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Introduction. In the author’s Chapter XV, Fixed point sets and orbits of
complementary dimension, of [1], it was shown that if a compact Lie group G
acts on a locally separable n-dimensional cohomology manifold M over Z
(n-cmgz) of finite covering dimension in such a way that the dimension of
the fixed point set F(G, M) is n—k—1 near a point x € F(G, M), where k is
the maximal dimension of any orbit, then the orbit space M/G is an (n—k)-
cmz with boundary F(G, M) near x (see Definition 1.3 of [1, Chapter XV]).
Moreover it was shown that, near x, there are exactly two types of orbits,
these being the fixed points and the principal orbits. The principal orbits are
integral cohomology spheres and there is a cross-section near x for the action
of G. This theorem (1.4 of [1, Chapter XV]) and its immediate corollary
(1.5 of [1, Chapter XV ]) will be referred to in the present paper as the CDT
(complementary dimension theorem).

The present paper studies the case in which dimz, F(G, M) =n—k—2 near
x (see Theorem 1.1 for the precise statement), and, although the results are
not nearly as complete as those in the CDT, we obtain that M/G is an
(n—k)-cmz with boundary near x. Using slices we obtain a corollary (1.4)
which asserts that in the general case of any action of a compact Lie group
G on an n-cmz M, the set C* CM/G of points in the orbit space around
which M/G is not an (n—k)-cmz (with or without boundary) is a closed
set of dimension at most (z —k—3) (in a certain technical sense). If k=n—2,
we obtain that M/G is a 2-manifold with boundary (Corollary 1.5), which is
the main part of Theorem 11 of [3].

We would like to call attention to Lemmas 2.1, 2.2, and 2.5 as well as
Corollary 2.4, which, besides being basic for the present paper, have an inde-
pendent interest. The technique of the proof of Lemma 5.2 is also of some
interest.

As to notation we always denote by H an isotropy subgroup of a point
on a principal orbit (that is, H is a minimal isotropy group in the sense that
H is conjugate to a subgroup of any other isotropy group). We let k=dim G/H
=max{dim G(y)|yEM} and let B={y&SM|dim G(y) <k} be the set of
points on singular orbits, and E= {yEM | dim G(y) =k, Gy~H }, the set of
points on exceptional orbits. For any set A CM we denote by A* its image
in M*=M/G. T will denote a maximal torus of H and T, a maximal torus

Received by the editors April 28, 1960.
(*) This research was supported by NSF Grant G-5863.

162



ORBIT SPACES OF GENERALIZED MANIFOLDS 163

of G. For a subgroup K CG, K° denotes the identity component of K, N(K)
denotes the normalizer of K, Z(K) denotes the centralizer of K, and F(K, M)
= {yI K(y)= y} denotes the set of fixed points of K on M. The natural map
M—M/G is denoted by w. dim (X, x) stands for the infimum of dim(U) for
U ranging over all open neighborhoods of x in X, asin [1, Chapter XV, §1.1].

The definitions of the basic notions that we use will be found in [1]:dim, U
in I, 1.2; n-cmy, I, 3.3 (also see Chapter XV, 2.2); n-cm; with boundary,
XV, 1.3; =, XV, 2.2 (which we also use for Y a locally closed subspace of X
in general). The cohomology we use is always the Alexander-Spanier cohomol-
ogy with compact supports.

Familiarity with some of the basic results in [1] (especially Chapters
I, IV, V, IX, XIII, and XV) will be assumed. As in the proof of the CDT, we
reduce the theorem to the case in which H is finite by studying the action of
N(T)/T on F(T, M). Lemma 2.1 then implies that if H is finite then rank
(G) £2, and the proof of the theorem is taken up for each of the three cases
rank (G)=0, 1, and 2 in §§3, 4, and 5. In the appendix (§6) we state some
theorems that will be used in the proof of our main result. The proofs of these
theorems essentially appear elsewhere, but the existing statements of the
results are not general enough for our purposes.

1. The main results. The main object of this paper is to prove the follow-
ing theorem.

THEOREM 1.1. Let M be a locally separable n-cmz of finite covering dimen-
ston. Let G be a compact Lie group acting effectively on M, let H be an isotropy
group of some point on a principal orbit of G, and let k=dim G/H.

If k>0 and dimgz,(F(G, M), x)=n—k—2, then M/G is an (n—k)-cmz
with boundary B¥\JE* near w(x), and E* = & near w(x) if G is connected.

If k=0, G#ZG* (where G* denotes the subgroup of G preserving the orienta-
tion at x), and dimz,(F(G, M), x) =n—2, then M/G is an n-cmz with bound-
ary E* near w(x). Moreover G 1s dihedral and Gt is cyclic.

If k=0, G=G*, and dimz,(F(G, M), x)=n—2 for all primes p dividing
ord(G), then M/G is an n-cmz near w(x). Moreover G is cyclic.

REMARK. In case rank (G)>rank(H) one can replace the condition
dimz,(F(G, M), x)=n—k—2 by the weaker dimz(F(G, M), x)=n—k—2.
This will be clear from the proof of 1.1 since the former condition will follow
from the latter almost immediately in these cases by using [1, Chapter I,
4.9]. We do not know whether or not the weaker condition suffices in the other
cases of 1.1.

In this section we shall state and prove some corollaries to 1.1. We will
then prove the case k=0 of 1.1 and show how this case implies that we may
assume that G is connected in the proof of 1.1.

Analogously with Corollary 1.6 of the CDT, we get the following global
result.
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COROLLARY 1.2. Let G and M be as in 1.1 and also assume HFX¥(M, Z)
=HX(S" Z). If k>0, or k=0 and G#G*, and dimz, F(G, M)=n—k—2, then
M/G is a cohomology (n— k)-cell with boundary B*\UE* (see [I, Chapter XV,
Corollary 1.6]) and E* = & if G is connected. If k=0, G =G+ and dimgz, F(G, M)
=n—2 for all primes p dividing ord(G), then M/G is a cohomology n-sphere,
that is, M/G is an n-cmz and H¥(M/G, Z)=HX(S*, Z). In the cases k=0,
G=G* or G#EG™*, G is cyclic or dihedral respectively.

Proof. As in the proof of [1, Chapter XV, Corollary 1.6], we apply 1.1
to the action of G on the cone ¢M over M. The details will be left to the
reader.

Asin [1, Chapter IX] let M, .= {yE M|dim G(y) =u, v=number of com-
ponents of G,}.

CoROLLARY 1.3. With the notation of 1.1 say that € M, ., HCG, and
dim (M3, 7(2)) =n—k—2, for L=2Z, if u<k (resp. for all L=2Z, if u=Ek),
then the hypotheses of 1.1 hold for the action of G. on a slice at z, so that M /G 1is
an (n—k)-cmz with boundary B¥\UE* near w(2) iof u<k (resp. M/G is an
(n—k)-cmz near w(2) with or without boundary if u=~k).

Proof. This follows exactly as does Corollary 1.5 of [1, Chapter XV].

COROLLARY 1.4, Let C*= {z*EM/GI M/G is not an (n—k)-cmz (with or
without boundary) near z*}. Then C* is a closed set and

1) dimz C*<n—k—2,

(2) dimgz,(C*NB*)=n—k—3,

(3) for each z*CSC*N\ M}, there is a prime p (depending on z) such that
dimg,(M;,, 2*) Sn—k—3.

Proof. C* is clearly closed since its complement is open. (1) follows from
Corollary 1.5 of [1, Chapter XV] in a manner analogous to the following
proof of (2). To prove (2), say that dimgz,(C*"\B*)=n—k—2 and let
Ci¥= {z*EC*ﬂB*Idimz,(C*f\B*, g*)2n—k—2}. Cf is clearly closed and
also dimz,(Ct¥, z*) =Zn—k—2 for any z*E C¥*. Choose z* S Ci¥ in such a way
that for any y*E C#* sufficiently close to z* we have G,~G,. Then if z*E M,
we see that CFNMj, is a neighborhood of z* in C¥* Hence dimz,(My,, *)
=n—k—2 and it follows from Corollary 1.3 above or from Corollary 1.5 of
[1, Chapter XV] that M/G is an (n—k)-cmz (possibly with boundary) near
2*, contrary to the definition of C*. (3) follows immediately from 1.3 or from
Corollary 1.5 of [1, Chapter XV].

COROLLARY 1.5. If k=n—2, then M/G is a 2-manifold with boundary con-
tatning B*,

Proof. It follows immediately from Corollary 1.4 that M/G is a 2-cmz
with or without boundary. Also it is well-known that a locally separable
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2-cm is a 2-manifold. That B* is contained in the boundary follows easily
by application of Corollary 1.3.

This corollary is, of course, just Theorem 11 of [3] for G a Lie group and
for M an n-cm; instead of a manifold. (The proof in [3] also holds for cms,
however.) Similarly the case k=n—1 of the CDT would yield immediately
a corollary similar to Theorem 10 of [3]. The author intends to give more
detailed information about the case k=#7—2 in a subsequent paper.

We shall now take up the proof of the case k=0 of 1.1. We first confine our
discussion to the case G=G*. In [2, Theorem 7.8], the local groups of M/G
are calculated for G = Z,. It is easy to see from that result that if G=G*=Z,
and dimg,(F(G, M), x) =n—2, then M/G is an n-cmz near w(x). By an easy
induction this follows for all solvable G=G*. Thus to show M/G to be an
n—cm it suffices to show that G is solvable. Note that if K CG is normal and
K =K+ is solvable then by the diagram (Q =rationals)

n gK .
H(M/K,Q) —— H.(M/K, Q)
Lo . |
HAM, Q) —— H.M, Q)

in which the maps 7* are isomorphisms by [1, Chapter I1I, 2.3], we have that
g&G preserves orientation on M if and only if gK ©G/K preserves orientation
on M/K. Moreover, if G is effective on M then its principal isotropy sub-
group is trivial and it follows easily that G/K is effective on M/K.

Noting also that if G=G* then G#Z,®Z, by dimensional parity and
Borel’s formula [1, Chapter XIII, 4.3], we see that the class § of finite groups
G=G* which can act effectively on an n-cmz M with dimg,(F(G, M), x)
=n—2 near some x CF(G, M) and for all primes p dividing ord(G) satisfies
the following three statements:

(1) Z,®Z,€S8 for any prime p.

(2) If GES and G’ CG, then G'ES.

(3) If GES and K is a solvable normal subgroup of G, then G/KES.

The case k=0, G=G* of 1.1, except for the statement that G is cyclic,
now follows from

LEMMA 1.6. Let 8 be a class of finite groups satisfying (1), (2) and (3) above.
Then every GES is solvable and every p-group GES is cyclic.

Proof. By [8, Chapter V, 10], it suffices to prove that every p-group
GES is cyclic. We use induction on ord(G). Thus assume all p-groups G' €8
of order less than p° are cyclic and let GES be a p-group of order p°. By
[8, Chapter 1V, 9] the center C of G is nontrivial. Also (1) implies that C is
cyclic. (3) and the induction hypothesis imply that G/C is cyclic. But if g is
a representative of a generator of G/C and ¢ is a generator of C, then clearly
G is generated by the commuting elements g and ¢. Thus G is abelian and
hence G =C is cyclic by (1).
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It remains to show that, in general, G is cyclic. According to Lemma 1.6
and [8, Chapter V, 11], if G is not cyclic then G has a cyclic normal subgroup
G'=Z, and a subgroup G"’ =~Z, such that G’’ =G/G’ naturally. Moreover,
letting g and % be generators of G’ and G” respectively, kgh~!= g’ for some
1<r<a and also ((r—1)b, a) =1 and =1 (a). These relations imply that a
is odd. Let p| a be some odd prime. Then g*/» and % generate a subgroup of G
which is abelian if and only if @ divides r(a/p) — (¢/p) = (r — 1) (a/p) and hence
if and only if pl (r—1) which is impossible, since (r—1) and a are relatively
prime. Thus, passing to this subgroup, we may assume that ¢ =9 is an odd
prime.

A result of R. G. Swan [6, Theorem 3(b)] implies that the p-period of
G is 2t=4, where ¢t is the least integer for which r*=1 (p). This means in the
present case, since p|ord(G) and p?ford(G) and according to [4, Chapter
XII, Exercise 11], that

Z,  if 2|4,
m@4w={’ it 21]

0, otherwise,

where H¥(G, Z, p) denotes the p-primary component of H¥(G, Z). Thus by
the universal coefficient theorem

Z, if2|ior 2u|G+1),

HiG, Z,) =
(G, Z5) {0, otherwise.

This could also be seen by direct computation using the methods of [4, Chap-
ter XII].

Now let F=F(G', M), which is an (n—2)-cm over Z,, and hence coin-
cides with F(G, M) in some open set near x. In particular G preserves orienta-
tion on F. It follows from [1, Chapter IV, 3.6 and Chapter V, 2.1], that if
1>n and VCU are properly chosen, then in the diagram

HiVa, Z,) = H((V N Fg, Z,)
a . 172
Hy(Ua, Zp) = H.((U N Fg, Z,)
the horizontal maps are isomorphisms, Im j = H(G, H (U, Z,))
=~H=G, Z,), and Im j,=H~®9(G, H;"*(UNF, Z,)) ~H~"*(G, Z,).
Thus, for all j>0, Hi(G, Z,) =~ H+*(G, Z,), which contradicts our previous

result and finishes the proof that G=Gt is cyclic.
We now take up the case k=0, G=G* of 1.1. We first show:

LemMA 1.7. If gEG—GH, then there is an © such that dimz,(F(g', M), x)
=n—1. Thus dim(F(G, M), x) =n—2 for any L.

Proof. The second statement follows from the first, from the CDT (k=0)
(or [7, Lemma 16, Corollary]) which implies that F(g*, M) is an (r—1) —cm
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over Z near x, and from [1, Chapter I, 4.9].

To prove the first statement let ord g=2/a, a odd. Then g¢ also reverses
orientation so that we may assume that ord g=27, Let G’ be the group gener-
ated by g, ord G'=27. By the case k=0, G=G* of 1.1 we have that M/G'*
is an m-cmyz near x and we also have that g must reverse orientation on
M/G'*+. Thus since g2&G’+ we have that dimz,(F(g, M/G't), x) =n—1. How-
ever, if dimz, F(g?, M) =n—2 for all 1 <27 we would have that G’ acts freely
outside F(G', M) near x, since F(g, M) CF(g¢, M), both being (n—2)-cm’s
over Z, near x, are equal near x. It would follow that G’/G't acts freely out-
side F(G', M)/G'*+ =~ F(G', M) on M/G'* and hence that F(g, M/G'*) = F(g, M)
is of dimension #—2 over Z, This contradiction finishes the proof of the
lemma.

By Lemma 1.7, and the case k=0, G=G* of 1.1, we have that M/G* is
an n-cmz near x. By the CDT for k=0 applied to the action of G/G* on
M/G* we have that M/G is an n-cmz with boundary. We must show that
the boundary of M/G is E* and that G is dihedral. There is an invariant
neighborhood U of a point y& F(G, M) arbitrarily near x, such that F(g, U)
=F(G, U)=F for all e¥gEG*. We may assume that U is so small that if
2EU, G,#(e), G, then G,=Z, and F(G,, U) is an (n—1)-cmgz. It is also pos-
sible to assume that if C* is the boundary of U/G, then F* C C* is connected,
C*—F* has exactly two components (since F is an (n—2)-cmg, for any
p| ord G*) C¢f and Cf¥, and U*— C* is connected.

It follows from Theorem 6.5 that U* may be taken to be so small that
7~ (U* — C*) consists of ord(G) components each mapping homeomorphically
onto U*—C* via w. Let W be one of these components.

Note that since F is an (n—2)-cmg, for any p|ord Gt we obtain from
the cohomology sequence of C* mod F* that H? %(C¥, Z,)=1r0 for :=0, 1
and any p|ord G*. Also, if &7 1(C¥), then Gt(3) =G*G.(23) =G(2) so that

= Y(C¥)
G+

Thus, again by Theorem 6.5, we obtain that #—!(C¥) consists of ord(G*)
=(1/2)ord(G) components. Let C; be a component of 7~1(C¥*) such that
CNW# . We see easily, using the connectivity of C;, that C;CW. It
follows that W =W\UC)\\UC,\UF. Note that G, is constant on Cy and on C;
and hence if & Cy then Co C F(G,, U).

We can construct in W an arc a: [0, 1]—>W such that a(a) EW for
a€(0, 1), 2o=a(0) EC, and z1=a(1) EC;. Define g to be the nontrivial ele-
ment of G, and let g, be the nontrivial element of Gy,.,. In general define g,
to be the nontrivial element of Gg,;_,g,;_4- - 9301z a0d g2i41 to be the nontrivial
element of Gy,0; 4. - gigsien-

We see easily that U; {gjg,-_l s gzgl(W—F)} is connected and is epen
and closed in U—F. Thus it is equal to U—F and this implies that

~ C¥.
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U; {gigis - - - gar} =G. Now U;{(g;gi—1 - - - gag)a([0, 1])} must be a circle
(since it is a compact connected one-manifold) and hence y=G(a([0, 1])) is
a circle upon which G operates effectively (since the isotropy group is trivial
on a(0, 1)). It follows that G is dihedral.

Now let V be an arbitrary invariant neighborhood of x such that the
complement X in V/G of the boundary (as an #-cm with boundary) of V/G
is connected and assume that V is so small that for any sufficiently small
neighborhood V' CV of x and any element gEG with dim F(g, V)=n—1,
then there are exactly two components of V— F(g, V) which touch V’ (and
these are permuted by g).

In some such V’ we can find a U as above and ¥y CU. Say that a, &y
are in different components of ¥ — F(g, ). Then clearly a=g(b") for some b’
in the same component as b. By the selection of V and V’, a and ' (hence a
and b) are in different components of V—F(g, V). Thus we see that 7—1(X)
has at least ord(G) components, since y/M\7~!(X) has this many components
and since any two points in different components of ¥ —#—1(X) are actually
in different components of vy — F(g, ) for some gEG.

However, the number of components of 7~1(X) is at most the number of
elements of G(2) for any z for which 7 (2) €X. Thus, for any such z, G(z) has
as many points as G, that is, G(2) is principal. This concludes the proof of
the case k=0, G#=G™* of 1.1.

The case k=0 enables us to reduce the proof of Theorem 1.1 to the con-
nected case as follows. Say that (G, M) is a transformation group satisfying
the hypotheses of 1.1. Then (G°, M) also satisfies these hypotheses (or the
hypotheses of the CDT) so that M/G° is an (n—k)-cmz with boundary
B/G°. We now apply the case k=0, G#G* to the action of G/G°®K on
(M/G%)4BI¢" (see [1, Chapter XV, Definition 1.2]), where K is induced by
the doubling operation. We obtain that

M/G® N (M/G®)3B16%
G/G°  (G/G) ®K

is an (n—k)-cmz with boundary. The boundary is clearly B¥\UE* by the
results of the case k=0, G#G* of 1.1. Thus we may restrict our attention to
the case in which G is connected in the proof of Theorem 1.1.

REMARK. A closer examination of the action of G/G°® on M/G° yields that
(when k>0) effectively G/G? is either trivial or Z,. Also the former case im-
plies that the orbits of G are connected (and, in particular, E = & near x since
this is true for G°), and the latter case implies that the boundary of M/G is
B*UE* with B*N\E* an (n—k—2)-cmz. To see this, assume G/G° does not
act trivially on M/G", let G’ be the effective (factor) group, and let B’=B/G°
be the boundary of M’ = M/G°. Then G’ is effectively of order two on B’ since
its fixed point set is of dimension=#n—k—2=dim B’—1. Since any group
leaving B’ stationary must also leave M’ stationary (see [1, Chapter XV,

M/G ~
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remark below 2.1]) we see that G’ = Z,. The rest follows from the fact that
E*=~F(G', M")=F(G/G®, M/G% and E*N\B*=~F(G/G°, B/G°. (Also com-
pare Lemma 2.5.)

2. Preliminary results. Following the method of [1, Chapter XV], we
shall reduce the proof of Theorem 1.1 to the case in which H is finite by study-
ing the action of N(T)/T on F(T, M), where T is a maximal torus of H. Our
first lemma gives a bound for rank (N(T)/T) =rank (G) —rank (H) and isan
improvement of the technique used in [1, Chapter XV ]. The lemma is also an
improvement of the known inequalities dimz F(G, M) < n — k — 1 and
dimz F(T,, M)<n—2[rank (T,)] where T, is the maximal torus of G.

LEMMA 2.1. Let G act effectively on a locally separable n-cmz M with prin-
cipal isotropy group H and k=dim G/H. Then near a point xEF(G, M) we
have dimz F(G, M)<dimz F(To, M)<n—k— (rank(G)—rank(H))=<n-2
rank(G).

Proof. Let r=rank (G) —rank (H). The first inequality is clear. We now
prove the second inequality. It suffices to consider the case in which H is

finite, since if T is a maximal torus of H we have that near x (see the proof of

Lemma 2.7 of [1, Chapter XV])
. . N
dimz F(T,M) = n — k+ dim ———
NT)NH

and the lemma for H finite says that near x

N(T) )_ s VD
H

dimz F(To, M) £ (n — k + dim ———— _—
imz F(To, M) (n + lmN(T)f\ lmN(T)f\H r

=n—k—r.

Note also that it suffices to prove the inequality for G connected.
We shall assume from now on that H is finite and hence that r =rank (G).
If =0 the inequality is clear. If »=1 then the natural map

F(To, M)
— > M/G
N(To)
is a homeomorphism into B*. Thus by [1, Chapter IX, 2.2 Corollary],
F(To, M
dim F(To, 1) = dim o) < GimBr < n— k-1
N(To)

as was to be shown. Thus assume r>1.

We shall prove the inequality by induction on n=dim M. If =0 the
inequality is trivial. Say that the inequality always holds for # <7, and let
dim M =n,. First suppose that F(Ty, M) does not coincide with F(G, M)
in any open set near x. Then let ¥ be a point of the component of F(T,, M)
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containing x, such that y& F(G, M) and such that for y' €F(Ty, M) near
¥, Gy~Gy. Let Sbe aslice at y. Then by the inductive hypothesis dim F(T%, S)
L (no—dim G/G,) —dim Gy—r=no—k—r. If 2EF(Ty, G(S)) and ' ESNG(2)
then G, CG, is of maximal rank so that there is an element g&G, such that
Gyy=gG. g contains Ty. Hence g(z') €F(Ty, S)NG(2) and it follows that
F(T,, S)*=F(To, G(S))*. Thus, since y is near x, we have dim F(T,, S)
=dim F(Ty, S)*=dim F(T,, G(S))*=dim F(T,, G(S)) =F(Ty, M) and hence

dimF(To, M) é Nno — k il 4

as was to be shown.

Now say that F(T,, M) coincides with F(G, M) in some open set near x.
Then in order to compute dim F(To, M) we may assume that F(T,, M)
=F(G, M) near x. By Borel’s formula [1, Chapter XIII, 4.3] there is a
T1CTo, rank Ty=r—1, such that near x, dim F(T1, M)>dim F(T,y, M). Let
yEF(Ty, M)—F(T,, M) be in the component of F(T:, M) containing x and
assume that for y' EF(T1, M) close to y; Gy~G,. Since F(T,, M) =F(G, M)
we may assume that rank G,=r—1, that is, that T3 is a maximal torus of G,.
Let S be a slice at . Then by the inductive assumption

dim F(T1,S) < (no — dim G/G,) — dim G, —r + 1
=n—k—r+1.
Since rank G,=r—1 we have that F(T3, S)/(N(T1)NG,) = F(T1, S)* so that
dim F(Ty, S)=dim F(Ti, S)*. Just as above we see easily that
F(T1, G(S))
N(T») ‘

But N(T4) acting on F(Ty, M) or F(T1, G(S)) is effectively of dimension equal
to dim N(T1)/Th so that

F(Ty, S)* = F(Ty, GS))* =

F(T, G(S)) + dim N(Ty)
N(Ty) T,
N(Ty)

1

dim F(T,, M) = dim F(T1, G(S)) = dim

IIA

ne—k—r+14+ dim

Also N(T) is effectively of rank one on F(T1, M) and hence by the inequality
for r=1 which has already been proved we have

N(Tl))

1

dim F(Ty, M) = dim F(T,, F(Ty, M)) < (no —k—r+14dim

N(T))

1

— dim

—1=n—k—7r

as was to be shown.
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The last inequality can be derived from the middle one as follows. Note
that it is equivalent to k=rank (G)+rank (H). We consider the action of T
on G/H. This action is effective since G is effective on G/H (for otherwise H
would contain a subgroup K normal in G and we would have that K acts
trivially on M). Thus rank (G) — rank (H) = dim N(T)/(N(T) N\ H)
=dim N(T)H/H=dim F(T, G/H) £k—dim (T) —rank (T) =k—2 rank (H),
by the middle inequality applied to the action of T on G/H. Thus k=rank (G)
+rank (H) as was to be shown.

REMARK. Notice that the proof of the middle inequality implies that if
we have equality for the first two inequalities and H is finite, then, since
F(T,, M)=F(G, M) in some open set near x, we would have that for any
T1CTy of codimension one, either dim(F(T:, M), x)=dim(F(T,, M), x)
=n—k—r or dim(F(T1, M), x)=n—k—r+1+4+dim N(T1)/T:.

REMARK. In the situation of the main theorem (1.1), Lemma 2.1 allows
us to obtain the bound (rank (G) —rank (H)) £n—k—dim F(G, M)=(n—Fk)
—(n—k—2)=2, and hence rank (G) £2 when H is finite.

The next lemma is an improvement of Lemma 2.5 of [1, Chapter XV ]. It
was implicit in some of the proofs there, but was not explicitly stated.

LeEMMA 2.2, Let G act on the n-cmz M and assume that M is such that the
map F(T, M)/N(T)>M/G is a homeomorphism (see [1, Chapter XV,
Lemma 2.7]). Let s€F(T, M). If N(T)(3) is principal for N(T) on F(T, M)
then G(z) is principal for G on M.

Proof. There is an element gEG such that g7'Hg CG,. Thus HCgG.g™!
=Gy so that g(z2) EF(H, M) and g(z) and z are on the same orbit of N(T)
on F(T, M) since they are on the same orbit of G and are contained in F(T, M).
Thus we may assume that H CG, so that z&F(H, M).

The hypothesis implies that N(T)NG,= N(T)NH since the latter group
is a principal isotropy group for N(T) on F(T, M). Let S be a slice at z for
G on M so that by Lemma 2.7 of [1, Chapter XV] any sufficiently small
neighborhood S’ of z in F(T, S) is a slice for the action of N(T) on F(T, M).
Let 2’ &€.S’. Then since z is on a principal orbit of N(T) we must have

N(IT)NG,, = NT)NG, = N(T)NH.
Hence
N(T) NG, _N(T)f\H

& # F(H,G./G») CF(T,G./G») = N(T)NG» N(INH

= a point.

Thus F(H, G,(2"))=F(T, G.(2')) =2, since TCGy, for any 3’ ES’. This im-
plies that F(H, S")=F(T, §') =S is a cross-section near z for the orbit map
F(T, M)—>F(T, M)/N(T) and hence also for the orbit map M—M/G. The
lemma now follows from [1, Chapter XV, 2.6].
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REMARK. Note that by Lemma 2.7 of [1, Chapter XV ] we may assume,
in the proof of Theorem 1.1, that the natural map F(T, M)/N(T)—-M/G
is a homeomorphism. Moreover, since the finite group (N(T)NH)/T is a
principal isotropy group for the action of N(T)/T on F(T, M), it follows
from Lemma 2.2 that if rank (G) >rank (H) (that is, if dim(N(T)/T)>0),
then it suffices to prove Theorem 1.1 for the action of N(T)/T on F(T, M)
(made effective) and hence for the case in which H is finite. (The fact that
E*= ¢ near 7w(x) when G is connected does not follow directly, but is easily
obtained by the method used in the last paragraph of §3.) In case rank(G)
=rank(H) there are some minor complications due to the essential difference
between the cases >0 and k=0 of Theorem 1.1. These complications are
dealt with in §3.

LeEMMA 2.3. If G acts on a locally separable n-cmz M of finite covering
dimension in such a way that there are no exceptional orbits and such that
dimz(F(G°, M), x)=n—k—1, xEF(G, M), then the orbits of G on M are con-
nected. In particular F(G, M) = F(G°, M).

Proof. By hypothesis the transformation group (G° M) satisfies the
hypotheses of the CDT so that M/G® is an (rn—k)-cm with boundary
F(G®, M). Also the points of F(G°, M) are the only singular orbits of G® and
hence of G. Thus F(G°, M)=B. Let G/K, G° CK CG, be the effective group
acting on M/G°. Since there are no exceptional orbitsof G on M, the set M —B
of principal orbits is connected. Since the isotropy groups of two nearby
points of M —B are conjugate by an element of G° we see that this is true
for any two points of M —B. If G,=H it is easy to see that the isotropy sub-
group of G of the point G°(y) EM/G®is GoH. It follows that GoH leaves point-
wise fixed the dense set (M —B)/G°CM/G® and hence, in fact, K=GoH.
Since we also have that if G,,~H (by an element of G° then G°G,.=GH we
see that the points of (M — B)/G" are all on principal orbits of G/K on M/G°.

Let g&G be such that ord(gK) =9 in G/K, p prime. Since the points of
(M—-F(G°, M))/G*=(M—B)/G°® are principal for G/K (and hence have
trivial isotropy groups) we see that F(g, M/G® CF(G°, M)=Boundary of
M/G°. By the cohomology diagram

n—k— n—k— n M - B n—i
2 wm/6) - 1 B/6"N - B (—GT-) S H T MG
lg* lg* lg lg*
n—k—1 n—k—1 M bt

' w6 - 5 (B/6) - H:_k( S H MG

GO
in which the groups in the first and last columns are = 1, 0 (see [1, Chapter

XV, Lemma 2.3]) we see easily that g preserves orientation on B/G°
=F(G°, M) if and only if it does so on (M — B)/G® (and hence on (M/G0)4®B/6%),
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Thus by dimensional parity we see that if r=dimz,(F(g, M/G")), then
(n—k—1)—r is even if and only if (n—k) —r is even.

This contradiction shows that G/G°® must act trivially on M/G° and hence
that the orbits of G are connected as claimed.

COROLLARY 2.4. Say that G acts on a locally separable n-cmz M of finite
covering dimension. Assume that x&B and that all orbits of points in B suffi-
ciently close to x are of the same dimension and that dimz(B*, w(x))=n—k—1.
Then if there are no exceptional orbits near x, the transformation group (G, M)
satisfies the hypotheses of the CDT [1, Chapter XV, Corollary 1.5] near x so
that all the orbits in B near x are of the same type.

Proof. This follows immediately by application of Lemma 2.3 to the ac-
tion of G, on a slice at x. (See, for example, the proof of [1, Chapter XV, 1.5].)

LEMMA 2.5. Let X be an m-cm over Z, with boundary B. Say that G~ Z,
acts on X with x€EBNF(G, X). Suppose dimz,(F(G, B), x) =r. Then locally at
x, F(G, X) is an (r+1)-cmz, with boundary F(G, B). If r=m—2 then locally
at x, X is the union of two subsets X, and X, with X\NX,=F(G, X), each of
which is a cross-section for the action of G and for which X; is an m-cmz, with
boundary (X;N\B)UF(G, X).

Proof. Let M = X498 and let & be the doubling operation. Let g be the non-
trivial element of G and let it act on M in the natural manner. The trans-
formations e, g, k, gh form a group K isomorphic to Z, ®Z; acting on M. Note
that gh interchanges the components of M — B so that F(gh, M) CB=F(h, M)
and it follows that F(gh, M)=F(K, M)=F(g, B). By Borel's formula [1,
Chapter XIII, 4.3]

m—r=(m-—1)—1r)+ (r —r) + (dimz, F(g, M) — 1)

so that F(g, M) is an (r41)-cmz, near x. Clearly & acts on F(g, M) with
F(h, F(g, M))=F(g, B) and F(g, X)~F(g, M)/(e, k). From known facts it
follows that F(g, X) isan (r+41)-cmgz, with boundary F(g, B) = F(h, F(g, M)).

If r=m—2, then from known facts M is the union, near x, of subsets
M,, M, with g interchanging M, and M,, and with M\N\M,=F(g, M). 1t
follows that X = M/h is the union X,\UX,, X;=M,/h, X1:NX.=F(g, X)=F.
Let B;=X.NB which are (m —1)-cm’s with boundary F(g, B)=FNB. The
Mayer-Vietoris sequence with coefficients in Z,,

— HY(X) > (H(X) & H(X) - H{(X,N X5) >

implies that H)(X,) =1, 0 for yE F(g, B) and this is also true for y&(B,\JF)
—(FNB,) since X; is an m-cmz, with boundary near such points. Thus
H)(X)=s,um0 for all j. Moreover B,\UF is the union of the two (m—1)
-cm’s B; and F with intersection B;\F= F(g, B) the boundary of each. Thus
B,UF is an (m—1)-cmgz, and the conclusion of the lemma follows from [1,
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Chapter XV, 2.3] (which is also valid for coefficients in a field).

We will need the following lemma on cm’s with boundary. We understand
that F. Raymond has been able to prove a more general result in this direc-
tion.

LEMMA 2.6. Let X be a locally compact space and F CB CX, closed subspaces.
Suppose that the following conditions hold:

(1) X —F is an m-cmz with boundary B—F.

(2) Bisan (m—1)-cmz.

(3) dimz FEm—2.
i=m,

[ Zs
(4) For dll x€F, H(X—B, Z) = Lz{ .
0, 1#Em.

Then X is an m-cmz with boundary B.

Proof. According to Lemma 2.3 of [1, Chapter XV ] we must show that
HYX, Z)=15 0 for all 7 and by (1) this reduces to showing that HX(X, Z)
=1, 0 for any x&F and all <. By the cohomology sequences of X mod B
(locally about x) it clearly suffices to show that for a fundamental system of
neighborhoods U of x, the connecting homomorphism HI' '(UNB, Z)
—H(U—B, Z) is an isomorphism onto.

By (2) and (4), since X —B is an m-cm, we see that it can be assumed
that UNB and U— B are connected and orientable. Let y& UNB — F (which
exists by (3)) and let V C U be a neighborhood of y such that VN\BCB—F is
connected and V—BCU—B is connected. Then, since H;'(V)=0 by (1)
(V is a proper closed subset of the m-cm V¥BN))  we have that
Z=~H"Y(VNB)—>HV—B)=~Z is onto and hence is an isomorphism. But
HY(VNB)—H*Y(UNB) and H(V—B)—HXU—B) are also isomor-
phisms and it follows that H' '(UNB)—H(U—B) is an isomorphism as
was to be shown.

3. Case I. rank (G)=rank (H). In this case N(T) acts on F(T, M)
effectively as a finite group and dim F(T, M)=n—k.

We will first show that there is an element g& N(T) which reverses the
orientation of F(T, M) (near x). If not, then we see that dim F(g, F(T, M))
<n—k—2 for all g&N(T) (by dimensional parity). It follows that, near x,
the set U of points on principal orbits of N(T) on F(T, M) forms a dense
connected set in F(T, M). At least one of these points has H as an isotropy
group (for G on M) and since F(H, U) CF(T, U) must touch all the nearby
orbits it follows from the connectivity of U that F(H, U)=F(T, U) (and
also that F(H, M)=F(T, M)) near x.

We now have that N(H)/H=F(H, G/H)=F(T, G/H)=N(T)H/H so
that N(H)=N(T)H and hence N(H)DN(T). Thus G/N(H) is acyclic over
the rationals and is, in particular, nonorientable. Considering the fibering
U—FEDG/N(H) (see [1, Chapter XII, 1.3(2)]) we see that there must be
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an element of the structural group which reverses the orientation of F(H, U)
=F(T, U). But this structural group is just N(H)/H=N(T)H/H. This
implies, of course, that there is an element g& N(T) reversing the orientation
of F(T, U) and hence of F(T, M) as was to be shown.

By the case k=0, G#G* of Theorem 1.1, and by Lemma 2.2, we now have
that M/G is an (n—k)-cmz with boundary B*UE*. It remains to show
that if G is connected, then E*= & near x*. But if 2*€E*, then, since E* is
open in B¥JE* we have dimz E¥*=#n—k—1 and hence we would have
dimz E=n—1 contrary to Theorem 4 of [5]. This completes the proof of
Case I.

4, Case II. rank (G) =rank (H)+1. It will suffice to consider the case in
which H is finite and G is connected, and hence for which rank(G)=1. If
G=S0(2) then dim F(G, M) could not be n—k—2=n—3, by dimensional
parity [1, Chapter V, 3.2]. Thus G=SO(3) or Sp(1) effectively and k=3,
dimgz, F(G, M)=n—35 and dimz F(To, M)=n—4, since it is of the same
parity as # and is at most # —k—1=%n—4 by Lemma 2.1. We will sometimes
denote F(G, M) by F.

LEMMA 4.1. E= & near x.

Proof. As in the proof of [1, Chapter XV, 6.1], we see that if there were
exceptional orbits arbitrarily near x, then there would be a p-Sylow subgroup
P CG. for some z& E such that ord P}ord H, and, noticing that P CN(T,) for
some T, such that dimgz, F(P, M)zdimz, F(N(Ty), F(To, M))+12zn—4
(since F(N(T,), F(To, M)) is either the (n—4)-cmz F(Ty, M) or is an
(n—35)-cmz), and furthermore if PC Ty for some Ty, then it may be assumed
that dimz, F(P, M) zdimz, F(To, M)+1=n—3.

Now, if P Ty, then N(P) is finite and it follows easily that dimgz, E*
2dimg, F(P, M)2n—4, and therefore dimz, E2dimz, E*+32n—1, con-
trary to a theorem of Montgomery and Yang [5, Theorem 4].

Similarly if PCTo and P#center G, then dimz, E*2dimz, F(P, M)—1
=n—4, which implies that dimz, EZn—4+3 which is impossible. On the
other hand if P=center G (G=Sp(1)), then dimz, F(P, M)=n—2 by dimen-
sional parity. Consider the action of G/P =SO(3) on the (n—2)-cmgz, F(P, M).
Since F(P, M) is assumed to contain points in E, the maximum dimension
of the orbits of this action is three, but since dimgz, F(G, M)=n—35 and
F(G/P, F(P, M))=F(G, M) = (F(G, M))* this is seen to contradict Corollary
6.3.

LemMA 4.2. N(Ty) acts trivially on F(To, M).

Proof. Assume the contrary. Then N(T)/T,=Z; acts effectively on
F(Ty, M) and hence F(N(T,), M) is an (n—35)-cmz by the CDT (k=0)
(or by [7, Corollary to Lemma 16]). Thus it coincides with F(G, M) near
some point yE F(G, M) arbitrarily near x. Near y there are exactly three orbit
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types: fixed points; G/To = S?; and G/H. Note also that, near y, B*
~F(To, M)/N(T,) is an (n—4)-cmz with boundary F(G, M) so that
H!(B*, Z)=_r 0 for all 4 and

Z, i1=n—4,

H(B*—F, 2) =
( ) 2) =ur {0, otherwise,

near y. We shall restrict the discussion in the rest of this proof to small
neighborhoods of y.

Note also that F(N(Ty), M) separates F(Ty, M) into two subsets, near
9, each of which is a cross-section for B— F—B*—F. Thus B—F~(B*—F)
X S

Consider the Leray spectral sequence of the map B—B*. We see that

B {Z, p=n—4and ¢=2,
2 =LF

0, otherwise.

Thus

s Z, 1: =n— 2,
H.B,Z) =rr { .
0, otherwise

(and, in fact, this would imply that B is an (n—2)-cm over Z).
The cohomology sequence of M mod B, then yields that
Z, t=n,n—1,

H(M — B,Z) =
( Z) =ur {0, otherwise,

and hence also H}(M —B, Z;) = 1r 0 for i<n—2. Now consider the fibre map
G/H (M — B)
G

M-—-B

Since HCT,, it is cyclic and hence
0, G = Sp(1), ord(H) odd,

H\G/H, Zs) = H'G/H, Zs) = { .
Zs,  otherwise,

and it follows that the structural group of M —B—(M—B)/G acts trivially
on H*(G/H, Z,). By Theorem 6.6, this implies that H((M —B)/G, Zs) = 1,0
for i<n—2. However (M —B)/G is an (n—3)-cm over Z and hence over Z,,
so that H?3((M —B)/G, Zs) = 1, Z;. This contradiction finishes the proof of
the lemma.

REMARK. Note that in deriving the local groups of B above, we have
essentially proved a special case of the converse of the CDT. (That is, if X
is an (n—k)-cmz with boundary F and G/H is a cohomology k-sphere, then
FU({(X—-F)XG/H) is an n-cmz.) That the converse of the CDT is true
in general may be seen in exactly the same manner.
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It follows from Lemma 4.2 and the CDT that N(7T)/H = S*. If G=Sp(1),
then this implies that H contains the center of G, and hence that center (G)
acts trivially on M. Thus G =S0(3) effectively. Note that we now have that
near x there are exactly three types of orbits: fixed points; G/N(T,) = P?;
and G/H.

LemMmA 4.3. H=Z,® Z,.

Proof. Let Z,®Z,~K CN(T,). We first show that a conjugate of K is
contained in H. Note that F(K, G/N(T\y)) consists of three points, so that if
K is not conjugate to a subgroup of H, then dimgz, F(K, M) =dimz,(F(K, M))*
=dimgz, B*=n—4. Since the three subgroups of K isomorphic to Z, are
conjugate in G, their fixed point sets have the same dimension, j, over Z,.
Borel’s formula [1, Chapter XIII, 4.3] then reads

L=n—(n—14) =3G— (n—4)

and this contradiction shows that K CH (up to conjugacy).

Thus H is dihedral of order 4a, a=1. Say that a>1, and note that in
that case F(H, G/H)= N(H)/H =~ Z, consists of two points and, in fact, these
points are in F(H, N(T,)/H). Using the CDT we easily see from this that
F(H, M—F(G, M)) is an (n—3)-cm over Z. But F(H, M—F) CF(K, M—F)
which is a connected (n—3)-cm over Z,. Since F(H, M—F) is closed in
F(K, M —F) this implies that F(H, M—F)=F(K, M—F) and this is incon-
sistent with the fact that F(K, G/N(T,)) consists of three points while
F(H, G/N(Ty)) is one point. Thus a=1 and H=K=~Z,®Z, as was to be
shown.

Let X=F(H, M). Then X is an (n—3)-cm over Z;. We may assume, by
taking M smaller (about x), that M contains no exceptional orbits and hence
that the isotropy groups in M are conjugates of G, N(Ty), and H.

Put B'=BNX. X —B'is then a principal N(H)/H-bundle over (M —B)/G
~(X —B')/N(H), and N(H)/H =g;, the group of permutations of three ob-
jects. We wish to show that this bundle is trivial if M is sufficiently small. Let
J = Z3 be the subgroup of N(H)/H =03 of order 3. We then have the bundle
maps
Z3 X—-B Z X—-B M-B

X - B — ~
J N(H) G

Since X is an (n—3)-cmg, it follows easily from [1, Chapter III, 2.3]
that X/J is also an (n—3)-cmgz,. Since F(N(H)/H)/J, X/J)=B'/J is
(n—4)-dimensional we have that the second bundle map above is trivial
(near x) by [7, Lemma 16]. (Note that it also follows that X/N(H) ~ M/G is
an (n—3)-cmgz, with boundary B’/N(H)=~B/G.) Thus X —B’ breaks into
two parts each of which is a J-bundle over (M —B)/G.

Note that, since G/N(T,) =~ P? we have that 7*: Hi(B*, Z;)—HYB, Zs) is
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an isomorphism (onto) and, since B* = F(T,, M) is an (n—4)-cmz, we have
that H!(B, Zs) =0 for 1 =n—3. This implies that H; (M — B, Z;) = 1. 0. Thus
for the spectral sequence E}*, with coefficients in Z;, of the fibering M —B
—(M—B)/G we have (see [1, Chapter XV, 6.2])

n— n—4, n—4, n— M—B
0=.:H, I(M—Brz3)ono43zE2 43zHc 4( G ’ZCC),

since H*(G/H, Z;) = H*(S3, Z3). Also note that

ns3f{M — B n—3,3 n—3,3 n
Hc G ’Z3 zE2 zEeo zH,;(M_B,Z;)zZ;

so that (M —B)/G is orientable. Thus, by Theorem 6.5, we have that (near x)
X — B’ splits into six parts each homeomorphic via = to (M —B)/G.

LEMMA 4.4, HY(F, Z3) = 1r O for i<n—6, and H((B—F)/G, Zy) = ¢ O for
1Sn—3.

Proof. It has been shown above that M/G is an (n—3)-cm over Z; with
boundary B/G and that there is a cross-section in F(H, M) for the action of
G on M—B. Thus H((M—B)/G, Z,) = 1,0 for i <n—4 and any yE F(G, M).
Also M—B=~(M—B)/GXG/H so that H(M —B, Z;) =1, 0 for iSn—4.

Since X — B’ is the union of six disjoint copies of (M —B)/G we have
Hi{(X—B’, Zs)=1,0 for i<n—4. Since X is an (n— 3)-cmg, this implies that
HYB', Z;) =140 for i<n—>5.

Note that if Ty, 71, and T are the three circle subgroups of G with
normalizers containing H, then, since F(T;, M)=F(N(T:), M) CF(H, M)
=X, we have F(Ty, M)\UF(T:, M)\ UF(T:, M)=B’ and B’ —F is the disjoint
union of the (F(T;, M) — F). Also 7 is a homeomorphism on each (F(T;, M) — F)
to (B—F)/G. It follows that 7*: H((B—F)/G, Z;)—H.(B’'—F) cannot be
surjective unless these groups are trivial and this also holds in the local sense.
Thus, by the diagram (coefficients in Z5)

i1 i1 if B — ‘
H, (B/G) — H. (F) -—>H¢<—G—F>—>H.,(B/G)
| n*

- L
H. '(F) » H.B' — F) — HY(B)

and the fact, shown above, that HX(B’, Z,) = 1,0 for i <n—35, it follows easily
that H:((B—F)/G, Zs) =1, 0 for i<n—5.

Since B/G = F(Ty, M) is an (n—4)-cm over Z and hence over Z,, it also
follows that H: '(F, Zy) =1, 0 for iSn—35, that is, for i—1<n—6, as was to
be shown.

We will now complete the proof of Case II. Let yEF=F(G, M) be arbi-
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trary. Note that, since F(T, G/N(Ty)) is a point, we have that F(T, B—F)
=F(N(T,), B—F) is a cross-section for the orbits in B — F so that

B—F=— X P2
G

Consider the Leray spectral sequence E?? (coefficients in Z) of the map
B—*B/G. We have

Es" = HYB/G, %" (G/Gw, Z) = 0 for g # 0, 2,

since G/G,, is a point for wEF, and is a projective plane for w&B —F. Since
the sheaf 3¢2(G/Gw, Z) is zero on F and constant on (B—F)/G with stalks
H2(P?, Z)=~2Z, we have: E}*=0, ¢#0, 2; E¥°~H?(B/G, Z)=1, 0, for
p#n—4; and ER*~H?((B—F)/G, Z;)=1,0, for p#n—4. It follows that
H!B,Z)=1,0, for i<n—4, n—2. Thus also H(M—B, Z) = 1,0, for i<n—4,
and since M—B=~(M—B)/GXG/H, this implies that H)((M—B)/G, Z)
=140, forall i1=n—4.

Since (M —B)/G is an orientable (n—3)-cm over Z and is connected
(even locally near y) because M — B is connected, and since M/G—F is an
(n—3)-cmz with boundary B/G— F by the CDT, it follows from Lemma 2.6
that M/G is an (n—3)-cmz with boundary B/G, which completes the proof
of Case II.

We shall now show that F is an (#—35)-cm over Z,, since this will be
needed in the treatment of Case III.

By the fact that M—B~(M—B)/GXG/H and that HYG/H, Z,)
~H*G/H, Z;) = Z;®Z,, we have that H*"*(M — B, Zs) = Lr Zo ® Z, and hence
that H?3(B, Zs) = Lr Z:® Z,. We again consider the Leray spectral sequence
of B—B/G, but with coefficients in Z;. We have that E§?= 170 for ¢>2 or for
p#n—4. It follows readily that

n—4 B—F n—4,1 n—4,1 n—3
H, G y Zy) = Eq =1rEe  =irH: (B,Z:s) =rZ:® Z,.

Now the cohomology sequence

n—b n—5 n—4 B — F n—4
Hc (B/G,Zz)’ﬁHc (F,Zz)-’Hc G JZz —’Hc (B/G,Zz)'—)o
is locally about F

0"")H:_5(F, Zz)—)Zz@ Zz-—)Zz—-)O

and it can be seen easily that this implies that H? 5(F, Z;) = rrZ» and our
contention follows from Lemma 4.4 (see [1, Chapter XV, 2.2]).
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5. Case III. rank (G) =rank (H)+2. It will suffice to treat the case in
which H is finite and G is connected. Hence rank (G) =2. Note that by Lemma
2.1,dimz F(Ty, M)=n—k—2 so that F(G, M) and F(T,, M) coincide in some
open set near x (but not necessarily containing x). It follows that
dim (F(G, M), x)=n—k—2 over any coefficient ring L. We first prove a
lemma useful for the treatment of E.

LEMMA 5.1. Let P be a p-group with dim N(P)>O0; then either P is con-
jugate to a subgroup of H or F(P, M\)NE = near x.

Proof. Assume that P is not conjugate to a subgroup of H but that
F(P, M)NE# & near x, that is, the component of the cmz, F(P, M) con-
taining x also contains points of E. Let 2z be such a point. For convenience of
notation we shall assume that F(P, M) is connected. We may assume that if
2’ €F(P, M)NE is sufficiently close to 2, then G,~G,.. Now F(P, G/G,) is
easily seen to have the same dimension as N(P) (since G, is a finite group),
and moreover, near z, the map F(P, M)/N(P)—F(P, M)* is finite to one and
hence cannot lower dimension. Thus

F(P, M)
N(P)
since if it were 2n—k—1, then dimz, EZn—1 contrary to [5, Theorem 4].
But F(G, M) = F(G, M)/ N(P) is contained in the singular set of the action of
N(P) on F(P, M) so that by Corollary 6.3, dimz, F(G, M) <n—k—3 (even

near x), which contradicts the fact that dim.(F(G, M), x)=n—k—2.
The following lemma is the main tool of this section.

dimgz, < dimg, (F(P, M)*, 2*) < dimgz, (E*,2*) = n —k — 2,

LEMMA 5.2. G is not a simple group. Furthermore, there are exactly two
mutually nonconjugate circle groups Sy and S: contained in Ty such that, for
any circle group SC T, we have that dimz(F(S, M), x) >dimz(F(Ty, M), x)
=n—k—2 if and only if S is conjugate to one of the S;, 1=1, 2.

Proof. Any rank two group is locally isomorphic to one of the following
groups: Dy X Dy; D1 X Ay; A1 XAy A,y Be; or Gy (where Dy denotes the circle
group SO(2) and the other notation is standard). These have dimensions
2, 4, 6, 8, 10, and 14 respectively. The corresponding Weyl groups W(G) are
(e), D(2)=Z,, D(4)=Z,®Z,, D(6), D(8), and D(12), where D(m) denotes
the dihedral group of order m.

If SCT, is a circle group, then let #(S) be the number of conjugates of
S which are contained in T,. As may be seen by consideration of the action of
W(G) on Ty~ E?, the situation is as shown in Table 1.

Since in Lemma 2.1 we have equality for the first two inequalities, it
follows from the remark below 2.1 that for any S with dim(F(S, M), x)
>n—k—2 we have
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TABLE 1
Number of nonconjugate
G S n(S) SC T, having this
value of n(S)
D\ XD, =) 1 ©
singular 1 1
D1 X4, 1 1
regular
2 ©
singular 1 2
A1 X4,
regular 2 )
singular 3 1
A, 3 1
regular
6 ©
singular 2 2
B,
regular 4 1)
singular 3 2
G:
regular 6 ©

. . NS n—k, S regular,
dimz (F(S, M), x) = n— %k — 1+ dim = {

n — k + 2, S singular.
[Also note that, by the proof of Lemma 2.1, we have that for such an SC T,
dimgz F(S, M)*=n—Fk—1.]

Let p; be the number of mutually nonconjugate SCT, such that
dimz(F(S, M), x)>n—k—2, for S singular and #(S) =1. Similarly, let g; be
the analogous number for S regular. Then the formula of Borel [1, Chapter
XIII, 4.3] implies that

kt2=n—(n—k=2) =3 4ip) + 2 (2igy).

With the restrictions imposed by Table 1 this formula is as in Table 2
(in which any p; or ¢; is zero if it does not appear explicitly).

We see immediately that the formula cannot be solved in the last three
cases, so that G is not simple, and in the first three cases we must have Zp,-
+ D.¢:=2 which is exactly the remainder of the statement of Lemma 5.2.
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TABLE 2
G Formula of Borel
D1 XD, 4=2q.
D X4, 6=4p14+2q14+2-2¢:; pr=0, 1; ¢1=0, 1.
A1 XA, 8=4p1+2-2¢:; p1=0, 1, 2.
A, 10=4-3ps+2-3¢s+2-6gs; p3=0, 1; ¢:=0, 1.
Bs 12=4-2p+2-4qs; p2=0, 1, 2.
G 16=4-3p;+2-6¢s; ps=0, 1, 2.

REMARK. Note that in case G is locally isomorphic to Dy X 41, we must
have ¢1=1, which means that one of the S; is contained in the 3-dimensional
factor A4,.

Now consider the action of N(S;) on F(S;, M) (near x). As can be seen
from the proof of Lemma 2.1, dimz F(S;, M)/N(S;)=n—k—1 and hence the
action of N(S;) on F(S;, M) satisfies the hypotheses of the CDT. Hence
N(S;) has exactly two types of orbits near x on F(S;, M), principal orbits and
fixed points and the fixed point set F(N(S;), M) must be an (n—k—2)-cmz.
Since F(Ty, M) CF(N(S;), M) is an (n—k—2)-cmz we have that F(T,, M)
=F(N(S;), M), near x, and its complement in F(S;, M) is the set of principal
orbits of N(S;) on F(S;, M). It follows that F(S;, M) — F(T,, M) consists of
points with isotropy groups (in G) of rank one (and hence with S; as a maxi-
mal torus). Also by the CDT we must have that the principal orbits of N(S;)
on F(S;, M) are cohomology spheres (of odd dimension). Thus if x;E F(S;, M)
—F(Ty, M) and K;=G.; then

N(S)
NS)NK;

Now choose x;EF(S;, M) — F(Ty, M) in such a way that the K; are locally
minimal isotropy groups for points in F(S;, M) (that is, if x! €F(S;, M) is
sufficiently close to x; then G;~G.,=K,). Some conjugate of H, say H;, is a
principal isotropy group of the action of K; on a slice at x;. Note that this
action of K; on a slice at x; satisfies the hypotheses of the CDT so that

K;

— is an integral cohomology sphere.
)

is an integral cohomology sphere.

Using these facts we shall attempt to classify the groups (G, K, K, H).
We will obtain, as the only possibilities, the cases in Table 3. (I denotes an
icosahedral subgroup of SO(3) and I’ denotes an icosahedral subgroup of
Sp(1).)
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TABLE 3
Case G K, K, H
1 S0(2)XS0(2) SO(2)X(e) (e)XS0(2) (e)
2 SO(3)XS0(2) SO(3) X (e) IXS0(2) IX(e)
S1H (SiCS0(3)) S: (regular) Zy
3 SOBIXSO) | (k- ot abelian) | (K NSOG3)=(e)) | (HNSOG)=(e))
4 Sp(1)XS0(2) Sp(1)X(e) (e)XS0(2) (e)
5 Sp(1)XS0(2) Sp(1)H S: (regular) cyclic
(KofMSp(1)=(e)) | (HMSp(1)=(e))
6 SO(3)XS0(3) SO(3)XTI IxXS0(3) IXI
7 SO3)XSp(1) | SO(3)X(e) IXSp(1) IX(e)
8 Sp(1)XSp(1) Sp(1)X(e) (e)XSp(1) (e)
9 Sp(1)XSp(1) Sp(1)X(e) Sp(1) (diagonal) (e)
Sp(1)XSp(1) Sp(1)X I’
10 SO(3) (diagonal) | I(CKz)
Za Z
Sp(1)XSp(1) Z:+2Z,
11 _— SiH=~0(2) S:H=~0(2) (HCSO0(3), the
Zy “diagonal’’)

In all cases in the table except (5) the action is assumed to be effective,
while in case (5), for convenience, we assume only that G is almost effective,
so that the effective group is G/(HMNcenter G). In cases (10) and (11) the
group G is Sp(1) XSp(1) divided by the “diagonal” central element, that is
G=S0(4).

ReEMARK. Examples can be given for all the cases (1) through (10). For
cases (1), (3), (4), (5), (8) and (9) linear examples can be constructed and this
can be seen to be impossible in the other cases. We strongly suspect that case
(11) cannot arise, but we know of no way to see this. The exact situation in
cases (3) and (S) is also in doubt.

For the proof of the “classification” we shall assume, unless otherwise
specified, that G=G1XG,;, G;=S0(2), or Sp(1) and that G is only almost
effective, so that the effective group is obtained by dividing out by

H N center (G).
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Note that Sp(1)/I’ =SO(3) /I isan integral cohomology 3-sphere. If G; =SO(2)
then we can (and shall) assume, without loss of generality, that HNG; = (e).

In case G;=S0(2), 1=1, 2, H may be assumed to be trivial, since it is
central. Thus K;/H;= K, to be a cohomology sphere, must be S;. It remains
to show that SiNS:=(¢). If not then let P CSiM\S;, P~ Z, for some prime p.
Then F(P, M) is a cmgz, properly containing the (n—2)-cmz F(S,, M). Thus
dimgz, F(P, M)=n—1, which is impossible since P preserves orientation (see
[1, Chapter V, 2.3]).

Now in the other cases, if S;CG;, 1=1, 2, then every conjugate of S; com-
mutes with every conjugate of S.. From this we see easily that it may be as-
sumed in this case that H;=H = H,. We also see that this can be assumed if
either K; contains one of the G;, since such a K; must intersect every maximal
torus of G. (That is, if K1 DGi say, then we could replace K, by any conjugate
gKig™! and still have gKig7'MT1DS:. Thus g could be chosen so that H; is a
principal isotropy group of the action of gKi1g7!=gG.,g7!= Gy, on a slice at
g(x1).)

Say that G =G1 X Gy, G1=Sp(1) and G, =SO(2). First assume that S; CGi,
S; CGs. Then, since G/K.=N(Sz)/(N(S:)NK,) is a cohomology sphere, we
see that K;=3S; or K;=I'XS,. Thus H=(e) or H=1' X (e) respectively. If
H=(e) then, since Ki/H is a cohomology sphere, we have K;=.3S; or K;=G,.
But, if K;=35;, then N(S1)/(N(S1)MK,) is not connected. Thus K;=G; and
this yields case (4). If H=1"X{(e), then clearly K;=G; in order for K,/H to
be a cohomology sphere. This yields case (2).

Now say that SiCGi, S, is regular, and dim K;=1. First assume that
G1~S0(3) effectively so that we may assume that G =SO(3) XSO(2) is effec-
tive. We have that N(S:) =T, and, since K3=3S;, we have H,CKysCN(S,)
=Ty. Also N(S1) =Ng,(S1) XG:=N(T) and, since

N(S) NS
NS)NK, K,

must be a circle, we have that K; contains an element of the form g=gg,,
where g1E N ¢,(S1) —S1 and g.EG,. Since K1/ H, is also a circle, H; must con-
tain an element of the coset gS: and this element may be assumed to be g.
Then, since H, contains the central element g?=glgi=g3, and since G is ef-
fective, we have g2=(e). We now claim that K,N\Gi=(e). If not there is a p-
group P CK,N\S,, for some prime p, and hence for which F(P, M) contains
the (n—4)-cm F(S,, M) properly. Then we see that P must be conjugate
to a subgroup of H, since if not we would have

dimz, F(P, M) = dimz, [F(S, M)]* + dim F(P,G/Ky) = (n = 5) + 1 =n — 4
and F(P, M) could not contain the (n—4)-cm F(S,, M) properly. But if P

is conjugate to a subgroup of H (and hence H;) we must have P = Z, (by the
facts that g € Hy and Hy ~ H, C To) and hence by dimensional parity
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dimgz, F(P, M) =n—2. Consider the subgroup J = Z; ® Z, of G1=S0O(3). Since
H,CT, we see that J is not conjugate to a subgroup of H and by Lemma 5.1
we have that F(J, M) CB. But all the subgroups of order two of J are con-
jugate in G to P so that Borel’s formula reads

n — dimgz, F(J, M) = 3(dimz, F(J, M) — (n — 2))

and hence dimgz, F(J, M)=n—3. But the map F(J, M)/N(J)—F(J, M)*
CB* is clearly a homeomorphism, and, since dim B*=#r—35 and dim N(J)
=1, this is a contradiction. Thus K,N\G1= (e) as claimed. It follows that, in
fact, H,CS,;, SiMNSe=(e), and g#(e). It now follows immediately that
H,={e, g} ~Z,, Ky=S:H,, and K,=S,. This yields case (3).

In order to treat the case in which Gi=~Sp(1) effectively we must first
investigate case (3) more fully. We see immediately from Lemma 5.1 that
there are no exceptional orbits. Moreover, by Corollary 2.4 all isotropy groups
of points in F(S;, M)— F(T,, M) are conjugate to K,. Thusif J=Z,®Z,is a
subgroup of G, we see that F(J, M) CB1=GF(S:, M). By Borel’s formula
n—dimz, F(J, M) must be divisible by 3 and hence

dimz, FJ, M) =n— 3 or n — 6.

But just as above, it cannot be »—3 and it follows that F(J, M) is precisely
the (n —6)-cmz F(N(T,), M). (Note that it also follows from this that there
are no points in M with a 3-dimensional isotropy group.)
Now consider the case in which G, =Sp(1) effectively, G, =SO(2), S1 CG,
S; regular, and dim K;=1. Consider the element e*gCcenter Gi.. Then
F(g, M)DGF(S1, M)=B, is of dimension #—2 (since G, is effective). Thus
M/ (e, g) is an n-cm on which G/(e, g) acts, which is case (3). Also note that
G/(e, g) actson the (n—2)-cmz, F(g, M). As shown above dimgz, F(J, M/ (e, g))
=n—06, and also we have shown that
F(g, M)

(e, 8)

and hence F(J, M/(e, g)) =F(J, F(g, M)) is an (n—6)-cmz, But since
Gi/(e, g) acts on F(g, M), Borel's formula implies that (n — 2)
—dimgz, F(J, F(g, M)) is divisible by 3. This contradiction eliminates this
case.

The next case to be considered is that for which G1=Sp(1), G.=S0(2),
S1CGi, S; regular and dim K;=3. Here K}=G,; and thus by the remarks
above we may assume Hy= H = H,. We have that K;=G;XJ; for some sub-
group J;CG.. Since K,/H is an integral cohomology sphere we must have
that GiN\H=(e) or I'. However HCN(S;)=T, so that we must have
GiNH=(¢). We now claim that GiN\K,= (¢). Note that since K, CN(S;) =T,
we have GiNK,=S51MK,. Let P be some p-group in SyN\K,. Then F(P, M)
contains then (n—4)-cm F(S;, M) properly. However P is not conjugate

F(J: M/(e; g)) C B = GF(Sb M/(e> g)) C zF(g7 M)
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to a subgroup of H and it follows that
dimz, F(P, M) = n — 5 4+ dim F(P, G/K,) = n — 4,

and hence F(P, M) cannot contain F(S;, M) properly. This is a contradiction
which shows that GiN\K;=(e) as claimed. It follows that K,=S; and hence
that HC.S,. This yields case (5).

We now consider the cases in which G;=Sp(1), i=1, 2, G=G1XG; is al-
most effective. We first take up the case in which S;CG; and dim K;=1.
We claim that this situation cannot arise. To see this consider the nontrivial
element gE&center Gi. Since gE.S;, we see that F(g, M) DGF(S:, M) which is
of dimension #n—2. Hence dim F(g, M)=n—2 or n and this implies that
M/ (e, g) is an n-cmz on which G/(e, g) acts. Thus we may assume for the
present consideration that G=Gi1XG: is almost effective and G1=SO(3),
G2~Sp(1). Let K = Z; ® Z, be a subgroup of Giand consider a point yE F(K, M)
such that G, is locally minimal in this set. Now Borel’s formula applied to the
action of K implies that n—dimgz, F(K, M) is divisible by 3. First say that
G, is of rank 2. Then we may assume that yE F(To, M)=F(N(To), M) and
hence F(K, M)=F(Ty, M) (for otherwise G, would not be locally minimal) is
of dimension n—k—2=n—8. But 8 =n— (#—38) is not divisible by 3 so that
we must have rank (G,)=1. If rank(G,) =1 then it may be assumed that
S;:CG, for some =1, 2. The CDT applied to the action of N(S;) on F(S;, M)
implies that N(S;)NG, is conjugate in N(S;) to N(S;)NK.. Since K is con-
jugate to a subgroup of N(S;) this implies that in fact K is conjugate to a
subgroup of K; (so that in fact we may assume G,=K,). Say that K CK,.
Then we can compute

dimz, F(K, M) = n — k — 1 + dim F(K,G/K)) = n — 4

contrary to the above. Thus K CK,, which is only possible when S:CG,
(otherwise K . N(K3)). We again compute

dimz, F(K,M) =n —k — 14 dim F(K,G/Ks) =n— 1T or n — 5,

according as dim K,=3 or 1, which again is a contradiction. Thus we must
have G, finite and by Lemma 5.1 we see that K must be conjugate to a sub-
group of H. This implies that S, CG, (since K can be assumed to be in K, and
if S; is regular then K . N(K3J)). Thus by a remark above we may assume
H,=H=H,. However N(S,)/(N(Sz)N\K,) must be a cohomology sphere and,
since K CK,, this can be so only if KoN\Gi~I. However HCKiCN(S1)
= N g,(S1) XG; and hence K./H could not possibly be connected, contrary
to its being a cohomology sphere. This finishes the proof of our contention that
if S1CG; then dim K;=3.

Thus in the present case in which S;CG: we have K{=G,, and by a re-
mark above we may assume that Hy=H=H,. K/H is a cohomology sphere
and it follows that since K;/H = K3}/(HNK?), we have HN\G,=(e) or I'. As-
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sume for the moment that HNGi=1'. Then S, must be in G; in order that
HCN(KY). Thus by symmetry we have K3=G; and HN\G,=(e) or I'. If
HN\G;=(e) then we must have H=1I'X(e) CG, which yields case (7). If
HNG;=1I', then H=I'XI' which yields case (6). Now assume that HNG,
= (e). Note that K1=G1X(K10G2) and hence

NS) G
NS)NK, KiNG:

Since this a cohomology sphere we must have KiMN\G.=(e) or I'. If KiNG,
=(e) then HCK,=G; implies H=(e). If S;CG, then by symmetry we see
that K; DG, and hence K; =G, yielding case (8). If S, is regular then dim K,
=3 in order for N(S;)/(N(S;)MNK:) to be a cohomology sphere (since K is
connected, by H=(¢)). This yields case (9). If, on the other hand, KiN\G,=1TI"
then we must have H = I’, either in the “diagonal” or in G.. If HCG, then
we must have K,;=G; and this yields case (7). If H is in the “diagonal” then
since Ky/H is a cohomology sphere, we must have dim K,=3 and, in fact,
either K, =~Sp(1) is diagonal (yielding case (10)) or K;=1I'XSp(1). We must
rule out this latter case. Let ¢ be a central element of G not contained in
H=1I' Then we see that cEK1MNK; so that F(c, M) DGF(S1, M)\UGF(S,, M)
= B. But also Lemma 5.1 implies that B D F(c, M) since c& H. Hence F(c, M)
=B. Note that dim B=n—7+3=n—4 and B is separated by GF(T,, M).
But since it may be assumed that F(T,, M)=F(G, M), we see that F(c, M)
is an (n—4)-cmz, which is separated by the (#—8)-cmz F(To, M). This is
impossible, and hence this finishes the case S; CG.

The only remaining cases are those for which G=G;XG,, G;~Sp(1) and
both S; are regular. First suppose that G is effective, so that HMNcenter(G)
= (e¢). Then N(S)) = To\J sTy where s = 515, and s; is an element of
(N, (ToNG;) — To). At most one K; can be 3-dimensional, so say that dim K;
=1. Then the fact that N(Sy)/(IV(S1)MNK,) is a circle implies that we may
assume K; = N(S))NK,=(TyNK,1)\UIs(ToMNK,), since s is determined only up
to an element of T. Thus K, contains the group S5,\UsS; (which is isomorphic
to the nornalizer of a circle subgroup of Sp(1)). Thus, since Ki/H, is a circle,
we must have that H; contains some element s¢, ¢&S;. But then H; contains
(st)2=st st=s%"1t=s2=s3ss which is a nontrivial central element of G and
consequently G would not be effective.

Now suppose that effectively G=G1XG: and one of the G,, say G, is
SO(3). Let K = Z, ® Z, be contained in N¢,(ToN\G1) CG1=SO(3). Then, since
K cannot normalize any connected rank one group which is not contained in
one of the G;, we see that K is not conjugate to a subgroup of either K;. We
may confine our attention to the neighborhood of a point y near which
F(Ty, M)=F(G, M). By Lemma 5.1 we see that F(K, M) CB.Letz& F(K, M),
so that K CG,, dim G,>0. By Lemma 5.2 we may assume that a conjugate
gS:g~! of one of the S; is contained in G,. But then G,=[KG.]D[KgSig!]
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must be of rank two, and since F(Ty, M) = F(G, M) near y, we must have that
2EF(G, M). Hence F(K, M)=F(G, M) is an (n—8)-cmz, near y. But by
Borel’s formula [1, Chapter XIII, 4.3] and the fact that the proper sub-
subgroups of K are pairwise conjugate in G, we see that 8 =7n—(#n—8) must
be divisible by 3 which is a contradiction.

This completes the proof of our partial classification except for the case in
which

o _ 5P X Sp()

Z, diagonal
Z (Z diagonal)

effectively and both S; are regular, which will take up most of the remainder
of this section. We will now restrict our attention, for the time being, to this
case, which we shall call case (11) although it will be some time before it is
narrowed down to the situation denoted by case (11) in Table 3. G will be
assumed to be effective.

LEMMA 5.3. In case (11), F(G, M)=F(Ty, M) = F(c, M) near (x), where ¢
1s the nontrivial central element of G.

Proof. Since ¢ must preserve orientation on M and since G is effective,
r=dimgz, F(c, M)=n—2,n—4, n—6, or n—8. To determine r we may restrict
our attention to the neighborhood of a point y near which F(G, M) = F(T,, M).
If r=n—2 then G/c=~S0(3) XSO(3) acts on the n-cmz M/c which was
shown above to be impossible since the S; are regular. If r=n—4, consider
the action of G/c on F(c, M). By Corollary 6.3 we have that the maximum
dimension of an orbit is at most three. But the principal isotropy group could
not be of maximal rank, since F(Ty, M)=F(G, M) near y. Moreover the
principal isotropy group must contain a conjugate of one of the S; and hence it
must be a “diagonal” SO(3) in G/c=S0(3) XS0O(3), since this is the only such
group. Moreover G/c has only two types of orbits on F(¢, M), fixed points
and those with isotropy SO(3) in the diagonal, since there are no proper sub-
groups between the diagonal SO(3) and G/c=~S0O(3) XSO(3). This implies
that the subgroup Z, ® Z; of one factor of G/¢ must act freely outside F(G, M)
in F(c, M) contrary to Borel's formula. If =% —6 then Corollary 6.3 implies
that the maximum dimension of any orbit of G/c on F(c¢, M) is one. Thus, in
fact, F(c, M) =F(G, M) in this case, a contradiction. But we see in the same
way that in the only remaining case r =# —8 we must have F(¢c, M) = F(G, M)
(even near x). Since ¢&E T, CG the conclusion follows.

LEMMA 5.4. In case (11), E= & near x.

Proof. Let z € E and let P be a p-Sylow subgroup of G, such that
ord(P) ford(H). By [1, Chapter VII] there are at most a finite number of
nonconjugate P possible, and, since F(P, M) is a cmg,, it is clear that we
may assume dimgz, F(P, M)>dim F(T,, M)=n—8. We may also assume



1961] ORBIT SPACES OF GENERALIZED MANIFOLDS 189

that z is in the component of F(P, M) containing x and that if &’ €F(P, M)
is close to z then G, ~G,. By Lemma 5.1, N(P) is finite, and it follows that,
since F(P, G/G.)=N(P)G./G., and is of dimension zero, dimgz, F(P, M)*
=dimgz, F(P, M)/N(P)=dimgz, F(P, M)Zn—7 and hence dimz, E2n—7
+dim G/G,=n—1, contrary to Theorem 4 of [5]. Thus E= near x as
claimed.

Let G=G\G,, G;=Sp(1), be effective, let ¢; be the nontrivial element in
center G; and put ¢=¢q1g.. Then G=(G1X G2)/(e, q). Let T;=G,MNT, and let
$:€(Ng,(T:)—T:). Put s=s15,. Then s?=s’s;=qigz=g=e in G. Clearly N(S,)
=ToUsT,. At least one of the K, say K, is of dimension one, and therefore
H,CKiCN(S1) =T, JIsTy. Now if dim K;=3 then we see that, in order for
K,/H, to be a cohomology sphere, H; must contain an icosahedral group.
Since Hi~H, does not contain such a group we see that both K are of dimen-
sion one. Since N(S;)/(N(S;)NK,) is a circle we must have

K; = N(S,)AK; = J,\U st.J;

where J;=K,N\Ty and ¢; is some element of T defined up to an element of
J.. Since s is defined only up to an element of T, we see easily that s can be so
chosen that

K,’ = J;USJ{.

Moreover, since K;/H;~ S', we have H;=H/!\Usj;H!, where H! = H.N\T,
CJ;, Ji/H! =S* and j;EJ;. Now all the elements st, t& T, are conjugate in
G. Hence considering the group K=Z,®Z,CSO(3) CG (diagonally), we
have that each ek EK is conjugate to sj;EH;. Thus for e#hEK we have

dimz, F(h, M) = n — 6 + dim F(sj;, G/H;) = n — 6 + dim N(sj)) = n — 4.
Thus by Borel’s formula, if r =dimz, F(K, M), we have
n—r=3((n—4) —r)=3n—3r— 12

and hence r =n —6. Now, since N(K) is finite, it follows easily that F(K, G/G.)
is finite for any 2. Thus it follows that dimgz,(F(K, M))*=dimz, F(K, M)
=n—6=dim M/G and hence F(K, M) must touch principal orbits. There-
fore we may assume that K CH.

It is easy to see from the structure of H known so far that, since Hi~H,
in G, Hi~H,in N(Ty). The verification of this will be left to the reader. Since
the only requirements on the S; are that they lie in T, we may, therefore,
assume that Hy=H = H,.

LEMMA 5.5. In case (11), if zEF(S;, M) — F(To, M), then either G,~SO(3)
(the “diagonal” of G) or G,~K,.

Proof. Let :=1. G, is of rank one and it is easy to see that if dim G,=3
then, since S; is regular, G, must be “diagonal” and it is also clear that such
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groups must be isomorphic to SO(3) since they cannot contain center (G) by
Lemma 5.3. Assume dim G,=1, so that G2=S; and G, CN(S:). By the CDT
applied to the action of N(Si) on F(S:, M) we see that

G, = N(Sl)ﬂG,NN(Sl)ﬂKl = Kl

as was to be shown.

Let C be the set of points z for which dim G,=3. Let 2&C and let U be a
slice at 2, dim U=#n—3. If dimz F(G., U)=n—17, then by the CDT we would
have that G, is locally constant near z on B and this has been shown to be
impossible for dim G,=3 in the present case (that is G, could not be a K;).
Thus dimz F(G., U) =n—8 and also we must have dimz C<n—35. Note that
if G. DK for some & C then, since there are only a finite number of subgroups
of G isomorphic to SO(3) and containing K, we see that, near z, F(K, M)MN\C
is contained in a slice at z. Hence dimz(F(K, M)NC)=n—38.

It is easily seen that F(H, K,/H) consists of two points and it follows
from the CDT that near x (with F = F(G, M) = F(Ty, M) near x),
F(H, M—F—C) is an (n—6)-cmz. Also F(K, M) is an (n—6)-cm over Z,
and it follows that F(K, M)—F—C=F(H, M)—F—C since the former is
connected. Thus, in particular, F(K, G/H)=F(H, G/H).

Say that K’~K in G and K’ CH. Let P, P’ be 2-Sylow subgroups of H,
PDOK, P'"DK'. Then there is an element A€ H such that #Ph~'=P’. How-
ever, since center (G) {H we see that K is precisely the maximal abelian
subgroup of P with elements all of order two. It follows that AKh~'=K’, that
is, K~K' in H. Thus we can compute

N(K)H NH)

F(K,G/H) = and F(H,G/H) = -

But N(K)HDON(H) so that N(K)H=N(H) and hence N(K) CN(H). But
there is an element a € N(K) such that ToN\aT e~ =center (G). Noting that
any element of H of order greater than two must be in T, it follows that H
contains only elements of order two, and since center (G) {H it follows from
the next lemma that

H=Kz22®ZZ.

LEMMA 5.6. The only subgroup of G containing K, not containing center (G)
and all of whose elements have order two is K itself.

Proof. Let K’ satisfy the hypotheses. Since center G K’ the map
f: G—>G/center G~ L, X L,=L (which defines the L's), L;=S0O(3) is an iso-
morphism on K’. We also know that K’MG;=(e) and it follows easily that
that f(K')NL;=(e) also. Thus the map f’: L—L, is also an isomorphism on
f(K’) and it follows from known facts about SO(3) that K’ is either =Z, or
=7Z,®2Z, Since K' DK ~Z,®Z, we must have K’=K as claimed.



1961] ORBIT SPACES OF GENERALIZED MANIFOLDS 191

REMARK. It can be shown that if the hypothesis K’ DK is removed from
Lemma 5.6 then the group K’ is conjugate to a subgroup of K.

Note that we now have that case (11) is as shown in Table 3, since the
fact that K;=S;H follows from the fact that K;/H=~S' The fact that
K;=0(2) follows from the fact that S\VH=TN\H. (If Si\\H > Ty\H then
K:NT, contains Z, & Z, C Ty which contains ¢ contrary to Lemma 5.3.)

LemMa 5.7. In case (11), the natural map F(H, M)/NH)—>M/G is a
homeomorphism near x.

Proof. This is equivalent to F(H, G/G.) = N(H)G./G, for any G,DH, and
this would follow if we knew that whenever H'~H in G, H CG, then H'~H
in G,. To see this we may assume that rank (G,) =1, for otherwise G,=H or
G. In this case we know that either G,~K;~0(2), or G,~S0O(3) by Lemma
5.5. But in these cases the result is clear since all groups isomorphic to
Zy®Z, are conjugate in these subgroups of G.

We shall now show that there is a cross-section in F(H, M) for the fibre
bundle

G/H M-B
G

Note that N(H)/H=Z,®o03. Let JCN(H)/H, J~2Z;, and K=(N(H)/H)/J
=Z3®Z, (not to be confused with our previous use of the letter K). Consider
the orbit maps

M- B

J FH,M) K F(H,M)
> > =~ M/G.
J N(H)

We know, by [1, Chapter 111, 2.3], that F(H, M)/J is an (n—6)-cmg,. Also,
since K acts effectively on F(H, G/H)/J and hence on F(H, M)/J, we must
have, by Borel’s formula, that dimgz,(F(K, F(H, M)/J))=n—8 and that
there is an element gEK with a fixed point set of dimension #—7. Lemma
2.5 applied to the action of K/g on (F(H, M)/J)/g yields that M/G is an
(n—6)-cmz, with boundary consisting of the exceptional orbits of the above
action of K.

Note that if G,DH is an isotropy group of a singular orbit of G on M,
then ((G.N\N(H))/H)/J is not trivial so that we see that the boundary of
M/G=F(H, M)/N(H) is precisely B* In particular, B*=B/G is an
(n—"T)-cm over Z,.

Lemma 2.5 also implies that F(H, M —B)/J is the union of four disjoint
copies of F(H, M—B)/N(H)=~(M—B)/G. Since (M —B)/G is an (n—6)-cm
over Z we have only to show (by 6.5) that it is orientable over Z; and
that H}"'((M —B) /G, Zs) = 1.0, in order to conclude that the map F(H, M — B)
— (M —B)/G has a cross-section near x.

F(H, M)
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Let F=F(G, M) and B=FUC\UD,\UD,, where D; consists of points with
isotropy groups conjugate to K;. We know dim F\UC<n—35 and G/K; is
easily seen to be nonorientable (since conjugation by an element of K;—S;
reverses the orientation of G/S;). Thus for the spectral sequence with coeffi-
cients in Z; of the fibering D;— D} we have

Ey "~ H. (D} H'(G/K:, Z5) = 0
since the coefficients are trivial. Thus H? %(D;, Z;) =E% =0, and conse-
quently H* %(B, Z;)=0. This implies that H; (M —B, Z;) =1, 0. But for
the spectral sequence (coefficients in Z3) of M —B—(M —B)/G we have (by
[1, Chapter XV, Lemma 6.2])

n— n—7, n—7, n—' M_B
0=rnH (M —B,2) ~E ' ~H;, * ~H, ’( S ,zs)

since H%(G/H, Z;) ~ H\(G/H, Z;) =0. Moreover,

n—! M_B n—6, n—6, n
i °( - )Zg)zEz“zE,,”zHc(M—B,Zs)=Zs

so that (M —B)/G is orientable as was to be shown.

We will now investigate the structure of C in order to show eventually
that C= . Let 2E&C and assume, as we may, that K;CG.. We will first
show that dim.(C, 2) =n—35 for any L. Let U be a slice at 2z, dim U=n—3.
Then, since dim (S}, G./K1) =0 we have that dimz F(S;, U) =n—17. Note that
it will suffice to show dimgz, F(G., U) =n—8.

There are exactly three types of orbits of G, on U, namely fixed points,
principal orbits (isotropy group H =~ Z,®Z,), and projective planes (isotropy
group Ng,(S1)). We will use the notation G'=G., B'=BNU, F'=F(G', U)
=CNU. Note that F(Si, U)=F(Ng(S1), U) so that B'/G' = F(S;, U) is an
(n—T7)-cm over Z and also the set B’ — F’ of points on projective plane orbits
has a cross-section F(S1, B’—F’). As seen above there is also a cross-section
in F(H, M —B) for the principal orbits of G and it follows that there is a
cross-section in F(H, U— B’) for the principal orbits of G’ on U so that

U-PB B — F

U-B =~ XG/H;, B —F =~

o X G'/Ng(Sy).

Now say that dimgz,(F’) <n—8 near z. Then F’ cannot separate the
(n—17)-cmg, B'/G’ locally. Thus H} "((B'—F')/G', Zs)=1.Z,. Considering
the Leray spectral sequence of the map B’—B’/G’ we see that Ej~"?
~ H;'(B'/G', %XG'/G), Z)) = H;'((B' — F)/G', HXP?, Zy)
=H'""((B'—F") /G, Zy) = 1.2,. Thus H %(B’, Z;) = 1.Z, which implies that
Zy= . Hy Y (U~B', Z))=1.H;*(U-B")/G', Z) ®H:G'/H, Z3) = Z;®Z:
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and this contradiction implies that we must have had dimz,(F’, z)=%n—8 as
claimed.

It now follows from Case II applied to the action of G’ on U that
F'=F(G,, U) is an (n—8)-cmgz,. Since C is locally a product of F(G,, U) by
a 3-cell, we have that Cis an (#—5)-cm over Z,. Also C/G is an (n—8)-cm
over Z,.

Consider H"'((B—F—C)/G, Z,), whose rank is the number of com-
ponents of the (n—7)-cm(B—F—C)/G. We have H* ((B—F—C)/G, Z)
~H; 2(B—X—C, Z)~H,; (B, Zy)=_1.H;(M—B, Z))=1.HG/H, Zy)
~H\(G/H, Z;)=Z;®Z,, since M—B~(M—B)/GXG/H and M/G is an
(n—6)-cmz, with boundary B/G.

Moreover we know that H, 3((B—F) /G, Zs) = 1.0and H* '((B—F)/G, Z,)
= L,,-Zz @Zz, since

B—F _ FSsM) = F(Ty, M)
G : N(S))

Thus there are neighborhoods Vi C V, C V;of x such that, with B;=BNV;,

C;=CNYV,, we have that in the diagram (coefficients in Z,)

nsfBi—F\ ji as/C\d n7/B —F— i1 _n—1f B1— F
o s( 1 )'-7—>H, 8(—1>—-1>H¢ 7( 1 il)Hc 7< 1 >_)0
G G G

G
Lhi LA la A
n—8 [ Bs — jo n8fCo\ds n—7/Bs— F — 9 n_7f Bs — F
i s( 2 ]—2>Hc 8<——2)—2>Hc 7( 2 C)zHc 7( 2 )_)0
G G G G
LB Lf2 le L ha
n—g [ B3 — i3 n-8/Cs\ds n-7/B;s —F — ts a7/ B:s— F
Hca( 3 F>J—3>Hca(—3)—3>Hc7<3 2H07< 2 )_)0
G G G G

ki =0=h{, Im g1=Z,®Z, and is mapped isomorphically by g; onto Im g,
and similarly with A, and k..

Thus Z; ®Z;~1Im hy=1Im hyiy=1Im 42g, and, since Im gy~ Z, D Z,, 1, must
map Im g, isomorphically. Hence if « EH?3(C,/G) we have that ig:1di(c)
='i2d2f1(0l) =0 implles that 0=g1d1(a) =d2f1(a). Thus f;(a) =]2(ﬁ) for some B
and fyfi(a) =f27:(8) =jshs (8) =0 since hf =0. Thus H* 8(C/G, Zs) = 1.0, and,
since C/G is an (n—8)-cm over Z,, it follows that C= J near x as was to be
shown.

We shall now finish the proof of Case III. Using Lemma 5.1 we see that
E = near x in cases (1), (2), (3), (4), (5), (8), and (9). This has also been
seen in case (11). This also follows in case (6) since there are no groups con-
tained properly between I and SO(3), and using this fact together with
Lemma 5.1 we see that this is true in case (7). In case (10) we see that any
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subgroup properly containing H must intersect a factor G; of G and using
Lemma 5.1 we see that E= & near x in this case also, so that this is true in
general.

In case (11) we have seen that the principal orbits have a cross-section
in F(H, M). In the other cases, except for (3) and (10) we see that N(H)/H
is connected and hence acts trivially on H*(G/H). In case (10), N(H)/H = Z,
and is represented by the central element of G, so that, as may easily be seen,
its action on H*(G/H) is trivial. Considering case (3), we note that G/H
~S0(3) X z,S! (in the notation of [1, Chapter 1V, 1.3]) is an SO(3)-bundle
over S! and hence the groups Hi(G/H, Z) are Z, Z, Z,, (Z®Z,), and Z, for
1=0, 1, 2, 3, and 4 respectively. Hence N(H) acts trivially on this if and only
if it does so on Hi(G/H, Q) (Q=rationals). However 7*: H*(G/H)—H*(G)
is a rational isomorphism and the action of N(H) on H*(G) is trivial, since
it is just right translation. Thus, in general, the structural group of M —B
—(M—B)/G acts trivially on H*(G/H, Z).

We have that F(T,, M)=F(G, M) in all cases except possibly (3), since
if 2EF(Ty, M) then G,DK,\JK, (up to conjugation of the K;) and the only
such group is G in these cases (except (11) for which this has already been
shown). In case (3), F(G;, M)=F(T,, M) by Lemma 5.2, so that G; acts on
the cmgz F(G;, M) with an open set of fixed points. Thus F(G, M)
= F(G1, F(Gs, M))=F(Gs, M)=F(T,, M) in this case also.

Moreover, Corollary 2.4 implies easily that if G,DK;, dim G,=dim K,
then G,=K;. But then if G, ~ G or H then rank (G,)=1 and, using special
facts already shown in cases (3) and (11), it follows that G, must be conjugate
to one of the K;. Thus there are exactly four orbit types near x.

Since B/G is the union

FSu M) | F(Ss M)
N(Sy) N(S2)
of two (n—k—1)-cms with common boundary F(G, M)=F(T,, M), an

(n—k—2)-cm over Z, it follows that B/G is an (n —k—1)-cmz. Considering
the maps

F(K:, M) — F(G, M) _F(S:, M) — F(G, M)
N(K)/K; - N(S)

we obtain, by using Theorems 6.4 and 6.5, that these maps have cross-sec-
tions. That is, we note that in all cases (N(K,)/K.:)/(N(K;)/K;)? is solvable
and we apply 65 to the map F(K; M — F)/(N(K;)/K;)®
—F(K;, M—F)/N(K;)/K; and then apply 6.4 to the map F(K;, M—F)
—F(K;, M—F)/(N(K;)/K;)® (or rather to the part over a component of the
latter space).

Letting B—F=D,UD, where D,={z|G.~K;} we now have that
D;=D;/GXG/K; and D;/G=F(S;, M)/N(S;)— F(G, M). Now, considering

F(K:, M) — F(G, M) —
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the Leray spectral sequence of the map B — B/G, we see that EZ2°
~H}(B/G, Z) = 1,0 for p =n—k—2. Also for ¢ >0, E}*~ H?(D,/G, H(G/K}))
@ H?(D,/G, HI(G/K,)) = 1,0 for p<n—Fk—2, since the coefficients are con-
stant.

It follows that Hy(B, Z) = 1,0 for iSn—k—2 and hence also H:(M —B, Z)
= 1.0 for i =n—k—1. Since, as seen above, the structural group of the fiber-
ing M—B—(M—B)/G acts trivially on H*(G/H, Z) we have by Theorem
6.6 that H((M—B)/G, Z)=1,0 for iSn—k—1. Also H**((M—B)/G, Z)
=FEy ™=Ev"™=HXM—-B, Z)~Z. Moreover M/G—F is an (n—k)-cmz
with boundary B/G — F by the CDT and thus, since B/Gisan (n—k—1)-cmg,
we have by Lemma 2.6 that M/G is an (n—k)-cmz with boundary B/G,
which completes the proof of Case III.

6. Appendix. We shall give here the statements of some theorems for
which proofs appear (essentially) in the literature but the existing statements
of which are not sufficiently general for our purposes. The notation is as in
the present paper.

THEOREM 6.1 (MONTGOMERY [1, Chapter 1X, 2.1]; YANG [7, Theorem 2]).
Let G be a compact Lie group acting on an n-cm M over K, (where K, denotes a
field of characteristic p, possibly zero). Then dimg, B<n—2.

THEOREM 6.2 (MONTGOMERY [1, Chapter IX, 2.2]; YANG [7, Theorem 2]).
Let G be a compact Lie group acting on an n-cm M over K,, and let ¢t be an
integer 0 <t <k. Then the union of all orbits of dimension =t is a closed set of
dimension =n—k-+t—1 over K,

COROLLARY 6.3 (MONTGOMERY [1, Chapter IX, 2.2 Corollary]). Let G and
M be as above, then dimg, M/G=n—Fk (near any point) and dimg, B/G
Sn—k—1.

These three results are essentially the same as those cited except that K,
replaces Z as coefficients. The proofs are almost the same, with K, in place
of Z, and, in the proof of [1, Chapter IX, 2.1], the group H should be taken
to be a circle group such that HNG, is finite, the reference to Chapter V, 2.6
being replaced by a reference to [1, Chapter V, 3.2]. The equality dimg, M/G
=n—Fk follows from the fact that locally near some orbit of dimension &, M
is the product of the orbit with M/G. (Hence dimg, M/GZn—Fk and the
reverse inequality follows from the proof of [1, Chapter IX, 2.2].)

THEOREM 6.4. Let G be a compact connected Lie group acting on a locally
separable, locally compact space M of finite covering dimension. Assume that G
acts freely outside the closed set A, that (M —A)/G is an m-cm over Z, and that

H{(M— A Z) {Z, 1= m, i €4
¢ =rz* or some X .
G ", izm,

Then there is a local cross-section for the orbits of G on M — A near x.
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This follows from the proof of [1, Chapter XV, 3.3].

THEOREM 6.5. Let G be a finite solvable group acting on a space X freely
outside the closed set A CX. Say that x*CSA* has a fundamental system of
neighborhoods Y, such that each YVo.—A/G is connected. Assume further that
(X — A)/G is an orientable n-cm over Z, for all pl ord(G) and that
H"'((X—A4)/G, Z,) = 1.0 for all pl ord(G). Then there is a local cross-section
near x for the orbits of G on X —A.

This follows from the proof of [1, Chapter XV, 3.4].

THEOREM 6.6. Let G be a compact connected Lie group acting on a space X
and let A be a closed invariant subset of X such that the orbits of G in X — A are
all of the same type G/H. Let L be a principal ideal ring and suppose that the
structural group of the fibering '

G/HX- A
X—45" =

acts trivially on H*(G/H, L). Let x€F(G, X) CA and say that H(X — A, L)
= 1.0 for all i<4o. Then also H((X —A)/G, L) = 1.*0 for all 1 <4,.

This essentially follows from the proof of [1, Chapter XV, 6.3].
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