THE G AND H FUNCTIONS AS SYMMETRICAL
FOURIER KERNELS

BY
CHARLES FOX

1. Introduction. The functions k(x) and k(x) are said to form a pair of
Fourier kernels if the following pair of reciprocal equations are simultaneously
valid:

) 5@ = [ owk(xy)f(y)dy,

@ 1 = [ 0°°h<xy)g<y>dy.

The kernels are said to be symmetrical if k(x) =k(x) and unsymmetrical if
k(x) #h(x). The symmetrical case only will concern us here.

Various sets of conditions have been discovered which ensure the validity
of (1), (2), the set we use here consists of convergence conditions on f(x),
k(x) and Ah(x) together with a functional equation satisfied by the Mellin
transforms of k(x) and Z(x). K(s) is said to be the Mellin transform of k(x) if

@3) K(s) = f " b@)rd,

If H(s) is the Mellin transform of A(x) then the functional equation in ques-
tion is
(4) K(@)H(1 —s) =1,

[6, p. 214 (8.3.5)].

Our first aim is to find the most general G-function which is also a sym-
metrical Fourier kernel. The G-function is a sum of hypergeometric functions
cach of which is usually an entire function. It is easily defined by means of its
Mellin transform so that the satisfaction of the functional equation (4) is
quickly determined. The G-function has been much studied by many authors
but these studies have been mainly confined to establishing the differential
equations they satisfy, the linear relationships which exist between them and
the various asymptotic forms they assume for large values of the variable.
In particular Barnes [1] and Meijer [4] have written lengthy memoirs on
the asymptotic problem. Here I shall concentrate entirely on the G-function
as a symmetrical Fourier kernel.
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Following Meijer’s definition [4, p. 229], but with s replaced by —s, the
G-function is written as on the left of (5) below and defined by the integral
on the right:

I TG+ 9 I TA = a: — 5)

maf |01, @ 1 i =
(5) GMG b ’>=—7 - - w*ds.
bl) ey, bq 21|'1« T q P
HP(I—b.—s)HP(a.+s)
f=m+1 tmn+1
The poles of the integrand must be simple and those of I'(b;+5),1=1, - - -, m,
must lie on one side of the contour T and those of I'(1 —a;—5s), 1=1, - - -, n,

must lie on the other side.

If M(s) denotes the coefficient of x~* in the integrand of (5) then evidently
M(s) is the Mellin transform of the G-function on the left of (5). It is there-
fore easy to decide whether the functional equation

(6) MEM(1 —s) =1

is or is not satisfied. The satisfaction of (6) alone, however, is insufficient to
ensure the validity of the reciprocity (1), (2). More is required, but if (6) is
established then much progress has been made towards the setting up of
(1), (2).

I shall prove here that the following G-function, denoted by G(x) for
brevity,

1 a,p
M @) = = 6% (x
C

1/e a1,~--,ap,1—c—al,---,1—c-—a,)
)

by byl —c—by e, 1 —c—b

is a symmetrical Fourier kernel. The reciprocity (1), (2) will be established
in two cases; in the first case we shall use convergence in mean square and in
the second we shall use the methods of ordinary convergence. As is usual in
Fourier transform theory the second case is much more difficult.

If 57) is a symmetrical Fourier kernel then it is easy to deduce that [6,
p. 220

1/2

(8) Gr? <(kx)1/c ‘11,'"ap,l-—c—ax,"-,l—-c—a,,>
2p.2¢
2

b, -+ byl —c—by -, 1 —c—b

is also a symmetrical Fourier kernel. The function (8) seems to contain most
of the well-known Fourier kernels when ¢=1/2. When ¢=k=1/2, ¢=1 and
p=0 the function (8) becomes a Bessel function. When c=k=1/2, ¢g=2 and
p=0 then (8) gives us Fourier kernels which are frequently products of Bes-
sel functions.

In a previous paper [3] I have given some general theorems for the kernels
of (1), (2). In Theorem 2 of that paper [3, p. 407] it is possible to choose the
first kernel so as to be equal to
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1 1
Ay 5y 8py,———— Ay, T 0y
1/2_p+l1, x? 2 2
©) 2 G | . .
bl,'"1bp+1;'2——b17""—2—'—b1>+1

With this choice of the first kernel the second kernel of the theorem also be-
comes equal to (9) and the theorem then specializes to the case of the sym-
metrical kernel. Evidently (9) is a special case of (8) with c=k=1/2 and
g=p+1. As a final example, again for the case ¢=1/2, Roop Narain [5]
proves that the Mellin transform of (8) satisfies (6) when ¢=1/2. He does
not, however, proceed to establish the reciprocities (1), (2).

The rest of the contents of this paper are briefly as follows. I shall first
establish the reciprocities (1), (2) with G(x) of (7) as the symmetrical Fourier
kernel. I confine myself to (7) because the Mellin transforms of G-functions
which are not included in the type (7) do not satisfy (6) and therefore cannot
be Fourier kernels. The formulae (1), (2) will be set up in two cases, using
convergence in mean square methods in the first case and ordinary conver-
gence methods in the second. As frequently happens in Fourier transform
theory the second case is much more difficult. After setting up (1), (2) I
shall state and prove a general formula for the self reciprocal functions asso-
ciated with G(x).

In the second part of this paper I shall define a function H(x) which is
much more general than G(x) of (7). I shall then establish (1), (2) with H(x)
as the kernel and also give a formula for the self reciprocal functions associ-
ciated with H(x). Finally I shall obtain the asymptotic expansion of H(x)
when x is real and positive, using a method which I originated in my previous
paper on Fourier kernels [3].

2. Some properties of G(x). Using the definition of G(x) given by the
Bateman project [2, p. 207] the G(x) of (7) is defined by

fII‘(b,,.+s)fII‘(1—-a,,—s)

1 m— n=
(10) G(») = Py - - . . a~eleds.
i IIrc+bn—s)JIT0 —c—a.+ 5
m=1 n=1

All poles of the integrand in (10) must be simple and the contour T3 must
separate the poles so that those of I'(bn+s), m=1, - - -, g, lie on one side of
T: and those of '(1—a,—s), n=1, - - -, p, lie on the other side of T;. For
reasons which appear later we shall assume that ¢=p+1 so that g can never
take the value 0. We do, however, allow the value p=0 if, when this is the
case, the two products in (10) from n=1 to n=p are each replaced by unity.
Finally we assume x to be real and positive.
On replacing s by ¢s in (10) we obtain
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IqI T'(bm + cs) fI 'l — a, — ¢s)

1 e
(11) G@x) = - f : x~ds.
r e T q pd
II e+ bm—cs) IIT( — ¢ — an + cs)
mm=1 nm==l

In (11), if s=0+14t, we take the contour T to be the line from ¢—% to
g+i. In (11) we assume that ¢>0, that all the poles of the integrand are

simple and that those of I'(bn+cs), m=1, - - -, g, lie on the left of T and
that those of I'1 —a,—c¢s), n=1, - - -, p, lie on the right of T.
Let

fI T'(bn + cs) IPI 'l — a, — cs)

Mme=1 ne=l

(12) M(s) = — "
IIrec+bm—c) [ITUA — ¢ — @, — cs)

Evidently M(s) is the Mellin transform of G(x), in the sense inverse to that of
(3), and

(13) MEMA —s) = 1.

For large s the asymptotic expansion of the Gamma function is [7, p. 272]
1 1
(14) logI'(s+a) = (s +a - 7) logs —s + ?log(Zw) + As~1+ 0(s™?),

where |arg s| <w—3, §>0, 4 is a constant independent of s and O is the
Landau order symbol. Along the line T we write s=¢ -+t (¢ and ¢ real) and
in M(s) we replace Gamma functions involving —¢s by Gamma functions
containing +c¢s with the help of the formula T'(2)T'(1—2) ==/sin(%3), [7,
p. 233]. For brevity we write k= 2c(¢— ) (for reasons which appear shortly
h will be positive) and then from (14) along the line T for large positive or
negative ¢ we have

(15) M(s)x—* = | t|*@1D explit(hlogt — log z + B)}{ D + O(| t|™}

where B is a constant and D is also a constant but D may have one value
for large positive ¢ and another value for large negative ¢.

On a large circle whose points have the polar co-ordinates (R, ) it fol-
lows from (14) that M(s) is dominated by the factor exp{ (kR log R) cos 0}.
Hence if % is positive the contour T can be closed by a large semicircle on the
left while if & is negative it must be closed by a large semicircle on the right.
Consequently if £>0 the residues of the integrand of (11) at the poles of
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TI'(bm—+cs), m=1, - - -, g, can be used to express G(x) in terms of hyper-
geometric functions. These functions are series of positive powers of x and
entire functions. But when 2<0 we must use the poles of I'(1 —a,—cs),
n=1, - - -, p,and these lead to an expression for G(x) in negative powers of
x. Since such series present special difficulties which I do not wish to discuss
here I shall assume for the rest of this paper that #>0. Now ¢>0and g and p
are positive integers or zero, hence k= 2c(¢—p) >0 implies that g=p+1 and
this is the way in which the assumption 2> 0 will be written.

From (15) the integral of (11) is uniformly convergent with respect to x
when ¢ <1/2. On integrating through the integral sign we then obtain from

(11)

(16) Gi(x) = f “G(x)dx,
and

B 1 M(s) —
(17) Gl(x)_-z-;f“_sx ds.

We have proved (16) and (17) for the case ¢ <1/2 but the case of interest
to us is when ¢=1/2 because the line ¢ =1/2 is the contour of Theorem 1 in
the next section. We can also prove that (16) and (17) are true when o =1/2
by the following methods. On multiplying (15) by 1/¢ we see that the integral
of (17) converges when 0 =1/2 and, since #> 0, that we may close the contour
by a large semicircle on the left. If, as is the case in Theorem 1, all the poles
of I'(bm+cs),m=1, - - -, g, lie on the left of ¢=1/2 and all other poles lie on
the right then the computation of the integral in (17) by residues gives us
quite easily the individual powers of G(x) each integrated from 0 to x. Since
G(x) is an entire function such term by term integration is justified and the
final result is Gi(x) as defined by (16). Hence, with the conditions of Theorem
1, (16) and (17) are true when o=1/2.

Again with s=0+1f as before we see from (15) that on the line 6 =1/2 the
function M(s)x™, as a function of s, is bounded for all values of ¢£. Hence on
o=1/2, M(s)x~*/(1—s)ELy(1/2—1o, 1/241») and so the integral of (17)
converges in mean square. But, with the conditions of Theorem 1 as proved
in the next section, §3, the integral in (17) also converges in the ordinary sense
to Gi(x) of (16). Hence if this integral is evaluated by mean square methods
its value will also be Gi(x) of (17) except, perhaps, in a set of measure zero.

This property of (17) enables us to prove Theorem 1.

3. Convergence in mean square.

THEOREM 1. Re(z) denotes the real part of z. If (1) tn M(s) of (12) we have
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C>0, qu-*-ln Re(bm)>_6/2, m=l, ceey, q' and Re(a”)<(2_c)/2’ (ii)
fx)ELy(0, ) then

d r* d
(a) 6 = = [ Giaisw) =

dx 0 u
defines, almost everywhere, a function g(x) €Ly (0, =),

d r~ du
(b) 1) = = [ Gulamgn =

dx 0 u
holds almost everywhere and

© [ 0” {r@}as = [ o” {g(2)} 2.

Thie proof of this theorem is based upon Theorem 129, Titchmarsh [6,
p. 222].

In (17), which defines the relation between Gi(x) and M(s) (the Mellin
transform of G(x)), we take 6 =1/2, (s=0+1t) so that the contour T is the
line 1/2—12® to 1/2+14». The inequalities (i) then ensure that all the poles
of T'(bn+cs), m=1, - - -, g, lie on the left and those of I'(1 —a.—cs) lie on
the right of T, as required for the definition of G(x).

We now proceed to establish the truth of the three requirements of
Theorem 129 cited above.

The first requirement is that M(1/244) M(1/2—4t) =1, and this is true
because of (13). The second requirement is that Gi(x) and M(s) should be
related as in (17) and the third that f(x) € Ly(0, =), which is covered by (ii).

Since all the conditions of Theorem 129 [6, p. 221] are satisfied the con-
clusions of that theorem follow and for our case these conclusions are (a), (b)
and (c) above.

This completes the proof of Theorem 1.

4. The case of ordinary convergence. We now proceed to set up the
reciprocities (1), (2) for the much more difficult case of ordinary convergence.
The proof is based upon Titchmarsh, Theorem 134 [6, p. 232].

THEOREM 2. Let h=2c¢(q—p) and let Re(z) denote the real part of . If
(i) ¢>0, g=p+1, (so that k>0),
(ii) Re(bm)Zc(1—k)/2h, m=1, - --,q,
Re(a,) <(2h—ch—c)/2h, n=1, - - -, b,
(iii) f(y)ya—PIEL(0, ») and f(y) is of bounded variation near y=x,
(x>0), then

° o 1
(18) f G(aw) { f ., G(uy)f(y)dy} du = — {fe+0) +fz = 0.
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We commence the proof by making the following transformations,
19) x = X4 y=Y* and u = (Uc/h)*,

in (18). Since y and u are variables of integration we have, after some obvious
adjustments for ¥ and the parameter X

e 2 Yo
(200 - [fowh (%)"’ZG ( {Fhﬁ} h) (U ¥)*-vrag(p (;)(h—l)/zdy]dv

1
=5 x4+ 0 +5x* - 0)}.

Evidently the kernel G(x) has been replaced by the kernel

c\*? Xc) *
ol
3 h
From (11) we have

¢\ 2 Xc) ®
)" e({2 )
k )3

fI T'(bn + cs) fI I'(l — an, — ¢s)

1 m= N==
(21) =— ‘ :
271 g ?
IIrc+bn—c) JITA = 0 — ¢ = c3)
Mom] na=l
X\ (—2ebh—1) /2
. (—h—) (Ch) 1 zds,

where the contour of integration is a straight line parallel to the imaginary

axis in the s plane. The contour must lie in a strip of width 1/2k with its right

hand boundary to the right of the imaginary s axis and distance 1/2 from it.
We now make one more transformation

(22) 2sh — b+ 1 = 25.

Equation (21) then becomes
c\M? Xcl W 1

(23) h(—-—) G( {——- )X(""‘)/"’ = — ] K(S)X-5dS,
h k 2

where
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fIr(b +o- h)ﬁl‘(l—a”—f—+———§>

e - 2 7

K@) = “1 c Pl c c oS

24 r(s. RAENCAY | B ST
) ,,H..l ( o + h)r.I, ( "7 2h+h>

@

If S=o0+41it, then the contour for (23) is any line from oo—t© to o421
where 0<00<1/2.

As a consequence of these transformations we can now proceed to estab-
lish (20) from (24) by using Theorem 134 [6, p. 232]. This theorem is based
upon six conditions, four of which apply to K(S) and two to f(¥*), and we
now prove that all these conditions are fulfilled.

Let S=o0-+1¢; then the first condition is that we can find ¢9<0 and a1 >1
such that K(S) is regular in the strip 6o <o <01, except possibly for a finite
number of simple poles on the imaginary axis, ¢ =0. To prove that this is
true let £ denote the strip S=o+if, 0S0=<1 and — » <t< . From (24)
the poles of K(S) are evidently at the points

rh h c(1—h) rth h c(1—h)
25 —_— = — | b — , —+ —{1-a,
(25) c c( 2h ) c+c( @+ 2h )

where r is a positive integer or zero. If in condition (ii) above only the in-
equalities hold then it is evident that all the a. poles lie to the right of Z and
all of the b,, poles lie to the left of Z, none being on the boundaries of Z. If,
however, some of the equalities for b, hold in (ii) then there are some simple
poles of K(S) on the imaginary axis and there can be at most g of these.

Finally since the only singularities of K(S) are isolated simple poles it
follows that g9 <0 and 1> 1 can be found so that K(S) is regular in the strip
00<0 <0, except for a finite number of simple poles on the imaginary axis.

The second condition, which is the most difficult of the six, requires an
investigation into the asymptotic expansion of K(S) for S=o -1t and large
positive or negative values of t. The formula T'(z)['(1—32)=n/sin(mz), [7,
p. 233] is first used in order to convert those Gamma functions containing
—¢S/h into Gamma functions containing +¢S/k. The asymptotic expansion
for the Gamma function given by (14) is now applied to

(b +c c+cS>
2 2k h

(26)

It is then found that for large S, |arg S| <w—38, >0, the asymptotic ex-
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pansion of (25) is the product of the following two factors (here O denotes the
Landau order symbol):

I O Rt (I

and

(28) (B n D,..+0< 1 )) . (b n c n ¢ cS
m et — 1) )sinw(bn + —+ ———).
s [s21))"" " 2 2k h)

These factors will occur in the numerator of the asymptotic expansion for
K(S) and, since m=1, - - -, ¢, there will be ¢ such factors in the numerator.
On applying the same analysis to

I‘(l ¢ n c cS)
— an — — — — —
2 2h h

I‘(l c c n cS)
— an — — — —— —
2 2h 3

we see that owing to the change in sign of S the factors will now be in the de-
nominator of the asymptotic expansion of K(S). Since n=1, - - -, p there
will then be p factors in the denominator of K(S) identical with (27) and
another p factors similar to (28), the main change in (28) being that bn—+c/2
must be replaced by 1—a,—c¢/2 and the constants B,, and D, must be re-
placed by other constants.

Dealing first with the factors (27) the total effect is that in the asymptotic
expansion of K(S) the terms of (27) will appear raised to the power (g—2).
Noting that 2=2c(qg—p) the result of raising (27) to the power (g—p) is

<%>(s_lm exp {(s - %) log.S — s}
O e o

on using the asymptotic expansion for I'(S), where 4 and B are constants.

We now consider the contribution to the asymptotic expansion of K(S)
of terms such as given by (28). On putting S=o¢ it in (31) below and allow-
ing t to become large and either positive or negative it is evident that

. (b c N c cS)
s\ bt T
(31) = C 4+ 0(e't)

1 2¢c/h
<cos — Sr)
2

(29)

(30)
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where C2-(2-W/* has the value —1 exp{i(bm+c(h+1))/ Zh} for large positive
values of ¢t and +3 exp{ —1(bm +c(h+1))/2h} for large negative values of t.
The form of (31) still holds if —¢S/k is replaced by +¢S/k which occurs when
the a, factors are considered.

We can now assess the total contribution of factors such as (28) to the
asymptotic expansion of K(S) when S=0¢-14¢ and ¢ is large. Since there are ¢
such factors in the numerator and ¢ in the denominator and also k= 2¢(g—p)
their total contribution will be

2 {or 5ol (3 5)

where the constants D and E each have one value when ¢ is large and positive
and, perhaps, another value when ¢ is large and negative. From (24) the re-
quired asymptotic expansion is then the product of (30), (32) and the factor
(¢/h)V*=S, The final result we have established is therefore as follows: for
S=0+1 and sufficiently large values of ¢ the asymptotic expansion of K(S)
is given by

(33) K(S) = I'(S) COS( ){a+ - + O<|;2|)}

where the constants & and 8 each have one value when ¢ is large and positive
and, perhaps, another value when ¢ is large and negative.

Equation (33) shows that the second condition of Theorem 134 [6, p. 232]
is fulfilled.

The remaining four conditions of this theorem are comparatively easy to
discuss. The third condition is that

K(S)K(1 — S) =
and this is easily established from (24). The fourth condition is that

c\"? X ¥
Y e (3
h h

must be the Mellin transform of K(S). This, of course, is evident from (23).
The fifth and sixth conditions are that

(34) fw lf(Yh) Y(h—l)/zl dy
0 .

must exist and that the integrand of (34) must be of bounded variation near
Y=X, (X>0). On writing Y*=y it follows from (iii), in the enunciation of
Theorem 2, that these two conditions are also fulfilled.

Since we have proved that all the conditions of Theorem 134 [6, p. 232]
are satisfied it follows that the conclusions of this theorem are true and, con-
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sequently, that (20) above is true. On using the transformations (19) in
reverse the truth of (18) follows and the proof of Theorem 2 is then com-
pleted. ‘

5. Some properties of G(x). In the previous section we proved that G(x)
is a symmetrical Fourier kernel by first transforming it and then proving
that the transformed function is a symmetrical Fourier kernel. The necessity
for such a transformation arises for the following reasons.

The classical kernels such as sin x, cos x, x1/2J,(x) all behave in a very
similar manner as | x| — . When x is complex they all tend to infinity with
exponential rapidity but when x is real they all oscillate finitely as x— ),
just like sin x. Now it is the behaviour of a function on the real axis which
decides whether it is a Fourier kernel or not and so the familiar finite oscilla-
tion on the real axis has formed the basis for much classical theory of Fourier
kernels, e.g. Theorem 134 [6, p. 232] which has been used in the previous
section. The function G(x) of (7) does not, however, necessarily behave in
this manner when x—  through positive values.

The asymptotic expansion for G(x) as defined by (7) is given by Meijer
[4, Theorem 18, assertion 4, p. 1065 (p. 1065, line 4, for m+1=p/2+4q/2
read m+n=p/2+q/2) and Theorem 9, p. 772]. For large real positive x we
have

G(x) = x0-M12h[cos{2(g — p)x'/* + o} {4 + O(x~2/%)}

35) + sin{2(g — p)xY/* + a}O(x"11%)]

P
+ > aGelel P O(x119)},
n=1
where, as before, h=2¢(¢—p), O is an order symbol for large x and «a, 4, P,
are constants. On writing x =X" and using (ii) Theorem 2

(Re(a.) < (2h — ch — c)/2h)
(35) becomes
(36) G(XWX4=DI2 = cos{2(qg — p)X + a} {4 + O(X~Y)} + O(X~+201%)

where 8>1/2h. All the algebraical terms of (35) in the summation from
n=1 to n=p have been merged into the term O(X-1+29/?). From (36) the
kernel defined by (21) oscillates in the familiar manner like cos X as X—
through positive values. Consequently we can prove (20) by a direct appeal
to Theorem 134 [6, p. 232] whereas (18) cannot be proved in such a manner.

It is now evident that in order to obtain the finite oscillation along the
real axis of the kernels in (20) the first G-function must be multiplied by
(XU)®/2 and the second by (UY)®D/2 The transformation (19),
u=(Uc/h)*, du=hU%V(c/k)*dU, gives us the power of U we require but
y=Y* dy=hY*DdY gives us a power Y*»=1D/%in excess of our requirements.
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This slight difficulty is easily overcome by attaching the excess power to
f(Y*) as is done in (20).

These are the main reasons for the method of proof used in the previous
section.

All Fourier kernels are associated with certain discontinuous integrals.
The ones associated with G(x) are given by the easily proved theorem below.

THEOREM 3. Let h be defined as in Theorem 2 and Gi(x) as in (16). If condi-
tions (i) and (ii) of Theorem 2 hold then

0, x>9>0,
© G1(u 1

37 f G(xu) 1(4y) du = —, y=2>0,
0 u 2

1, y>x>0.

To prove this we choose f(y¥) in (18) Theorem 2 so that f(y) =1 when
y<Y and f(y)=0 when y>Y. Hence f(x)=1 when x<Y, f(x)=0 when
x>Y, f(x—0)=1 when x=Y and f(x+0) =0 when x= Y. The integral with
respect to yin (18) then has 0 and Y for its limits of integration and integrates
to Gi(uY)/u. The final result is (37) above except that y has been replaced
by Y.

6. Self reciprocal functions associated with the G-function. If

38) i = [ owf(y)k(xy)dy,

then f(x) is said to be a self reciprocal function for the kernel k(x). All sym-
metrical Fourier kernels can be associated with self reciprocal functions and
conversely. Let K(s) be the Mellin transform of k(x) and F(s) that of f(x) as
defined by (3). Now multiply (38) by x*~! and integrate with respect to x.
If the change of order of integration on the right hand side can be justified
we easily obtain

(39 F(s) = F(1 — 5)K(s).
From (39) follows
(40) KK —35) =1

which is the functional equation which all symmetrical Fourier kernels must
satisfy.

Conversely if k(x) is a symmetrical Fourier kernel its Mellin transform
K(s) must satisfy (40) and we may therefore expect K(s) to be expressible
in the form

(41) K(s) = F(s)/F(1 — s).
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If this is the case then by working backwards from (39) to (38) we see that
f(x) will be a self reciprocal function for k(x).

The self reciprocal functions for G(x) are given by Theorem 4 below. The
following formulae are useful in stating and proving this theorem. G(x) is
defined by (11) and its Mellin transform M(s) by (12). We write

(@) e =28
Y= D0
where
(43) N(s) = fI T'(bm + cs) fI 'l — a, — ¢s).

From (12) it is evident that
(44) N1 — s5) = D(s).

THEOREM 4. If (i) condition (i) of Theorem 1 holds, (i1) E(1/2—5s) is an even
function of s, (iii) N(s)E(s)ELs(1/2—10, 1/241x),

1 1/241i%
(45) @iv) f(x) = 2—1r_z s N(s)E(s)x*ds,
then

z ® Gi(xy)
46 dx = dy.
(46) [ s = [ 10 =

If we can differentiate with respect to x through the integral sign then
(46) reduces to (38) and f(x), as defined by (45), is then a self reciprocal
function for G(x). Whether we can differentiate through the integral sign of
(46) or not we shall say that f(x) is a self reciprocal for G(x) if (46) is satisfied.
The advantage of this definition over (38) is that we can prove (46) by using
the much easier theory of convergence in mean square whereas the proof of
(38) requires the use of ordinary convergence methods.

Theorem 4 is proved by means of two applications of the Parseval theo-
rem, Theorem 72 [6, p. 95]. From (17) it follows that M(s)/(1 — s)
€L,(1/2—1%, 1/24+4=) and that Gi(x)/x is its Mellin transform. Hence,
using ¥ as the Mellin transform variable, it follows that Gi(xy)/y and
M(s)xt*/(1—s) are Mellin transforms of each other. From condition (iii)
and Theorem 72 [6, p. 95] we can apply the Parseval theorem and obtain

Gi(xy) 1 Votio M(s)xl—e

(47) fo & y dy = P . —a—_s)—N(l — $)E(1 — s5)ds

1 1/2+4w gl

(48) = — N(s)E(s) (

21I'i 1/2—iw 1-— S)

ds,
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on using (42), (44) and condition (ii).

Again, using y as the Mellin transform variable, the function F(y)=1,
y<x and F(y)=0, y>x, has x*/s for its Mellin transform. Since F(y)
€L,(0, ») we may apply the Parseval theorem once again (Theorem 72
[6, p. 95]). In (45), which defines f(x), replace x by y and use the F(y) just
defined; we then have

(49) ) Ozf(y)dy -[ 0PIy
1 1/24i 1—s
(50) = Py e N(s)E(s) 1=3 ds.

Comparison of (48) and (50) evidently completes the proof of Theorem 4.
Theorem 4 contains as special cases such well known self reciprocal func-
tions as exp(—x?/2) for cos x and x exp(—x?/2) for sin «.
6. The H(x) function. A more general function than the G-function of (5)
is the function f(x) defined by the following equation:

m n

. H T'(b; + cis) H T'(e; — e:s)
(51) f(x) = — = = xds.
2rid r 2 4
H L(b; — cis) H T'(a; + eis)
t=m+1 t=n+1
This reduces to the G-function of (5) when ¢;=¢, =1, .., ¢q, e;=c,
i=1, ..., p, a; is replaced by 1—a;, 7=1, - - -, n and b, is replaced by
1—b;,i=m+1, - - -, ¢. As far as | am aware these functions have not so far

been studied to any great extent but they possess one advantage in common
with the G-function. For a suitable contour T the Mellin transform of f(x)
is evidently the coefficient of x~* in the integrand of (51). Consequently the
question whether the Mellin transform of f(x) does or does not satisfy the
functional equation is easily answered and this answer helps us to decide
whether f(x) can or cannot be a symmetrical Fourier kernel.

We now restrict f(x) to H(x) whose Mellin transform does satisfy (6).
H(x) is defined by

fI T'(bn + cms) IpI T'(a, — e.s)

1 Mm== n=
(52) H(x) = — - - x*ds
2rid ¢ 2 P
H T'(bn + cm — Cm$) H T(an — ex + €x5)
m=l n=1

where the following simplifying assumptions are made:
(l) CM>01 m=17 R eﬂ>0v n=1v Sty Pr
(i) all the poles of the integrand of (52) are simple,
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(iii) the contour T is a straight line parallel to the imaginary axis in the
s (=0 +1t) plane and the poles of I' (b +cns) lie on the left of T while those of
T'(@,—ens) lie on the right of T.

(53) (iv) D=2(Zq)cm—zp)e,.)>o.

me=1 na=1

The quantity D‘plays in the H(x) theory a part analogous to that played by
the quantity 4 in the G(x) theory in §2.
On writing (52) in the form

(54) H(x) = i P(s)xds
2 T

i

it is evident that
(55) P(s)P(1 —s5) = 1.

We now use the asymptotic expansion of the Gamma function (14) to
determine the order of P(s), s=o41t, o and ¢ real, when ¢ is large and either
positive or negative. The result is

(56) P(s) = | t|P@1» explit(Dlog ¢t — log x — D)} {Q + o(| ¢|™1},

where Q is a constant which may have one value when ¢ is large and positive
and another value when ¢ is large and negative. From (56) we see that if
0 <1/2 then the integral of (54) is uniformly convergent with respect to x.
We may integrate through the integral sign of (54) and therefore if

(57) Hix) = f | H@s,

then

(58) me) = — [ 29 s,
2rid r (1 — )

This has been proved only when ¢ <1/2 but in the next two theorems the
contour T will be taken along the line ¢ =1/2 and so it is necessary to extend
the proof. To do this we note that on a large circle whose points have polar
co-ordinates (R, 0) the dominant factor in P(s) is

(59) exp{D(R log R) cos 0}.

Since D >0 we may close the contour T of (54) by a large semicircle on the

left and express H(x) in terms of the residues of I'(b,.4cms), m=1, - - -, q.

For H(x) we then obtain ¢ power series, each of which is an entire function.
For the integral of (58), on multiplying (56) by 1/¢ it follows that the
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integral converges when o=1/2. Again (59) is the dominant factor for the
integrand of (58) on a large circle so that the contour T can be closed by a
large semicircle on the left. The integral can then be computed by means of
the poles of I'(bm+cms). We then find easily that the residues are the terms of
H(x) integrated with respect to x. Since the power series expressing H(x) are
all entire functions such term by term integration is permissible and so (57)
and (58) are still true when o =1/2.

From (56) P(s) is bounded on the line 0 =1/2 and therefore P(s)/(1—5s)
ELy,(1/2—4»,1/2414ix). Consequently we may evaluate the integral of (58)
either by the methods of ordinary convergence or by the methods of con-
vergence in mean square and both these evaluations must be the same, ex-
cept for a set of points of zero measure. Consequently if the integral of (58)
is evaluated by the methods of convergence in mean square the result will
be Hi(x) as defined by (57). We can now proceed with the statement and
proof of the next two theorems.

7. Convergence in mean square theorems.

THEOREM 5. Re(z) denotes the real part of z. If (i) ¢cn>0, m=1, - - -, g,
e,>0,n=1,---,pand
g P
D= 2<Zc,,.— Zen>>o,
m=1 ne=l
(ii) Re(bm)>—cm/2, m=1, -+ -,q,
Re(a,.)>e,,/2, ”=1, ce e, p’

(iii) f(x)ELy(0, ) then
d ® du
(2) 6 = — [ Bf =

0

defines, almost everywhere, a function g(x) EL,(0, ),
d r* du
) f@) = — [ EnGanrgn =
dxJ u

holds almost everywhere and

© [ :{f<x>}2dx -[ Rrers

Before starting on the proof we note that the inequality for Re(a.) above
differs from that of Theorem 1. This is due to the fact that in the definition
of G(x) we have used 1 —a, whereas in the definition of H(x) we have replaced
1—a, by a..

As in the case of Theorem 1 the theorem above is proved by an appeal to
Theorem 129 [6, p. 222].
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First we observe that conditions (i) and (ii) above ensure that the poles
of I'(bn+cms), m=1, - - -, g, lie on the left of the line 6=1/2 (s=0+1t) and
that the poles of I'(a,—e,s) lie on the right of ¢=1/2. Hence we can choose
the line ¢ =1/2 for the contour T in (58).

We now proceed to establish the truth of the three conditions of Theorem
129 [6, p. 222]. They are (i) that P(1/24i4t)P(1/2—1it) =1, which follows
from (55), (ii) that Hy(x) and P(s) should be related as in (58) and (iii) that
f(x) €L,(0, ) which is covered by condition (iii) above. Since the conditions
of Theorem 129 [6, p. 222] are satisfied the conclusions of that theorem must
also be true and these conclusions are (a), (b) and (c) above. This completes
the proof of Theorem 3.

We now proceed to obtain a formula for the self reciprocal functions of
H(x). The following results are useful in the statement of the theorem. We
write

Q)
(60) P(s) = ) ’
where
(61) 0(@s) = fI T'(bm + cms) ﬁ T'(an — e.s5).

Here P(s) is the coefficient of x~ in the integral of (52) and so
(62) Q1 — s5) = W(s).
We can now state the theorem in question.

THEOREM 6. If (i) conditions (i) and (ii) of Theorem 5 both hold, (ii) E(1/2 —5)
is an even function of s, (iii) Q()E(s) € Ly(1/2—140, 1/241),

1 1/2+ 1400
(iv) f(x) = — Q(s)E(s)x*ds
271 1/2—i0
then
z *© H,(xy)
dx = dy.
(63) [ s [ o) =y

If we can differentiate with respect to x through the integral sign on the right
of (63) we obtain a formula akin to (38) and f(x) is then a self reciprocal func-
tion for the kernel H(x). But even if this differentiation cannot be performed
we shall still say that (63) defines f(x) as a self reciprocal function for H(x).

The proof of Theorem 6 above is almost identical with that of Theorem 4,
§6. The Parseval theorem for the Mellin transform, Theorem 72 [6, p. 95] is
applied twice along the lines of equations (48) and (50) of §6. Further details
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are hardly necessary and we shall therefore continue with the next theorem.

8. The case of ordinary convergence. As frequently happens in Fourier
transform theory, theorems using the methods of ordinary convergence appear
to be much more difficult to establish than those which use the methods of
convergence in mean square.

THEOREM 7. Re(z) denotes the real part of z. If (i) cn>0, m=1, - -+, q;
en>0,n=1, .-, p;and
g P
D= Z(Zc,,. - Ee,,) > 0,
me=1 n==l
(ii) Re(bm)écm(l—D)/ZD, m=l, cee, g,
Re(as)>ea(14D)/2D, n=1, - - -, p;

(iii) f(y)y1—2/20 € L(0, =) and f(y) is of bounded variation near y=x,
(x>0) then

- o 1
o [ 0 H(xu>{ [ H(uy)f(y)dy} = — fx+ 0 + e = 0.

Once again the inequality for Re(a,) above differs from that of Re(an)
in condition (ii) Theorem 2. This is so because 1—a, is used in Theorem 2
while ¢, is used instead in Theorem 7.

As in the case of Theorem 2 we prove Theorem 7 by first transforming
(64) into a form to which Theorem 134 [6, p. 232] can be applied. For future
use we define a quantity « as follows:

(65) o = T1 (en/D)2en/® TT (en/ D)e2w/2.

m=1 ne=l

Since all the terms on the right hand side of (65) are positive it is evident that
(65) defines « as a unique positive quantity. We now write

(66) x = XP, y=Y2 and u = (Ua)?
in (64). We then obtain, on allowing for dy=DY?-1dY and du =D UP~'a?d U,

f” H‘ (XUa)D} (XUa) P-Di2Dgll?
(©7 ' U " B{(UYe)P} (U Ya) @012 Datit( yvxwx)w—mw] aU

1
= - X"+ 0) + f(x* - 0)}.

We aim at proving (64) by proving (67) first. Evidently the kernel of (67) is
H{ (Xa)D} (Xa)@-0/2Dg1/? and from (52) we have
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H{(Xa)?}(Xa)P-DI2Dall?

(68) fI T'(bm + cms) ﬁ T'(a, — e.s)

1 - -
- m=1 e (Xa)-2D+D-0/2 D2 ds,

2 .
i I T m + cn — cms) IE[ T(a, — e, + €.5)

m=1 n=1

We now make one more transformation
(69) (=2Ds+ D —-1)/2 = - 8.
Equation (68) then becomes

(70) H{(Xa)?}(Xa)P-DI2Dall? = é; Z(s)X—5dS,
where
(b +c,,,(D c,,.S) e,.(DD— 1) e;)S
(1) 2(5) = — E;‘ N _2»(0 T s EI‘(a R l)+e,.S s
,,..,1 o ai \ 2D

where the contour T is any straight line parallel to the imaginary axis in the
S (=o+1t) plane for which 0<¢ <1/2. The corresponding contour for (68)
is easily deduced from this statement by means of the transformation (69).

As a consequence of these transformations we can now proceed to prove
(64) by first proving (67) and (67) is proved in turn by using Theorem 134
[6, p. 232]. The last theorem is based upon six conditions of which four apply
to Z(S), the Mellin transform of the kernel in (67) and of the function on the
left of (70), and two to f(¥?). We now show that all these six conditions are
satisfied.

With S=0+41t, ¢ and ¢ real, the first condition is that we can find ¢, <0
and ¢1>1 such that Z(S) is regular in the strip ¢ <o <01, except possibly for
a finite number of simple poles on the imaginary axis ¢=0. The poles of (71)
are evidently at

(72) D( P cm(D — 1)) q D( + e.(D — 1))
—_ m+ ———) and — a, — ————}),
W\ 2D e\ 2D
r=0,1,2, - - - . From condition (ii) in the statement of Theorem 7 it follows

that all the a, poles lie on the right of ¢ =1 and that if, in the case of bn, only
the inequality holds then all the b, poles lie on the left of ¢=0. If Re(bn)
=c¢w(1—D)/2D for some values of m then we have poles on the imaginary
axis. But there are at most ¢ of such poles on ¢ =0. Since the singularities of
Z(S) are all isolated simple poles it follows that ¢4 <0 and ¢1> 1 can be found
such that Z(S) is regular inside the strip oy <o <o, except possibly for some
simple poles on the imaginary axis.
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The second condition is the most difficult of the six. We must establish
that for large positive or negative ¢, S=o 1,

(73) 2(8) = T(S) cos (S7/2) {ﬁ + % +0(| SI-’>} ;

where 8 and vy are constants which may have one value when ¢ is large and
positive and another value when ¢ is large and negative. O is the usual order
symbol.

To establish this we must examine the asymptotic expansion of Z(S) in
some detail. Consider the following factors of Z(S),

T(bm + cn(D — 1)/2D + ¢cmS/D)

(74) .
T'(bm + ¢m — cn(D — 1)/2D — ¢S/ D)

On using I'(z)T'(1 —2) == /sin(wz), [7, p. 233], we may replace the Gamma
function in the denominator of (74) by a Gamma function containing
+¢.S/D instead of —c,S/D. We then apply to (74) the asymptotic expansion
of the Gamma function, (14), for large | S| and |arg S| <m—38, §>0. After
some simplification of the exponential terms it then follows that the asymp-
totic expansion of (74) is the product of the following two factors, (75a) and
(75b),

(752)  exp [% {(S - %) log 5 — S} + {% (S B %) tog (%)}]

and

m(D—1) ¢

(75b) I:sin-:r{b,,. +m T = %’}][ﬁm + vaS-1 + 0(] S|,

where B and v are constants. (75a) and (75b) will appear in the numerator
of Z(S) but the corresponding factors for the Gamma functions involving a,
and e, will appear in the denominator of Z(S), since the Gamma function con-

taining +e,S/D is now in the denominator.
Among the factors in the asymptotic expansion of Z(S) we have

Howo[ {5 2)ess - 5]

(76)

fewe[5{(s - 5) e -5} ]
(77) = exp {(S - %) log S — s}
(78) = T(S){\ + w5~ + 0(| S |9}
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where N and u are constants. (77) follows from (76) because of the definition
of D in condition (i) of Theorem 7 and (78) follows from (77) because of the
asymptotic expansion of I'(S). (78) accounts only for part of the factors
which arise from (74). The remaining part gives us, as a factor in the asymp-
totic expansion of Z(S),

P {56 5)m (5)

(19) : : = oS-,
P €n €n
Tew{5(s-3)m ()}

on using the definition of e in (65). The two expressions (78) and (79) account
for all the factors of the type (75a).

We must now consider the contribution of factors such as (75b) to the
asymptotic expansion of Z(S). As in (31) we have

em(D — 1) B c,,S}

sin {b,,, +
2D D
(80) = én+ 0(e1"),

1 2¢m/D
(cos — S1r>
2

where the constant ¢, may have one value when ¢ is large and positive and
another when ¢ is large and negative. Consequently we have

7 em(D —1) ¢S
i bm m -
o mI}fmr{ +c 2D D} B (_1_5 ){ o _m)}
( s (D — 1) e,.S} = cos| 5 S )i+ 0l
o Sin W{dn 2D D

where again the constant Y depends upon whether ¢ is positive or negative.
We can summarize all these results as follows. The asymptotic expansion
of Z(S), S=0o+1t, for large positive or negative ¢ consists of five factors. They
are (i) (78), (ii) (79), (iii) (81), (iv) a group of factors of the type Bn+ynS™?
+O(I S | —?) which are associated with (75b) and therefore should be associ-
ated with (81). (iv) has g such factors in the numerator and p in the de-
nominator of Z(S) and their first terms never vanish (in fact all the first terms,
such as 3., are equal to 2 whether in the numerator or in the denominator).
Hence all the factors of this group can be amalgamated into one factor of the

type
(82) u + 0S5~ + 0(57?)
where u and v are constants independent of ¢. The remaining factor (v) is the

last term in (71) namely «!/?~5, which so far has not been included in any of
the discussions.
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On multiplying all these five factors together it is evident that (ii) and (v)
cancel each other and that the remaining three multiply to the right hand
side of (73). This establishes the truth of (73) and proves, therefore, that the
second condition of Theorem 134 [6, p. 232] is satisfied.

The remaining four conditions are easily dealt with. The third condition
of Theorem 134 [6, p. 232] is that

(83) Z($HZ(1 =S8 = 1.

This is evident from (71).
The fourth condition is that

(84) H{ (Xa)D} (Xa) @-Di2Dgl/?

must be the Mellin transform of Z(S). This follows from the way in which
Z(S) has been defined in (70).
The fifth condition is that

fw lf(YD)I yo-ni2gy

should exist. On writing Y2 =4 in this integral we see that this condition is
covered by the first part of condition (iii) Theorem 7.

The sixth and last condition is that f(¥?)Y(®-1/2 must be of bounded
variation near Y=X, X >0. This is evidently covered by the last part of
condition (iii) Theorem 7.

Since all the six conditions of Theorem 134 [6, p. 232] are satisfied, the
conclusions of that theorem must follow and consequently equation (67) is
true. By using the transformation (66) in reverse it follows that (64) is true
and this completes the proof of Theorem 7.

9. Discontinuous integrals associated with H(x).

THEOREM 8. If (i) H(x) is defined by (52) and Hi(x) by (57) and (ii) condi-
tions (i) and (ii) of Theorem T hold then

0, x>9>0,
bl H,(u 1

(85) f H(xu) 1) du = —, x =y,
0 u 2

L, y>x>0,

The proof of Theorem 8 is exactly as for Theorem 3, §5.

10. The asymptotic expansion of H(x) for positive x. Since little has been
written on the H-function it is desirable to determine its asymptotic expan-
sion. A complete investigation for complex as well as real values of x would
undoubtedly require a very lengthy discussion as can be seen by considering
the writings of Barnes [1] and Meijer [4]. For this reason I confine myself
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to the case of x real and positive. I will use a method which I originated in a
previous paper on Fourier kernels [3].

We start with H(x) defined by (52) using, as before, s=0+1if, where o
and ¢ are real and Re(z) to denote the real part of z. The conditions Re(bn)

>0, m=1, - - -, ¢, and Re(aa)>e./2, n=1, - -, p, of Theorem 9 below
keep the poles of I'(bn+cms), m=1, - - -, g, to the left of the line =0 and
the poles of I'(a»—e.s), n=1, - - -, p, to the right of the line ¢ =1/2. Hence

we may use the line ¢ =u for the contour of (52) if 0<u<1/2, and the inte-
gral of (52) will then converge if (and only if) x is real and positive. It is for
this reason that our method must be restricted to real values of x, but against
this we can offset the fact that our method is a simple and a comparatively
quick one. ‘

In addition to the quantities D of (53) and « of (65) we need two further
constants, 8 and K, defined by (86) below

q P
(36) p-a?, k=2 6uta) - Sal.
m=1 n=1
We are now given g9 and our problem is to find an asymptotic expansion
for H(x), when «x is large and positive, with an error term O(x—), where O is
the usual order symbol.

THEOREM 9. Assumplions: (i) cw>0, m=1, - - -, ¢, €.>0, =1, - - -, D,
D >0 (D defined in (53)),

(ii) x real and positive, Re(bm)>0, m=1, - -, ¢, Re(an)>e./2, n
=1,---, 2

(iii) given oo>1/2, r denotes the greatest integer in {D(200—1)+3}/2 and
u, denotes the greatest positive integer in e,ao— Re(a,), n=1, - - -, p,

(iv) g—p is an odd positive integer.

Conclusion:

x (1-D)/2D i x —i/D 1 1 - D x 1/D
- (7 G e ()
(=) (/3) .~-ov<6> sm{z”( ity ) s

P
(87) + Z {x“anlen(An + B"x—'llen + C”x—z/en + [N + U"x—unlvn)}

n=1
+ O0(x™9),

where vo, v1, + + +, vy and A,, B,, - - -, U, are constants which depend upon b,
and cmy, m=1, - - -, qand a, and e,, n=1, - - -, p but are independent of x.
The constants vo, v1, * + + , v, are computed by a method specified in Lemma 6,
§11 and the constants A,, B,, - - -+, Un, n=1, - - -, p, are computed by means
of residues as specified in §12. (53) gives D and (86) B and K.

If g—p is an even positive integer (instead of condition (iv) above) then in the
right hand side of (87) we must replace
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o (046

by

(89) cos {%1<K iyl —2 D) + (%)lm} .

It is possible to merge these two cases, ¢—p odd or even, into one, but
the formulae become more complex. Also I think that it is desirable to show
this difference between the two cases clearly.

It is possible to exhibit the difference between these two cases in another
manner. The term 47/2 (1=0, 1, - - -, r) in each of the trigonometrical func-
tions of (87) shows that in the trigonometrical sum the sines and cosines ap-
pear alternately beginning with a sine term when (¢—p) is odd and a cosine
term when (g—p) is even.

The proof of Theorem 9 depends upon some easily proved lemmas which
are dealt with in the next section.

11. Some preliminary lemmas. Conditions (ii) of Theorem 9 enable us to
use (52) as the definition of H(x) with the line ¢ =0¢ where 0<0¢<1/2. We
now write (52) in the form

(%0) 16 = - [ 09 (%)—'ds,

using the contour o =0, just mentioned and with

fI T'(bn + cms) fI L'(a, — en5)
m=1 n=1

00 o) = — : (@,
H T'(bm + cm + cmS) H T'(a, — en + €ns)

m=1 n=1

since S =aP.

LEMMA 1. THE ASYMPTOTIC EXPANSION OF THE GAMMA FUNCTION [7,
p. 272]. For large |s|, |arg s| <m—8, §>0 we have

1
(92) I'(s+ a) = F-exp{(s+a—?>logs—s}
where
(93) F=A+4+Bs'+Cs?+ -+ -+ R + 0] s|~0Crt2),
the constants A, B, C, - - -, R being all independent of s. It is important to note

that A #0, in this case A = (2w)V/2,

Any expression such as F of (93), starting with a constant not equal to
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zero and continuing with negative powers of s until an algebraical order term
is reached, will be referred to as a function of type F.

LEMMA 2. THE FIRST AMALGAMATION LEMMA. A group of functions of type
F which are combined by multiplication and division can be amalgamated into
one function of type F.

The lemma is obvious for the case of multiplication. It is also obvious in
the case of division since the constant term of the F type function in the
denominator cannot vanish.

LEMMA 3. THE SECOND AMALGAMATION LEMMA. Let s=o0-it. Then for
fixed o and large positive or negative ¢

fI Sin 7 (bm + ¢m — CmS) {sin % (K — Ds)} {\ 4+ 0(e21)},

(94) . = :
I1 sin w(a, — e.s) {COS7 (K — DS)} {\s + O(e24)},

n=1

where the upper expression on the right hand side of (94) is to be used when
(g—p) is an odd positive integer and the lower expression when (¢g—p) is an
even positive integer. Also \y=(21)®=9+D gnd Npg=2(24)®=9, both being real.

To prove this we write s =0-+%¢ and note that for large positive ¢ we have

1
Sin 7(bm + cm — CmS) = % lexp{im(bm + cm — c,,.s)}][l — 0(e?)]
i
and that for large negative ¢ we have

1

Sin 7(bm + Cm — CmS) = — % [exp{ —im(bm + cm — cms)}][1 — O(e721)].
i

There are also corresponding expressions for sin w(e¢,—eas).

These values are now inserted in the left hand side of (94) and the result
simplified by using D of (53) and K of (86). It is then clear that the left hand
side behaves like

A

?[exp {% ir(K — Ds)}][l — 0(e211)]

1

for large positive values of ¢ and like
M 1
(—1)t» % [exp {—? ir(K — Ds)}][l — O(e~2H))
1

for large negative values of .
Finally, whether ¢ is large and positive or large and negative, these ex-
pressions in turn behave like



420 CHARLES FOX [March

1
{sin —Z-W(K - Ds)} A+ O(e24)}

when (g—2) is odd and like
{cos—;-r(K - Ds)} {X2 + O(e211)}

when (g—p) is even. This completes the proof of the lemma.

LEMMA 4. For large |s|, |arg s| <m—3$, §>0,

T(bm + cms) 1
oo~ 0| {( )= ]

1
X exp {(s - 3-) 2cmlog c,..}

X {sin r(bl.. + tm — cn9) } F,

(95)

where F is a function of type F defined in Lemma 1.

To prove this we first write
1
F(bm + Cm — Cms)
[7, p. 233] in (95) and then use the asymptotic expansion of Lemma 1. The
sine and F terms on the right of (95) are obvious so that we need only discuss

the exponential terms. After absorbing the factor 7 in the F term the ex-
ponential terms are

1
[exp {(bm + Cms — ?) log ¢ms — cms}:l
1
X l:exp {(1 — bm — Cm + CmS — 7) log cms — c,,.s}:l.

Evidently the b, terms cancel and after some rearrangements this becomes
equivalent to the right hand side of (95), in so far as the exponential terms

are concerned.
We also have the analogous formula

I'(an — €n + €ns)
T'(a, — €.s)

=T — bn — cm+ cmS)w sin (b + € — Cm$),

= exp[2e.{(s — 1/2)log s — s}

(96) X exp{ (s — 1/2)2¢, log e}

X {sin 7(a, — ens)}F.
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After inversion (96) can be inserted in the right hand side of (91) in order to
obtain estimates for Q(s).

LeMMA 5. THE ASYMPTOTIC EXPANSION FOR Q(s) oF (91). If s=o+1t, 0 is
fixed and t is large and either positive or negative then

o7) 00 s“‘D)/’I‘(Ds){sin (K — Ds)/Z}F; (g — p) odd,
S) =
s(l—DmI‘(Ds){cos m(K — Ds)/Z}F; (¢ — p) even,
where F is a funclion of type F defined in Lemma 1.
To prove this we must apply (95) and (96) to (91). From Lemma 2 the

F terms amalgamate into a single F term and from Lemma 3 the sine terms
amalgamate to

1
{sin -—2—1r(K - Ds)} {)\1 + O(e"“‘)} when (¢ — p) is odd
and to
1
{cos 711-(1( — Ds)} A+ O(e‘“”)} when (¢ — p) is even.

Evidently if F is of type F, Lemma 1, ¢ is finite and ¢ is large, either posi-
tive or negative, then {\;+0(e~2!Y)} F amalgamates into a function of type
F. Consequently the sine and F factors of (95) and (96) amalgamate to

1
(98a) {sin ?w(K - Ds)} F when (¢ — p)isodd
and to

1
(98b) {cos 7w(K - Ds)} F when (¢ — p) is even,

where F is a function of type F defined in Lemma 1. This leaves us with the
exponential terms of (95) and (96) to deal with together with the factor
(a)~*2, which occurs in (91). Denote these factors by E, then

ﬁexp[Zc,,.{ (s = 1/2)log s — s} + (s — 1/2)2¢m log cm)
m=1

99) E = " a~*D,
11 exp[2e.{ (s — 1/2)log s — s} + (s — 1/2)2e, log €]

n=1

From (65), which defines a, we have
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fI exp{ (s — 1/2)2¢n log Cm}

ma=1

= (aD)P@D1I2,
)4
H exp{ (s — 1/2)2¢, log e,.}

ne=l
On using (53), which defines D, it then follows that E simplifies to
E = |exp D{ (s —1/2)logs — s}]D"(z“")/zarl’/2
= [exp D{(s — 1/2)log (Ds) — s}]a—P12
= [exp{(Ds — 1/2)log (Ds) — Ds}](Ds) 4=D)/2~Di2
= sU=D)/2D( Ds) F-1DU~D)I2g~Di2,
where we have used the asymptotic expansion of I'(Ds) given in Lemma 1
and F denotes a function of type F defined in Lemma 1.
In the last expression we first absorb the constant factors in the function
of type F and then associate the result either with (98a) if (g—p) is odd or

with (98b) if (¢g—p) is even. This gives us (97) and so completes the proof of
this lemma.

LEMMA 6. Let s=0+1t, where o is fixed and t may be large and either posilive
or negative. Then we can choose (r+1) constants v;, 1=0, 1, - - - | r, which are
independent of s such that

(100a) €~ ;EOV‘F(D‘ — i+ {1 — D}/2) sinx(K — Ds)/2

= O(| s|a—1re=D)i2)  if (g — p) is odd

or
(100b) 00) = ,‘_‘:0”‘1“(1" —i+ {1 — D}/2) cosm(K — Ds)/2

= 0(| sl(—2r—l+2Da—D)/2)’ if (g — p) is even.

To prove this we first note that from the asymptotic expansion (92)

1—-D . 1—-D 1
I‘(Ds—i+ > >=[exp{(Ds—z+ > -—2—->logDs—Ds}]F.-

= [exp{(Ds — 1/2)log Ds — Ds}|s(~P)12s~iF,

where F; is a function of type F defined in Lemma 1. Denote the left hand
side of (100a) by R(s), then from the last result and (97) we have

R(s) = s“‘DW[exp{(Ds — 1/2)log Ds — Ds}][sin 7(K — Ds)/2|

X {F - ZV.’S"‘F.’} ,

=0
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where in using (97) we have replaced I'(Ds) by its asymptotic expansion (92).
The terms F and F;, ©=0, 1, - - -, 7, are functions of type F defined in
Lemma 1. Each starts with a constant and continues through negative
powers of s until an order term is reached. In the case of F the coefficients of
the various negative powers of s depend upon bm, cm, m=1, - - -, ¢ and
Qn, x, n=1, - - -, p only and are independent of s. For F;, 1=1, - - -, 7,
these coefficients depend upon D, given by (53), and 7 only. These coefficients
are therefore also independent of s.

Consider now the expression {F - v.-s“"F;}. We start by assuming
that each of the F type functions terminates with the same order term,
namely O(I sl‘“‘“’"’). We can now choose the constants v, ¢=0,1, - - -, 7,
successively so that the constant term and the coefficientsof s—%,7=0, 2, - - -,7,
all vanish. Evidently we have r+1 equations for the »;, ¢=0, 1, - - -, 7,
constants. It is also evident that these constants v;, computed in this manner,
will depend upon @m, Cm, m=1, - -+, ¢ @n, s, n=1, - - -, p, only and will be
independent of s. The constants can be computed successively since on
equating the first term of { F— Y ;.o »ss~F;} to zero we obtain an equation
involving v, only, on equating the coefficient of s! to zero we obtain an equa-
tion involving vq and »; only and so on for higher powers of s—L

This is the method of computation for the constants »;, ¢=0, 1, - - -, 7,
prescribed by the statement of Theorem 9. We shall assume for the rest
of this section and also for the next section, §12, that the constants »;, 1=0,

1, - - -,r, are computed in this manner so that we have, for large s,
(101) {F — Zy‘-s—iFi} = 0(| s|—(2r+l)/2).
1=0

We now turn to the other factors of R(s). On writing s=¢+1¢ then, with
o fixed, it follows that for large ¢

exp{(Ds — 1/2)log Ds — Ds}sin (K — Ds)/2 = O(I sl‘“’"‘””).
Consequently
R(s) = s(l—D)/ZO(‘ Sl(2Dd—1)/2)O(l sl—(2r+l)/2)
— O(I S!(wq—n—zr—l)/z).

Since R(s) denotes the left hand side of (100a) it follows that we have estab-
lished the lemma for the case when (¢— p) is odd. The proof for the case when
(g—p) is even is almost identical with the above investigation.

This lemma enables us to obtain the trigonometrical terms in the asymp-
totic expansion of H(x) as in (87) for (¢—p) odd or (89) when (g—p) is even.
The successful application of this lemma to obtaining the asymptotic ex-
pansion of H(x) is due to the way in which Q(s) is expressed asymptotically
in terms of Gamma functions as in (100a) and (100b). The idea of using
forms such as (100a) or (100b) originates in my previous paper on Fourier
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transforms, Fox [3, p. 411] where it was also used to obtain the trigonometri-
cal terms of an asymptotic expansion.

The last two lemmas deal with an integral which, expressed in terms of
the residues of its integrand, gives us the desired asymptotic expansion of
H(x), (87) or (89). When (g—p) is odd this integral will be denoted by I
and when (¢—p) is even by I,.

I, = "l—:f {Q(S) - iv;F(DS - i+
2w =0
(102)
2\
Gy
B
when (¢—p) is odd and
I,= ! ) Zr: I‘(D -1
z——z:if{Q(s— ov; s — 1+

RGE

when (¢—p) is even. We now have two aims, the first to show that if the
path of integration of I or I, is the straight line 0 =0y then I; and I, are
O(x~7) and the second to show that this line may be completed into a closed
contour by means of a large circular arc on the left of it. The residues inside
this contour will then give us the desired asymptotic expansion (87) or (89).

1-D

)sin%r(K — Ds)}

1—-D 1 K—D
>cos—2-1r( - s)}

LEMMA 7. Assumptions: s=a-1t; the path of integration of I, and of I, is
the straight line o =00, 00> 1/2; a positive integer r is chosen so that

(104) —D(oo—1/2) + (r +1/2) > 1;

constants v;, 1=0, 1, - - -, r, are chosen according to the method specified by
Lemma 6; conclusions:

(105) I, = O(x7), I, = O(x).

To prove this we use Lemma 6, (100a) or (100b), to conclude that the
modulus of the integrand of either I; or I, is O(] sl (=2r—1+2De0—D)/2) (y /B) —70,
Hence, from (104), as a function s either of these integrands is O(|s| =1~
where ¢>0 and so both integrals are absolutely convergent. Consequently,
considered as a function of x, each integral must be O(x~79). This completes
the proof of Lemma 7.

LEMMA 8. The straight line o =0y divides the circle whose centre is the origin
and whose radius is p into two arcs. Let A denote the arc on the left of o =o0,.
Then, taken along the arc A, lim,., [1=0 and lim,., I,=0.

We assume that as p— « the arc 4 avoids crossing any pole of either of



1961] G AND H FUNCTIONS AS SYMMETRICAL FOURIER KERNELS 425

the integrands of I or I, This is always possible since all these poles are
simple and isolated.

To prove thislet (p, 8), — 7 < 8 =, be the polar co-ordinates of any point
on the arc 4. On writing s=pe® in the asymptotic expansion of I'(s+a), (92),
it follows that for |8| = /2, |6] <7 — 8, & > 0, the dominant factor is
exp{ (o log p) cos8}. The case |§—7| <& can be dealt with by using the
formula [7, p. 233] I'(s+a) =7/T'(1 —s—a) sin 7(s+a) and for such values of
@ it is found that the dominating factor is the same.

On applying this result to the various terms of the integrands of I; and
I,, then, for points (p, 6) and [0| #mw/2 we find that the dominant factor in
each case is exp{(Dp log p) cos 8}. Since D>0 we then deduce that if the
arc of integration is confined to those parts of A for which |0| >m/2, then
lim I;=0 and lim I,=0 as p— .

Again when |0| =1/2 the dominant factor of I'(s+a) is

sCe=D12 exp{ —sm/2}.

Applying this to the various terms of the integrands of I and I, it follows
that for points (p, +7/2) the dominant factor for Q(s) is p~P/2 and for either
T'(Ds—i+(1—D/2) sin m(K—Ds)/2 or I'(Ds—4+(1—D)/2) cos 71(K—Ds)/2
the dominating factor is p=?*2)/2, Hence, when |0| =m/2, these integrands
tend to zero as p— . Jordan’s theorem [7, p. 115] therefore justifies an ex-
tension of the result just above to the end points so that we have
(106) lim7; =0 and lim/7,=0,

po® p—ro
where the path of integration in each case is the semicircular part of 4 for
which 6] z7/2.

We still have to deal with the two arcs of 4 which lie between the imagin-
ary axis, where |8] =7/2, and the line ¢ =0,. The total length of these two
arcs is 2p arc sin (oo/p) = O(1) as p— .

The order of the integrands of I; and I, along these arcs can be estimated
from Lemma 6. Assuming that the constants »;, =0, 1, - -+ -, , have been
chosen in the manner specified in Lemma 6 then from (100a) and (100b) the
order of the integrands is

(107) 0(p(—2r—1+2Dc—D)/2)

where 0<0=0,. But on making use of the inequality (104) we have
(=2r—142Dgy—D)/2< —1. Hence (107) cannot exceed O(p™%).

Since the length of arc times the order of the integrand is O(p™!) it follows
that when taken along the two arcs of A lying between the lines ¢ =0 and
g=0, we have
(108) lim I, = and lim 7, = 0.

p—o p— o
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The results (106) and (108) between them evidently give a complete proof
of Lemma 8. We can now proceed directly to the proof of the asymptotic ex-
pansion of H(x).

12. The asymptotic expansion of H(x), (x>0). We can now find the as-
ymptotic expansion of H(x) with the prescribed error term O(x~°). We shall
assume that oy>1/2. The theory centres round the two integrals I; and I; of
(102) and (103) one dealing with the case when (¢—p) is odd and the other
when (g—p) is even. The proofs are exactly the same, however, in both cases
and so we shall confine ourselves to the case when (g—p) is odd. The integral
we must study is then (102) which we repeat,

1—-D

I, = —1—1 %{Q(s) - iv.-l‘ (Ds —i+ )sin%r(K— Ds)}

1=0

X —8
e
B
where the path of integration is the straight line ¢ =0, and Q(s) is as defined
in (91).

We assume temporarily that the path of integration does not cross any
pole of the integrand of I;. Since 9> 1/2 this means that ¢y cannot take any
of the values {Re(a,.)—}-i}/e,., n=1,.--,p;1=0,1, 2, ---. We shall at
the end of this section show that even if ¢y does assume one of these values
the asymptotic expansions (87) and (89) still remain true.

Given oy we now choose 7 to be the greatest positive integer in D(¢o—1/2)
+3/2 so that we have

(110) 1< —Do—1/2) +r+1/2 <2,
The left hand inequality of (110) is the same as the inequality (104) and there-
fore, if the constantsv,, 2=0, 1, 2, - - -, r, are chosen in the manner specified

by Lemma 6, according to Lemma 7 we have I,=0(x°°). We assume, of
course, that these constants are so chosen.

From Lemma 8 we know that the straight line path o =0¢ of (109) can
be completed to a closed contour by means of a large circular arc to the left,
an arc whose centre is the origin and whose radius tends to infinity. Hence
I, is also equal to the sum of all the residues of the integrand of (109) lying
to the left of the line ¢ =0y As a final conclusion we can state that the sum
of all the residues of (109) due to the poles of the integrand on the left of
g=0yis O(x~).

We now proceed to compute all these residues to the left of ¢ =0¢¢ and for
convenience we shall place them in three groups.

Group 1 contains all the residues of Q(s)(x/8)~* which arise from the poles
of T'(bm+cms), m=1, - - -, g. All these poles are to the left of o=00 (>1/2).
In fact from condition (ii) of Theorem 9 they all lie to the left of ¢=0.
Evidently these residues are the same as those of the integral in (90) which
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defines H(x). Hence the sum of the residues in this group is H(x).

Group 2 contains all the residues of Q(s)(x/8)~* which arise from those
poles of I'(an—e€as), n=1, - - -, p, lying to the left of ¢ =o. According to con-
dition (ii) of Theorem 9 all these poles lie to the right of the line ¢=1/2 so
that all the poles of this group lie between the linesec=1/2and o =0, (>1/2).

If u, denotes the greatest positive integer in e,00— Re(a,) then the poles of
this group are at s=(an+1)/€s, where:=0,1,2, - - - ,u,andn=1,2, - - -, p.
The corresponding residues are then

4
aty =3 {x“‘an/en(An + Bux—len 4 Cox—2len 4 -+« 4 U"x—un/Gu)}’

n=1
where A,, B,, C., - - -, U, are respectively the residues of —Q(s)B3* at the
poles s=(an+17)/€s, =0, 1, 2, - - -, u,. Since Q(s) is a ratio of two products
of Gamma functions, (91), these residues are easy to compute and conse-
quently A,., B,, - - -, U, are all easy to compute in comparison with the
constants v;, =0, 1, - - -, r, of Lemma 6, which may be very difficult to
compute.

The expression (111) gives us all the algebraic terms of the asymptotic
expansion of H(x) as required by (87) or (89) in the statement of Theorem 9.

The constants A,, By, Cu, + - -+, Ua of (87) and (89) are the same as those of
(111). The statement of Theorem 9 contains the phrase “the constants
An, By Cpy » -+, Unyn=1, - - -, p, are computed by means of residues as

specified in §12.” The method of computation referred to in this phrase is
the one immediately following expression (111).
Groups 1 and 2 between them account for all the residues of Q(s)(x/8)™*.
Group 3 contains all the residues of

a2 - { ST (Ds . - D) Sin%w(K - Ds)} (_;_>-.

1=0

arising from the poles of this expression which lie to the left of the line
o=0o All the poles of (112) are simple and isolated and occur when
s={i/D—(1—-D)/2D—j/D}, where i=0,1,2, - - -, rand j=0,1,2, - - -.
The pole at the extreme right of this set of points occurs when ¢=7 and j=0.
The extreme right pole is at

1 D+ 1
(113) S=—<r+—T—1>>Uo,

by the left hand inequality of (110). Hence this pole is outside the contour.
The pole immediately on the left of (113) occurs when i=7 and j=1 or when
i=(r—1) and j=0. This pole is at

" _1< D+ 1 7)
( ) S—B f+ 2 2) < oo,
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by the right hand inequality of (110). Consequently, of all the poles of (112)
one is to the right of the line ¢ =9 and so is outside our contour while all the
others are to the left of this line and their residues must all be included when
evaluating I, of (109).

The residue due to the pole (113), which is outside the contour, is evi-
dently a constant multiple of x~* where, by (113), s>¢. Hence this residue
cannot exceed O(x~9), so that if this residue is added to the others we shall
only include a magnitude which is of the same order as the error term we
were allowed at the beginning of this section. This justifies us in dealing with
(112) as if all its poles lie to the left of the line ¢ =0y, i.e., in including the pole
(113).

The residues of (112) are easily found to be

x (1-D)/2D r x 1 1._ D x 1/D
(115) “(E) E"‘(E)""’““{z"(""'+“T)+(E) }-

These are all the trigonometrical terms of (87) or (89).

The sum of the residues in these three groups is, by Cauchy’s theorem,
equal to the value of the integral of (109) and this, in turn, we know to be
O(x~°) by Lemma 7, (105). On comparing these statements with (87) we
see that the asymptotic expansion for H(x) has been proved for the case
when (g—p) is an odd positive integer.

The case when (g—p) is an even positive integer is dealt with in the same
way; we must use I, of (103) instead of I, of (109). We then obtain (89) as
the asymptotic expansion of H/(x).

We conclude this section by reviewing one point which was mentioned
at the beginning. It was assumed that the path of integration of I3, of (109),
did not pass through any of the poles of the integrand of I,.

Suppose now that go is prescribed in such a manner that the path of
integration of I, does pass through a pole, P say, of the integrand. In this
case we must insert a small semicircular indentation in the line ¢ =0, with P
as centre, and drawn so that P is either inside or outside the modified con-
tour. In either case on making the radius of the indentation tend to zero it is
easy to show that the effect of the indentation is to introduce a term of order
O(x~°9). Consequently the asymptotic expansions (87) and (89) still remain
true even if oo takes any of the values {Re(a,.) +i}/e,,, n=1,2,---,pand
1=0,1,2, .-,

This completes the proof of Theorem 9.

13. Some properties of H(x). The asymptotic expansions, (87) and (89),
for H(x) contain as a special case a theorem I have proved in a previous
paper [3, Lemma 1, p. 409]. The previous result can be obtained from (87) by
writing ¢n=e,=c¢, m=1,---, q, n=1,-- -, p and g=p+1. The method
used to prove the previous result, however, is the same as the one used here.
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Both methods depend upon the introduction and study of expressions
such as (100a) and (100b) used here.

The asymptotic expansions for H(x),(87) and (89) also contain the asymp-
totic expansion given in (35) as a special case since the G(x) function of (10)
can be obtained from H(x) of (52) by writing cn=e.=c¢, m=1, - - -, gq,
n=1, - - -, p,in (52). Our proof, however, restricts x to be real and positive,
whereas the work of Barnes [1] and Meijer [4] on the G(x) function allows x
to be complex.

Finally the asymptotic expansion of H(x) enables us to explain the need
for the transformations (66) which replace H(x) by another kernel
H{(Xa)?}(Xa)P-D/2Da!/,

From condition (ii) Theorem 7 we see that the algebraic terms of the
asymptotic expansion for H(x), (87) and (89), tend to zero as x— . But the
trigonometrical terms contain the factor x*—2/22_ Hence, when D#1, H(x)
cannot oscillate finitely, as x—, in the manner of the classical Fourier
kernels.

On the other hand (87) and (89) show that the asymptotic expansion of
H{(Xa)?}(Xa)®-/2Da!/? contains algebraic terms which tend to zero as
x— o, but that the trigonometrical terms are of the type

r 1 1-D
(116) > vX~isin {— 1r<K — i+ ——) + X}.
=0 2 2
Evidently the terms of (116) for which ¢>1 all tend to zero as X tends to
infinity but the term for which =0 oscillates finitely as X— . Hence this
kernel behaves much like the symmetrical Fourier kernels of classical theory
and so much of this theory can be applied to it. This explains the need for
the transformations (66) and the method of proof used in the establishment
of Theorem 7.
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