CURRENTS AND AREA(})

BY
HERBERT FEDERER

1. Introduction. When a continuous map f of a compact k dimensional
manifold X into the Euclidean space R" is uniformly approximated by smooth
maps f;, the areas of f; need of course not converge. This is the simple reason
for the complexity of the theory of area. Many geometric properties of f have
been studied intensively in a search for useful and intuitively appealing con-
cepts which suffice to determine the area of f and which behave properly under
uniform approximation. The author believes that this paper makes a decisive
contribution toward the natural solution of this problem.

To each of the smooth maps f; corresponds a measure over X whose
values are k& dimensional currents in R*. This measure associates with any
continuous real-valued function ¥ on X the current fiy(X Ay) given by the
formula(?)

Fa(X AW)@) = f v AL

whenever ¢ is a differential k form of class © on R*. The values of this meas-
ure are currents of finite mass; its total variation, using mass as norm, equals
the area of f;.

Applying to the limit map f the monotone-light factorization

x S . Rn

my 7
M;
let u; be the m; image of the measure corresponding to f;; thus

w0 (@) = f Gcom) AF@
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(2) Of course this formula remains meaningful in case ¢ isa 2 —j form on X and ¢ isa j form
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whenever x is a continuous real-valued function on M; and ¢ is a differential
k form of class © on R*.

The principal results of this paper may now be summarized as follows:

If f has finite Lebesgue area and either k=2 or the range of f has k+1
dimensional Hausdorff measure 0, then:

(1) There exists a unique current-valued measure u over M, such that for
every sequence of smooth maps fi, which converge uniformly to f and whose areas
are bounded, the measures u; converge weakly to p.

(2) The total variation of u is equal to the Lebesgue area of f, and also equal
to the integralgeometric M area of f introduced in [F5].

(3) u s the indefinite integral, with respect to k dimensional Hausdorff meas-
ure over My, of a density function whose values are simple k vectors in R* with
integer nmorms; these k vectors describe the tangential properties of f, and the
multiplicities with which f assumes its values in R™.

Much of the present work with currents depends on the recent joint paper
[FF] by W. H. Fleming and the author. Hence the terminology of [FF] is
readopted here without change. For those facts from the previous theory of
Lebesgue area which are used here the reader may consult [F4; F5; F6; F8]
and [DF]. It should be noted that this paper eliminates from geometric area
theory the need for Morrey's representation theorem, cyclic element theory
and the Moore-Roberts-Steenrod characterization of monotone images of 2
dimensional manifolds.

2. A representation theorem. The purpose of this section is to establish
density properties of certain current-valued measures. Where classical differ-
entiation theory is not applicable, arguments using the relative isoperimetric
inequality fill the gap.

2.1. THEOREM. Suppose:

(1) Z is a locally connected compact metric space, g: Z—R"* is a continuous
light mapping, and A(z, r) is the component of z in g~! { w: Iw— g(z)l <r} when-
ever s&Z, r>0.

(2) uis a countably additive function whose domain is the class of all Borel
subsets of Z, and whose range is a class of k dimensional rectifiable currents in
R™; thus

n( U A.-) @) = 3 u(4)@)

tm=1 1=1

whenever ¢ E¥(R™) and Ay, A., As, - - - are disjoint Borel subsets of Z.
(3) The total M variation of u is finite; hence a finite Borel measure || ,u|| over
Z is defined by the formula

lluII(A) = sup{ > M[u(B))]: By, By, Bs, - - - are disjoint Borel subsets of A} .

i=1
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(4) For each Borel subset A of Z,
spt u(4) C g(Clos 4), spt du(4) C g(Bdry 4).

Then there exists a Baire function v: Z—Ax(R™) with the following properties:
(5) For ||p|| almost all 2z in Z, v(2) is a simple k-vector, Iv(z)l s an integer,
and

$le@)][+()] = lim a(t) (A, N)@)

whenever ¢ < E*(R™).
(6) If A is a Borel subset of Z and ¢ S E*(R™), then

w)@ = [ 90 [ﬂ%m 2 | arty
Proof. Where possible define v(z) EAL(R") so that
flo(z)] = lim a(B)~'ru[AG, n1(9)

whenever fCA¥(R"), §E E*(R"), ¢(x) =f for xR~ In case the limit fails to
exist for some f, let v(2) =0. Applying classical arguments to the real valued
measures u(-)(¢) one sees that the components of v are Baire functions.

We let v =g#(||u||), so that y(¥) =||u|| [g=2(¥) ] for every Borel subset ¥ of
R, and divide the remainder of the argument into eleven parts.

PARrT 1. If A and Y are Borel subsets of Z and R*, then

w(ANY =pldNgy(D)].

Proof. For a fixed set 4, both members of the above equation are count-
ably additive with respect to Y. Hence it suffices to verify the equation in
the special case when Y is closed.

Let K, K,, K3 - - - be closed sets whose union is R*— ¥ and observe that

sptul4Ng (] C Y, sptu[dNgi(K)] CK;
wlAN g (D] = wlan g N +uldaN &) N Y,
p(ADNY —pldNg (V)] = w4 - (YUK N Y,
M NY —p[4Ng (W) < [lull[4 - g (YU K)] - 0asi— e,
PART 2. If A CB are Borel subsets of Z, then
[lull(4) — Mlu()] = [|u|(B) — Mlu(B)].
Proof. u(B) =u(4) +u(B—A4), hence
M(u(B)] = Mlu(4)] = M[u(B — 4)] < ||ul|(B — 4) = ||ul|(B) — [lull(4).
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PART 3. There exists a countable family F of k dimensional proper regular
submanifolds of class 1 of R* such that

v(R» — UF) = 0.
Proof. Suppose €¢>0.
Choose disjoint Borel sets By, Bs, B, - - - for which

L

UBi=2 X MR@B)] > @ -«

t=1 tm=1
then apply [FF, 8.16] to secure countable families Gi, G, Gs, - - - of k
dimensional proper regular submanifolds of class 1 of R* such that
leB)|(R = UG) =0 fori=1,2,3---,

and consider the family

G = UG.

t=1
Letting 4;=B;Ng~}(R*—UG,) one sees from Part 1 that
w(4) = pBIN (R*—UG) =0 fori=1,2,3, -,

and uses Part 2 to obtain

e> 3 (ull@) - M@ = 3 |lull (49

t=1 t=1

z 2 ul[B.N e R~ UG)] = (R~ UG).
=1
PART 4. If Y is a Borel subset of R* for which H*(Y) =0, then v(Y)=0.
Proof. For each Borel set B Cg~!(Y) one sees from Part 1 and [FF, 8.16]
that

w(B) = u[BN g (V)] = p(BYN Y = 0.

PART 5. For v almost every y in R* there exists an MEF such that yEM
and O%(y, Rn— M, y)=0.

Proof. For each M & F it follows from [F3, 3.2] and Part 4 that
O%(y, R*— M, y) =0 for H* and v almost all y in M.

PART 6. ©%(y, y) < © for H* and v almost all y in R".

Proof. If MEF, then

Gk(Hk: M, y) =1, ek("/) y) = (y) < ®

Y
d(HF O M)
for H* and v almost all ¥ in M. Moreover [F3, 3.2] implies that
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B*(y, y) = ©(y, U F, y) =0

for H* and # almost all y in R*—UF.
PART 7. Suppose yE MEF,

Ok(y, y) < o, Oy, R* — M, y) =0,
P is an oriented k dimensional plane through y tangent to M, and
W,=RN{w: |w—1y| <r} forr>o0.

Then to each open subset V of Z, such that y&g(Bdry V), corresponds a unique
integer m(V) for which

lim r*F[u(V) N\ W, — m(V)-(P N\ W,)] = 0.

r—0+
In fact if {>0and v21 are as in [FF, 8.18], and if
0 < e < inf{¢, a(k)/3}, 0<t<1,

va (k) (y, y)(t* — 1) < e < a(k)i*/3,
then there exists a p>0 such that
FluW) N\ W, = m(V)- (PO W] < wHul| (v N g2 [W, — (M N\ W)])
+ 20l [V N g (W )] < e

whenever 0 <r<p, V is an open subset of Z and g(Bdry V) CR*—W,.
Proof. Observing that

lim f—k'Y(Wr) = a(k)@"('y, y)’

r—0+4
lim f_k‘Y(Wr - Wtr) = a(k)@)k('/) y)(l - tk),
r—0+
lim r*y(W, — M) = 0,
r—0+

choose p>0 so that
vk by [W, — (M N\ W) + 2rt5rty(W,) < e

and the conclusion of [FF, 8.19] holds whenever 0 <7 <p.
Now suppose V is an open subset of Z, y&g(Bdry V), let

G = {r: 0 < r < inf{p, distance [y, g(Bdry V)1}},

and let H be the subset of G consisting of those points where v(W,) is differ-
entiable with respect to r; clearly L;(G—H) =0.

If rEH, then sptdu(V)CR*—W, and the proof of [FF, 3.9], with
T=u(V) and omitting all references to T, shows (see also [FF, 8.14]) that
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w(V)y N W, € I(Clos W,),

spt 8[u(V) N\ W,] C Bdry W,.
Choosing f according to [FF, 8.19] one obtains
X = filu(V) "N W,] € L(Clos W,)

with 0X =9 [u(V)NW,] and
7| X|| (R — P) £ r 4 H|u(V)||[W, — (M N\ W,,)]
S rihy[W, — (MN\W,)] <e<t.
Accordingly [FF, 8.18] yields an integer m,(V) for which
M[X — m,(V)- (PN W,)] < || X]|(R* — P)
< wHlul| (VN g W = (M N WD),
Letting & be the linear homotopy from f to the identity map of R*, one also
finds that '
rV)NW, — X = ol(I X [w(V) N W,]),
M X [w() NWD] = 24wV (W),
hence
Flu(V) N W, = m(V)- (PN W] < wHlul| (VN g W, — (M N W)
+ 2n7H| ]| [V N g (W)] < et
Moreover, since er* <a(k)r*/3=M(PNW,)/3, the integer m.(V) is uniquely

characterized by the preceding inequality.
Next it will be shown that

m.(V) = m,(V) whenever rE H,sEC H,tr <s <.

In fact
Mu(V)NW, —u(V)NW,] S y(W, — W) < e*,
Flm,(V)-(PN\W,) — m(V)-(PN\W,)] < 3er*,

and the assumption m.(V)#m,(V) would imply that
alk)st = M(PN\W,) < 3er*, a(k)t/3 < e.

It is now obvious that m,(V) has the same value, say m(V), for all rEH.
Hence the desired inequality has been proved in case » € H. By left continuity,
it remains valid for all rEG.

PART 8. If the conditions of Part 7 hold, V is an open subset of Z and C(V, 1)
1s the family of components of VMg~ (W,), then
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mV) = 2 m()

UeCV.,r)
whenever 0 <r <p and g(Bdry V) CR*— W,. Furthermore
limsup 2, |m(U)| < Oy, 9).

r—0+4 UelC(Z.r)
Proof. Since
p(MNW, =p[VNg (W)l = 3 w),

UeCV,r)

one finds that

Fl:u(V) NwW,— > mU-(PN W,)]

UeC(V,r)

< X WU - &M N WL)] 4 2074wl (U))

UeCV,r)

S| (VN g W — (M N W) + 27| [V g2 (W0)] S e

Similarly one obtains

a®)rt Y |m(U)] = X FO)] + FluU) - m(U)- (PN W,)))

UeC(Z,r) UeC(Z,r)

= 'Y(Wr) + ert.

PART 9. If the conditions of Part 7 hold and P is oriented by the simple k-
vector £ with IE | =1, then for each zEg‘l{y} the conclusion of (5) holds with

v(z) = lim m[A(z, )]-&.
r—0+
Furthermore

@"[u(V)/\¢,y]=¢(y)|: > v(z)]

zeVNg~'(y)

whenever V is an open subset of Z, y EBdry(V), ¢ S E*(R").
Proof. One sees from Part 8 that for 0 <7 <p the number of elements of

the set
D(r) = C(Z, N {U: m(U) = 0}

does not decrease as r decreases, and is bounded, hence constant for small 7,
say for 0 <r <48. Moreover for 0 <s<r <4 the relation

{(U,V):UE D),V E D), U DV}

is an m preserving univalent map of D(r) onto D(s).
Since Z is compact and g is light, the points of g~'{y} constitute the
components of
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n uce,r).
r>0
If 0<r<3d, each UED(r) contains a unique 2Eg-{y} such that m[A(s, 5)]
=m(U) whenever 0 <s<r. All other points 2&g~{y} have the property that -
m[A(z, s)] =0 for all sufficiently small s>0.
For zEg-'{y} and ¢€ E*(R") one infers, with the help of Part 7, that

Mﬂ(g&MMme>=ﬂﬂaw*ﬂ%M@ﬁ] ¢

PNW,
= lim+ a(k)"r*ulA(z, N](9).

Furthermore, if V is an open subset of Z and y &g(Bdry V), then

lim a(k)~r*m(V) ¢

r—0+4 PNW,

lim Y, m(U)a(k)"f"‘f ¢

=0+ UeC(V,r) PNW,

> lim m[AG, N]e() ().

zevNg—'{y} r—0+

PArT 10. If Y is a Borel subset of R", then

O u(V) A ¢, 5]

I

f 64y, )iy 5 V(D).

Proof. Apply [F3, 3.1, 3.2] and Parts 4, 6.

ParT 11. Proof of (6).

Fix ¢ € E¥(R"), let C be the class of those Borel subsets 4 of Z for which
the conclusion of (6) holds, and let D be the class of those open subsets V of
Z for which y[g(Bdry V)]=0. Since

k
2 @] =6y, 9
€0y}
whenever y& R*, one readily verifies with the help of Part 10 (with ¥=R")

that C is closed to monotone convergence.
For every k dimensional rectifiable current T in R" one knows from [FF,

8.16 (2)] that
_ [ UTA9)
=f AT N\¢)

Ry — k k.
o 07l 5 ey [ @ A5 amy
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Hence Parts §, 6, 9, 10 (with ¥(Y)=0) imply that D CC.

If Y is an open subset of R* for which y(Bdry ¥)=0, then every com-
ponent of g~1(Y) belongs to D. Since g is a light mapping it follows that D
contains a base for the topology of Z. Moreover D is closed to finite union and

intersection.
Accordingly C is the class of all Borel subsets of Z.

2.2. COROLLARY. In case g has the Lipschitz constant 1 and the diameter of
A(z, ) never exceeds 2r, then the following additional statements hold:
(7) For H* almost all 2 in Z,

[v(z)| = lim «(k)~r|u||[ACz, 7)].
r—0+
(8) If A is a Borel subset of Z, then
l|ull (4) =f | v(z) | dH*2.
. A
(9) If ¥ is a Baire function on Z such that Y (z) =0 whenever v(z) =0, then

fz'l«(z) dH*z = f i > ¥(z) dHYy.

n 20 {y)

(10) If A is a Borel subset of Z and ¢ € E*(R™), then
w)®) = [ ole@]l)] ks
A

Proof. For A CZ and yER" let N(g, 4, ¥) be the number (possibly «) of
elements in 4Mg=1{y}. Since

H*(B) = H*[g(B)] for B C Z,

it follows from [F1, 4.1] that

HY(4) 2 | N(g, 4,y) dH*y

R®

for every Borel subset 4 of Z, and consequently

f V@ sz [ 3y dy

R™ 2673}

for every nonnegative Baire function ¢ on Z.

Noting that [F3, 3.1, 3.2] are easily adapted to Z, with the spherical balls
of R* replaced by the neighborhoods A(z, 7), one sees with the help of (6)
that, for every Borel subset 4 of Z,
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Il ) 2 [ tim sup ooyt G, ) ]aBes
4 10+
2 f lim inf a(k)~'r¥|u/|[A(z, r)] dH"3
A 10+
> f | v(2) | dH2
A

2 2 || dHry

R tGAna_'(y]
2 {|uf|(4).
Therefore (7) and (8) are proved, and the equation

HX4) = | N(g 4,y) dHYy
R®

holds in case |v(z)| equals a fixed positive integer for all zEA4. Then (9) fol-
lows readily, and (10) is a consequence of (6) and (9).

3. The convergence property. Suppose X is a compact oriented k dimen-
stonal manifold of class .

To each map f: X—R" of class « corresponds a countably additive func-
tion which associates with each Borel subset B of X the k dimensional recti-
fiable current f#(B); here

wB@ = [ @) fors € BRY.

One readily verifies that the M variation of this countably additive function
over B equals the classical area integral of f| B.

It will be shown how these concepts can be extended to continuous maps
f: X—R~ of finite Lebesgue area, at least in case H*'[f(X)]=0 or k=2.

3.1. DErINITION. Every continuous map f: X—R" has a monotone-light
factorization

f =1l omy, my: X — My, l: M;— R
whose middle space M, consists of the maximal continua of constancy of f;
the distance between two points £ and 7 of M is
di(&, ) = inf{diam f(C): C is a continuum containing £ U ﬂ} ;
this metric d; and the identification map m; induce the same topology.
Assuming that f has finite Lebesgue area, consider any sequence of maps

fi: X—>R» of class « which converge uniformly to f and whose areas are
bounded; these areas need not converge to the Lebesgue area of f. Let u; be
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the countably additive function associating with each Borel subset 4 of M,
the rectifiable current

falmii(4)] € Eu(R").

We say that f has the convergence property if and only if for every such
choice of approximating maps f; the corresponding sequence of measures u;
over M, is weakly convergent; this means that the sequence of numbers

w0 (@) = f Gcom) N0

is convergent whenever ¢ € E*(R") and x is a continuous real-valued function
on M;; the limit then equals

u(x)(¢)

where u is a Borel measure over M; with values in E;(R").

In case f has the convergence property, the weak limit is clearly independ-
ent of the choice of approximating maps f;, and we shall refer to u as the
limit measure corresponding to f.

3.2. LEMMA. If f: X—>R" is of class ©, u: R*—>R has Lipschitz constant \,
and C(s) is the set of components of

{x: (wof)(x) < s}

whenever SCE R, then

i > Mlofs(V)] ds < X\ area ().

—w VEC ()
Proof. Let
v(s) = area(f] {x: (wof)(x) < s}) fors E R
note that
fm—y’(s) ds = area(f),
and consider a real number s for which ¥’(s) < ». For each VE ((s) one may
apply [FF, 3.9] with
T = fi(V) = fiV) N {y: u(y) < s},

spt T C f(Bdry V) C {y: u(y) = s}

to obtain
Mlaf(V)] < A lim inf AW ({y:s — b sy < s]).
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It follows that
> M) S Mim inf 2 Ay s — b s u@y) <s})

VeC(s) h VeC(s)

< M im inf A7 area[fl {x:s — k=S (wof)(x) < s}]
h—04

= M/ (s).

3.3. REMARK. If ¢ is a continuous real-valued function on X, then all but
countably many real numbers s have the following property:

No component of {x:y(x) <s} contains two distinct components of
{x:¢(x) <s}.

In fact, choosing b in a countable dense subset of X, let B(s) and D(s) be
the components of b in {x:t//(x)<s} and {x:¢(x) <s} whenever ¥(b) <s.
Since the sets D(s) —B(s) form a disjointed family, all but countably many
haveanempty interior, in which case B(s) is the only component of {x:¢(x) <s}
contained in D(s).

3.4. THEOREM. If f: X —R" is a continuous map and f1, fa, f3, - - - are maps
of class © which converge uniformly to f and whose areas are bounded, then the
corresponding sequence pi, Mo, M3, * * + Of measures over My has a weakly con-
vergent subsequence, whose limit measure u satisfies the conditions of 2.1 and
2.2 with Z=Mj and g=lf.

Proof. By Cantor’s diagonal process the given sequence may be replaced
by a subsequence such that

lim pi(x)(¢)

1— o

exists for countable M dense sets of forms ¢ € E*(R") and continuous real-

valued functions x on M;. Then weak convergence follows because the total

M variations of u; do not exceed the areas of f;, which are bounded.
Consider also the measures v; over X defined by

’y,(B) = area(f,-l B)

for every Borel subset B of X. After passing once more to a subsequence, one
may assume that the sequence 1, s, v3, * - + is weakly convergent to a Borel
measure y over X.

Inasmuch as

spt ui(4) C filspt mii(4)]
C fi{Clos mi*(A4)] C f:[m7*(Clos 4)],
spt dui(4) C fispt ami1(4)]
C fdBdry mi'(4)] C f:lmi*(Bdry 4)]
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for all 4 and every Borel subset A of My, one readily verifies all but one of the
conditions of 2.1 and 2.2; the only real problem is to show that u(4) is a
rectifiable current.

Let F be the family of those Borel subsets 4 of M, for which the current
u(A) is rectifiable. Obviously F is closed to countable disjoint union, and to
proper subtraction.

It will be shown that if #: R*—R is Lipschitzian, then for L, almost all
real numbers s each component of

Z(s) = My {z: (o l)(s) < s}
belongs to F. Letting C;(s) be the set of components of
XN {x: (wofi)(x) < s}

one sees from 3.2 that

L]

sup Y. Mlafa(V)]ds <

i —o VEC;(s)
and infers from Fatou’s lemma that
liminf D, Mlafa(V)] <

1—=o  VeC(s)

for L; almost all s. For all but countably many real numbers s it is also true
that i
({w: (wof)(x) = s}) = 0

and that the property of 3.3 holds with Yy =% o f.

Now suppose s is a real number satisfying these three conditions, 4 is a
component of Z(s), b € B = my'(4), D is the component of b in
{x: (uof)(x) <s},and bEV,ECi(s) fori=1,2,3, - - - . Then

mi(Bdry 4) C {x: (mof)(x) = s},
|[ul|(Bdry 4) <v[mi'(Bdry 4)] = 0,
u(4) = lim f#(B),

1—®©

BCUIntﬂV,-,

j=1 i=j

ﬁClosG V;CDCBU{x:(uof)(x)=s},

j=1 =]
hence ¢>0 implies that
(B=V)U Vi—B) Cla: | (mwof)(x) —s| <el

for large ¢, and one obtains
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lim sup M[f#(V,) — f#(B)] < lim sup v,[(Vi — B)U (B — V)] = 0,
{— o {00

lim inf N[f#(V,)] < =,

{—

u(4) = tlim fa(V:) € L(R")

by [FF, 8.14, 8.13], hence ACF.
For each ¢ € R" one may consider the function « defined by

u(y) = sup{ | 9o —as| ti=1,2,- -, n}

for y& R". One finds that, for almost every n dimensional cube W in R", each
component of /7'(W) belongs to F. Since I, is light, approximation by finite
sums of such components shows that every open subset of M; belongs to F.
One concludes that F is in the class of all Borel subsets of M.

3.5. CoROLLARY. If f: X—R" is a continuous map of finite Lebesgue area
with the convergence property, then the limit measure u corresponding to f satisfies
the conditions of 2.1 and 2.2 with Z= M, and g=1,.

3.6. COROLLARY. If f: X—RF is a continuous map of finite Lebesgue area,
then f has the convergence property.

Proof. It is sufficient to prove that if
fl’fﬁif(i"" and 81, §2, 83, °

are two sequences of maps of class  which converge uniformly to f and whose
areas are bounded, and if the corresponding sequences

M1, M2y M3y © * °y V1, Vo, V3, *

of measures over M, are weakly convergent to u and » respectively, then
n=v.
Almost every k dimensional cube W in R* has the property that

[[ull i1 (Bdry W)] = 0 = ||| [ir*(Bdry W)].

If 4 is a component of /71(W) and B=mj'(4), then
u(4) = lim f¥(B), v(4) = lim gy#(B).

J—w

PN
Letting k;,; be the linear homotopy from f; to g; one obtains
gi#(B) — fi#(B) = hi,j#(I X 9B)
because Ei;1(R¥)={0}. It follows that
v(4) — u(4) = lim h;#(I X dB)

1,)—
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is a k dimensional rectifiable current with support in Bdry W, hence equals 0.

3.7. LEMMA. Suppose f: X—R" is a continuous map of finite Lebesgue area
and either H*'[f(X)]=0 or k=2. If aER*, then almost all orthogonal projec-
tions p of R* onto R* have the following property:

X contains no continuum C such that aSf(C), f is not constant on C, po f
is constant on C.

Proof. Assume @ =0 and consider three cases:

Case 1. H*![f(X)]=0. ,

For r>0, let A(r)=f(X)N{y: |y| =7}. The Eilenberg inequality ([E] or
[F7, 3.2]) allows one to choose a sequence of numbers r,>7>7;> - - -+ with
limit 0 such that H¢[4(r))]=0 for s=1, 2, 3, - - - . Letting S; be the set of
those n—k dimensional planes in R" which meet 4(r;), one sees from [F3,
7.5] that S; has Haar measure 0. Moreover, if p is an orthogonal projection of
R~ onto R* such that X contains a continuum C with 0&f(C), f(C) # {0},
(p 0 f)(C) = {0}, then the kernel of p belongs to S; for large 1.

CASE 2. k=2 and n=3. Let

S=RN{w |w =1},
Q:R*— R, Q0) = (y,y) foryE R,
g: R — {0} — R,
§0) = /|yl 3/ 9], [9])  foryE R,
choose finitely triangulable sets X1 CX.CX;C - - - such that

U x, = x — /ol
=]

and let U; be the set of those u& R? for which X; contains a continuum D
- such that (g o f) (D) is nondegenerate and (Q o g o f)(D) = {u}. Replacing [F6,
8.10] by [DF, 4.1] in the proof of [F6, 8.11] one sees that Ly(U;) =0, hence

H[sN Q' (U)] = 0.

Now observe that if p is an orthogonal projection of R? onto R? for which
the conclusion of the lemma fails, and if

w € S M kernel p,
then X contains a continuum C such that
0€ (), {0} #f(C) C{mw:tER}.

Therefore
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miC) = m(C N\ f4{0)) U UmC N X)

J=1
is a nondegenerate continuum, while
my(C N f1{0}) C i7*{0}

is totally disconnected, hence [HW, Theorem 2.2] yields a positive integer j
for which

dim[m,(C N X,)] > 0.

Choosing a continuum D CCNX; such that f is not constant on D, one finds
that

(g0f)(D) is nondegenerate,
(Qogo /(D) = { +Q(w)},
wEeESNQYU;) or —we& SN QYU,).

Accordingly the set of all such points w has H? measure 0.

CASE 3. k=2 and n>3.

Let G. and G; be the orthogonal groups of R* and R3, consider the orthog-
onal projections

P:R*— R,  P(y) = (y1, 52 for y € R~,
Q: R*— R, 0(w) = (w1, w2) for w € R?,
Sit R*—> Ry, Si(y) = (91, y2, ¥3) for y € R,

corresponding to ¢=3, - - -, n and let K; be the set of all those gEG, for
which there exists a continuum CCX such that

0Ef(C), (Siogof)(C) == {0}, (Pogof)(C) = {0}.
Inasmuch as

U{Pog: g€ Ky}
fm=3

fom

is the class of those orthogonal projections p of R* onto R? for which the con-
clusion of the lemma fails, it is sufficient to prove that each K; has Haar
measure 0.

Fix 4, let u be the characteristic function of K;, and with each hEG;
associate p(h) EG, so that '

Siop(h) = hoSi,  p(h)(y) =y  fory € kernel Si.

Integrating with respect to Haar measures over G, and G; one obtains
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f G'u(g) dg = f . f G”u[p(h) o g] dgdh

- f ) f a'u[p(h) o g] dhdg = 0

because for each g&G, one may apply Case 2 to the map S;o0gof, taklng
account of the fact that

(Qoh)o(Siogof) = Polp(k)oglof fork € G

3.8. COROLLARY. If the conditions of 3.7 hold and v is a Radon measure over
M;, then

Y(My— Mpop) =0

for almost all orthogonal projections p of R* onto R*.
Proof. Note that
S={@p):s€ M — M,
is a Borel set of type F,. Since, for each zE My,
{ p: (3, p) € S} has Haar measure 0,
by 3.7, the Fubini theorem implies that, for almost all p,
v({z: (s, p) € S}) = 0.

3.9. THEOREM. If f: X—R" is a continuous map of finite Lebesgue area and
either H**1[f(X)]=0 or k=2, then f has the convergence property.

Proof. In view of 3.4 it suffices to prove that if

Jufofs, oo+ and g, g2 gs - - -

are two sequences of maps of class « which converge uniformly to f and whose
areas are bounded, and if the corresponding sequences

M1y K2y M3y * ° ° and Vi, V2, V3 *

of measures over M; are weakly convergent to u and v respectively, then

p=v.
According to 3.8 almost every orthogonal projection p of R* onto R* has
the property that

llull iy — Myo) = 0 = [o]|(My = My ).
Factoring m, o y=h o m;, where
hM;—> M.y, s Chlz) EM,p.s for z € My,

one infers from 3.6 (applied to p o f) that if w& E*(R*) and ¢ is a real valued
continuous function on M, o, then
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[ 4 . #
y«omuwn=pmm«owvwn

- im [ gokom) AP @]

{—

= lim Jr(g‘ omyop) N (p of.-)#(w)

1— o

= lim [ Gom) A (og) (@)

J—

= lim x(; okom) N g:[r'(w)]

J—ow

lim 1,6 0 B[P @] = 5 0 HF')]

It follows that the equation
w(t 0 B)[pHw)] = »(¢ 0 B)[pH(w)]

holds also in case { is a real valued bounded Baire function on M, ,, and in
particular

ulB1(B)][pH(w)] = »[1(B)][#(w) ]
for every Borel subset B of M, . ;. Now, if 4 is any closed subset of M, then
(htoh)(A) — ACM;— M, .y,
w(A)[#(@)] = pE [RAD [P )] = v [N )] = v(D)[p*@)],
and consequently
w0 [P @)] = (0 [ ()]

for every real valued bounded Baire function x on M;. Furthermore one sees
from 2.2 (10) that if y € E*(R"), then

pG) W A pH@)] = ulx- @ o )] ()] = v[x- @ o ][ ()] = vG) ¥ A ()]

Observing that E*(R") consists of finite sums of such forms Y Apf(w), one
finally obtains

b(x)(9) = v(x)(¢)  for¢ € E*R").

3.10. REMARK. The preceding theorem remains true without the assump-
tion that X is compact, provided f is proper [f~!(Y) is compact for every com-
pact Y CRr]. If the maps f; converge to f, uniformly on each compact subset
of X, then

lim pi(x)

{—
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exists for every continuous x: M;—R with compact support.
To prove this choose #: X—R of class « so that

spt(x omy) C {x: u(x) > 0},
Clos{x: u(x) > 0} is compact,
du(x) # 0 whenever u(x) = 0.

By doubling {x:u(x) >0} with respect to {x:u(x)=0} one obtains the
compact manifold

Q= (X X R) N {(x,9): u(x) = y*}
of class «, and the maps
£Q0-X, &=y =2
n:{ziu(z) >0} = Q,  1(x) = (z, u(x)'"),
g=fot and g, = fict:Q— R
Moreover there exists a continuous ¥: M;—R such that
spt(y om,) C range 7,
Yomon = xom| {x: u(x) > 0},
and 3.9 implies for each ¢ © E¥(R") the existence of
lim [ vom) A ¢(4) = lim 7 [(Womd) A gie)]

{—w Lind {z: u(z)>0}
. 1
= }lm (xomg) A fi(#).
— 0 X

The restriction that x have compact support is essential, as seen from the
example where f maps an open circular disc conformally onto a plane region
bounded by a simple closed curve with positive L, measure.

3.11. REMARK. It is an open question whether Theorem 3.9 remains true
without the assumption that H*1[f(X)]=0 or k=2; certainly Lemma 3.7 be-
comes false, as seen from the following simple example: Let # be a continuous
map of I={t:0=t=<1} onto RN {y: |y| £2}, and define

FIXIXTI—>RY,  f(x, % x3) = xau(x).

Then L;(f) =0, butf({t} X I XI) is the line segment from 0 to «(t).

A slightly more complicated example shows that in case £>2 the sets
(pol)(My—M,oy) can have interior points for (almost) all orthogonal
projections of R onto RF. Let u be as above, choose ¢ R* with lcl =1, and
define

f:IXIXI—> R (21, %2, %3) = u(21) + 2ou[c ® u(x1)].
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e

is open and nonempty, because scE W,, and for each w& W, there exists a
teI such that

Again L3(f) =0, yet if |c0u(s)| >0, then

sS—cOw
W.,= R‘N : _—
{w |w+ c @ u(s) u(s)

Ss—cOw
u(l) = w+—cm)—u(S),

hence c@u(f)=s and f({t} XIXI) is a segment of length |u(s)| on the
straight line through w in the direction of u(s).

4. The additivity of Lebesgue area. Suppose f: X—R" is a continuous
map of finite Lebesgue area for which either H*'[f(X)]=0 or k=2, u is the
limit measure corresponding lo f, and v is as in 2.2 and 2.3 (with Z= M;,

g=1l).

For each finitely triangulable subset T of X, let Ly(f | T) be the Lebesgue
area of f| T. For each open subset U of X, let Li(f | U) be the supremum of
Li(f | T) over all finitely triangulable subsets T of U.

The purpose of this section is to establish the precise relation (4.3, 4.9)
between u and L;.

4.1. LEMMA. If n=Fk and A is an open subset of My, then
, i) = Ll o))
Proof. If W is a k dimensional open cube in R¥,
[lull 71 (Bdry W)] = o,
V is a component of Y (W), U=m;'(V), then obviously
w(V) = degree(f| U)-W,
where the degree is obtained from the induced homomorphism
f*: H(R*, R* — W) — H*(X, X — U)
of integral Cech cohomology groups. This formula implies that
Mu(V)] = | degree(f| U)| - L(W),

and the proof of the lemma may be completed by reference to [F4, §4] and
[F8, 7.3].

4.2, LEMMA. Almost all orthogonal projections p of R* onto R* have the
property that

[ 1ob@1] drs = Lilpo g mr)]
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whenever A is an open subset of M;.

Proof. Recalling 3.8 assume ||u||(M;— M, o ;) =0, factor m, o ;=h 0 my as
in 3.9, and note that the limit measure corresponding to p o f is h#(p# o p).
Since & is univalent except on M;— M, o, it follows from 4.1 that

Li[pof|myor-(B)] = ||m(ptou)||(B)
= [|pro | [F1(B)] =f | pov| dHr
' B

for every open subset B of M, ..
First taking B= M, ., ;—h(M;— A) one obtains

KY(B)CA, A-r'B)CM—M,,y,

f|p0v|dH"=f | pov| dHE
A h-1(B)
= Lpof| myo1(B)] S Li[pof| mri(4)].

Next suppose T is a finitely triangulable subset of m;!(4) and choose open
subsets BiDB:DB3;D - - - of M, o, such that

ﬂ B,' = m,,of(T).

=1

Then

R B(B) = (rtom, o)(T) C (o i)(4) C AU (M — My o),

te=]

Lifpof| T] = lim Li[pof| mpo(B)]

lim |p0v|dH"§f{pov|dH".
A

t—w J 7B,

4.3. THEOREM. If A is an open subset of My, then
[lull(4) = B(n, B~ f L[Popcf| mri(4)] dgmp,
G

where P is an orthogonal projection of R* onto R¥, G, is the orthogonal group of
R» with the Haar measure ¢, such that ¢.(G.) =1, and

B(n, k) = a(k)a(n — k)a(n) -l( :) -1,

Proof. Computing the above integral by means of 4.2, Fubini's theorem,
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[F2, 4.4, 5.4] and 2.2 one obtains

[ [1@oron@|asssn = [ [ |Poron)| dowars
G,V A AV Gy

- f 800, 1) o6) | s = B, B ] 4).

4.4. CoROLLARY. ||u||(4) S Li[f| mi1(4)].

Proof. It is known from [FS5, §6] or [F8, §6, §7] that the right member of
the first equation in 4.3 does not exceed Ly[f [ mii(4)].

4.5. LEMMA. If A is an open subset of My, B is a Borel subset of
AN {z v(2) ;60} and v is a simple k-vector of R*, then
i = 2] dls).

Li[f| mr'(4)]
n
sllco+[ (1) -1]
Proof. Recalling the notation of [FF, 8.1] one infers from [DF, 3.16, 5.7]
and 4.2 that, for almost all orthogonal transformations g of R*,

Lilf| m(4)] = Lilgof| mii(4)] £ X Lp* o gof| mii(4)]

AEA(k.n)

> | | @ op)e@]] dHE.

AEA(k,n) A

The resulting inequality

Lifm )] s X Al (# 0 9v(2)] | dH*s

AEA(k,n)

holds, by continuity, for every orthogonal transformation g of R*. Choosing
g so that

g(v)] = 0 whenever N € A(k, n) — {(1, cen, k)},

one completes the proof by observing that
f | (p 0 0 g)[v(2)] | dHE gf | v(z) | dH*z = ||u]|(4)
4 4
and that, for \€A(k, n) = {(1, - - -, k) },

[ 1@woob@llamss [ ||z = |4 - B),
A-B

A-B
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N <p*og>[v<z>1|dmz=fa|<pxog) [I—((:))-l——'y] o) | dEs
s [ | = e

4.6. LEMMA. For every §>0 there is a closed subset Y of R* such that
[l ()] =0

and, if & is the set of components of M;—1;7'(Y), then {(U) E U may be associated
with UEE so that v[¢(U)] is simple and

o(2) o[t(U)]
) -
UeE v UN{z:v(z)0) | v(z) ‘ l ‘D[g’(U)] '
Proof. Let P= {3:v(3) is simple and %0} and j=v/|v|: P—A«(R"). Since

jis ||u]| summable over P, there exists a continuous w: M;—A(R*) for which

[ 1i=wlall <ass.
P

d||u]|z < 8.

Using the lightness of /; one may then construct Y, as the union of finitely
many n—1 dimensional planes in R*, so that ||u/| [71(¥)] =0 and the oscilla-
tion of w on each member of Z is less than 8/3||u|(P).

For each UEE select {(U)E UNP so that

|l = k@] @B s [ o=l dlu]

and observe that

f | i) — jle)]| dllul=
vnp
sf li-wldid+ [ o = ule@)]] dluls
n f | wle ()] = jle()]| dllull2
unp

s2f 1i=wldlull + @ B/lulp.

4.7. REMARK. If ¥: M;—R" is continuous and

F ='//om,,
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then there exists a unique monotone k: M;— M such that
mp=homy; and ¢ =lroh.

Assuming the convergence property for F as well as for f, let u; and up
be the limit measures corresponding to f and F, with the associated densities
vy and vp.

If W is an open subset of M; such that ‘I/| W=l,| W, then W is an open
subset of MF, h(z) =2z for zEW, h| W is a homeomorphism, and 3.10 implies
that :

us(B) = pr(B) for every Borel set B C W, vf| W = vp| w.

The following two special cases occur in the sequel:
(1) There exist a neighborhood H of I;(M;— W) in R* and a Lipschitzian
I': H—R" such that ¢ agrees with I' o /; in some neighborhood of M;—W.
Then
pr(B) = T#(u[h(B)])

for every Borel set BC Mr— W; moreover
ludl®) s [ ool
K(B)

if \: H>R is continuous with IDI‘(y)I =<\(y) for L, almost all y in V.
(2) k=2 and ¢(M;— W) is a polygon. Then
ur(B) = 0 for every Borel set BC Mr — W.
4.8, LEmMA. ||u|| (M) 2 Li(f).

Proof. Suppose >0, and again write u=pu;.
Choose Y according to 4.6, let V be a neighborhood of ¥ in R” for which

llud| [ (0] < 5/(:),

0 < e < distance(¥, R* — V)/(1n),

suppose

and consider the maps w, 7,: R*—>R" defined by
w@®) =¢, 1) =c+yfory, aER.
Recalling [FF, 5.1, 5.2] and abbreviating
B=RN{b:|b;| <tfori=1,--,n}
one finds that
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f f (wowtorsph) L
w(B) Y ;W)

—e f f (44,0 7 0 1 0 &) ~*d]|uy|| AL
BY I~ (v)

e f ) f Y (4 0 7_s)*d (e 0 by) (|| s||) 2L

- e"Ln(B)<:)(w“‘01/)(||#f”)[w“(V)]

n
= Li[w(B)] ( k)ll#/ll[lf“(V)] < Lu[w(B)]s.
Hence the points a satisfying the condition
f (0w or_aol)Hd||ul <8
o

form a set of positive L, measure. In this set a point a will be selected, subject
to an additional requirement, as follows:
In case H*'[f(X)]=0, one may choose a so that

f(X) CR* — (a0 ‘-’-’)(C:s,—k—l),

because obviously this requirement holds for L, almost all a (see the proof of
[F8, 7.8]). In this case let y =1I;, F=f.
In case k=2, let g;: M;—R with

I(z) = (g1(2), - - -, ga(2))  forz € My,
select T according to [DF, 5.3] with X replaced by My, and choose @ so that
g o + ¢i}
is a subset of M;— T and has dimension 0 at each point of
g o+ ¢} N gt{a + G} N gt{an + ¢}

whenever 7, s, t are distinct elements of {1, s, n} and j,, j,, ji are even
integers; this choice is possible by [DF, 4.4]. Then use the construction of
[DF, 5.6] to obtain continuous maps

vi: M; — R, ¥: M; — R, F=yom;: X — R,

such that, for z& My,



1961] CURRENTS AND AREA 229

V@) = @@, - -, @), W@ — L@ <q
¥(z2) € (Ta 0 0)(Caz) N {y: distance(y, ¥) < 6ne},

¥(2) = l;(3) whenever distance[l;(z), ¥] = Tne,

and such that
f (#x 0 w1 0 7—g 0 Lp)Hd||ur|| < 8.
it (V)

The last requirements can be met because Y may be constructed by finitely
many successive modifications of the two types described in 4.7; those of type
(1) involve orthogonal projections I' of R* onto #—1 dimensional planes and
do not decrease the values of #x0w™' 0 7_,.

In both cases choose g: R*—{¢: 0<t<1} with Lipschitz constant (n€)~! so
that

g(y) = 1 whenever distance(y, ¥) £ Sne,
¢(¥) = 0 whenever distance(y, ¥) = 6ne,
and consider the continuous maps
¢: R* — (140 w)(Crt—1) = R,
$(9) = ¥+ ¢(9)-[(racwomowora)(y) — 9],
x: Mg — R,
x(2) = lp(z) whenever distance[lr(z), Y] = 6ne,
x(2) = (¢ 0 Ir)(z) whenever distance [lr(z), V] < 6ne,
G=xomr: X— R,

as well as the monotone maps £, 7 completing the commutative diagram:

X.
my : me
m
Y
M; £ > Mr 2 - M¢
% ¥ # X %
Y
R R» R

Clearly
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| 6() — 9| <ne  fory € R* — (100 w)(Cas-),
| x(2) — tr(z)| <ne forz &€ My,
|0 ®@) — 4| <+ e forz € My,
| D¢(y)| =14 (ne)'(ne) + n(mow'lor_a)(y)"1+ 1
S+ 3)(mowtor_)(y)!
for L, almost all y. Defining
W = M;N {z: distance[l,(z), ¥] > 6ne},
P =W N {z: () # 0},
one sees from 4.7 that W is also an open subset of My and Mg, with
£(2) =z=1(z) for zE W, that ||ur|| and ||u6|| agree with |u| on all Borel sub-
sets of W, and that vr and v agree with v, on W; furthermore ”p," (W—-P)=0.

Now let © be the set of components of M¢—Ig'(Ci_,). Since Ci_, is k-
removable by [F8, 6.30],

L(G) = X L[G| m&*(Q)).

Qen
Also let

2, = 2N {Q: (no§)~1(Q) meets FY(V)}, 8 =9— Q.

If Q€Q, then 7~1(Q) ClF'(V). In fact, assuming (no0 £)(s)EQ with
l;(2) €Y, one finds that

distance[y(z), Y] <¢,  $(2) = (lr0 §)(3),
distance[(x 0 £)(3), Y] < (n + 1)e < 2ne,

and (x 0 £)(2) =(l¢ 0o o £)(2) belongs to a component E of C,—C;_,. More-
over E is a k dimensional cube with side length 2,

E C {y: distance(y, ¥) < 4ne},
E is open relative to CjN {y: distance (3, ¥) <4ne},
and inasmuch as
lg(Mg) N {y: distance(y, ¥) < 4ne} C Ci,
one infers that lg'(E) is open in M¢. Noting that
Bdry Ig(E) C I57"(Ci-) C Mo — Q,

one concludes that QNMIz'(E) is nonempty, open and closed relative to Q,
hence

QClgi(E), 7Q CxYE) CIFi(V).
Furthermore 4.5 yields the inequality
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LIG| me(©@)] = (:)”uo”(Q)-

If Q€EQ,, then (-0 £)~1(Q) CU for a unique UE E, and 4.5 implies that

LG| ma Q)] = |ludl(@N P) + (:)Hnall(o - W)

-1 w6 yl@)]

lse@® ] [ole@]]

Since {771(Q): Q€U } U {1~ 1(Q—W): Q€EX} is a countable family of
disjoint Borel subsets of Iz'(V), it follows from 4.7 that

2 [lull(@ + Q& llusll @ — W)

Qe

d|[uolz.

S (n+3)¢ | (mowor_0le)*d||ug| < (n + 3)%.
= V)

On the other hand {QNP: QE X} is a countable family of disjoint Borel sub-
sets of P, and 4.6 implies that

2 edl@ N P) = ludll(P) = [ludl(P),

Qe

E E fanpl vq(z) v![f(U)] d”uo”z

UEZ Qe3.(n o HH(Q@QCU ||va(2)| - |-v,[g'(U)]|

14(2) (%)
S —
- u%a' fu @] | ule@]]

Combining these estimates one concludes that

dlllz < 8.

Li(G) = ||udl(Mp) + 2(n + 3)*(:)6,

with IG(x) —f(x)l <(n+1)efor x€X.
4.9, THEOREM. If A is an open subset of My, then
llull(4) = Li[f| mi1(4)).

Proof. In view of 4.4 there would otherwise exist a finitely triangulable set
T Cmj'(4) such that

lull(4) < Lu(f| 7).

Letting B=M;—m;(T) one would find that T and m;'(B) are disjoint,
A\UB = M;, and it would follow from 4.8 and 4.4 that
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Il (M) 2 L) 2 Le(f] T) + Lelf| mii(B)]
> [lull(4) + [lull B) 2 lull ).

4.10. REMARK. One readily verifies by the method of doubling, as in
3.10, that the results of this section remain true without the assumption that
X is compact, provided f is proper.

Regarding the Lebesgue area densities introduced in [F6, §6] one infers
from 4.9 and 2.2 that

L(f, 9 = Lu(f, 9 = | 13|

for H* almost all z in M;. Moreover one sees with the help of [DF] and an
argument like the proof of [F6, 8.14 (7)] that the equation

L) = | L, 2) dH*s = 3 L, 3) dH*y

My R™ s€ l/—lhl)

holds also in case Li(f) = . The problems raised in [F6, pp. 326, 335] are
thus solved provided H**![f(X)]=0 or k=2.
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