +f (E, E') is m-simple.

Proof. Use the formula of 2.5 together with the fact that #: m.(F, F')
—mww(E, E') is an isomorphism onto.

ProrosiTION 2.7. If w;(F, F')=0 for i<m and (F, F') is m-simple, then
#x: Ho(F, F')—>H,(E, E’) is an isomorphism onto if and only if m(B) operates
trivially on wa(F, F').

The proof is a combination of the previous corollary and the Hurewicz
isomorphism theorem.

3. Obstruction theory. Let £=(E, p, B, F) be a fibre space where B is a
locally finite simplicial polyhedron. Assume the vertices of B are ordered,
and suppose the fibre F is n-simple. Let m.(£) denote the local system of
groups on B whose group at bEB is 7.(Fy), where Fy=p~1(b). For each sim-
plex ¢ of B, let v(c) be the first vertex of ¢ and let F,= F, (). Let E,=p~%(0)
as usual. Since ¢ is contractible, E, has the homotopy type of F, and the in-
clusion map %,: F,—E, induces isomorphisms onto Ze: m;j(F,) =m;(E,).

Now suppose that there is a cross-section f: B"\JA—E, where 4 is a
subcomplex of B. Let o be an oriented (n-+1)-simplex of B—A. Define
c*+1(f)(0) Ema(F,) to be the element such that ix(c"*+(f)(0)) is the element
of m.(E,) represented by f| 6:¢ — E. Thus ¢**(f) is a cochain in
C*+1(B, A; m.(£)), which is called the obstruction cochain of f. This definition
of the obstruction cochain and the following theorem, which gives the main
properties of ¢*+1(f), can all be found in Steenrod’s book [16, Part III].

THEOREM 3.1. Let §=(E, p, B, F) be a fibre space which admits a cross-
section f: BNJA—E, where A is a subcomplex of B. Then

(i) f extends to a cross-section f': B»+'"\UA—E if and only if c**(f) =0,

(i) of fo, f1: BNJA—E are homotopic cross-sections, then c*+'(fo) =c**1(fy),

(iii) ¢m*+1(f) is a cocycle; we denote its cohomology class by ¢*+1(f),

(iv) f|B*'UA extends to a cross-section f': B~"\UA—E if and only if
C'"'H(f) = 0’

(v) érti(f) is a topological invariant.
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Let (£, &) be a pair of fibre spaces over the simplicial complex B such
that the pair (F, F') is (n+1)-simple, and let w.(£, £¢') denote the local system
of groups on B whose group at bEB is 7. (F,, F). Assume the vertices of B
are ordered and let (Fy(), Fy,)) = (F,, F.), where v(o) is the first vertex of the
simplex o.

Suppose there is a cross-section f: B—E such that f | B"JA: B"JA—E,
where 4 is a subcomplex of B. We wish to find conditions under which f can
be deformed to a cross-section f’: B—E such that f/(B»"\UA)CE’'. This
leads to a deformation cochain d*+!(f) similar to that of Blakers and Massey
[1, p. 187], originally due to Hurewicz (unpublished), but which is adapted
to fibre spaces.

Thus let f: (B, B\JA)—(E, E’) be a cross-section and let o be an oriented
(n+1)-simplex of B—A. Then f | ¢: (o, 0)—(E,, E/) and determines an ele-
ment of wn11(Es, EJ). By Corollary 2.4, the inclusion 7: (F,, F;)—(E,, E/)
induces an isomorphism onto #: Tn41(Fe, Fl)—>Tni1(Es, EJ ). Define d*t1(f, o)
Emnp1(Fo, FJ) as the element such that & (d*+1(f, o)) is the homotopy class of
flo, and define d"*(f) EC*+(B, 4; mapi(£, §)) by d™+(f)(0) =d+(f, o) for
each (n+1)-simplex o of B—A. The cochain d*+(f) is the deformation cochain
of f.

Since we will be mainly interested in the connection between d"*+(f) and
the obstruction to extending f'=f| B*"UA as a cross-section of £, we omit the
proof of the following theorem. The reader is referred to Steenrod’s book [16]
or Blakers and Massey [1] for the methods of proof.

THEOREM 3.2. Let (£, £') be a pair of fibre spaces over the simplicial complex
B, let A be a subcomplex, and let f: (B, BNJA)—(E, E’) be a cross-section. Then

(1) d**'(f)=0 if and only if there is a cross-section f': B—E such that
f/(B"Y"UA)CE' and f' s homotopic to f (rel B"\JA),

(ii) of f is homotopic to g (rel A), then d**'(f) =d"+!(g),

(iii) d**'(f) is a cocycle; its cohomology class will be denoted by d*+'(f),

(iv) d**'(f) is a topological invariant,

(v) if d*+1(f) =0, then f can be deformed (rel B~—"\UA) to a cross-section
f': B>E such that f'(B**'"UA)CE'.

The houndary operator 3: w.y1(F, F')—m.(F’) in the homotopy sequence
of the pair (F, F’) induces a map of local systems mn41(§, &) —ma(£), hence a
homomorphism

94: C*t(B, A4; mata(§, £)) — C*(B, 4; ma(¢)).
ProrposiTiON 3.3. If f'=f |B"UA is regarded as a cross-section of £, then
a(d™*1(f)) = cH(f).

Proof. For each (n+41)-simplex o of B, there is a commutative diagram
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i
Tn.,.l(Fg, Fa’) ’:) Tn+l(Eﬂ E")
al . al

1 ’
wu(F!) —— xa(EL),

in which the horizontal homomorphisms are isomorphisms onto. If f|: (s, &)
—(E,, E!) represents 7 (d**'(f, 0)), then f| 6: 6—E/ represents dix(d**'(f, o))
=14 9(d"*(f, o)) Em(E]). But & (c"t'(f’, 0))Ena(E/) is represented by
f’I ¢'7=f|¢'r: d—E’', so # (c"?(f, ¢)) =14 d(d"(f, ¢)), and since 7¥ is an iso-
morphism, it follows that d(d**(f, o)) =c"*'(f', o), whence d#(d"*'(f))
=ct(f).

Let (£, £) be a pair of fibre spaces such that w;(F, F')=0 for t<n+1 and
such that (F, F’) is (n+1)-simple. Also assume that 7,(B) operates trivially
on m,41(F, F’). Under these conditions we will be able to compute the class
d**1(f) for a cross-section f: (B, A)—(E, E’) and the class é*+'(f [A), where
f]|A: A—E' is considered as a cross-section of £'.

Since m;(F, F')=0 for i<n+1 and (F, F’) is n-simple, the Hurewicz
homomorphism 3: w;(F, F')—H(F, F’') is an isomorphism onto for :<n-1.
By the universal coefficient theorem

H™*\(F, F'; #n41(F, F')) > Hom(Huis(F, F'), mnia(F, F'))

is an isomorphism onto. The fundamental class 8*+'(F, F') of the pair (F, F’)
is the class in H**(F, F'; wa41(F, F’)) corresponding to the inverse of the
Hurewicz homomorphism which is in Hom(Hn 1 (F, F'), 7p1(F, F')) under
this isomorphism. If (F, F’) is a pair of complexes, 8"+ (F, F') turns out to
be the first obstruction to contracting F onto F'.

The fact that m(B) operates trivially on m..1(F, F') has two important
consequences in our computations. First, the coefficient system mwa41(¢, £)
is simple, and secondly, the inclusion i: (F, F')—(E, E’) induces isomorphisms
onto, #x: H;j(F, F')>H;(E, E') for j=n+1, by Proposition 2.7.

Now suppose that f: (B, A)—(E, E’) is a cross-section. Since m:(F, F')=0
for i<n+1, di(f) =0 for i<n+1, and f can be deformed to a cross-section
(B, B"JA)—(E, E’), which we again denote by f. Let ¢ be an (n-+1)-
simplex of B—A4, and consider the commutative diagram

Tnta1(o, 0) _(Ll_“_z_’: ma11(E, E') & wap1(F, F')
lac l3c g
(7] o)« i

1.
Hopr(0,6) 25 Hoyr(E, E') < Hoya(F, F')
N,
Hu+l(B”+l) B") = C"+1(B)’

where 3¢ is the Hurewicz homomorphism, and js is induced by the inclusion
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(¢, 9)—>(Bt1, B). Letting ¢ represent the generator of C.41(B) correspond-
ing to the simplex o, i.e., ¢ is the image of a generator of 7.41(s, ¢) under the
composition j+J¢, we see that #3C(d"+'(f, o)) =fx(0). Let #=mny1(F, F’'), and
consider the commutative diagrams:

ox

1
H(F, F';7) — H™\(E, E';7)
|l = | =
, (i*; 1) ,
HOM(H”.H(F, F ), L Hom(H,.+1(E, E ), 1|’)

Lo,y - 1w 1)
Hom(r, =) M Hom(H,,1(B, B*U 4),r)

and

Hom(H,1(E, E'), x) — H*\(E, E'; 7)
l (f*; l) - lf*
Hom(H,41(B, B*\U A), x) «— H*\(B, B*\U 4;7) = Z**(B, 4;7),

where 1 denotes the identity map of w. Using these diagrams and the formula
derived above, it is easily checked that

dr+(f) = 16~ (F, F’)).
The commutative diagram

i* %*

k
H™*\(F, F'; ) < H"*'(E, E'; 7) > H"*(E, E{ ; 7)

IR VA, Lt
H*(B,B*\U A; ) — H\(B, A; 7)

together with the fact that '*: H"tY(B, B"UA; m)—>H"*'(B, A; =) is the
natural map of cocycles onto cohomology classes yields the formula

di(f) = frEMF1OE, F)).

Finally, using Proposition 3.3 and the commutative diagram

a3
H™\(E, E{ ; 7) — H"\(E, E{ ; ma(¥'))

T T
H™\(B, A;7) — H"*\(B, 4; 7a(¢)),

where % is the coefficient homomorphism induced by the boundary operator
9: w1 (F, F')>w.(F'), we obtain

SHUf) = 34(d™HI(f)) = frouk*i*-1(6m+(F, F')).
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If (&, &) is a pair of fibre spaces satisfying the conditions above and 4 is
a subcomplex of the base B, we will denote the class k*i*—1(8*+1(F, F’)) by
NitU(E, €) EHM(E, EY; 7). In case A is empty we write A\*+1(£, £). Thus we
have the formulae

(3.4) I = LG ),
(3.5) ) = rona (& £)).

4. Some properties of principal fibre spaces. The following two theorems
give well known properties of principal fibre spaces. The proofs of these
theorems may be found in Cartan [6, Exposé 6].

THEOREM 41 If a principal fibre space £=(E, p, B, G) admits a cross-
section f: B—E, then E is homeomorphic to the product space G X B.

Let u: GXE—E be the operation of G on E and recall that we write
I"'(gt x)=g-x.

THEOREM 4.2. There is a one-to-one correspondence between cross-sections of
a principal fibre space £=(E, p, B, G) and maps h: E—G such that h(g-x)
=g h(x).

The correspondence of 4.2 is defined by assigning to the cross-section
f: B—E the function k;: E—G defined by ks(x) -fp(x) =x. It is easily verified
that ks (g-x) =g-hs(x).

If £=(E, p, B, G) and £ = (E', p', B, G') are principal fibre spaces, then
a homomorphism of principal fibre spaces £—¢' is a triple (%, k, ¥) of maps
k: E-E', k: B—B’, and v: G—G', such that v is a homomorphism of groups,
p'k=Fkp, and k(g-x) =7v(g) -k(x), xEE and gEG.

PRroPoOsITION 4.3. If £=(E, p, B, G) and £ =(E’, p’, B, G’) are principal
fibre spaces, if (k, 1, v): £—¢&", where 1 is the identity map of B, and if ¢ ad_mits
a cross-section f: B—E, then f' =kf: B—E’ is a cross-section, and yhy=hy k.

Proof. If bE B, then p'f'(b) = p'kf (b) = pf(b) =b, so f' is a cross-section. Let
*EE. Then x=h(x)fp®), s0 k(x) = K(hy(x) -fp(x)) =vhy(x) - kfp(x) =vhy(x)
f'p(x). But k(x) =hs(k(x)) -f'p'k(x) =hy (k(x)) -f'p(x), 50 hyrk(x) =hs(x).

Now suppose £=(E, p, B, G) is a principal fibre space, ACB is a sub-
complex of B, and fy, fi: B—E are cross-sections such that fol A= fll A. Then
we have a map hy,: E—G satisfying hy,(x) -fop(x) =x, and in particular, if
x=f1(b), then f1(d) =hs,(f1(0)) - fopf1(B) = by, (f1(D)) -fo(b). Define hyy,: B—G as
the composition ke, =hy,fi. Since fo| A =fi| 4, ks, (b) =e for bEA, where
eE€G is the identity element. Thus

hfo.fl: (Ba A) - (G) e)°
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ProposiTION 4.4. The map hsy,: B—G is homotopic to a constant map
(rel A) if and only if fo and fi are homotopic (rel A) as cross-sections.

Proof. Let I': BXI—G be a homotopy such that T'(b, 0) = hy,y,(b), T'(b, t)
=e¢€G for (b, )EAXIUBX{1}. Define H: BXI—E by the formula
H(b, t) =T'(b, t) -fo(b). It is easily checked that H(b, t) =fo(d) for (b, t)EA XTI
UBX {1}, H(b, 0)=fi(b), and pH(b, t) =b.

Suppose that f;: B—E, 0=t<1, is a homotopy of fo to fi such that
fi|A=fo| A, 0=t=1. Define I': BXI-G by I'(b, £) =hyq, (b). Then I'(3, 0)
=hs,(0), T'(b, 1)=¢, and T'(4 XI) =e,

This proposition shows that the homotopy classification of cross-sections
of a principal fibre space £ = (E, p, B, G) which agree on a subcomplex 4 CB
can be stated in terms of deforming maps (B, 4)—(G, ¢) to maps B—»{e}
(rel 4).

Let £=(E, p, B, G) be a principal fibre space, let A CB, and let fo, fi: B*
\UA—E be cross-sections such that fo| B~"\U4 =f;| B~'UA. A function
hyy: Xr=p~1(BM\JA)—G is defined, so the function hyy,: (B*UA, Br~1UA)
—(G, e) is defined. If ¢ is an oriented n-simplex of B—A, let d*(fo, f1, o)
€m.(G, e) be the homotopy class of the map h/ohl a: (o, 0)—(G, €), and define
an n-cochain d*(fy, fi) € C*(B, 4; m.(G, €)) by d*(fe, f1)(¢) =d*(fo, f1, 7). It is
easily seen that this cochain is the same as the one defined by Steenrod [16,
p. 169]. Proofs of the following properties of d*(f,, f1) can be found in Steen-
rod [16, pp. 169-177], however the proofs are somewhat simpler in the case
of a principal bundle if we use the definition given above.

THEOREM 4.5. If £=(E, p, B, G) is a principal fibre space which admits
cross-sections fo, fi: BN\JA—E such that fo| B=1\UA =f,| B¥1\UA, then

(1) d*(fo, f1) =0 if and only if fo is homotopic to f, (rel B—1\JA),

(i) 8d~(fo, fr) =c**1(fo) —c"*'(fo),

(i) 4f fo: B\JA—E is a cross-section such that f,| B—1\JA =fo| B~1UA,
then d*(fo, f1) +a*(f1, fo) +d"(fz, fo) =0,

(iv) if fo: BNJA—E and d€C*(B, A; 7.(G)), then fo| Br=1UA can be ex-
tended to fi: BNJA—E with d*(f,, fi) =4,

(v) of fo and fi extend to B"*\JA so that d*(fo, f1) is a cocycle, then the
cohomology class d*(fo, f1) is a topological invariant and its vanishing is neces-
sary and sufficient for fo and f to be homotopic (rel B»—2UA4).

ProrosiTiON 4.6. If £=(E, p, B, G) is a principal fibre space for which
m:(G)=0, 0=5i<n, of fo, fi: B1—E are cross-sections such that fol B
=f1| BrL sothat hyy,: (B, Br=1)— (G, e) is defined, and if 0"(G) € H*(G; 0 (G))
is the fundamental class of G, then

hiun(@(G)) = d(fo, 1)) € H*(B; 7:(G).
The proof will be omitted, since it is analogous to the discussion at the
end of §3.
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For the sequence of propositions which follows, we need some lemmas on
the cohomology of product spaces. Let X and Y be spaces, x0€E X, y,€ 7,
and let X\/ Y=X X {90} U{xe} X ¥, with inclusion j: X\/ ¥Y—»X X V. Let the
maps 41, 42, p1, b2, be defined as follows: 4,: X—>XVY, 41(x)=(x, y0); t2: ¥
—XVY, 6u3)=(, 3); p: XXY-X, p(x, y)=x; and ps: XX VY,
pa2(x, y) =9. Clearly pyji, =identity on X and p,ji. =identity on Y. This nota-
tion will hold throughout this section and in §6.

LEMMA 4.7. If w is an abelian group, then for each 1>0,
HiXV Y;x) = H(X; x) + H(Y; x) (direct sum).
The proof is very easy.

LEMMA 4.8. For each i>0, the following sequence is exact and splits.

k* it 3
0> H(X XV, XV ¥ix) > H(X X V;7) s H(X \/ ¥;7) — 0.

Proof. Consider the cohomology sequence of the pair (X XV, X\VVY) and
the diagram

HiX;7)
2y ( .
Ti
6* k* j* ) sk
— HX XYV, XVV;r) — HXXYV;r) —HXV Y;xr) —
P Li*
Hi(Y; ).

The splitting homomorphism is 0(w) = p*i*(w) +pis*(w), wEH(XV Y; m),
i.e., there is a homomorphism

xHXXYV;m)>HXXY,XVVY;m
such that each element « € H{(X X Y; 7) can be written uniquely in the form
u = prifj*(u) + pFids*(u) + B*x(w).

LEMMA 4.9. If fi: (X', xd)—(X, xo) and fo: (Y’, ¥d)—>(Y, ¥o), then the
following diagram is commutative:

* i

b
0o B(X X 7, XV ¥;x) > H(X X ¥;m) EHX V V1) -0

1(fl X f2)* l(fl X f2)* l(fl V f2)*

/% %

0— H(X' X V', X'\ V7 H{(X' X 1";«){;7+ H(X'V V1) —0,

i.e., the splitting of 4.8 is natural.

The proof is easy.
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Let £=(E, p, B, G) be a principal fibre space with u: G X E—E the opera-
tion of G on E. Let by be a vertex of B, x0Ep~1(bo), and let eEG be the iden-
tity. By GV E, we mean GX {x0}\U{e} XE, and i: G—E will denote the in-
clusion of the fibre i(g) =g-x0Ep~1(bo) for g&G. Consider the diagram

H{(E; ) HiG; 7)

1 u* > L’;’“
k* %k

0— H(G X E, GV E; 1) —— H{(G X E;n) —— H(G\ E; 1) —— 0

p? l’?

Hi(E; 7).

ProposiTION 4.10. There exists a homomorphism
x:H(E;x) > H(G X E,GV E; n)
such that if u€ H(E; m), then
p*(u) = pi*(u) + pi(w) + F*x' ().

Proof. ujii(g) =p(g, x0)=1i(g) and pjir(x)=ple, x)=x, so prifj*u*(u)
=p*i*(u) and piri*u*(u) =pF(u). From Lemma 4.8 we obtain u*(w)
= pi*i* (u) + ¥ (u) +k*xw* (u) = pi*i* (u) +p* (u) +k*x’(u), where x’' is the
composition x’ = xu*.

S. The decomposition of a principal fibre bundle. We now restrict our
attention to principal fibre bundles £ = (E, p, B, G, G) for which the group G
is a connected countable CW-group. The following theorem is due to Milnor
[14].

THEOREM 5.1. If G is a countable CW-group, then there is a universal prin-
cipal fibre bundle £(G) = (Eg, m, Bq, G, G) which has the properties

(i) Eg is a contractible space,

(ii) Bg s a countable CW-complex.

Recall that any principal G-bundle over a base space B is induced by a
continuous map B— By, and homotopic maps induce equivalent bundles.

ProrosiTION 5.2. If G is a connected countable CW-group, then for any
integer N =1, there is a sequence of CW-groups and continuous homomorphisms

G= GN+llGN&‘:GN_1 —_- e — Gzl_,cl,
such that
() Yn: Gap1—Gr embeds Guyy as a subcomplex of Gn for n=1, 2, - - - | N,

hence is a continuous isomorphism into,
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(ii) there is a continuous homomorphism v': G = Gg1—G which is part of a
homotopy equivalence of G and G,

(iii) wi(Ga) =0 for i>nand n=1,2, - .., N,
(V) if na: G—Gs is the composition Nn="YnYn+1 - - - YN, then n.: wi(G)
—wi(Gn) s an isomorphism onto for iSnand n=1,2, - - -, N.

Thus this sequence of groups and homemorphisms is a (finite) Postnikov
system for the group G.

Proof. Since Bg is a countable CW-complex, it has the same homotopy
type as a simplicial complex [17, Theorem 13], and we can induce a universal
bundle over this simplicial complex. Thus we may as well assume that Bg
itself is a countable simplicial complex. Let Xn41=Byg, and let Xy be the
space obtained from Bg by attaching cells of dimension =2N+3 so as to
“kill” wyy2(Bg), mn43(Bg), - - - . By using the simplicial approximation theo-
rem, we may assume that the cells are attached to B¢ by simplicial maps.
By [17, Lemma 2, p. 239], there is a simplicial subdivision of X» which con-
tains Bg=Xy41 as a subcomplex, i.e., we may regard the inclusion jy: B¢
=Xnp1—Xn as a simplicial map. We now repeat this process on Xy to
obtain Xy_y, and so on, until we obtain a sequence of spaces and maps

Bo = Xwn—o Xy 20 Xy o - oXa 25 X,
where each X, is a simplicial complex, and the maps jn: Xo1—X,, n=1, 2,
- -+, N, are simplicial inclusion maps.

The maps kn=jnjnt1 * - - jv: Xvpn— Xy induce isomorphisms onto
ko mi(Xnp)—mi(X,s) for i2n 41, and m(X.) =0 for ¢+>n+1 and
n=1, 2, - - -, N by the construction. Following Milnor [13], for each #, n
=1,2, - - - ,N+1,we constructa principal bundle £(G,) = (X., 7, Xn, Gn, G»),
where G, is a countable CW-group and X, is a contractible CW-complex.
Recall that in Milnor’s construction X, is a space of equivalence classes of
polygonal paths in X, which begin at a fixed vertex of X,, and that G, is the
set of those equivalence classes of such paths which begin and end at the
"~ same vertex. Choose a fixed vertex of Bg=Xny,1 as the fixed vertex in this
construction. Then the simplicial inclusion maps X,1—X, induce one-to-one
bundle maps X.,1—Xa., and it is easily checked that the induced maps
Gap1—G, are continuous isomorphisms into. Following through Milnor’s
proof that G, is a CW-complex and using the fact that ja: Xppu—X. is a
simplicial inclusion map, we find that G.41 is a subcomplex of G.. Setting
Gn+1=G, we have proved (i). By another theorem of Milnor [13, p. 282],
the bundle {£(G) = (Egq, 7, Bg, G, G) is induced by a continuous homomorphism
4': G—G, and v’ is part of a homotopy equivalence of G and G, so (ii) is
proved. Since each X, is contractible, it follows that mi41(Xa) =7:(Gn), so
m(Gn) =0 for ¢>n, and (iii) is proved. To prove (iv), consider the bundle
homomorphism (ka, kn, ¥n): £(Gr41)—E(G,). We have a commutative diagram
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ka*
i1l Xng1) — mia(Xa)
| = e | =
7i(Grys) — 7i(Ga)

and since k. is an isomorphism onto for i1 <n, 7.*: 7:(G)—>mi(G,) is an iso-
morphism onto for i <n.

REMARK. The homomorphism v’: G—G gives rise to a bundle homomor-
phism (¢, 1,9") of £(G) = (Xn41, 7', Bg, G, G) to £(G) = (Ee, 7, Be, G, G), where
1 denotes the identity map of Bg. Let £=(E, p, B, G, G) be a principal G-
bundle, and let ¢;: B—Bg be a classifying map. Define ¢;'(((G))=¢
=(E', ¢, B, G, G). Then there is a homomorphism (%, 1, ') : £ —¢ induced by
(g, 1, 9"). Thus there is a commutative diagram

— xi31(B) = 7:(G) — 7i(E') — 7i(B) > 7:1(G) —
l = lyd iy l = byd
— 7i1(B) = 7(G) = 7i(E) — xi(B) = 7i-1(G) —,

in which the rows are exact, and since v’ is part of a homotopy equivalence,
an application of the “fives lemma” yields the fact that the induced map
ki : wi(E")—wi(E) is an isomorphism onto for all 4. It follows that the maps
hi : He(E')—>Hy(E) and h'*: H¥*(E')—>H*(E) are isomorphisms onto. More-
over, if either ¢ or § admits a cross-section over the n-skeleton B" of B, then
ft| B»: B~—>Byg is homotopic to a constant map. This shows that the cross-
section problems in £ and £ are equivalent. From now on, we will assume with-
out explicitly mentioning it that we have replaced the bundle £ by the bundle
¢, ie., if £=(E, p, B, G, G) is a principal bundle, we assume that G has a
Postnikov system G—Gy— - - -+ —G; in which each map is a continuous iso-
morphism into.

THEOREM 5.3. Let G be a countable connected CW-group, and let
£=(E, p, B, G, G) be a principal bundle over the CW-complex B. Then for each
integer N 21, there is a sequence of principal bundles £, = (Ea, pn, B, Gn, Gn),
n=1, 2, - - -, N, a sequence of bundle homomorphisms (gn, 1, ¥Yn): Ens1—%n,
n=1,2, .-, N—1, and a bundle homomorphism (g, 1, yn): E—En such that

(1) each (gn, 1, ¥n) embeds Enyr in £, as a fibre subspace and (g, 1, yn) em-
beds £ in Ex as a fibre subspace,

(ii) of Bn=gngn+1 - * - gn: E0E,, then hy:wi(E)—>mi(E.) is an isomor-
phism for i<n and is onto for iSn+1,

{iii) mi(Eaz1, Ea) =0 #f 152n+1 and mp11(Eaoy, Ea) =m.(G).

Proof. Let {g,;} be the set of coordinate transformations of the bundle .
Let £y be the Gy bundle over B constructed by using the collection {ywg:;}
as coordinate transformations and Theorem 3.2 of Steenrod [16]. If {441 has
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been constructed and has coordinate transformations {gi;}, we construct £.
using as coordinate transformations the collection {'y,.g;j}. It is easily seen
from the construction that the induced bundle homomorphisms (g., 1, ¥»),
n=1,2, ..., N, are one-to-one, and £, is a fibre subspace of £,_; and £ is a
fibre subspace of £y. Thus the existence of the bundles and the homomor-
phisms is proved as well as (i). To prove (ii), consider the homotopy ladder

= 7i41(B) = 7(G) — 7i(E) — xi(B) = 7ia(G) —
l =~ lﬂn. l hn‘ l= lﬂn'

= Ti41(B) = 7(Ga) = wi(E,) — 7i(B) = 71:-1(Ga) —

induced by the bundle homomorphism (k., 1, 5.): E—£.. Since 7.*: 7:(G)
—mi(G,) is an isomorphism onto for 1 =#n and m(G.) =0 for ¢>n, the “fives
lemma” yields the result of (ii). Part (iii) follows when we observe that from
the homotopy sequence of the pair (Ga-1, Gn), Tn+1(Gno1, Gn) = Ta(Gr) = 7. (G),
and m;(Gn—-1, G») =0 otherwise. Applying Lemma 2.4, the inclusion 7: (Gn—1, G»)
—(E,_1, E.) induces an isomorphism onto #: 7;(Ga_1, G»)—=7;j(En_s, E.) for
all j.

A quadruple (¢, N, {&}, {(gs 1,7s)}) satisfying the conditions of this
theorem will be called a decomposition of £ of length N.

LEmMMA 5.4. Let £ = (E, p, B, G, G) be a principal G-bundle and let
& N, {E,.}, {(gn 1, Yn)}) e a decomposition of t. Suppose f: B'—B, and let
F1(E) be the induced bundle. Then the induced bundles f~(¢£,), n=1,2, - - - | N,
are the bundles in a decomposition of f~1(£).

Proof. Let { V:} be the coordinate neighborhoods of £ and let {g;;} be
the coordinate transformations of £. Then those of f~1(§) are { f‘l(Ve)} and
{giif} respectively. If 7.: G—G. is the homomorphism defined in 5.2,
(f~1(£))» has coordinate transformations {n.g:;f } But £, has coordinate
transformations {7.g:j}, so those of f~1(£.) are {q,.g;jf } Thus (f~2(£))a
=f1(&a).

In particular, if we choose a fixed decomposition

(E(G)a N, {gn}, {(gm 1, 'Yn)})

for the universal G-bundle £(G), then for any G-bundle &, a decomposition
(& N, {&}, {(gn 1, v4)}) is induced by a classifying map ¢;: B—Bg. It is
also clear that the bundle &= (Ea, $a, B, Gn, G») in a decomposition of £(G)
is induced by the map k.: Bg—Xa of 5.2.

ProrosiTION 5.5. Let £=(E, p, B, G, G) be a principal bundle over a CW-
complex B. Then there exists a cross-section f: B—E if and only if there is a
cross-section f': B—E,_1, where £n_1=(En_1, pn-1, B, Gn_1, Ga-y) is a term in
a decomposition of £ of length N=n—1.
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Proof. Suppose f: B»—E is a cross-section. Then h,_;:f B>—E,_,is a cross-
section because pn_1bn-1f(b)=pf(b)=b for b&EB*. The obstructions to ex-
tending h._f will be in the groups H*(B; mi—1(Gn1)) for k=n+1. But
Tr—1(Gn1) =0 for E=n+1, so all higher obstructions to the extension of
hn_1f vanish, and k., f extends to a cross-section f': B—E,_;. Observe that
hasf=f'| B".

Now suppose that f': B—E,_; is a cross-section. Let ¢;: B—Bg be a
classifying map for £ Then &.1=¢; (Es-1)=(Ba_1¢¢) 2 (£(Gn-1)), where
£(Gnot) = (Xac1, ™, Xaca, Gayy Gay) asin 5.2, ice., kaips: B—X,_, is a classi-
fying map for £,_;. But £,_, admits a cross-section, so k._1¢: is homotopic to
a constant map. Since k._*: 7i(Bg)—mi(Xa-1) is an isomorphism onto for
1<n, it follows that ¢¢+: m;(B)—mi(Bg) is the zero homomorphism for 1 =n.
Thus ¢5|B": B»—Bg is homotopic to a constant map and £g* is a trivial
bundle. Thus there is a cross section f: B"—E.

We remark that the decomposition of a principal bundle will enter our
computation of obstructions in a manner similar to the way in which the
Moore-Postnikov system enters the computation of obstructions as done by
Hermann [9].

Let (£, N, {£.}, {(gn 1, ¥»)}) be a decomposition of (E, p, B, G, G) =¢,
where B is a locally finite polyhedron. Then each {£.-, £) is a pair of fibre
spaces, and m;(Gn—1, G) =0 for 1<n+1. From the fact that (G, G) is a
pair of connected group complexes and 9: Tn41(Gnoy, G)—ma(G) is an iso-
morphism onto, it follows that (Ga—1, G) is (n+1)-simple and 7 (B) operates
trivially on ms41(Ga-1, G). Under these conditions, if 4 is a subcomplex of B,
the class Ny (§a1, £) EH"Y(En_y, E4; Tny1(Gaoy, G)) is defined as in §3. We
define a new class Ni"'(§) EHV(E,_1, E4; ma(G)) as the image of Nt (§a, £)
under the isomorphism

9x: H"WY(En_y, Ed; Tni1(Gar, G)) = H ' (Ea—y, Ea; wa(G)).
We will write N3 (§) =\*+1(§) EH™Y(E,_1; m4(G)) if A is empty.
PROPOSITION 5.6. The map ha_r: (E, E4)—(En._1, E4) has the property

n+1

hn*-lO\A (E)) = 0.

Proof. Consider the commutative diagram

* hE
H™\(Eoy, B 1) ———s H"(Eo_y, Eg37) — s H"(E, E4; 7)
10x " ;P x 104

kit
H**'(Ep_y, E4;7(G)) AR H""Y(Eoi, E; 70(G)) —— H™\(E, E4;72(G)),

where 7 =n11(Ga1, G). Recall that by definition \**!(£._, £) Eimage j*, and
note that the horizontal lines are portions of the exact sequence of the triple
(Ea-1, E, E4), whence
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n+1 n+1l n+1

hEa(a (8) = bE10e(Ma (§nyy §) = Oxha(Ma (§n-1, §)) = O.
Observe that if k: E,_1—(Ena—1, E4) is the inclusion map, then

oL ®) = 2.

ProrosiTiON 5.7. If £ admits a cross-section f: B\JA—E and f': B—>E,_,
1s an extension of hn_f: B"JA—E,_,, then

n+1

) = 0aT @) € BB, 4; 7(6)).

Proof. This is just formula 3.5.

The pair (Gn, G) is (r+1)-simple, and there is a fundamental class
0*+1(Gp, G) EH™ Y (Gn1, G; Tn31(Gr-1, G)). Since G—Gy— - - - -G, is a
(finite) Postnikov system for G, we may define the (n+1)st Postnikov in-
variant k*+(G) E H**(G._1; 7a(G)) as the image of 0"+ (Ga_y, G) under the
composition

1% a*

H™*Y(Gn-1, G; ) > H™Y(Gnr; ) = HY(Goey, 7a(G)),

where 7 =mp11(Gn-1, G).

PROPOSITION 5.8. If tn_1: Gaox—E,_y is the inclusian of the fibre, then
e (AH(E) = £H(G).

Proof. Consider the commutative diagram
-k

a
HY By, E; 1) > H™(Ens; 1) — Y (Ens; 7a(G))
i Lik,

1%
H(Gos, G 1) > H™(Gom; ) = B (Gat; 1a(6),
where 7 =mp11(Ga-1, G), and recall that A*+1(£) =0,j*i*-1(67*1), where §+!
=0"*1(Gay, G). Thus, 1o j(\"*1(§)) =Buta_,7*i*1 (7)) =duj *i*i*~1(0"+)
=a‘j’*(0n+l) = kn+l(G).
We have not investigated to what extent the invariants \**+1(§¢) determine
the bundle £. This is a problem for further research.

PROPOSITION 5.9. If £=(E, p, B, G, G) is a principal bundle, and ¢: B'—B
is @ map, let (Pn—y, §): 1 (En1) oEnr be the induced bundle map. Then
SEAAH(R) = NH(¢71(E) € HY(Eqs; 7a(G)).

Proof. If ¢,_, is the induced map (E,_1, E.)—(Ea_1, E.), the proof follows
very easily if we “chase around” the commutative diagram
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¥ 03
H™\(Eo_y, Enu; 1) 25 H™(Eoy; 1) = H™\(Eo_y; 7(G))
i#
£

H”+I(Gn—ly Gn; T) bn-1 ¢n*—l ¢n"“—l

AN '*
.

O
H™\(E]_y, Bl ;1) (B, 7) — H™(E]1; 7a(G)),

where T =7, 41(Gn-1, Gn).

Let (¢(G), N, {&}, {(gﬂ, 1, va)}) be a decomposition of a universal G-
bundle £(G) = (Eg, 7, Bg, G, G). For notational purposes, let £,
=(E,., #n, Bg@, Gn, Ga), and let T =Tn42(Gny Grs1) = Tn41(Gri1) =mn1(G). In
the sections that follow, it will be useful to have the following facts.

ProPOSITION 5.10. (i) m;(E,) =0 for i <n+2, mi(E.) =mia(G) for i=n+2,

(i) Hi(E.)=0 for i=1,2, -+, n+1, and Hups(E,) =,

(i) Hi(E.)=0 for i=1, 2, .-, n+1, and H"*(E,; 7) is a cyclic
Hom(w, w) module and is generated by \*+*(£(G)).

Proof. From property (ii) of 5.3, k.e: m,(E¢)—mi(E,) is onto for 1<n+1,
and since m(Eg)=0 for all 4, m;(E.)=0 for i<n+2. From the homotopy
sequence of ., since m;(G.) =0 for :>n, pa*: mi(E.)—>mi(Bg) is an isomor-
phism onto for i=n+2. But 7:(Bg) =~ mi_1(G), so mi( E,) =7:1(G) for iz n+2.
(ii) follows from the Hurewicz theorem. By the universal coefficient theorem,
Hi(E)=0fori=1,2, - --,n+1, and H**?*(E,; v) =Hom(mr, 7). To see that
A+2(£(G)) is a generator, observe that H*(E,yy; 7) = H2(E,yq; 1) =0, so
that j: E,—(E., E.41) induces an isomorphism onto, j*: H*(E,, E..1; 7)
—H*?*(E,; 7), and that N*+2(§(G)) is the image of the generator of
H*+2%(G,, Gny1; 7) under the composition

i*—l

-k
Hn+2(Gm Gn+l; 7) — H"+Z(Em E'H-l; ') j_) Hﬂ‘”(Eﬂ; T)'

6. The obstruction theorems. The theorems of this section and their
corollaries are the main results for a principal bundle £ whose fibre is an arbi-
trary connected countable CW-group.

We remark that a necessary condition that a fibre space £ =(E, p, B, F)
admit a cross-section f: B**'—E is that the homomorphism p*: H*'(B; )
—H"+(E, 7) be an isomorphism into. Thus if this necessary condition is
satisfied, the formulae of 6.1 and 6.4 below completely determine the obstruc-
tion,

THEOREM 6.1. Let &£ = (E, p, B, G, G) be a principal bundle, let
(¢, N, {E..} , {(g,., 1, Ym) }) be a decomposition of length N =n, let f: B»—E be
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a cross-section, and let f': B—E,_, be an extension of ha_1f: B~—E,_;, so that
hy: En 1—Gny is defined. Then

P(E(f)) + itk (R(G)) = 0.

THEOREM 6.2. Let ¢t = (E, p, B, G, G) be a principal bundle, let
(&, N, {E,.} , { (gm, 1, Ym) }) be a decomposition of length N 2 n, let f,, fi: B~—E
be cross-sections, and let fq, fi : B> E,_y be extensions of hn_1fo and ha_f1 so
that hypi: B—Ga_y is defined. Then

e () = EH(fo) =y (B™(G)).
This agrees with formula (30) of Dold and Whitney [7].
As an obvious corollary which has application later, we state the follow-
ing.
COROLLARY 6.3. If k**(G) =0 and the (n+1)-dimensional obstruction is
defined, then it is a single cohomology class.

Let £=(E, p, B, G, G) be a principal bundle such that 7;(G)=0 for
0=:<n, n<i<g. Then in the Postnikov system for G we may take G;= - - -
=Ga to be contractible groups, and Ga= : - - =G, are K(m.(G), n)-
spaces. The k-invariant k4+'(G) =kt € H(Gy-1; 74(G)) is ket 0m(Gyoy),
where 0"(G,1) is the fundamental class, and k?+'|- is the cohomology opera-
tion defined by kett. If f: Be—E is a cross-section of £, then there is a unique
class a*(f) €H*(E; 7.(G)) such that i*(a"(f)) =6~(G) and f*(é"(f)) =0, where
1: G—E is the inclusion of the fibre.

THEOREM 6.4. If £ = (E, p, B, G, G) is a principal bundle such that w;(G) =0
for 0=i<n and n<i<q, and if f: Bo>E is a cross-section, then

P*E(f)) = ket = @ (f).

THEOREM 6.5. If £=(E, p, B, G, G) is a principal bundle such that w:(G) =0
for 0=i<n and n<i<gq, and if fo, fi: Be—E are cross-sections, then

crti(fy) — eti(fo) = ket - dn(fo fu).

COROLLARY 6.6. If £=(E, p, B, G, G) s a principal bundle such that 7,(G)
=0 for 0=1<n and n<i<q, and if £ admits a cross-section f: Be—E, then &
admits a cross-section f': Bt*' — E if and only if there is an element d»
€ H"(B; 7.(G)) such that

EH(f) + k- dn = 0.

In the case of a 3-sphere bundle ¢ =(E’, p’, B, $*, SO(4)) which admits
cross-sections fo, fi: B4—E’, Liao [12] obtains the formulae
p"*(E(fo)) = p"™*(w2(£)) - 3*(fo) + Sq*a*(fo),
&(f1) — 8(fo) = wa(¥)-d*(fo, f1) + Sg?d*(fo, f1),
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where w,(§’) is the Stiefel-Whitney class, and @*(fo) is as above. Recall that
St=Sp(1) CU(2) CSO(4), hence there exist maps Bspay—Buv@y—Bsow. The
bundle ¢ is induced by a map ¢: B—Bgoq and the associated sphere bundle
(Bsow), §, Bsow, S, SO(4)), and if we can reduce the group of ¢ so as to get
a principal S*-bundle, the map ¢ factors through Bg,a), hence wy(¢') =0. But
then Liao’s formulae would be

p*(() = Sg’é*(f),
&(fr) — &(fo) = Sg*d*(fo, f),
which are precisely the formulae that result from 6.4 and 6.5.

Before we proceed with the proofs we will need some notation and a
lemma. Let §=(E, p, B, G, G) be a principal bundle, let §=(Eg, $, Bg, G, G)
be a universal bundle, and let ¢;: B—B g be a classifying map for £&. Then a
decomposition (£, N, {f,,.}, {(g,,., 1, 'y,,.)}) is induced by a decomposition
(¢, N, {f,,.} , {(g,,., 1, Ym) }) of the universal bundle . Let (¢7, #¢, 1): Em—Em
be the induced bundle homomorphism. Then by Proposition 5.9, Ant1(§)
=¢" ¥\ +(§)) EH Y (Enny; 7a(G)).

LEMMA 6.7. If pn—y: Goa X En1y—E,_, is the operation of Ga_y on E,_,, then
Fa-1NH1(E)) = pi* (R7H1(G)) + o2 N H1(8)).

Proof. By (ii) of 5.10, H,(E._;) =0 for 0<r<n+1. Using this fact and
the Kiinneth formula

Hq(Gn—l X En—l’ Gu—-l V En—l) = 2 HG—'(G”—‘I’ e) ® H"(E"_l’ xo)
+ E TOI’(H,._,-_l(Gn—l) C), Hr(En—l’ xO)):

we establish that Hy(Gn1X Ea—1, GaoaV Eaq) =0, for ¢<n+1. From the
universal coefficient theorem, we find

Hq(Gn_l X En—l, Gu1 V En—l; T) = 0,
for g=n41 and any abelian group . Consider the commutative diagram

*
H\(B\_y; 7) ﬁ_"'_‘, H"Y Gyt X Boy; 7)

e, LA X gr )*
H*Y(E,_y;7) £ H™Y(Gpey X Epy; ).
w7 @) = wer A TT®) = (X 6 AT ®)
= (1 X ¢t @FE"(G) + 22" ®)),

by 4.10 and the fact that H**'(G._1XE._1, Ga1VEa.; 7)=0. By 4.9,
Pt (A1) = D (BH1(G)) + ¢~ (N H1(E)) = p* (k" 1(G)) +p A H1(9)).
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Proof of 6.1. It is easily checked that the composition

A o B Mn—1
En—l - En-—l X En—l d Gn—l X B— Gn—l X Eu—l - En—l

is the identity map on E._, where a=hy X pa—y and B=1Xf’. Thus

NH1E) = A (b X pat) (1 X 1) hama A1)
= A"k X ) (1 X ) G1E™G)) + p2(N1(8)))
= W (BH(G)) + par(EI(F)),
by 5.7. By 5.6, the map hn_1: E—E,_; has the property hi_,(\**'(£)) =0,

whence

0 = Ins W) = Fnsbyr (B1(G)) + hncspar(EH())

= ho_shp (B1(G)) + $° (1)),

Proof of 6.2. As above, we find that A+1(§) = pp_,(e"+'(fo)) + ks, (E"+1(G)).
Thus,

1% %

FH(f) = fiT @) = S paaa (e + fihy (R(6))
= o*(fy) + h;‘,,l(k"-'-l(c)).
Transposing ¢*+!(fy), we obtain the desired formula.

Proof of 6.4. Since 7:(G) =0 for 0<4 <7 and 7 <i<gq, G, has the homo-
topy type of Gn, which is a K(ma(G), #). Thus ket1(G) E H1(G,-1; T¢(G))
determines an operation

ket = HY(Gym1; 7a(G)) — HY(Gyr; 74(G)),

i.e., k#*(G) = b4+ |- 0"(G,-1). Since f: Be—E is a cross-section, k;: p~1(B9)—G
is defined. Consider the diagram

0— H"(B; wn(G))L H"(E; 7.(G)) LH"(G; 7.(G)) =0
=~ zl]’* o* h/*
P
H*(B*; ma(G)) == H"(p7'(B); m(G)),
f*

where the horizontal line is a portion of Serre’s exact sequence, and j: p~1(B9)
—E is the inclusion. Since the inclusion ¢’: p~1(by)—E may be given as
1'(g) =g-f(bo), we have ks’ (g) =hs(g-f(bo)) =g-e=g, so if a"(f) EH™(E; ma(G))
is such that ¢*(a*(f)) =0~(G) and f*(a~(f)) =0, j*(@*(f)) =h*(07(G)). By 6.1,

0 = p @) + hg—ihy (ke 1= 0%) = p' (TH(f)) + ke 1= hy_slp (67),
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where 07 =0"(G,-1). But commutativity of the diagram

J » ky
E—d  pmBy2 6

hq—l\‘ ]’h;~l l "
By o

Eq..l —_—) G'—l

follows from 4.3 since (kg—1, 1, 7¢-1) : E£4-1 is a homomorphism of principal
fibre spaces, and implies that

i heih (67(Ge) = B 1es0(Get)) = B 6°6)) = 5 @ ().
Thus kg—,k(60%(Ge-1)) = 6"(f) because j* is an isomorphism, and
0 = p*(@'(f)) + kot = a™(f).
Proof of 6.5. By 6.2,

EH(fy) — E(fo) = hpp(RTHHG)) = R+ gy (6(Gom)-
But 1g1hyy, =ng-rhs fo=hiherfi=hss| B¢ by 4.3, so

hg6*(Go1)) = Mrpna-1(8"(Gomr)) = hzs,(0%(G)) = d(fo, f1)
by 4.6. Hence,
eti(fr) — et(fo) = k- d(fo, f1).

Proof of 6.6. If £ admits a cross-section f': Bet1—E, then 0=¢;et(f")
= ket dn(f, 1) et (f). If eati(f) + ket -d» =0, choose f’: Be—E such that
d*(f, f') =d». Then ¢&+1(f') =0, and f'| B« extends over B+,

7. Principal bundles with fibre U(n)(?). We need some results on the
homotopy groups of U(n), namely those of Bott [5], that w:(U(n))=2Z for
i1=1 (mod 2), 1<2n, m;(U(n)) =0 for 4=0 (mod 2), 1<2n, and m2.(U(n))
=Z.. We also need the fact that H*(Bywm)=Z[&, - - -, &), an integral
polynomial ring with generators ¢; of degree 2:. The class ¢; is the sth universal
Chern class. If £=(E, p, B, U(n), U(n)) is a principal bundle and ¢;: B—>By )
is a classifying map, then @ (2,) =c;(£) is the sth Chern class of £.

We propose to calculate the relationship between the Chern classes c;(£)
and the obstructions to a cross-section of the bundle £. At first we will work
in the universal bundle §=(Ey), p, Buw), U(n), U(n)), and we will always
assume that we have a decomposition (£, N, {&n}, {(Zm 1, ¥m)}) of length
N =2n (for U(n)-bundles). For notation we write &m=(Em, fm, Bu(n)) Gm, Gm).

THEOREM 7.1. Let N2*(E) € H*(Ey_o; mu1(U(n))) = H*(En_,) for n2k, be

(*) We actually consider a bundle whose fibre is a connected CW-group having the same
homotopy type as U(zn), but in order to simplify the notation, we denote this group by U(n).
This convention will be followed in §§8 and 9. See the remark following 5.2.
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as previously defined. Then

(@) =  (k — DIHE).

Proof. Let S? be a (2k)-sphere, and choose a map ¢: S*— By which
represents a generator of mu(Bywm)=2Z. Then the induced map ¢u: mu(S%*)
—7a%(Bumy) is an isomorphism onto. The obstructions to lifting ¢ to a map
¢': S*—Fy o are elements of the group Hi(S%*, m;_1(Gx-2)) =0, so such a
lifting exists, i.e., there is a commutative diagram

E%—z

/ l
2%k—2
s2® B

Since ¢x: T (S*)>7u(Bum)) and Pu—on: Tu(Eu_s)>mu(Buw) are isomor-
phisms onto, and since w;(S%*)=m;(Fu_2)=0 for 1<2k, it follows that
&4 2 i(S%)—mi(Ex_s) is an isomorphism onto for 4 < 2k. Thus ¢'*: H*(Ey_,)
— H?(S?%) is an isomorphism onto, and if »& H*(S%) is a generator, then
&' *(\*+1(§)) = +u, by 5.10.

We now wish to compute the obstruction to a cross-section of the bundle
¢~1(%). In order to do this, we prove the following general lemma about prin-
cipal bundles over spheres which has applications in §§8 and 9 as well as in
the proof of this theorem. Thus let ¢=(E, p, S*, G, G) be a principal bundle
with ¢;: S*— B¢ as classifying map. Let E7, and E* be the closed hemispheres
of S* with EYNE? =851 2as equator. Let an orientation of S* be given. We
may assume that the classifying map has the property ¢:(E}) =x¢&EBg, and
that there is a cross-section ®: E} —E.

LEMMA. The obstruction cocycle c*(®) has the properties ¢*(®)(E})=0,
cM(P)(EL) = +9( {fbe } ), where 3 is the boundary homomorphism in the homotopy
sequence of £, and {¢;} is the homotopy class of the map ¢: S*—B .

Proof. The cross-section ®: E}, —E determines a lifting ®': E1—Eg of
¢:| EL, i.e., pP’ =¢g| E’, and in particular, we have p®'(S*~!) =x¢&EBg. Thus
o'| Ef =’ lS"‘l determines a map S*'—G, and it is easily seen from the
definition that ¢*(®)(E2) = {*i" I E%} €mi(G). Now consider the commuta-
tive diagram

a(S™, ¥0) (-‘YT‘ Ta(Ey S*1) —— 10a(S™1)

b o By Dy

wn(Ba, xo) ‘—~- Lt n(EG, Gzo) —;—' ""n—l(Gso),
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where v: (E%, S 1)—(S", ¥0) is of degree one. Let j.Em,(EZ, S*) be a gen-
erator. Then
(@) (En) = {@| Er} = £ 8 0jn = + 0B jn = + 0Ps ' Pa®d jn = * 06{ jn
= + 3¢u(in) = £ 3({00)}).

Returning to the proof of the theorem, observe that since ¢: S*— By,
represents a generator of ma(Bum)) =Z, the obstruction to a cross-section of
¢~ () is +uE H?*(S?*). Thus according to Kervaire [10], ¢*(&) =+ (k—1)!u
= £ (k—1)1¢'*(\*(§)). Since p* (&) =¢'*Pn-2(&), ¢ * (Fa-2(8) F (k— 1) N*(E))
=0, and since ¢'* is an isomorphism in dimension 2k,

Pua@) = = (b — D).

COROLLARY 7.2. Let £=(E, p, B, U(n), U(n)) be a principal bundle which

admits a cross-section f: B*1—E for n2k. Then
a(®) = £ (& — DI*().
Proof. Consider the commutative diagram

¢EQI:—2

Eyo— Ey s

f “P%;E l Por—s

B —PBU(..)

where ¢ is the classifying map for £. Then

a(f) = ¢ (8) = F 6™ pua@) = £ (£ (k — DAHE) = + (k —1)1*()).

COROLLARY 7.3. If M?" is an almost complex manifold such that the co-
homology torsion coefficients in dimension 2k are relatively prime to (k—1)!,
k=1,2, - - -, n, then M* is parallelizable if and only if all the Chern classes of
its tangent bundle vanish.

This result agrees with that of Peterson [15].
LEMMA 7.4. The class k*(U(n)) €E H*(Gz; m:(U(n))) = H4(Gy) is zero.

Proof. Since m2(U(n)) =0, G2 =G, which is a K(Z, 1), so H4(G:) =0.

We remark that by Corollary 6.3, this lemma implies that the secondary
obstruction of a principal U(n)-bundle is a single cohomology class. This
lemma also implies that G; has the same homotopy type as K(Z, 1) XK(Z, 3)
(but not necessarily the group structure of a product).

LeMMA 7.5. (i) k5(U(2)) = Sq*0; € H*(Gs; m(U(2))) = H%(Gs; Z,), where 0;
is a generator of H*(Gs)=Z,
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(i) k¥ (U(n)) =Sg0,€ H*(G,; ms(U(n))) = HY(Gy) for n>2.
Proof of (i). Consider the diagram

v & J* Vs
0 — HYGs; Z2) = H*(Gs; Z3) = H(G3, Gu; Z2) = HY(Gs; Z2) — HYGy; Z,)
A\ VA ns*\ /u*

HYU(2); Z2) H¥U(2); Z2) = 0.

H*(Gs; Z,) is generated by the product of the 1-dimensional and the 3-
dimensional generators, as is H4(U(n); Z;), hence n* is an isomorphism onto in
dimension 4. Since 7 is an isomorphism onto in dimension 4, it follows that
vi*: H4Gs; Z;)—H*(G;; Zs) is an isomorphism onto, and y* is the zero homo-
morphism. H%Gs; Z,) is generated by Sg¢%6;, so j* is an isomorphism onto,
and k5(U(2)) = Sq%0;. ‘

The proof of (ii) is analogous, except that since m(U(n)) =0, when n>2,
we have G3=Gy, so we use the cohomology sequence of the pair (Gi, Gs)
with integral coefficients.

We now compute the first three obstructions to a cross-section of a prin-
cipal bundle ¢ = (E, p, B, U(n), U(n)). It is clear that the primary obstruction
to a cross-section, ¢*(f) € H*(B), is the Chern class ,(£). If #=1, this is the
only obstruction, because U(1)=S*. Assume n>1. Then if ¢;(§) =0, there
is a cross-section f: B*—E, and by Corollary 7.2, ¢*(f) = c,(§) EH4(B).

Now let u;€EH'(U(n)) and u;EH*(U(n)) be generators such that if
n3*: Hi(Gs)—H*(U(n)) is the homomorphism induced by n3: U(n)—Gs;, then
7:*(01) =u, and 73*(0;) =us. Suppose c1(£) =c2(£) =0 so that there is a cross-
section fo: B*—E (fo: BP—E if n>2). Then if fi;: B*—E(f;: B-—>E) is a cross-
section and f¢, f{ : BoEs(fs, f{ : BoE,) are extensions of hsfy and hsfy
(hofo and kyfy), we have the following formulae:

() if n=2,
e(f) — &(fo) = h’;‘!{’: k“(*U (n)) = hzgf;(quoa) = quh‘;;/;(ox)
= Shsns (0s) = Sq*hyor,(uz) = Sg*¥*(fo, f1),
(i) if n>2,
(fy) — ¢¢(fo) = SEF*(fo, f1) (by a similar computation),

where 7*(fo, f1) =k, (43). To complete our calculations, we need the following
proposition.

ProposITION 7.6. Let £=(E, p, B, U(n), U(n)) be a principal bundle
which admits a cross-section fo: B*—>E. Then if d€ H'(B) and vyE H¥(B), there
is @ cross-section fi: BA>E such that d\(fo, f1) =d and P(fo, fr) =7.
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Proof. Let fJ : B—E; be an extension of k;f,. Since G; has the homotopy
type of K(Z, 1) XK(Z, 3), the homotopy classes of maps k: B—G; are in one-
to-one correspondence with the (cartesian product) H'(B) X H*(B), the cor-
respondence being {4}« (h*0;, h*0;) where {h} is the homotopy class of k.
Choose a map k: B—G; such that 2*6,=d and h*6;=v, and let f{ : B—E;
be the cross-section f{ (x) =k(x) - fd (x). fi defines a cross-section fi: B4—E, so
hfofl: B— U(ﬂ) is defined and fl(x) =h;°/1(x) fo(x) Now hgfl(x) =173hf0;1(x)
<hafo(%) = hypes, (%) - £4 (%), SO hyipys, =nshyy,. Since hofis2f! | B4, nohyy S2hyy | B
=h|B%. Thus v="h*(0s)=hjsnd(0s) = b (us) =¥*(fo, fi), and d=h*(6)
= by, (1) = d*(fo, f1).

We summarize our calculations in the following theorem.

THEOREM 7.7. Let £=(E, p, B, U(n), U(n)) be a principal bundle. Then

(i) the primary obstruction is ci(£),

(ii) if c1(§) =0, the secondary obstruction is co(£),

(iii) f c1(§) =c2(€) =0 and f: B*—E is a cross-section, there is a cross-section
f'+ B>E if and only if &5(f) =Sq¥y for some yEH*(B) when n=2, and there
15 a cross-section f': BS—>E if and only if é8(f) =S¢y for some vE H*(B) when
n>2.

This last result agrees with Peterson [15], where he proves that if n=3
and ¢ (§) =c:(f) =ci(£) =0, then the third obstruction is

Sq3,(2:) EHY(B)/S¢*H(B),

where Sg3 is the functional cohomology operation induced by the classi-
fying map ¢¢: B— By and Sgi.

8. Principal bundles with fibre SO(n). Bott [5] and Kervaire [11] have
calculated 7;(SO(n)) for small values of ¢ (<n-+4, n=8). For our purposes
we will need 7 (SO(n)) = Z,, m(SO(5)) = Z2, and 7441 (SO(n)) =Z,if n =4k +1.

We will use the following notation for certain cohomology classes of

Bso.

(i) m:€H!(Bsowm); Z2), 1=2, 3, - -, m, is the ith universal Stiefel-
Whitney class,

(i) p:€EH*(Bsom), 4=1,2, -+ -, [n/2], is the ith universal Pontrjagin
class,

(ili) W.€EH"(Bsow), n even, is the universal Euler-Poincaré class.
The classes p; and W, are of infinite order. For further information on the
cohomology ring of Bso( (and By)) see Borel [2]. If

£E= (E’ #, B, SO(”)’ SO(n))

is a principal bundle and ¢;:B—Bgo( is a classifying map, then w;(§)
=;¢5*(1Z:.-), pi(§) =¢#(p:), and W.(§) =¢*(W,), are the Stiefel-Whitney,
Pontrjagin, and Euler-Poincaré classes of £ respectively.

We propose to calculate the relationship between certain of these classes
and the obstructions to cross-sections of the bundle £. For this purpose we
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will assume that the universal bundle £= (Esow), #, Bsowy, SO(n), SO(n)) is
given a decomposition (§, N, {&n}, {(Zm, 1, Ym)}) of length N24[n/2], and
that £m= (Emy imv BSO(n); Gﬂu Gm)-

THEOREM 8.1. Let N*())EH*(Eu_2; mu_1(SO(n)))=H%*(Ey_s), for
n=4k+1, be as previously defined. Then

+2(2k — 1)) if k is odd,
+(2k — 1)) if k is even.
The proof is similar to that of 7.1 and is omitted.

CoROLLARY 8.2. If £=(E, p, B, SO(n), SO(n)) is a principal bundle which
admits a cross-section f: B¥~'—E for n>4k, then

+2(2k — 1)1¢%*(f) if k is odd,
+ 2k — 1)1¢%(f) if k is even.
The proof is similar to 7.2.

CoROLLARY 8.3. If £=(E, p, B, SO(n), SO(n)) is a principal bundle such
that H¥+2(B; Z;) = H¥*+1(B; Z,) =0, the torsion coefficients of H®*(B) are rela-
tively prime to (4k—1)!, and the torsion coefficients of H*+4(B) are relatively
prime to 2(4k+1)!, for n=4k+1, then & admits a cross-section f: B~"'—E if
and only if p1(§) =p(£)= - - + =prn-1ya () =0.

We have not, been able to obtain any relationship between any of the
other characteristic classes and higher obstructions at this time.

Before we proceed further, we give the low dimensional integral cohomol-
ogy of SO(n) and Bgo(y, 2 5. For SO(n) we have H(SO(n)) =0, H*(SO(n))
=Z2, H‘(SO(”)) =Z, H‘(SO(”)) ="-Zz; and for Bso(,.), Hl(Bso(,.)) =H2(Bso(,.))
=0, H}(Bgow) =Z2, and H*(Bgowmy) =Z. The generator of H*(Bso)) is the
integral Stiefel-Whitney class W;, and that of H*(Bsowm)is the Pontrjagin
class $:.

LemMA 8.4. If £=(E, p, B, SO(n), SO(n)) is a principal bundle, n=5, if
¢:: B—>Bgso) 1s a classifying map, and if w,(§) =@ (#,) =0, then the generator
usEH3(SO(n)) 1is transgressive in &, and if 7 is the tramsgression, pi(€)
= i‘ 27 (ua).

Fosh) = |

p(®) = {

Proof. Consider the following portions of the spectral sequences of £ and
¢ and the mapping ¢ between them

0,3 ‘22

2,2 23
H3(SO(n)) = EY" — Ey" = H*(Bso; H(SO(n))) = H*(Bsow); Z2)
~1 ; Lo¢ Lot
t , [¢4
HYSO(m) = Ey" > E;" = HY(B; HXSO()) —— H'(B; Z5),
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where a: H*(SO(n))—Z, is a fixed coefficient isomorphism. Since ¢ (w;) =0
and , generates H%(Bgo); Z2), da: Es®*—E2? is zero. Since

Ey' = H'(B; H'(SO())) = 0,

this means that us&€ H*(SO(n)) is transgressive in the bundle ¢£. According to
Borel and Hirzebruch [4], in the universal bundle £, 2u; is transgressive and
transgresses to +$ € H*(Bso)). From this fact and the fact that ¢# com-
mutes with the transgression, we obtain $1(§) = +27(us).

LEMMA 8.5. If n25, B(SO(n)) =0.

Proof. See Dold and Whitney [7].

By Corollary 6.3, this implies that the secondary obstruction of a prin-
cipal SO(n)-bundle, 25, is a single cohomelogy class. This lemma also im-
plies that G; has the homotopy type of K(Zs, 1) XK(Z, 3).

THEOREM 8.6. If £=(E, p, B, SO(n), SO(n)) is a principal bundle, n=35,
and if the Stiefel-Whitney class w.(§) EH*(B; Z.) is zero, then the gemerator
usEHY(SO(n)) is transgressive, and 1(us) is the secondary obstruction to a cross-
section, where T is the transgression in &.

Proof. Since w.(£)=0, £2=(E;, ps, B, G, G;) admits a cross-section
f: BoE,. Since n¢*: H¥(G3)—H?*(SO(n)) is an isomorphism onto. and since
transgression commutes with bundle maps, it will be sufficient to prove the -
theorem in the bundle &= (E;, ps, B, G, G3), regarding u; as a generator of
H?3(G3). Recall that G, is a K(Z,, 1) and G; has the homotopy type of K(Z;, 1)
X K(Z, 3). Thus H¥(G.) =0 and v3*: H4(G:)—H*(G;) is an isomorphism onto,
which implies that 6*: H3(G;)—H*(G:, G;) is an isomorphism onto. Now con-
sider the commutative diagram

H‘(Ez, E;) H’(Ga) H“(Ez, Gz)
H‘(Ea, Gs) HYGs, G3)
\34 (Es Gy »
H(E,, G») / \ H(E,, Ey)

H (Gz, Ga) = 0 H‘(Ez) H'(Ez, G;)
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where all sequences through the center term are exact. The homomorphism
k* is an isomorphism into, because if ¥EH*(E,, G.) and k*(u)=0, then
B'a(u) =0, so a(u)=a'(v). But i*(v) =Pa’(v) =Pa(u) =0, and since i* is an
isomorphism, v=0. Thus 0=a'(v) =a(x), and since H¥G., G;) =0, « is an
isomorphism into, and #=0. This provides an injective direct sum repre-
sentation H4(E,, G;) =~ H{(E,, E;)+ H*(E., G:), and it is easily verified that
0 (u3) € Image k*. This means that the “hexagonal lemma” of Eilenberg and
Steenrod [8, p. 38] applies, and hence

j’*k*_l&* (us) = — j*i*"lﬁ*(ua) = A4(5)’

since we may assume that §*(u;) = —04(G., G;), the fundamental class of
(Gs, Gy). ‘
Now consider the commutative diagram

* 1%

(G s BBy, G o BY(Bs, Gr) L HY(E)

ol

H*(B, bo) X H4(B).

By definition,
(us) = x*p188(us,)
)
pir(us) = pIx*p101 (us) = j*E*181 (us) = N(8),
and

7(us) = frpir(us) = fF(A(E)) = &(f).

In the following lemma, 6; denotes the 3-dimensional generator of
H¥G;)=Z for i=3, 4, 6, and 6, denotes the 1-dimensional generator of
H\(G;; Z,) for =3, 4, 6. The sevenfold cup- product of 6, with itself will be
denoted by 6]. In part (iv), the coefficients are in the group m;(SO(8))=Z+Z,
and the primes are used to distinguish the elements of the two summands of
H¥Gs; Z+Z) determined by a decomposition of the coefficient group.

LEMMA 8.7. (i) k5(SO(5)) =Sq20; E H¥(G;; m4(SO(5))) = H¥(Gs; Z),

(ii) k%(SO(6)) = Sg*0: € H*(G4; ms(S0(6))) = H(Gy; Z),

(iii) E3(SO(7)) =As®305+A:8] € HY(Ge; m1(SO(7))) = H¥Gs; Z),

(iv) E3(SO(8)) =AsPif:+A:0305+A:07 +A:0 € HY(Gs; m:(SO(8))) = H¥(Ge;
Z+2),

(v) E3(SO(n)) =A3@30:E H¥(Gs; m1(SO(n))) = H¥(Gs; Z), n29,
where A, is the Bockstein operator associated with the coefficient sequence
0—>Z—Z—Z,—0, and @} is the Steenrod reduced cube.
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The proof is similar to the proof of 7.5, but is much more complicated.
We omit the proof.

ProrosiTiON 8.8. Let £=(E, p, B, SO(n), SO(n)) be a principal bundle
which admits a cross-section fo: B*—E, where nZ5. Then if dEHY(B; Z,)
and YyEH3(B; Z), there is a cross-section fi : B>E such that d(fo, f1) =d and
F3(fo, f1) =7, where ¥3(fo, f1) = hpy(us) and us is a generator of H*(SO(n)).

The proof is similar to the proof of 7.6.

THEOREM 8.9. Let £=(E, p, B, SO(n), SO(n)) be a principal bundle, where
n=5. Then the following are true.

(i) The primary obstruction to a cross-section is wy(£) CH(B; Zy).

(i1) If wa(E) =0, the secondary obstruction to a cross-section is the transgres-
ston of a generator us; & H*(SO(n)), and if O*CH*(B; Z) denotes the obstruction,
then p1(£) = +£204

(iii) Let f: B*—E be a cross-section of &, 1.e., the first two obstructions vanish.
Then

if the fibre is SO(S), £ admits a cross-section over the 5-skeleton if and only
if e8(f)=Sq*y for some yEH?(B; Z),

if the fibre is SO(6), £ admits a cross-section over the 6-skeleton if and only if
c8(f) = Sq?y for some yEH¥(B; Z),

if the fibre is SO(7), £ admits a cross-section over the 8-skeleton if and only if
c8(f) =As@yy +A:d" for some yEH3(B; Z) and dEHY(B; Z,),

if the fibre is SO(8), £ admits a cross-section over the 8-skeleton if and only if
S(f) =AsCy +A:C5y +Axd" +Ayd’" for somey,y' €EH¥(B) and d,d' €H\(B; Z,),

if the fibre is SO(n), n =9, £ admits a cross-section over the 8-skeleton if and
only if 8(f) =As®%y for some yEHY(B; Z).

Part (iii) is an application of 6.6 and Lemma 8.8.

9. Principal bundles with fibre Sp(n). Bott [5] has proved that for
1Z4n+1, m(Sp(n))=Z if i=3 (mod 4), 7:(Sp(n)) =2, if =4, 5 (mod 8),
and w,(Sp(n)) =0 if 1=0, 1, 2, 6 (mod 8). In particular, m;(Sp(n)) =0 for
1<3, m(Sp(n)) =2, and mi(Sp(n)) =2

We will use &;EH*(Bgpmy; Z) to denote the symplectic Pontrjagin class
[3] of the universal Sp(n)-bundle £, and if ¢=(E, p, B, Sp(n), Sp(n)) is a
bundle with classifying map ¢;: B—Bspm), €i(£) =@¢ (¢)) will denote the
symplectic Pontrjagin class of £. We will assume that we have a decomposi-
tion (§, N, {£a}, {(@m 1, 7m)}) of the universal bundle £ which is of length
Nz=4n.

THEOREM 9.1. Let N (§)CH*(Ey_o; mua(Sp(n))) =H*(Eu—o; Z) for
k <n, be as previously defined. Then
(& (2 — 1)N(E) if & is odd,

Pu2(&) = 1 +2(2k — 1)!)‘4k(§) if k is even.
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The proof is similar to the proof of 7.1.

CoROLLARY 9.2. If £=(E, p, B, Sp(n), Sp(n)) is a principal bundle which
admits a cross-section f: B\ E, where k<n, then

+(2k — 1)1¢*(f) if k is odd,
+2(2k — 1)1e*(f)  if k is even.
The proof is similar to the proof of 7.2.

ex(§) = {

COROLLARY 9.3. If M* is an almost quaternionic (4n)-manifold such that
Hi(M*; Zy) =0 for =35, 6 (mod 8) and such that the cohomology torsion coeffi-
cients in dimension 81 are relatively prime to 2(4i—1)! and in dimension 8i+4
are relatively prime to (4i+1)!, then M** is parallelizable if and only if
e(f)=e()= - - - =en(£) =0, where e;(£) is the Pontrjagin class of the tangent
bundle & of M*.

LeEmMMA 9.4. The invariant k5(Sp(n)) = Sq*0:E H5(Gs; Z2), where 05 is the
fundamental class of Gs=K(Z, 3).

The proof is very easy.

THEOREM 9.5. If £=(E, p, B, Sp(n), Sp(n)) is a principal bundle, then

(1) the primary obstruction to a cross-section is ey (),

(ii) if e1(§) =0 and f: B*—E is a cross-section, then there is a cross-section
f': B*—E if and only if there is an element A€ H¥(B; Z) such that ¢°(f) = Sq%d.

Proof. Part (i) follows from 9.2, and (ii) follows from Corollary 6.6 when
we take account of 9.4.
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