THE SILOV BOUNDARY INDUCED BY A CERTAIN
BANACH ALGEBRA(})

BY
W. W. COMFORT®

1. Introduction: preliminary definitions and discussion. The /;-algebra of
a commutative semi-group G consists of all complex-valued functions a on G
satisfying the condition « > ZzEG Ia(z)l =||a||, addition and scalar multi-
plication being defined point-wise and multiplication (convolution) being de-
fined by the relation

@*®@ = 2 aw8().
u,9€G;uv=z2
A multiplicative function f on G is a complex-valued function on G which
satisfies the relation f(uv) =f(u) -f(v) for each pair of elements «, v in G. A
semi-character on G is a bounded multiplicative function on G that is not
identically zero. The set of semi-characters on the commutative semi-group
G will be denoted by G.

Many of the results of the present paper depend on the joint work of
Hewitt and Zuckerman. They show in [3] that the set 91 of nontrivial multi-
plicative linear functionals on ,(G), known to be in (1-1) correspondence
with the space of regular maximal ideals in ,(G), may be identified with G.
Indeed, Theorem 2.7 of [3] shows that if with the function x €G we associate
the function 7(x) =7€9M defined by 7(a) = Y e a(z)x(2), then g is a (1-1)
mapping of G onto 9.

We give the set G the topology it inherits when considered as a subset of
the dual space *(G) of L1i(G). We recognize this relative topology on G as
the product, Gel'fand, or w* topology. For each x € G, the set
U= {¢€é| I\l/(z) —x(z)] < e for each zEF}, where €>0 and F is a finite sub-
set of G, is an open neighborhood of x, and the set B(x) of such neighborhoods
is a fundamental neighborhood system at x. If 0 is isolated from G in I#*(G),
then G is compact [3, Theorem 8.5]. In any case G is locally compact, and
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it is easy to see that if with the function a&/,(G) we associate the function
& defined on G by the relation &(x) = D_.ce a(2)x(z), then & is continuous on
G. The topology on G is, in fact, the smallest topology relative to which each
& is continuous.

If x1 and x: are distinct elements of G, so that there exists xEG for which
x1(x) #x2(x), then the function « €E4L(G) defined on G by a(x) =1, a(z) =0 if
z7x, has the property that &(x1) = &(x2).

Straightforward computation verifies the assertion that &-f=(a*p8)"
for each o, B in li(G), so that the set (L(G))#= {&IaEll(G)} is closed under
point-wise multiplication. Thus (4(G))” is a separating algebra of functions
vanishing at « and continuous on the locally compact Hausdorff space G.

All hypotheses of Silov’s theorem (see [S, p. 80, Theorem 24E] or [2,
§24]) being satisfied, we have also the conclusion: there is a unique closed sub-
set 3 of G with the following properties:

(a) if a&4L(G), then |¢i| assumes its maximum on 9;

(b) no proper closed subset of 9 satisfies (a).

The set @ will be called the Silov boundary induced in G by (4(G))" or,
less precisely, the boundary (see 9.1). All proofs known to the author of the
existence of the boundary have been effected by transfinite arguments.

The present paper studies the nature of the boundary. Theorem 6.4
identifies those semi-groups G for which d=G, and in our main result, Theo-
rem 8.7, we offer, for each xEG, a collection G(x) of sets of semi-characters,
characterized in purely algebraic terms, with the property that x&d if and
only if x&4 for each 4 EG(x).

2. Two initial simplifications. In 24.5 of [2], directly after defining and
proving the existence of the boundary, Silov made a remark which in our
notation reads as follows: for each x & G, we have x €9 if and only if there is,
for each neighborhood U of x, an a & /(G) for which | dl assumes its maximum
only on U. Theorem 2.3 below shows that in the present context @ may be
chosen to vanish off of a finite subset of G.

The other result of this section is a theorem whose content justifies the
assumption, made in all later sections of this paper, that the set G of semi-
characters on G distinguishes points of G. It is easy to construct semi-groups
not satisfying this property (see 9.2); this property has been shown in [3,
Theorem 3.5] to be equivalent to the semi-simplicity of the algebra L(G).
In §§4 and 5.7 of [3], Hewitt and Zuckerman impose upon the commutative
semi-group G an equivalence relation ~ defined as follows: u~w if and only
if x(u)=x() for each xEG. They show that if T,= {vEGIvNu} and
G = { Tu|u€G}, then, under multiplication defined by the relation T, T,
=T, G’ becomes a commutative semi-group. The mapping u—T, is a
homomorphism of G onto G’.

2.1. THEOREM. Let G be a commutative semi-group, and define G’ as above.
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For each xEG define n(x) =x' on G’ by the relation x'(T.) =x(u). Let 8’ denote
the Silov boundary induced in (G')" by (L(G"))". Then

(@) 7 is a homeomorphism from G onto (G')" ;

(b) n(3) =9".

Proof. (a) It is easy to see that n is (1-1). That x’ =»(x) is multiplicative,
bounded and not identically zero follows from the corresponding facts for x.
HUE®(x),say U= {¢€(G')A I Ix(z) —y(2) | <eforeach zGF} where €>0and
F is a finite subset of G, then 9(U) = {¢'€G’| Ix’(T,) —¢'(T,)| <e for each
T, € Tr}, where Tp = {T,lz € F}. Similarly 7=Y(U’) € ®(x) whenever
U'€®(x’). Hence 7 is a homeomorphism.

(b) To show that | (a’)Al assumes its maximum on 7(d) whenever
o' €4L(G"), we associate with each T,EG’ a point f(T,) ET,. Now define « on
G as follows:

if x€T, and x=f(T>), then a(x) =a'(T>);

if *€T, and x#f(T.), then a(x)=0.

Let | &| attain its maximum (over G) at x©9, and suppose that there exists
a point ¢'=q9W)E(G’)" for which|(&) @) >|()"(x')|. Then |&W)|
= | (a’)A(t//')! > | (a’)A(x’)l = | &(x’)| , a contradiction establishing the fact
that ](a’)‘] assumes its maximum (over (G’)") at the point x’ =7(x) En(d).

Now let D’ be a proper closed subset of 5(d), so that D=9~1(D’) is a
proper closed subset of d and there is a point a«E/(G) for which | d[ assumes
its maximum only on d\D. Defining &/(T,) = Z,er‘a(x) and letting I&l as-
sume its maximum at xEd\D, we have | (a’)A(x’)| = | &(x)l > 1&(\b)|
=| (@) @)| for each Y'E(G) \[n@\D'].

7(d) being a closed subset of (G’) that satisfies conditions (a) and (b) of
§1, we conclude that 5(d) =9'.

2.2. REMARK. The theorem above shows that we may reasonably restrict
our investigations into the nature of 9 to the case in which G separates points
of G. For suppose the boundary were known for each such commutative semi-
group, and let G be any commutative semi-group. Construct G’ and 7 as
above and let the boundary induced in (G’)” by (4(G"))" be @’. Then, by 2.1,
d is given by the formula d =9~1(3").

We shall henceforth assume, then, that G=G’, a condition shown in
Theorems 2.8 and 3.5 of [3] to be equivalent to the condition that the homo-
morphism of ,(G) onto (L(G))” given by a—4 is actually an isomorphism.

2.3. THEOREM. Let xEG. Then the following assertions are equivalent:

(a) x€9;

(b) for each UE®(x) there are an aSh(G) and a x' E U for which o vanishes
off of a finite subset of G and | &W)| <|&(x")| whenever y & U.

Proof. The implication (b)—(a) is a special case of Silov’s observation
[2, 28.5]. If (a) holds and if UE®(x), then there are BEL(G) and x'E U for
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which |[§(x’) > M, where M =supyev |;§(¢)|. There is a finite subset F of
G for which ) .er |A(2)| <[|A(x')| — M]/4, and we may obtain (b) by defin-
ing a=p-f, where f denotes the characteristic function of the set F.

3. Two important inclusions. We show in this section that 9 lies between
two closed subsets of G, each of which is easily identified. Our first result,
3.3, shows that d contains each semi-character whose multiplicative inverse
exists in G.

3.1. LEMMA. Let vy be a complex number such that y#1 and |'y{ =1. Then
ly+v?| <2.

3.2. LEMMA. If x is a semi-character on G and xEG, then [x(x)[ <1
3.3. THEOREM. Let | x| =1. Then xEd.

Proof. We need only show that for each UE®(x) there is an aEL(G) for
which |&| assumes its maximum only on U. Let U= {¢€@| Ilﬁ(x) —x(x)l <e
for each x&F }, where F is a finite subset of G and ¢>0. We may obviously
suppose that e<1/2. Define J=F\U{x?|xEF}, let m=card J, and define «
on G by the following relations:

if 2&J, then a(z) = x(2);

if € J, then a(z) =0.

Then a€L(G), and we have
ax) = 2 a(@x() = 2a(2x(a) = m.
ze@ z€J
Now let ¢y & U. Then there exists an x G F for which ¥(x) #x(x). If ¢(x) =0,
then

> aleW@) | Ssm—1<m=|ak)].

2€J; 2542

2 a(@¥()

ze€J

la)| =

If Y(x) =0, then x>#x2 For if x=x2, then every semi-character assumes at x
either the value 0 or the value 1, and in the present case we would have
Y(x) =1=x(x). Then, since x#x?, we have

[ = | 2 alev()| = | 2 a@¥()
s| X a@E)|+ |aE@E +aivE)]

=m—2+ v+,

where ¥ =a(x)y(x) = g (x)¥(x) # 1. Since ['y| =<1, we have from 3.1 the relation
ly+7?| <2, so that |a@)| <m—2+2=|a&(x)|. Thus |a@)| <|&G)| for
each ¢ & U, so that | &| assumes its maximum only on U.

3.4. COROLLARY. Let G be a group. Then d=G.
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Proof. If there were xE€G and 3EG for which |x(z)] #1, then either
[x(z)l >1or Ix(z“)l >1, contrary to 3.2. Hence 3.3 applies.

3.5. REMARK. Theorem 3.3 shows that the boundary contains the group of
semi-characters mapping G into the group {'w| w is a complex number and
|w| =1}. Our next result bounds 8 from above.

3.6. THEOREM. Let T'={xEG||x| =0 or 1}. Then CT.

Proof. Let x&T', so that there exists an x&G and an €>0 for which
0<|x(x)| —2e<|x(x)| +2e<1. Let U= {yEG||¢¥(x) —x(x)| <e}. By 2.3 it
will suffice, in order to show that x &9, to prove that if & is an element of
L(G) that vanishes off a finite subset of G, then I&I assumes its maximum
somewhere on G\U. Suppose that I&I assumes its maximum at ¢y EG. Only
the case Y E U requires our attention. If l&(¢)| =0, then [&| assumes its
maximum, 0, also at the semi-character 1 & U. Otherwise we let x1, x5, - - - , %4
be exactly those points z of G for which a(2)y(z) #0, and for each complex
number w we define the function ¥, on G as follows:

if Y(2) =0, then ¥, (2) =0;

if ¥(2) #0, then ¥, (2) =(z) -e* o8 ¥
where log denotes the elementary logarithm.

Now let # and v be arbitrary points of G. If ¢(x) =0 or ¢¥(v) =0, then
Y(uv) =0 and ¥, (uv) = 0=y ()Y (v) =¥ (u)¥w(®). If Y(u) #0 and ¥ (v) %0, then
¢(1w) #0 and ¢w(uv) =¢(uv)ew log ¥ (ud)| =qf (34) gw log 1¥(w)] .¢(v)ew log W) =, (1)
Yu(®). If ®R(w)>—1 and 2EG with Y (z) #0, then |Yu(z)| = |P(3g)ew los W@
= | etwtD) los W@I| = | ¢tos W@1®w+n| <1, the final weak inequality being de-
rived from the fact that — « <log |¢(z)| =0. These computations show that
if ®R(w)> —1, then Y EG.

Now find a number § >0 with the property thatif 0 <e<r=1and 0<s<3§,
then r*>1—e¢. For each complex number w we write

f@) = 3 alx)er bW g(x).

=1
Then f is an entire function. We now distinguish two cases.

Cask L. f is constant. Let w, be a nonzero real number for which 0 <w,4-1
< 8. The relation ¢ € U implies that e < |1//(x)| < 1, so that Itﬁwo(x)l
= |¢(x) | wtl> 1 —¢, and Y, U. Also

Z a(z)ewo loe W ()1 .y (z)

2€G; ¢ (2)%=0

= |f(w))| = |7(0)]

| Wy | = | 22 a(@)¥u,(2)

2€Q

n

= E a(x;)ewo log W@l (x,)

=1

n

= | 2 alx)¥(x)

=1

= |‘i(‘/’)|:

and |62| assumes its maximum at the point y.,,& U.
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Cask II. f is nonconstant. Then there exists a complex number w0

for which 1—e<]| wol <1 and satisfying If(wo)l > ]f(O)[ . The relation ®(wy)
> —1 implies that ¥.,,EG, and

D alz)ewo g DIy (3)

2EG; ¥ (2)0

2 a(2)¥u,(2)

2€@

I &(¢wo) I =

n

D axs)ewo lov WDy (x,)

1=1

> [f0)] = |ew)].

This contradiction returns us to Case I and completes the proof.

3.7. REMARK. Let B denote the set of semi-characters x for which xEG
implies | x(x)| =1. Then Theorems 3.3 and 3.6 assert simply that BC3CT.
The semi-character 1 is always in B, and the case in which G is a group is an
instance in which B=98=T=G. That the sets under consideration do not al-
ways collapse so conveniently is shown by Example 9.3, where each of the
inclusions BCACT' CG is proper.

4. An equivalence relation on G. We introduce in this section an equiva-
lence relation on G with the property that if one of two equivalent semi-
characters is in the boundary, then the other is also. We show also that the
boundary is closed under the formation of conjugates.

4.1. THEOREM. Let B be defined as in 3.7, and let xEB and x1E9. Then
xXx1€0.

Proof. We need only show that for each UE®(xx1) there is an « in L(G)
for which [ zi| assumesits maximumonly on U. Let U= {¢€C| | (x) —xx1(x)|
<e for each xE&F}, where F is a finite subset of G and €>0, and let
V= {xﬁE@[ lnp(x) —xl(x)| < e for each xGF}, so that VE®(x1). Since x1E9,
there is by 2.3 a 8 in /)(G) and a x’ in V for which |B(¢’) < ﬁ(x’)l whenever
V' &V. Leta=Bx and let x''=x"x. Then |x”(x) —xx1(x)| =|x'(x) —xl(x)l <e
for each x&EF, so that x’&€U. If y & U, then yx &V and |&(¢)| = |;§(i¢)|
<1860 = | Seco alx" @] =&

4.2. DEeFINITION. If x; and x, are semi-characters, we shall write x1~x.
if there exists a x € B for which xx1=xa.

= | f@w) |

4.3. THEOREM. The relation ~ is an equivalence relation on G.

4.4, THEOREM. For each xEG, let C,= {¢/|Y~x}. Then the boundary is the
union of those equivalence classes C, which it intersects.

Proof. The present theorem is a restatement of 4.1.

4.5. REMARK. If ~ is extended to the set G\U {0} of all bounded complex-
valued multiplicative functions on G by defining 0~0 and 0~y for each
xEG, then ~ becomes a congruence relation on G\J{0}. It follows that if
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the space G is a semi-group under point-wise multiplication, then the equiva-
lence relation ~ of 4.2 is actually a congruence relation on G.

4.6. REMARK. Theorems 4.1 and 4.4 suggest that if xEG and |¢| |x|
then ¢ €9. Example 9.4 shows that, even in the case that G is a semi-group,
this need not be the case. Indeed, 9.4 gives an example of a function x &9 for
which x2€4.

4.7. THEOREM. Let xEd. Then x&0.

Proof. Let U be any neighborhood of ¥ and let V= {nﬂlﬁe U}. Then Vis

a neighborhood of x and, since x&9, there is a 8 in i(G) and a x’EV for
which ¢y &V implies |B@)| <|B(x)|. We observe that x’EU and define
=f. Then if ¢ is any semi-character not in U, in which case ¢ & V, we have

law)| = z;;a(xwoc) = }%a(@&(x) Zgﬁ(x)%(x)
= 8@ | < |86 | = z;mx)x'(x) = ZGE(x)7(x)
= ;G a@x @ | = | &k | .

5. The Hewitt-Zuckerman decomposition of G. In this section we review
from [3] a number of results to be used later. Though this section is self-
contained, the reader is referred for additional background and discussion, to
[3, especially §§4 and 5]. Our Theorem 5.7, though not to be found in [3],
is nevertheless in the Hewitt-Zuckerman spirit.

5.1. DEFINITION. For #, v&G, write u~w if, for each xEG, x(w) =0 if and
only if x(2) =0. Let H,= {v&G|v~u}.

5.2. THEOREM. The relation ~ is an equivalence relation on G. The mapping
u—H, is a homomorphism of G onto { H,|uEG}, multiplication in the latter
space being given by H, H,=H,,.

5.3. DEFINITION. If u, v&G, we write H,<H, if and only if H,H,=H,.
For each #E€G, we write 4,= {vEG|H, <1, }.

5.4. THEOREM. The partial ordering given by 5.3 makes the idempotent
semi-group {H,|u€G} a semi-lattice.

5.5. THEOREM. Let u©G. Then H, and A, are sub-semi-groups of G. If
v&Il, and zEH, and uz=vz, then u=v.

Proof. The first assertions are obvious, and the third follows from the fact
that G separates points of G.

5.6. THEOREM. Let S be a commutative semi-group with cancellation. Then
S may be embedded isomorphically in a group.
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Proof. S may be embedded in the group of equivalence classes of formal
quotients of elements of .S, the two quotients u:/v: and #./v. being considered
equivalent if wv,=u.

5.7. THEOREM. Let S be a commutative semi-group with cancellation, and
suppose that whenever a complex-valued multiplicative function x on S assumes
a nonzero value at some sC .S, then x vanishes nowhere on S. If S has an idem-
potent element, then S is a group.

Proof. Let e2=¢&S, and let
S1 = {u &S| thereisav €S for which uv = e}.

The cancellation law in S easily yields the fact that es=s for each s€S. To
show that S is a group, we need then only show that S;=3S. Let x(s) =0 for
each s&€5\S), and let x(s) =1 for each s&S;. Since Si-S1CS), x fails to be
multiplicative only if there are points s€S\S;, s1€S:1 and tES with st=s;.
But this is impossible since if s, satisfies the condition sisy=e, then s(ts:) =e,
so that s&S:.

5.8. COROLLARY. If uEG and H, contains an idempotent, then H, is a
group.

6. Characterization of those semi-groups G for which 3 =G.

6.1. LEMMA. If 2EG, then there is at most one element (e, x) of GXG for
which the following relations hold:

(a) ez=3;
(b) ex=x;
(c) xz=e.

Proof. Suppose that (e1, x1) and (es, x2) are elements of GXG such that
eiz=2, ex;=x; and xz=e; (1=1, 2). Then e;=x12=1x12¢;= €162 = 12X, = 2Xs = €3,
and x;=e1x; = €21 = X22X1 = X261 = X262 = Xa.

6.2. COROLLARY. Let G, and G, be nondisjoint subgroups of G, and let e;
denote the identity of Gi. Then er=e..

Proof. Let 2&GiN\G, and let x; be the inverse in G; of 2. Then x,=ux,,
whence ¢, =e,.

6.3. LEMMA. Suppose that there exists a function ' on G to G satisfying the
following conditions:

(1) "=z for each 3EG;

(i1) (2122)' =32 25 for each z, 2; 1n G;

(ii1) x(2) = x(z') for each 2 G and each xEG.
Then =G.
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Proof. We define a function ~ from 4(G) to L(G) as follows: if aEL(G),
then & is that function on G whose value at z&EG is a(z) =a(z’). Then it is
obvious that (@)~ =a, that a+8=(a+4B)", and that Xa=(Aa)”. The rela-
tion @* = (a *B)" also holds; we omit the proof. The mapping ~ is con-
tinuous because ||a|| =||of|, and

@ () = 2 a@)x(@) = 2 a@)x() = 2 a(@)x()

2€GQ 2€@ 2€G@
= ZG&(Z')X(Z’) = (@(x))~

for each x€G6. Thus L(G) is a self-adjoint Banach algebra in the sense of
[5, §26, pp. 87 and 88], and it follows that d=_G (see, for example, [5, p. 88,
Lemma 1 and corollary]).

6.4. THEOREM. Let G be a commutative semi-group whose dual space G
separates points. Then the following assertions are equivalent:

(@) G s a union of groups;

(b) 9=G;

(c) T=4G.

Proof. (a)=(b). With each 3&G we associate that element x of G for
which simultaneously ez=z, ex=x and xz=e¢ for some ¢<G. This x is unique
by 6.1. Writing x=2’, we see from 6.1 and 6.2 that the mapping z—2’ satisfies
the hypotheses of 6.3. Hence d=G.

(b)=(c). From 3.6, we have dCT'CG.

(¢)=(a). We use the following theorem of Ross, proved in [6]: if x is a
semi-character on the sub-semi-group T of the commutative semi-group S,
then there is a semi-character x’ of S that agrees with x on T if and only if,
for each 4, tin T, the relation | x(t2)| = | x(tl)l holds whenever st =t, for some
s&S. If there is a 2&G for which H, is a nongroup, then we apply Ross’
theorem with S=1I, and T= {2"|n is an integer and n>0}. Choosing a com-
plex number v for which O<ly| <1, we define x(z*) =v". Ross’ hypotheses
hold since if xz"t* =3z for some positive integers # and k and x&EG, then H,
would contain the idempotent element xz*, hence by 5.7 would be a group.
Thus x admits an extension x’ G, and since 0 < | x'(z)[ <1 we have X’ €G\T'.

6.5. COROLLARY. Let G be an idempotent semi-group, in the sense that z*=z
for each 2EG. Then d=0G.

7. Additive functions on torsion-free semi-groups.

7.1. DEFINITION. In what follows, we denote by R the rational field.

7.2. DEFINITION. If V is a linear space over the field K, a function f on
V to K will be called a linear functional on V if it satisfies the relation
Sflau4Bv) =af (1) +Bf(v) for every two elements o and B of K and every two
elements # and v of V.
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7.3. LEMMA. Let P be a linear space over R, and let F be a finite subset of
P with the property that

if > a(x)x = &, where each a(x) = 0, then each a(x) = 0.

zEF

Then there is a linear functional f on P satisfying the following two conditions:
(a) if xEF, then f(x) 20;
(b) there is an x in F for which f(x) #O0.

Proof. The proof presented in [8], in which the rational field R is replaced
by the real line, carries over directly to the present context.

7.4. DEFINITION. A real-valued function p on G is said to be additive if
p(xy) =p(x)+p(y) for every two elements x and y of G.

7.5. THEOREM(®). Let G be a commutative semi-group with cancellation in
which each element has infinite order, and let F be a finite subset of G. Then there
is an additive, rational-valued function p on G with the following two properties:

(@) pz0on F,

(b) there is an xEF for which p(x)#=0.

Proof. We have observed in 5.6 that G may be embedded in a commutative
group G°, which itself may be embedded in a divisible group D (see, for exam-
ple, [4, p. 165]). Since D is the direct sum of a torsion-free group P and a tor-
sion group K, we have FCG°CD =P ® K, where P is an algebraic direct sum
of rational fields R. The natural homomorphism ¢: D—D/K =P carries no
xEG into the neutral element & of P: for if ¢(x) = & for an element x of G,
then x has finite order in G.

Now let G=¢(G), and suppose that D '_; a;%;=, where each of the
rational numbers «; is non-negative and each %; has the form #;=¢(x;) for
some x;EG. If some a; #0, then there are integers 8;>0 and elements %; of
G for which Y B;5;= &. But then if ¢(y,) =; and y=[[##E€G, it follows
that ¢(y)= . This contradiction shows that P and F=¢(F) satisfy all
hypotheses of 7.3. Then there is a linear functional f on P satisfying condi-
tions (a) and (b) of 7.3. Now define p=f 0 ¢. Then p is additive because f is
linear and ¢ is a homomorphism; p(x) =f(%) 20 for each xE F; and if 2=¢(x)
is an element of F for which f(&) #0, then p(x) =f(z) #0.

7.6. THEOREM. Let G be a commutative semi-group with cancellation in which
each element has infinite order, and let F be a finite subset of G. Then there is an
additive, rational-valued function p on G for which p(y) >0 whenever yEF.

Proof. We prove, for each positive integer #, the statement S(n): if kisa
positive integer not less than 7, and if F is a k-membered subset of G, then

(® An outline of the proof here presented, together with reference [8], was suggested to the
author by R. S. Pierce.
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there is a rational-valued additive function p, on G which is non-negative on
F and positive on some n-membered subset of F.

S(1) is a restatement of Theorem 7.5. If S(n) holds for each n<m, and
if all hypotheses of S(m) are satisfied, then there is an additive, rational-
valued function pn.—; on G which is non-negative on F and strictly positive
on some (m—1)-membered subset Q of F. If F=F\Q#A, then there is by
S(1) an additive, rational-valued function $; on G which is non-negative on
F and positive at some point yEF. Let M be a positive integer for which
$1(2) + Mpn_(2) >0 for each zEQU {y} Then pm= pr+ Mpn_1 is a function
whose existence yields the truth of S(m).

7.7. THEOREM. Let S be a commutative semi-group, and let T be a sub-semi-
group of S whose complement T’ is an ideal, in the sense that xy& T' whenever
xESand yET'. Let y1, ¥3, + * +, Ym be elements of T', and suppose that there
are no points x1, x2 in T, zin T and u in T’ for which xi2u=xu. Then there
exists an additive, rational-valued function p on S such that p=0 on T and
p(3;)>0 for 1=j=m.

Proof. For z;, 2, in T7, we set 21~32; if x1214 = xs2,u for some points x;ET
and u&T’. Then ~ is an equivalence relation on T”, and for each z& T’
we set = {wC 1’| w~z}. Relative to the multiplication %2 = (22", the
set Z={z|2€ T’} is a commutative semi-group. If z"=% for some z&T"
and some integer 7 >0, then x.2u = x12"u=x2""1(2u) for some points x;&T
and uET"; since 2" '€ T’ and su & T’, this is impossible. Also if 2z, =22, for
some points z, z; in 77, so that x1221u = xy22u, then x121(2u) = x,2:(2u), so that
s~z and Z,=2, Thus Z is a commutative semi-group with cancellation in
which each element has infinite order. By 7.6 there is an additive, rational-
valued function § on Z for which $(§;) >0 whenever 1<j<m. We define
p(2) = p(2) for each z& T”, and we extend p to the rest of S by defining p(z) =0
for each 2&T. It is easy to verify that p has the required properties.

8. Characterization of 9.

8.1. DEFINITION. If xEG, then the support of x, denoted S(x), is the set
S(x) = {2€G| x(z) =0}.

8.2. THEOREM. For each xEG, S(x) is a sub-semi-group of G, and G\S(x)
s an 1deal in G.

8.3. DEFINITION. For each finite subset F of G, we let Gr be the collection
of semi-characters x in I with the property that if yE F, then either

(1) there exist points x1, %2 in S(x) for which x1y=x.y and x(x1) #Zx(x2), or

(2) there exist points x1, x2 in S(x) and 2zEG\S(x) for which x1yz =x.y.

8.4. THEOREM. If F is a finite subset of G and xEGr, then FN\S(x) =A.

8.5. THEOREM. The relation Gr=0,cr Gy, holds for each finite subset F of
G.
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8.6. REMARK. The following characterization of the boundary would as-
sume a simpler, more elegant form if the subsets Gr of G were closed. That
the sets Gr need not be closed is shown in 9.6, where we give an example of a
semi-character x lying in @ but in no Gr; by 8.7 we have x € (Gr)~ whenever
FNS(x) =A. Examples of this sort suggest that, while the characterization of
0 offered by 8.7 may fail to be “best possible,” it may nevertheless be difficult
to improve upon it. That is, it may be difficult to obtain a short list of criteria
P;, each expressed solely in terms of the algebraic structure of G and the ac-
tion of x on G, with the property that for each x € G one has x €9 if and only
if x satisfies each P;.

8.7. THEOREM. Let xEG. Then the following assertions are equivalent:
(a) xE(Gr)~ whenever F is a finite subset of G with FN\S(x) =A;
(b) x€9.

Proof. (a)=>(b). If (b) fails, then there is a neighborhood UE®(x) of x
whose complement in G contains 8. We let U= {¢€@| |¥(2) —x(2)| <e for
each zEF} where €>0 and F is a finite subset of G. We define F1=FNS(x),
Fo=F\S(x). Since BCd by 3.3, we may suppose that Fy#A. Under the
hypotheses of the present theorem there is a point x'&€ UNGr, By 8.4, x’
vanishes on Fy. We write Fo=F¢\UFy’, where F{ = {yEFo| there exist x;, x,
in S(x’) for which x;y=x,y and x'(x1) #x'(x2) } and F{’ = Fo\F{. With each
yEFJ we associate appropriate points x1(y), x2(y) in S(x'), and with each
yE F{' we associate points x1(y), x2(¥) in S(x’) and 2(y) in G\S(x’) for which
x1y2=2x2y. We may suppose that x1(y) and x,(y) are in F; for each y&E Fy, and
we set J=F1U{x2|x€F1}, n=card J. We may clearly suppose € to be so
small that e<1/(4n),that e< | x (x1(3)) —x' (x2(y)) | /2foreachyE& F{ ,and that
®Rw>cos(mr/9) whenever w is a complex number for which |'w—1| <2e We
now choose positive numbers  and & which satisfy the following conditions:
| 14| <2—n whenever wis a complex number and |w| =1and |w—1| 22¢;
k> 2(card Fo)/n. We define ao(x) =x'(x) if x€J, ao(x) =0 if xEG\J. For
each yEF{’, we define a,(2(y)) = —x’ (x1(%)) X’ (x2(¥)) /%, o, (x) =0 if xEG and
x#2(y). We define a=ay+ Zye Pyt @y, SO that €L (G). Since x’' €T, we have
a(x') = (o~ (x') =card J=mn.

Now choose ¢ EG\U. The desired contradiction will be obtained by show-
ing that |&(¢/)| < ] &(x") | . It suffices to consider only the case Y &0.

Casek I. There is a point #& F; for which |¢(u) —x’(u)l e If u=u? then,
since ¥(u) #x'(4) =1, we must have ¥(x) =0. Then

[e@)| =| X a@y@)|s| X al@¥@|+| X a@=¥@)
z€G z€8(x") z¢S(x’)
=| X al@W@|+| X a@¥)|= (n— 1)+ (card Fo)/k
zeJz#u z&8(x")

<(n-—-1)4+n2<n=|ax)|.
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If uu?, then

=

2 a@¥()

z€J; z5u Jzsul

2 a(x)y(x)

z€@

lew) | =

> a@y(x)

z¢S (x')
Sm—=-+ Q- +n/2<n=|ax)].

Caske II. Case I fails. Then |¢(u)—x’(u)| <e for each uCSF,, so that
Inﬁ(u) —x'(u)l < 2¢ for each u&J. If Y(y) #0 for some yE Fy, then from the
fact that x:(y) ESW) and x:(y) ESW) it would follow that ¥ (x1(y)) =y (x(¥)),
contradicting the relations

+ | a(u)(u) + a(u)p(u?) | +

|4 — Xl | < e <|ED . X (=) (G =1,2).

This Case II can arise only when ¥ (y) =0 for each yEF{. Let
Y={yCF{|¥@) =0}, m=card?.
We know card F¢’ Zm>0. Define
rn= 2 al@¥@),

zeS(x’)

re= 2 a(z(0)W(())

yeY

= EY x' (@)X (x2(9)) P (22 (9))¥ (x2(y)) / k,
yeE
so that I&(ll/)l =|r1—-r2l. We observe that |rl| =#n and ®ri>cos(w/9), so
that |9r1| <nsin(w/9); also |r2| <m/k and ®Rry> (m/k)cos(2mw/9), so that
g?’zl < (m/k)sin(2w/9). Hence, setting s; =nei"/? and sy = (m/k)e~?¥7/%, we have
?‘1—72! 2§|s1—sgl 2=pn2+(m/k)2— (2mn/k)cos(w/3) =n*+ (m/k)*—mn/k <n?,
so that [&(¢)| <n=|d(x’)|.

(b)=(a). We shall suppose that (a) fails. Then there is a finite subset F,
of G\S(x) for which x & (Gr,)~, so that for an appropriate finite subset F of
G and an €>0 we have UNGr,=A, where U= {¢€@| |¢(z)—x(z)| <e for
each z&F } We may as well suppose that FyCF. To show that then x €9,
it will suffice to show that if «&/1(G) and a vanishes off a finite subset of G,
then |&| assumes its maximum off U. Indeed, let |&| be maximal at the
pointy & UNJ. Theny & Gr,s0by 8.5 there is a point y& Fy for which ¢/ &Gy
We may suppose that e€<1/2, hence that A#FNS(x) CSH). We set
x= H{x,ES(lp) % EF or a(x;) 750}, so that x€S@{). We define ' =y on 4.,
Y’ =0 elsewhere. Then SW')=4. and Y’ EU. Since yEICT', we see that
YETL. Also &)= Diesw a(D¥(2) = Dses, a2 (2) =&('). Since S
CS(), there can exist no points x1, ¥ in S@E’) with xy=x,y and ¥'(x1)
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=y’ (xz). Hence by [1, Theorem 4.2], there is a point ¢’ €T for which ¢/ =y/
on S') and ¢¥(y)#0. Then ¢" & U. We may clearly suppose that ¢’
vanishes off 4, so that S¢'') =4.,.

Case I. a=0 on 4,\S@’). Then

aW’) = 2 al@¥'@)

2ES(¥')

= 2 a@@¥(d) = aW) = aW),
)
so that | &| assumes its maximum also at the point ¢/ & U.

Cask II. Case I fails. We then let y1, ¥;, - - -, ¥ be an enumeration of
those points 2E4.,\S¥’) for which a(z) 0. None of the # points y; can lie
in S@), since if 2E€SW) and a(z) #0, then 2E4,=S@{’'). We observe that
A,y is a commutative semi-group, 4:,MN\S() a sub-semi-group of 4., whose
complement in 4, is an ideal in 4,,. We claim further that there do not exist
points x;, ¥; in 4,N\SW) and 2, » in 4,\S@H) for which x12u =x,u. For if
such points did exist, then the relation xx12y(xyu) =xx.y(xyu) would hold;
since each of the three points xx1zy, xx.y, xyu lies in the cancellation semi-
group H,,, it would follow that (xx1)zy= (xx.)y which, since xx;&ES(@{) and
2EA,\SW) CG\SW), would contradict the fact that ¢ &Gy,). Thus all
hypotheses of 7.7 are satisfied, and there is an additive, rational-valued func-
tion p on 4., for which p=0o0n 4,,NSY) and p(y;) >0 for 1 £j<n. We may
take p to be integral at each y,. Let 6 be an irrational multiple of 27, and define
w(z) =e**@ for each 2&4.,. Then w=1 on SY)NA4,,. Let v=e% so that
w(y;) =v*@?, and define

n

Jw) = 20 ay¥ ()wrwd + 30 al2y'(2),

j=1 z€SY’)

so that f is an entire function. If f is constant, then

n

aWw") = 2 aW' () + 2 a@¥’(s) = f(1)

=1 2ES(Y’)

=f(0) = 2 a@¥() = &aW) = ay),

2€S(Y’)

so that | &| assumes its maximum also at the point ¢ & U.

If f is nonconstant, then there is by the maximum modulus principle a
complex number w, for which |w| =1 and |f(wo)| >|f(0)|. Let W be a
neighborhood of w, for which |f(w)| >|f(0)| whenever w& W. Since 0 is an
irrational multiple of 2w, there is an integer m >0 for which v»& W. The func-
tiony"w™isin G, and we have S¢'w™) = 4,,. We observe thatif zE4,=SW"),
then z2E€SY) N4, so that w(z) =1. Hence
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| a("wm) | =

2 al@¥'@em(e) + 2 a(Z)W’(Z)w"'(z)‘

€4, \SW") ze8(Y’)

n

2 ey (yomeed + 3 a(d)¥ ()

j=1 2€S(Y')
lfem | > [10] = |ae@)| = |aw)],

contradicting the fact that |¢i] assumes its maximum at .

8.8. REMARK. Silov showed in [7, §5.4] that in the maximal ideal space
of a commutative Banach algebra, a point x is an isolated point of 9 if and
only if x is isolated in the entire maximal ideal space. The author in [1] has
identified the isolated points of G, and has shown in particular that each such
point must lie in T. It follows that a semi-character x is isolated in G if and
only if x€8 and x is an isolated point of I'. Using Theorem 5.2 of [1], the
preceding sentence yields Theorem 8.11 below.

8.9. DEFINITION. A subset K of G is called a face of G if, for each % and
v of G, uwv&K if and only if u&K and vEK. If K is a face of G and L the
union of all proper sub-faces of K, then the set K\L is denoted core K and is
called the core of K.

8.10. THEOREM. If xEG, then S(x) is a face of G.

8.11. DEFINITION. For each x EG, let N(x) denote the set of points yEG
for which there exist points x1, %, in S(x) for which x1y=x.y and x(x1) #x(x2).

Il

8.12. THEOREM. Let x be an isolated point of T'. Then core S(x) is a finite
group, and the following assertions are equivalent:

(a) there is a finite subset I of G\S(x), I consisting only of idempotents, for
which AN [I\UN(x) ] #A whenever yEG\S(x) and xEcore S(x).

(b) x&o.

9. Examples. In this section we give a number of examples designed to
illustrate the theory already presented.

9.1. From our present point of view, one obtains a rationalization for
applying the term “boundary” to the set d by considering the set G of non-
negative integers, “multiplication” being given by the usual integral addition.
Each semi-character assumes the value 1 at 0EG. Since a semi-character is
determined by its value at 1 &G, which may be any complex number w with
le <1, and since G carries the topology of uniform convergence on finite
subsets of G, we see that, as a topological space, G coincides with the closed
complex unit disk. By 8.7 or {from 3.3, 9= {x€G| |x(1)| =1} = {complex
w||w| =1}, the topological boundary of the unit disk in the plane.

9.2. Let G be a set whose cardinality exceeds 1, and let one of the elements
of G be named 0. For every two elements x and y of G, define xy=0. Then G
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consists of the single semi-character 1 on G, so that G does not separate points.

9.3. Let S be the set consisting of all integral powers of the element
a&E S, the two elements a™ and a" of S being considered distinct if m#=n. Let
T be a two-element set with elements b and ¢, and let SNT=A. Let G=SUT
and define multiplication on G as follows:

ama® = gra™ = a™tn; eb = be = b;
b = ¢ = ¢ ea™ = a™e = ba™ = a™b = a™.

This associative multiplication makes G a commutative semi-group. If a
multiplicative function on G assumes the value 0 at e, then it obviously as-
sumes the value 0 at each x €G. Thus each semi-character assumes the value 1
ate.

Define the function xo on G as follows: xo(e) =1; xo(b) = —1; x0(x) =0 if
xES. Evidently o6 and xo € B. Now define a=yxo; then aEk4(G), and we
have I&(xo)l =2. Since b%*=¢, each semi-character assumes at b either the
value 1 or the value —1. If XEG and x(a) #0, then from the relation a=ab
it follows that x(b) =1. Now let x be any semi-character not equal to xo. We
have just shown that x(b) =1. Then &(x)=(1)(1)4+(—1)(1) =0. Hence |&|
assumes its maximum only at xo, and xo&d.

Let x1(e) =x1(0) =1, x1(x) =0 if xES; clearly x1EG. Since G consists only
of the single point x, for each finite subset F of S=G\S(x1), we see from 8.7
that x; &9.

Let x:(e) =x2(b) =1, and let x2(a™) =(1/2)" for each positive integer .
Then x2EG and x. &T.

The three semi-characters xo, X1, X2 on G show respectively that the three
inclusions BCACT CG are proper.

9.4. Let G be as in 9.3. Since x(¢) =1 for each xEG, we see that G is a
semi-group. The two functions xo and x1 defined in 9.3 are in T | xo| = x1|
and x2=x1. But xo€9d and x1&d. Theorem 5.1 guarantees the fact, here obvi-
ous, that there is no x €B for which xxo=x1.

9.5. Let 4 be an index set, and let G, be a commutative semi-group for
each a € A4, the sets G, being taken pairwise disjoint. If < is a linear ordering
on A, then the set G=U.c1 G, may be made into a commutative semi-group
as follows: if #€ G, and vEG., then the product uv in G is the product uv in
G.; if uEG, and vEGp with a <, then uv =vu=v. If each G, is a group, then
from 6.4 we have d=G.

9.6. Let G={u, u oo, U, e }U{v, /LR /L SR }, where all
powers of u and v are distinct. Define a multiplication in G as follows:
urym=ymtn: gngm=gntm. ynym—gymyn=yn Then G is a commutative semi-
group. If x(v™) =1 and x(u*) =0 for each pair of positive integers m and =,
then x €G. Since x agrees at every two points of its support, and since there
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exist no points ¥, 2 in S(x) and y, z in G\S(x) for which yz=x1yz=xy=1,
we see that x € Gr for no finite subset F of G\S(x). But for each ¢>0 there
is a semi-character ¥ for which 0< |1[/(v) x(v)l <¢ so that, for each finite
subset F of G\S(x), each neighborhood of x meets Gr. Thus x€d by 8.7.
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