SOME HILBERT SPACES OF ENTIRE FUNCTIONS. III

BY
LOUIS pE BRANGES(")

We continue the study of Hilbert spaces, whose elements are entire func-
tions, and which have these three properties:

(H1) Whenever F(2) is in the Hilbert space and has a nonreal zero w, the
function F(z)(z—w)/(z—w) is in the Hilbert space and has the same norm
as F(2).

(H2) For each nonreal number w, the linear functional defined on the
Hilbert space by F(z)—F(w) is continuous.

(H3) Whenever F(2) is in the Hilbert space, the function F*(g) =F(z) is
in the Hilbert space and has the same norm as F(z).

If E(2) is an entire function such that

(1) |E@)| < | EG|
for y>0 (z=x-+1y), we write
E(z) = A(z) — iB(2)
where A (z) and B(2) are entire functions which are real for real z, and
K(w, 2) = [B(z)A(w) — A(2)B(w)]/[r(z — w)].
Let 3¢(E) be the Hilbert space of entire functions F(2) such that

2l = [ PO 1] B o < =,

with integration on the real axis, and
| F(z) |* < || FI[*K (2, 2)

for all complex z. For each complex number w, K(w, z) belongs to 3¢(E) as
a function of z and

F(w) = (F(&), K(w, 1))

for every F(z) in 3¢(E). It was shown in [7] that every nonzero Hilbert space
of entire functions which satisfies (H1), (H2), and (H3) is equal isometrically
to some such 3¢(E).

The typical example of such a space occurs in Fourier analysis, and then
there is a family (E(a, 2)) of entire functions satisfying (1), a>0:
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E(a, 2) = exp(—iaz)
A(a, 2) = cos(az), B(a, 2) = sin(az).
When a £b, 3¢(E(a)) is contained isometrically in JC(E(b)), and every one of
these spaces is contained isometrically in L2(— «, «). A necessary and suffi-

cient condition that an entire function F(z) belong to 3¢(E(a)) is that it be of
the form

TP (z) = f (t) cos(ta)dt + f 2(0) sin()dt,

where f(t) and g(f) are measurable complex valued functions of ¢=0, which
are square integrable and which vanish a.e. outside of [0, a]; in this case,

wflF(t)|2dt=f|f(t)|2dt+f|g(t)|2dt.

This is a relatively trivial interpretation of the celebrated Theorem X of
Paley and Wiener [12]. There is a closely analogous integral representation
valid in the most general space 3C(E). For simplicity of presentation, we will
suppose that E(z) has no real zeros and that E(0)=1.

Let
! 13
iy = (40 2 >>
B ()
be a matrix valued function of ¢>0, where a(¢), B(¢), v(f) are real valued,
absolutely continuous functions of ¢>0 such that

(2) B z0, F®Oz0 FO*=OYO

a.e. for t>0,

3) a(t) >0 for ¢t>0 and lim af) =0,
N

and

(4) lim [«@®) + v()] = .

A real number 5> 0 is said to be singular with respect to m(¢) if it belongs to
an open interval (a, ¢) in which &'(¢), 8'(¢), ¥'(¢) are equal a.e. to constant
multiples of a single function and

B0 =o'

a.e. Otherwise, a number >0 is said to be regular with respect to m(t). Let
L?(m) be the Hilbert space of (equivalence classes of) pairs (f(¢), g(¢)) of
measurable complex valued functions of =0 such that
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16,9l = [ G, sam) 0, 80~ < .

Here,
_ (1O
(O, 80)- = (g(t))

and the integral is to be interpreted as

[ v sm 000, dora

By the equivalence of (fi(f), g1(#)) and (f(¢), g2(f)) in an interval (a, b), we
mean that

[ 66, e0ramo 0, ) = 0

where

(f0), 8®) = (f2(0), &2(9)) — (f1(9), &:1(9).

Let L3(m) be the closed subspace of L%(m) formed by the elements (f, g) of
L2(m) such that (f(¢), g(¢)) is equivalent to a constant in any interval (a, b)
containing only singular points with respect to m(t). Since 3(¢) is real valued
by hypothesis, (f(f), 2(f)) belongs to L*(m) whenever (f(£), g(¢)) belongs to
L?(m) and these elements have the same norm; if one belongs to L3(m), so
does the other. Let H be the transformation in Li(m) defined by (f2, g2)
=H(fi, g1) if (fi, g1) and (fy, gz) are elements of Li(m), and (fi, g1) is (equiva-
lent to a pair of functions) such that fi(¢) is continuous for £>0, gi(¢) is con-
tinuous for £=0, £,(0) =0, and

) (f1(0), 810N — (f1(a), gr(a))I =f (f2(8), g2(8))dm(t)
whenever 0 <a <b< «, Here,

0 -1
1= (i 7o)
1 0
and (5) is to be taken in the sense that

80) - 8@ = [ (00 + 08Ol

b
fila) = fu(b) = f 108 (1) + g2 ()],
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Both integrals are absolutely convergent by the Schwarz inequality, because
of (2) and the finiteness of “( fe, g2)H. The transformation H is well-defined
because the step functions which belong to L%*(m) are dense in L%(m). Note
that if (fi, g1) is in the domain of H, then so is (i, z1); if (f2, g2) = H(f1, g1),
then (fo, g) =H(f, 2).

By a Hilbert space, we mean a complete inner product space over the com-
plex numbers, with no restriction on dimension. The spaces which actually
occur are separable, but they may have finite dimension. Our transforma-
tions are linear, but they need not be everywhere defined or bounded.

Our generalization of the Paley-Wiener theorem will take place in several
stages, as announced in [9]. In the first theorem, we develop the concept of a
one-parameter family of Hilbert spaces of entire functions in analogy with
the family E(a, z) =exp(—1az). In the second theorem, we show that such a
family is present whenever we are given a single Hilbert space of entire func-
tions and a measure which determines its norm. The third theorem is the
proper generalization of the Fourier transform in the Paley-Wiener fashion.
It also describes the significance of this transformation for the underlying
self-adjoint transformation H. In this formulation, we are equally indebted
to Paley and Wiener [12] and to Stone [13].

THEOREM 1. Let m(t) be a matrix valued function of t>0 which satisfies
(2), (3), and (4). Suppose that there exists a family (E(, 2)) of entire functions
satisfying (1) with no real zeros, such that E(t, 0) =1, t>0, such that for each
complex number w, E(t, w) is a continuous function of t>0,

(6) (A, w), B, w))I — (A(e,w), B(a,w))I = Wfb(A(t, w), B(t, w))dm(?)

whenever 0 <a<b< «, and
(7N lim K(a, w, w) = 0.
a\o

Then, when a <b are regular points with respect to m(t), 3C(E(a)) is contained
isometrically in 3C(E(b)). For all nonreal numbers w,

(8) lim K(b, w,w) = «,

b— 0

There is a unique non-negative measure u on the Borel sets of the real line such
that

f(l + 1)1 | E(a, t) |2du(t) < »

for each regular >0, and

¥ f | B, du® _ . 5 f | E@, 0" EG,0 |
t—2*+y* oo w (t— 0+
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for y>0. When a>0 is regular with respect to m(t), 3¢(E(a)) is contained iso-
metrically in L2(u). The union of the spaces 3¢(E(a)), with a regular, is dense in
L2(u).

THEOREM 1I. Let E(z) be an entire function which satisfies (1) and has no
real zeros, such that E(0)=1. Let v be a non-negative measure on the Borel sets
of the real line such that 3C(E) is contained isometrically in L2*(v). Then, E(3)
= E(c, 2) and v =y for some choice of m(t) and E(t, 2) as in Theorem 1, and some
¢>0 which s regular with respect to m(t).

Let x(a, ¢) be the function which is equal to 1 when {<a and equal to 0
when t>a.

THEOREM III. Let m(t) and E(t, z) be as in Theorem 1.
(A) Let ¢>0 be regular with respect to m(t). Then,

x(c, ) (A, w), B(t, w))

belongs to L3(m) as a function of t for every complex number w. For each element
(f, g) of Ly(m) which is equivalent to zero outside of [0, c, define a corresponding
“esgentransform” F(z) by

© @) = [ (G0, 80)im() (46, ), B, 8)-
for all complex w. Then, F(z) is an entire function, it belongs to 3¢(E(c)), and
(10) T f | F() [2du() = f (f(9), 8(8))dm (1) (f(2), g(®)~.

If G(2) is in 3C(E(c)), then G(2) is equal to F(z) for some such choice of (f, g).
If F(2) is the eigentransform of (f, g), then F*(2) is the eigentransform of (f, g).

(B) Let ¢>0 be regular with respect to m(t). Let (fi, g1) be an element of
Li(m) which is equivalent to zero outside of [0, c], and let Fi(z) be the cor-
responding eigentransform. A necessary and sufficient condition that (fi, g1) be
in the domain of H and that (fi(c), g1(c)) =0 is that 2F1(z) belong to 3¢(E(c)). In
this case, let (fs, g2) = H(f1, g1) and let Fy(2) be the corresponding eigentransform.
Then, Fay(z) =zF1(2) for all complex .

(C) If (f, g) is in Ly(m), the corresponding eigentransform F(x), defined by

(11) FG) = lim [0, 60)am()(40, 2), B, )

exists with convergence in the metric of L*(u), and (10) holds. Every element
G(x) of L*(u) is equal, a.e. with respect to p, to the eigentransform F(x) of an
element (f, g) of Lﬁ_(m). If F(x) is the eigentransform of (f, g), then F(x) is the

eigentransform of (f, g).
(D) Let (fi, g1) be an element of Li(m) and let Fi(x) be the corresponding
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eigentransform. A necessary and sufficient condition that (fi, g1) be in the domain
of H is that xFi(x) be in L*(u). In this case, let (fa, g2) = H(f1, g1) and let Fa(x)
be the corresponding eigentransform. Then, Fo(x) =xFi(x) a.e. with respect to p.

Probably the most interesting of these three theorems is Theorem II.
From a single Hilbert space of entire functions we are able to extrapolate a
whole family of such Hilbert spaces with isometric inclusions. In other words,
the choice of a single function E(z) satisfying (1) invokes a giant apparatus
similar to that of Fourier analysis. For the spaces containing 3¢(E), we use a
measure which determines the norm of 3¢(E). All such measures were previ-
ously determined in Theorem V of [8]. No choice of measure is needed to
obtain the spaces contained in 3¢(E). This half of the theorem has previously
been obtained in Theorem V of [10] in the case that E(z) has genus 0 or 1.
The proofs do not provide any effective method for making the construction.
If an entire function E(z) satisfying (1) is given, say by a Hadamard factor-
ization, we have no effective general method of finding an associated one-
parameter family of entire functions satisfying (1). Nevertheless, such cal-
culations can be made in special cases. Since these computations are quite
complicated, we have preferred to restrict ourselves to a single typical exam-
ple, which we give in great detail, rather than discuss a large number of cases
less completely.

The gamma function I'(z) may be used to construct an interesting exam-
ple of a Hilbert space of entire functions. From our point of view, it is more
natural to work with its reciprocal S(z), which is an entire function. Since the
gamma function satisfies the identity

T'(z+ 1) = 2T(3),
the reciprocal satisfies the identity
S(z) = 25z + 1).

It follows that S(z) has zeros at the nonpositive integers, and we are led to
conjecture a factorization of the form

S(z) = evz H (1 + z/n)e2n,
1

which is known to hold for a suitable choice of the real number v,, Euler’s
constant. See Whittaker and Watson [15, Chapter XII]. On taking the
logarithm and the derivative of each side, we find that

ReiS'(2)/S(2) = y| 2"+ X y|z+n|[2>0
1

for y>0. It follows that the function S’(z) —:S(z) satisfies (1). It has no real
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zeros and it has value 1 at the origin. The construction follows the standard
proof of Laguerre’s theorem, as in, say, Boas [1, p. 23].
If E(2) =5'(z) —25(2), the Hilbert space 3C(E) has the functions

771%5(2)/(z + n) (n=0,1,2,--")

as an orthonormal basis. The identity 2S(z+1) =S(z) implies that the space
has these two properties.

(I) The function zF(z+41) belongs to 3¢(E) whenever F(z) belongs to
JC(E) and it has the same norm as F(z).

(IT) Every element G(2) of 3¢(E) such that G(0) =0 is of the form G(z)
=2F(z+1) for some corresponding F(z) in 3¢(E). A study of these two prop-
erties leads to a generalization of the gamma function identity.

THEOREM IV. Let E(2) be an entire function which satisfies (1), such that
E(0)=1. A necessary and sufficient condition that 3C(E) satisfy (I) and (II) is
that there exist a matrix

7= (7%
r s

of real numbers, with det P=1, such that

1 0
(12) 2(4(z + 1), Bz + D)P = (4(2), B(3)) (_z_la_l 1)

for all complex z, where a= B’(0) >0.
In the gamma function case, the identity (12) is satisfied with
P =1, A(z) = S'(3), B(z) = S(3), a=1
It is then equivalent to the two scalar equations
S =35@z+1), S0k —S@/z=2:25GE+1).

As we have seen, the first equation is an expression of the gamma function
identity. The second equation follows from the first on differentiating each
side with respect to z. Although we choose to regard (12) as a generalization
of the gamma function identity, it differs from the usual formulation of this
identity in two respects. In the first place, it is an identity involving entire
functions. In the second place, it is a vector identity involving a pair of entire
functions. Nevertheless, because of the role of this identity in Theorem IV,
it does have much of the flavor of the classical identity.

Since S(z) is an entire function of genus 1, S’(z) —4S5(z) has genus 1. We
may apply Theorem V of [10] to produce a family (E(t, 2)) of entire functions
satisfying (1), 0<¢=1, such that

(13) E(1,2) = S'(2) — iS(2).
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We will have a matrix valued function m(t) defined for 0<t=1, so as to
satisfy (2), (3), (6), and

4 a(t)d o,

(14) fo (Hav(t) <

and

(15) li\I‘n E(t,3) exp[B(1)z] =1
NGO

for all complex 2. If a is regular with respect to m(t), 3¢(E(e)) is contained
isometrically in 3¢(E(1)). Since 3C(E(1)) satisfies (I) and (II), it is tempting
to conjecture that JC(E(a)) satisfies (I) and (II). If this is true, then by Theo-
rem IV there is a matrix P(a) of real numbers, with det P(a) =1, such that

(16) 5(A(a, 5+ 1), B(a, %+ 1)) P(a) = (4(3,2), B(a, 7)) (_z—li@—n 2)

If one differentiates each side formally with respect to @ and simplifies using
(6) and (16), one is led after some calculation to conjecture the matrix iden-
tity

) Parm @1p@) + ( _ )E@r @

1
—~zla(a)"! 1 7 la(a)! 1

-~ @r(_ ‘I:z(a)“ IE (a'(a)z-ola(a>‘2 o)

which turns out to be equivalent to the equation
B'(a) —a'(a) —d/(a)a(a)! 0
18 P(a)"'P'(a) =
49 Pemr (7’(0) —B’(a)) * (—26’(a)a(a)"‘ a'(a)a(a)—l)

and the requirement that P(a) commute with m’(a)I. After some calculation,
one finds a solution of the form

o 1)(
(7)

-1
19 P@) =1+ alog a(ZEZ) —v(a))
with
(20) a(@) =a, B'(a) =2(a), 7(a) =1%0a)
and
(21) v'(a) = (a?log a~ V)7L,

Our next theorem shows that the above formal considerations do lead to a
correct determination of m(z).
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THEOREM V. Let v(t) be a function satisfying (21), 0<a <1, with the con-
stant of integration chosen so that

1
v(@) = — §"(0) — a'loglog a™! + f -2 log log t~dt.

Let a(t), B(t), v(t) be defined by (20) for 0 <a <1 with the constant of integration
in B(t) chosen so that

B(a) = loglog a—! + fa[v(t) + (tlog t=1)~]dt.

Then, (2), (3), and (14) are satisfied and
B(1) = lim (),  ¥(1) = limy(?)
t/1 t/1

exist and are finite. Let (E(t, 2)) be the corresponding family of entire functions
satisfying (1), 0<t=1, such that (6) and (15) are satisfied. Then, (13) holds
for all complex z.

In Theorem V, we do not define m(¢) for £>1. This might be done in a
numbers of ways. For instance, we might take

al) =e()+t—-1, BH =671, vO=vD)+:t-1

so that (4) is satisfied. The corresponding measure u, defined as in Theorem
I, is absolutely continuous with the density

W@ = | EQ, ]

It is interesting to write out the assertion of Theorem III explicitly in the
situation of Theorem V. Because (20) holds, it takes an especially simple form.
The formula

(f®), 8(0)) = f(&) + g(®)2(2)

defines a linear isometric transformation of L?(m) onto L2?(0, 1). Since there
are no singular points for this choice of m(t), Li(m) can be replaced by L*(0, 1)
in Theorem III, which now has this interpretation for parts A and B.

THEOREM VI. Let m(t), E(t, 3), and v(t) be as in Theorem V.
(A) Then,

o, w) = A(t, w) + B(t, w)v(?)
belongs to L*(0, 1) as a function of t for every complex number w. For each ele-

ment f(t) of L*(0, 1), define a corresponding eigentransform F(z) by

wmw=fﬂwmww
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for all complex w. Then, F(2) is an entire function, it belongs to 3¢(E(1)), and
« [ 1RO P a0 = [ 0]

If G(2) is in 3C(E(1)), then G(2) is equal to F(3) for some such choice of f(¢). If
F(2) is the eigentransform of f(t), then F*(z) is the eigentransform of J(t).

(B) Let f(t) be an element of L*(0, 1) and let F(z) be its eigentransform. A
necessary and sufficient condition that f(t) be (equivalent to) an absolutely con-
tinuous function and that for some g(t) in L%(0, 1)

ﬂ@=w@£}ww

for 0<a <1 and that
(@) =00('®),  f)V() — v()f' (&) = o(¥'()

as t—0, is that 2F(z) belong to 3C(E(1)). In this case, let G(2) be the eigentrans-
form of g(t). Then, G(2) =2F(z) for all complex z.

We have seen that when E(z) =5'(z) —4S5(2), the function zF(z+1) be-
longs to 3¢(E) whenever F(z) belongs to 3¢(E) and that it has the same norm
as F(2). It is interesting to see what the transformation F(z)—2zF(z+1) cor-
responds to in L2?(0, 1).

TueoreM VII. If f() is in L2(0, 1) and if [f(£)dt=0, then
(22) w=m—wﬁmm

is in L2(0, 1) and has the same norm as f(¢). Let F(z) and G(2) be the cor-
responding eigentransforms, as in Theorem VI. Then, F(z) =2G(z+1) for all
complex z.

Another way to get a deeper and better understanding of the theorems at
the beginning of this paper is to give applications. One way to do this is to
take well-known properties of the Fourier transform and look for generaliza-
tions in this new context. The Hilbert transform is a close relative of the
Fourier transform and it serves our purpose admirably. If F(x) belongs to
L?(— », «), the Hilbert transform G(x) is defined by

F()
(23) Gx) = P f i,
m(t — x)
according to Titchmarsh [14, Chapter V], where P denotes a principal value
at t=x. The function G(x) is defined for almost all real x, it belongs to
L*(— o, ), and
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f|a@kw=jWF@Pw

Flx)=—-P f G

w(t — x)

and

for almost all real x. In order to motivate a generalization, we will write (23)

formally as
Fit)—F
t—x

Let u be a non-negative measure on the Borel sets of the real line, such that
(24) fu+ﬁw@@<w.

If F(x) belongs to L%(u), we would like to define a function G(x) formally by
F@t) — F
(25) mm=f-ﬂ——@@m.
%

In most cases, the integral occurring in (25) is not absolutely convergent.
Even if it is, we will not necessarily agree with (25) in our actual definition,
which is based on an example. Since u satisfies (24), the function F(x)
= (x—w)~! belongs to L?(u) if w is not real. In this case,

F) —F(x) _ F()
t—x (- w)

and we should interpret G(x) as
G(x) = — ip(w)F(x)
where ¢(w) is a suitable interpretation of the integral

_ 1o
o(w) = wif (t — w)

By this, we will mean the choice of a function ¢(z), defined and analytic in
the complement of the real axis, such that ¢(z) = —&(2), and

y du®
26) 2 = Ty Rt

when z is not real. After partial fraction decompositions, this requirement be-
comes equivalent to the formula
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(@ — 2) au(?)

(@7 e B S CRR
whenever z and w are not real. In the case du=dx, this interpretation becomes
consistent with the ordinary Hilbert transform on choosing ¢(z) =1 for y>0.

Before completing the definition of our generalized Hilbert transform, we
must observe than an important property of the ordinary Hilbert transform
is its isometric nature. The generalized Hilbert transform will be an isometric
transformation of L?(u) into L2(») if v is a suitably chosen measure. The right
choice of » is such that

dv(t) _ .
29) X i 5= Rl

whenever z is not real. The existence of such a measure follows by the Pois-
son representation of a function positive and harmonic in a half-plane if ¢(z)
is chosen so that

#(iy)~* = o(y)

as y—+ «. Then, when z and w are not real,

i(w — 2) dv(t) B . .
(29) ] I Rl CREE 1
and hence by (27)
$(2)3(x) du()
(30 —oe-0""=) Tou=w’

We may now interpret (25) in this way. Let G(x) be the unique element of
L?(v) such that

31) f G(t)dv(t) o () f F(t)du(t)

whenever w is not real.

TueorReEM VIII. Let u and v be non-negative measures on the Borel sets of
the real line which satisfy (24), (26), and (28) for some choice of a function ¢(3),
defined and analytic when 2 is not real, such that ¢(2) = —$(2). If F(x) belongs
to L2(u), then (31) defines a unique element G(x) of L*(v) and

(32) f | G(2) |2dv(t) = f | F(2) |2du(t).

To see the relevance of the generalized Hilbert transform for Hilbert
spaces of entire functions, we must consider another transformation. Let
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A(z) B(2)
C(2) D(Z))
be a matrix of entire functions which are real for real z and satisfy
A(2) D(z) — B(2)C(2) = 1,

Re [4(2)D(s) — B(z)C(z)] = 1,
[B(x4(z) — 4(=)B(2)]/(z — 2) z 0,
[D()C(2) — C(5)D()]/(z — 2) 2 0.
We are particularly interested in the case that 4 (z) —iB(z) satisfies (1) and
(39) A(iy) — iB(iy) = o[ D(iy) + iC(iy)]

as y—+ . In this case, D(z) +4C(z) satisfies (1). The desired transformation
is defined in this way.

M(z) =<

v

(33)

THEOREM IX. Let M(2) be a matrix valued entire function which satisfies
(33) and suppose that A(z) —1B(2) satisfies (1) and that (34) holds. Then, for
every complex number w,

Llw, 7) = 1 — A(z) D(w) + B(2)C(w)

m(z — W)

belongs to 3¢(A —1B) as a function of 2. If F(g) is in 3¢(A —iB), the entire func-
tion G(z) defined by

(35) G(w) = (F(¢), L(w, t))a—in
for all complex w, belongs to 3(D+1C) and

(36) 1G]| D4 = || Fl[a-:s.

To see the relationship between this last transformation and the general-
ized Hilbert transform, we must consider a non-negative measure u on the
Borel sets of the real line such that 3¢(4 —4B) is contained isometrically in
L2(u). Then, by Theorem VA of [8],

y f |40 — iBO ") _ o [4@) — iB@)] + [4() + iB@]W ()
(= =)+ 5 [4() — iB(a)] — [4() + iB(&)]W(2)

for y>0, where W(2) is a function which is defined and analytic for y>0 and
| W(z)| <1. By the proof of Theorem VI of [8], formula (26) holds with

_ [Dp@) + ic@] + [D@) — iC()]W ()
[4() — iB@)] - [4(2) + iB()]W ()

for y>0. If now it is possible to define a non-negative measure v on the Borel

(37

m

(38) ¢(2)
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sets of the real line by (28), the proof of Theorem VI of [8] suggests the
formula

k2 f | D@ +iCO ) _ L [DG) +iCE)] - [DG) - ic@IWE)
=22+ [D(z) +iC(2)] + [D(2) — iC(z)]W (2)

for y>0. In fact, the formula always holds if the elements F(z) of 3¢(D+:C),

whose products by 2z belong to this space, are dense in this space. The rela-

tionship to the generalized Hilbert transform may now be expressed in this
way.

(39)

™

THEOREM X. In the situation of Theorem 1X, let u and v be non-negative
measures on the Borel sets of the real line such that (37) and (39) hold for some
Sfunction W(z), defined and analytic for y>0, such that ‘W(z)| =1. Then,
(A —1B) is contained isometrically tn L*(u), and 3¢(D+1:C) is contained iso-
metrically in L*(v). Formulas (26) and (28) hold with ¢(z) defined by (38) for
¥>0 and by ¢(2) = — @(2) for nonreal values of z. Let F(z) belong to 3¢(4 —iB)
and let G(z) be the corresponding element of 3¢(D+1C) defined by (35). Then,
(31) holds.

At this point we should say something about the formal definition (25)
of the generalized Hilbert transform. Whereas this formal definition is often
meaningless and may not coincide with the actual definition when it (the
formal definition) has meaning, it does nevertheless suggest two things which
are entirely correct.

THEOREM XI. In the situation of Theorem 1X, if F(2) is in 3¢(4A —iB), then
[F(z) = F(@)]/(z — w)

belongs to 3¢(A —iB) as a function of z for every complex number w. If G(2) is
defined by (35), then

G*(w) = (F*(t), L(w, t))a—iB

and

) L(Z, l)\

t—w A—iB

G(z) — G(w) _ F() — F(w)
—w <
for all complex 2.

Our reason for bringing up the generalized Hilbert transform at this time
is to describe its relationship to the generalized Fourier transform of Theo-
rem III. To do this, we must consider a matrix valued function m(¢) of t>0
which satisfies (2), (3), (4), and

(40) y(#) >0 for t>0 and limv(t) = 0.
N0
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For each complex number w, let M (¢, w) be the unique continuous matrix
valued function of {=0 such that

(41) Mo, ) —I=w f "M, w)im()

for a=0. Then, for each fixed ¢ =0,

A(a,2) B(a, 2)>

Ma ) = (C(a, ) Da,z)

is a matrix valued entire function of z which satisfies (33) by Theorem VI of
[10]. When a>0, 4(a, 2) —iB(a, 2) and D(a, 3) +1C(a, 2) satisfy (1) and (34)
and

as y—» because of (40) and Lemmas 9 and 10 of [10]. By the proof of
Theorem VIII of [10], there exist unique non-negative measures u and » on
the Borel sets of the real line such that for each regular ¢ >0

y f | 4(a, 1) — iB(a, ) |du(t)

s t—x*+y*

(43) .
[A(a, 2) — iB(a,2)] + [A(a, 2) + iB(a, 2)]W(a, 2)
[A(a, 2) — iB(a,2)] — [A(a, 2) + iB(a, 3)|W(a, 2)
and
| D(a, t) + iC(a, ) |*du()
@ B (¢ — 27+ y?

[D(d 2) + iC(a, 2)] — [D(a, 3) — iC(a, 2)]W (s, 2)
“[D(a, 2) + iC(a, 9] + [D(a, 5) — iC(a, 2)]W(a, )

for y>0, where W(a, 2) is a function analytic for y>0 and bounded by 1,
defined as in Lemma 1 below. We are in the situation of Theorem X for
every regular a>0.

Tueorem XII. Let m(t) be a matrix valued function of 1>0 which satisfies
(2), (3), (4), and (40). Let M(t, z) be defined by (41) and let u and v be the
measures defined by (43) and (44).

(A) Let a>0 be regular with respect to m(t) and let (f, g) be an element of
L3(m) which is equivalent to zero outside of [0, c]. Let F(z) and G(2) be the cor-
responding entire functions defined by (9) and

(45) 7G(w) = f (f(9), 8(5)dm(1)(C(¢, @), D(¢, )~
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for all complex w. Then, F(2) belongs to 3¢(A(a) —iB(a)) and (35) holds with
the inner product taken in this Hilbert space and with L(w, z) =L(a, w, 2).

(B) Let (f, g) be an element of Li(m), let F(x) be the corresponding element
of L*(u) defined by (11), and let G(x) be defined analogously by

(46) G(z) = lim oa(f(t),g(t))dm(t)(c(t, x), D(t, )~

a— o
with convergence in the metric of L*(v). Then, (31) holds.

Since Theorem XII involves a complicated apparatus, we will describe
its effect in the Fourier case which induced the generalization. Then,

a®) =t, BB =0, @ =¢
A(t,3) = cos(tz), = B(,2) = sin(lz),
C(t, 5) = — sin(tz), D(t, z) = cos(lz),
du = dt = dy, W(a,2) =0,
é(x + iy) = sgny.
Every number ¢ >0 is regular for this choice of m(¢). The Hilbert space L3(m)
consists of (equivalence classes of) pairs (f, g) of measurable complex valued
functions f(£), g(¢) of t=0 such that
l6 9= [ 150 1rar+ [ 150 e

If f(¢) and g(¢) vanish a.e. for ¢>a, formula (9) reduces to
TF(2) = f f(®) cos(sz)dt + f g(t) sin(¢z)dt,
whereas (45) reads

ra@=—ffmgmma+j}mamma

f Gtyd: . f F(t)dt

—_— = —_—

t—w t—w

when w is in the upper half-plane; the sign must be reversed in the lower
half-plane. Formula (35) is

Formula (31) becomes

— cos a(t — w)
m(t — w)

1
aw=fno
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These are familiar formulas in the theory of the Hilbert transform.

It is convenient to break up the proofs by using several lemmas. The first
two are closely related to Theorems XI and XII of [10]. The fifth lemma is a
variation of the Stone-Weierstrass theorem. Only minor changes need be
made in the proof of [4] to get this result, and such an approach seems prefer-
able to quoting more elaborate theorems. Perhaps the fourth lemma has a
separate interest, and it also could be proved by using more elaborate tech-
niques of functional analysis. The other lemmas are just minor calculations
which we wish to separate from the essential parts of the proofs.

LEMMA 1. Let m(t) be a matrix valued function of t>0 which satisfies (2),
(3), and (4). Then, for each a>0 and each complex number w, there exists a
unique continuous matrix valued function

A(a,t,w) B(a,t, w))

M(a,t,w) = (C(a, t,w) D(a,t,w)

of t=a such that

b
“n M(a,b,w)I — I = 'wf M(a, t, w)dm(t)

for b=a. For each fixed a and b, M(a, b, 2) is a matrix valued entire function of
2 which satisfies (33). For each a >0, there is a unique function W(a, z), defined
and analytic for y>O0, such that | W(a, z)| =1, and
14+ W(a,3z) . D(a,c,3) + iC(a,c,2)

= lim
1—W(a,3) e A(a,c,3) —iB(a,c,3)

(48)

for y>0.

In Lemma 1, the possibility that W(a, 2) =1 identically is not excluded.
In this case, (48) is to be interpreted as convergence on the Riemann sphere.
Equivalently, the limit obtained by solving formally for W(a, 2) is valid in
the ordinary sense.

LEMMA 2. Let W(2) be defined and analytic for y>0 and such that | W(z)l
<1. Let a>0. Then, there exists a maitrix valued function m(t), as in Lemma 1,
such that

W(z) = W(a, 2)
for y>0.

LEMMA 3. Let E(2) be an entire function satisfying (1). Then, there exists a
sequence (E.(2)) of polynomials, satisfying (1), with no real zeros, such that

(49) E*(z)/E(z) = lim E}¥(2)/E.(2)
for y>0.
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LEMMA 4. Let E(z) be an entire function, satisfying (1), with no real zeros.
Suppose that 3(E) does not have dimension 1. Then, there is an entire function
E(b, 2), satisfying (1), with no real zeros, such that 3(E(b)) is contained iso-
metrically in 3C(E) and is a proper subspace of 3(E).

LEMMA 5. Let [a, b] be a finite interval and let & be a vector space of pairs
(@), g(®)) of continuous complex valued functions on [a, b]. We make three
hypotheses.

(@) The pair (f(£), g(t)) belongs to B whenever (f(t), g(t)) belongs to ®.

(b) The pair k() (f(t), g(t)) belongs to ® whenever (f(t), g(8)) belongs to ®
and h(t) is a continuous complex valued function of t in [a, b].

(c) For each x in [a, b] and each pair (u, v) of complex numbers, there is
an element (f(t), g(t)) of ® such that

(u, ) = (f(=), g(x)).

Then, if (f(£), g(t)) is any pair of continuous complex valued functions on [a, b],
there is a sequence (fa(t), ga(8)) of elements of ® such that

(f(®), g(®) = lim (fa(2), g(%))
uniformly in [a, b).
LEMMA 6. In the sttuation of Theorem 1,
7K(b, w, 2) — 7K(a, w, 2)
(50) b
= f (A, 2), B(t, 2))dm(t) (A, w), B(t, w))~
for all complex z and w, when 0 <a <b< .

LEMMA 7. Let wo be a complex number with i(wo—wo) >0 and let Ay and By
be complex numbers such that

| 40+ iBo| < | 40— iBo] .
Then, there exists a unique linear function E(z) satisfying (1) such that
A(wo) = Ao and B(w,) = Bo.

Proof of Lemma 1. The existence and uniqueness of M(a, ¢, w) is Theorem
VI of [10] with a change of variable. It is shown there that M(a, b, 2) is a
matrix valued entire function of z which satisfies (33). If a(t) =a(a) for t>a,
then B(¢) =B(a) for t>a by (2). Then,
Aa,t,2) =1, B(a,t,2) =0,
C(aa L Z) = 'Y(G)Z - 'Y(t)z’ D(a" t Z) = 1.

In this case, W(a, z) =1 identically because of (4). Otherwise, the existence
of W(a, 2) follows as in the proof of Theorem VIII of [10]. This is based on
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Lemma 9 of [10] and depends on the fact that
(51) iA(a, ¢, 2)B(a, ¢, 2) — iB(a, ¢, 3)A(a, ¢, 2) > ®
as c— o when >0, and ¢ and z are held fixed. If a(f) >a(a) for ¢>a, this

follows from (4) and Theorem VIII of [10]. Otherwise, there is a largest
number b such that a(b) =a(ae). Then,

A(a7 ¢, Z) = A(b7 () Z)’ B(a’ ¢ Z) = B(b’ () Z)

and a(t) >a(b) for t>b. In this case also, (51) follows from (4) and Theorem
VIII of [10].

Proof of Lemma 2. If W(z) =1 identically, we may take a(t) =¢ for tZa,
a(t) =ala) for t=a, B(t) =0, v(t) =t. Otherwise, the hypotheses imply that

[t + W@/ - W()]

is defined and analytic for y>0 and has a non-negative real part. By the
Poisson representation of a function positive and harmonic in a half-plane,
there is a non-negative measure u on the Borel sets of the real line and a num-
ber =0 such that

Re 1+ W) y f @
1- W) (t—2x)?+y
for y>0. Let b>a. Let mo() be defined linearly in [a, b] so that
ao(d) = ao(a),  Bo(d) = Bo(a),  Yo(b) = vo(a) + p.
If u vanishes identically, let
aot) =t —b+ a®),  Bol®) = Bo(d),  vo(t) = v0(b),

for t=b. If u does not vanish identically, we apply Theorem XII of [10].
There is an absolutely continuous matrix valued function m,(f) of £ = b, satis-
fying (2) for t=b and (4), such that

+ by

__f O Relim iCob, ¢, 8)/ Aolb, <, 2)
(t—x)2+y? e T o

for y>0, where M(b, ¢, 2) is defined by (47) for m(t) =m(t) for t=b. The
function given by Theorem XII of [10] can be altered by a constant without
changing its relevant properties. It is to be determined so that m(¢) has the
previously defined value when ¢=b. Since

Ao(a,b,2) =1, By(a,b,2) =0
Coa,b,3) = — pz,  Do(a,d,2) =1
we have
Re[l + W(z)]/[1 — W(2)] = Re lim iCo(a, c,3)/ Ao(a, ¢, 2)

C—> ®
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for y>0. Since (51) holds, we see by Lemma 9 of [10] that
Re[l + W(2)]/[1 — W(2)] = Re[l + W(a, 2)]/[1 — Wo(a, 3)]
for y>0, where Wy(a, 2) is defined by (48) for m(t). By the Cauchy-Riemann
equations, there is a real number ¢ such that
1+ W@/ - W] = [1+ Wole, 2)]/[1 — Wole, 2)] +4g
for y>0. The lemma follows on defining

a(t) = at),
B() = Bo(t) + gao(®),
Y(8) = vo(t) + 2gBo(t) + g*vo(?)

for t=a.

Proof of Lemma 3. Since E*(z)/E(z) is defined and analytic for y>0, is
bounded by 1, is analytic across the real axis, and has absolute value 1 on the
real axis,

E*(2)/E(z) = exp(2iaz — 2ic) [[[(1 — z/w.)/(1 — 3/18,)]

where a =0, ¢ is real, 7(w, —w,) >0 for every =,
> (@ — wa) | wa |2 < w,

and | w,| —  if the number of these zeros is infinite. See Boas [1, p. 92]. Let
E.(2) = ei(1 — daz/n)" [] (3 — ws)
1

if the number of zeros is infinite. Otherwise, let
E.(2) = (1 — iaz/n)*[[(z — @).

Proof of Lemma 4. Let (E,(z)) be a sequence of polynomials chosen for
E(2) as in Lemma 3. By multiplying each one by a constant, we may suppose
that E,(0)=1. By Theorem V of [10], there is a matrix valued function
m.(f) of t>0, satisfying (2), (3), and (4), and a corresponding family (E.(¢, 2))
of entire functions, satisfying (1), with these properties: for each complex
number w, E,.(t, w) is a continuous function of £>0 and (6) holds for m(¢)
=m,(t), and (7) is true, and E,(2) = E.(c,, 2) for some ¢,>0. By a repara-
metrization, we may suppose that ¢, =c is independent of n. Since each E.(2)
is a polynomial, the proof of Theorem V of [10] shows that

'Yn(o) = lim ‘Yn(t)
N0

is finite for every n. We cannot have

(52) a”(C) + 'Yn(c) - an(O) - ‘Y,,(O)
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converge to 0 as n— o, for then Theorem IX of [10] would imply that E.(z)
—1 for all complex 2, and hence that

En(2)/Ea(z) — 1

for y>0; by (49) this contradicts the hypothesis that E(z) satisfies (1). By
considering subsequences, we see similarly that (52) is bounded away from
zero. Choose >0 so that ¢ <c and (52) is greater than ¢—a for every n. By
reparametrizations, we may suppose that

an(t) + va(t) = ¢

for t=a, and that 8.(c) =0. As in the proof of Theorem V of [10], we may
suppose, by passing to a subsequence, that

m(t) = lim m,(t)
converges uniformly on every bounded subset of [a, ). Therefore,
14 13
) (a() B( ))
IR0

is defined for t=a, and a(¢t), B(¢), ¥(¢) are real valued, absolutely continuous
functions which satisfy (2) and

at) +v() = t.

When t=b2a, let M,(b, ¢, 2) and M(D, ¢, 3) be defined as in Lemma 1 for
m,(t) and m(t), respectively. As in the proof of Theorem IV of [10],

(4n(t, 2), Ba(t, 2)) = (A4n(b, 2), Ba(b, 2)) Mu(b, 8, 2)

for all complex z. Let A (b, z) and B(b, 2) be the unique entire functions of 2z
such that

(53) (A(2), B(2)) = (A(b, 2), B(b, 2)) M (b, c, 2)

when a £b=c. By (33), these entire functions are real for real z. By the proof
of Theorem XII of [10],

M(b,c,z) = lim M,(b, c, 2)
for all complex z. By (49) and (53),
Z(b, %) = lim En(b, 2)/En(b, 3)
exists for y>0, and |Z(b, z)| =<1, and
A(b, 2) + iB(b, 2) = [A(b, 5) — iB(b, 2)]Z(b, 2).

Since M(b, ¢, 2) satisfies (33) and E(2) has no zeros for y =0 by hypothesis, it
follows that
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E(b,z) = A(b,3) — iB(b, 2)
has no zeros for y=0 and that
| E®,2)| = | E®,2)|
for these values of z. Either E(b, z) satisfies (1) or
(54) E(b, 2) E*(b, w) = E*(b, 2) E(b, w)

for all complex z and w. By the proof of Theorem IV of [10], if e <b<c and
if b is regular with respect to m(f), E(b, z) satisfies (1) and IC(E(b)) is con-
tained isometrically in 3¢(E). Since m(t) is not a constant in [b, ¢] by con-
struction, 3C(E(d)) is then a proper subspace of 3C(E). It remains to consider
the case in which the interval (e, ¢) contains only singular points with respect
to m(t). Then,

A(d, (2) Z) =14+ B(a)z - ﬂ(C)Z, B(a', (2 Z) = a(c)z - a(a)z,
C(d, 2 Z) = ‘Y(d)Z - 'Y(C)Z; D(d, ¢, Z) =14+ B(C)Z - ﬁ(a)z:
for all complex z and

[8() = 8(a)]? = [ale) — a(@)][¥(c) — ¥(a)]
and
a(c) — a(a) + v(c) — v(@) =¢c—a>0.
Let # and v be a choice of complex numbers such that
alc) — ala) = wua,
B(c) — B(a) = mud,

v(e) — v(a) = w3,
and let

G(z) = A(a, 3)u + B(a, 2)v = A(z)u + B(z)v.
If E(a, 2) satisfies (54), it follows that
K(w, 2) = G(2)G(w)

and that G(z) is an element of norm 1 in 3¢(E), which spans JC(E); our
hypotheses exclude this case. Therefore, E(a, 2) satisfies (1) and

K(w, 3) = K(a, w, 2) + G(3)G(w)
for all complex z and w. Since K(a, 2, z) 20 for all complex z,
] G(2) |2 = K(z, 2)
for all complex z, and
| GGy | = o(EGI 1))
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as |y|—>oo. By the proof of Lemma 11 of [10], G(z) belongs to 3¢(E). We
may apply Theorem II of [8]. Since G(2) does not span 3¢(E) by hypothesis
and since E(2) has no real zeros, the orthogonal complement of G(z) in 3¢(E)
satisfies (H1), (H2), and (H3), and for each complex number w, there is an
element F(z) of 3C(E) orthogonal to G(2), such that F(w) 5£0. The lemma
follows from the theorem of [7] applied to the orthogonal complement of
G(2) in 3C(E).

Proof of Lemma 5. Since the proof is essentially the same as that given in
[4] for the Stone-Weierstrass theorem, we only sketch the present proof.
The relevant Banach space consists of all pairs (f(f), g(¢)) of continuous
complex valued functions on [a, b], with the norm

max max(| /)], | g®])-

astsd
The space is essentially the Banach space of all continuous complex valued
functions on the cartesian product of [a, b] with a two-point set, with the

functions taken in the uniforn norm. A continuous linear functional on this
space is of the form

(f, ) — f ) + f ¢(0)dv()

where p and v are a pair of complex valued measures on the Borel sets of [a, b]
such that

fldy(t)l +f|dv(t)[ < o,

The functionals are considered in the weak topology, and the set of all those

for which
[lao] + [ 1a0] <1,

is compact. To prove the lemma, we must show that if

f f@®)du(®) + f gdv(t) = 0

for every pair (f(¢), g(f)) in ®, then u and » must vanish identically. Because
of (a), it is sufficient to show this when u and » are real valued measures. Be-
cause of (b) and the Krein-Milman theorem, as used in [4], it is sufficient
to consider the case in which u and v are supported at a single point x. The
desired conclusion then follows from (c).

Proof of Lemma 6. By hypothesis, for each fixed complex number w, 4 (¢, w)
and B(t, w) are absolutely continuous functions of ¢>0 such that
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B'(t, w) = wA(t, w)a' () + wB(, w)B'(¢)
—A'(t,w) = wA@t, w)B' (1) + wB(t, w)v' ()
a.e. for t>0. Therefore, for each fixed z and w, K(¢, w, 2) is an absolutely
continuous function of £>0 such that
*K'(t,w,5) = AL, 2) AL, w)o' () + A, 2)B(, w)B'(2)
+ B(t, ) A(t, w)B'(1) + B(t, 2)B(t, w)v' (1)
a.e. for >0, at least when 27 w. The desired formula now follows by integrat-
ing each side from t=a to t=>0, when zw. The case z=1w can be obtained
by continuity. For this, one needs only show that the right hand side of (50)

depends continuously on z when @, b, w are held fixed. Let M(a, ¢, z) be de-
fined as in Lemma 1 for ¢£2aq, so that

(A(t,2), B(t, 2)) = (A(a, 2), B(a, 2)) M(a, t, 2)

and use the estimates of M(a, b, 2) given by Theorem IX of [10].
Proof of Lemma 7. Since 4A(z) and B(z) are to be real for real z, E(z) must
be chosen so that

E('ZUo) = Ao - 'I:Bo, E('If)o) = Xo -_ iﬁo.

Since E(z) is to be linear and @, w, by hypothesis, it is uniquely determined
by these two conditions. All we need do is show that the linear function which
satisfies these two conditions also satisfies (1). Obviously, E(z) is not a con-
stant. Therefore, it has a zero w. Since

| E*(wo)/E(we) | = |wo— w| /| wo—w| <1

by hypothesis and our construction of E(2), and since (i —wo) >0, it follows
that (@ —w) <0. Therefore,

| E*9)/E@@)| = |z —w]|/|z—w]| <1

for 4(z—z) >0, and this implies (1).
Proof of Theorem 1. Let M(a, b, z) be defined as in Lemma 1 when a <b.
By (6) and the uniqueness part of Theorem VI of [10],

(55) (4(b, 2), B(b, z)) = (A(a, 2), B(a, 2)) M (a, b, 2)

for all complex z. When a and b are regular points with respect to m(z), the
isometric inclusion of 3¢(E(a)) in 3C(E(b)) follows by the proof of Theorem
IV of [10]. Since K (b, %, w) = K (b, w, w), it is sufficient to establish (8) when
1(@—w) >0. For this, let a>0 be held fixed along with w. Choose E((a, 2)
by Lemma 7 to be the linear function which satisfies (1) such that

Ao(a, w) = A(e,w), Bo(a, w) = B(a, w).
Let
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Eo(b,z2) = Ao(d, 2) — iBo(d, 2)
where
(Ao(b, 2), Bo(b, 2)) = (Ao(a, 2), Bo(a, 2))M(a, b, 2)
when b Za. By the proof of Theorem VII of [8], E(b, 2) satisfies (1). By (55),
Ao(b, w) = A, w), Bo(b, w) = B(b, w).
By Theorem VIII of [10],
K, w, w) = Ko(b, w, w)

does go to infinity with b. The existence of u now follows as in the proof of
Theorem VIII of [10], using Lemma 1. The arguments there show that
3¢(E(a)) is contained isometrically in L2(u) when @ is regular, and that the
union of these spaces is dense in L?(u).

Proof of Theorem II. Since 3C(E) is contained isometrically in L*(u) and
E(2) has no real zeros, there is, by Theorem V of [8], a function W(z), de-
fined and analytic for y>0, such that l W(z)l =<1, and

v f | E@) [2av(0) — Re E(z) + E*(2)W(2)
rJ -2ty E@) — E*@W()

for y>0. Let ¢>0 be chosen arbitrarily and write E(c, 2) = E(2). It may be
that 3C(E(c)) has dimension 1. Otherwise, by Lemma 4, there is an entire
function E(b, 2), satisfying (1), with no real zeros, such that 3¢(E(b)) is con-
tained isometrically in 3¢(E(c)) and the inclusion is proper. By Theorem I11
of [10], there is a unique matrix valued entire function M (b, ¢, 3) satisfying
(33), such that (55) holds with b replaced by ¢ and a replaced by b. By Theo-
rem I of [8], E(b, z) may be chosen so that M(, ¢, 0) =1. It is convenient to
choose the index b a number in (0, ¢). It may be that 3C(E(b)) has dimension
1. Otherwise, the process may be repeated. It is clear that we may construct
inductively a family (E(¢, 2)) of entire functions satisfying (1), with no real
zeros, ¢ in S, with these properties: the indexing set S is a subset of (0, ¢]
containing ¢; when ¢ and b are in .S and a <b, 3¢(E(a)) is contained isometri-
cally in 3¢(E(b)) and the inclusion is proper; the unique matrix valued entire
function M(a, b, z) satisfying (33) and (55) has the property that M(a, b, 0)
=1; either the set S is finite and some 3¢(E(a)), with ¢ in S, has dimension 1,
or else the set S is countably infinite. If S is infinite, consider the intersection
3¢ of the spaces 3¢(E(a)), with a in S. Then, 3¢ is a Hilbert space of entire
functions in the metric of 3¢(E). It satisfies the axioms (H1), (H2), and (H3),
since this is true of every 3¢(E(a)), with @ in S. If 3C contains a nonzero ele-
ment, then 3C is equal isometrically to 3¢(E(s)) for some entire function E(s, 2)
satisfying (1). For each a in S, E(a, 2) has no real zeros by construction, and
so F(z)/(z—w) belongs to 3¢(E(e)) whenever F(z) belongs to 3¢(E(a)) and
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F(w) =0, for every complex number w. Therefore, F(z)/(z—w) belongs to
3¢(E(s)) whenever F(z) belongs to 3C(E(s)) and F(w) =0, for every complex
number w. This implies that E(s, 2) has no real zeros. It is now clear that the
family of entire functions (E(¢, 2)), ¢ in S, can be redefined so as to have this
property in addition to the previous ones: if S is an infinite set, the intersec-
tion of the spaces 3C(E(a)), with a in S, is the zero subspace of 3¢(E). By
omitting points of S if necessary, we may suppose that the only point of
accumulation of S is at the origin. The positive real axis is now the union of
intervals of three kinds: (1) the interval [¢, ©); (2) intervals [a, b] where a
and b are in S and there is no element of S in (a, b); (3) a possible interval
(0, a] where @ is in .S and there is no element of S in (0, a). We will show
how to define m(¢) in each such interval. Define m(¢) in [¢, ) asin Lemma 1
so that W(z) = W(c, 2) for y>0. This is possible by Lemma 2. For an interval
[a, b] of the form (2), define m(¢) so that the unique solution M(a, ¢, 3) of
(47) for a <t =b agrees with our previous definition of M(a, b, 2z) when t=>4.
This is possible by Theorem VII of [10]. In the possible interval (0, a) of
the form (3), let

a(t) = nuat/a,
B(t) = wuit/a,
v(t) = wvit/a,

G(z) = A(a, 2)u + B(a, 3)v

where

is an element of norm 1 in 3¢(E(a)). This is possible by Theorem I of [10].
The construction is easily seen to have the required properties.

Proof of Theorem IIIA. Since ¢>0 is a regular point by hypothesis, an
interval (e, b) of singular points must lie entirely to the left or to the right
of c. If it lies to the left of ¢,

(A, 2), B(t,2) = (A(a, 2), B(a, 5))M(a, t, 2)
for a =t <b, where
A(a,t,2) = 1 — B()z + B(a)z, B(a, t, 2) = a()z — ala)z,
C(a,t,2) = v(a)z — v()3, D(a,t,2) = 1 + B(H)z — B(a)z.

We can show that (4 (¢, 2), B(¢, 2)) is equivalent to a constant in (@, b) by
showing that

(a(t), BT — (ala), B(a))],
8@, v — (B(a), v(a))1,

is equivalent to zero in (e, b). Since the interval (g, b) contains only singular
points, there is a nondecreasing, absolutely continuous function %4(f) of ¢ in
(@, b) such that



1961] SOME HILBERT SPACES OF ENTIRE FUNCTIONS. III 99

a(t) — a(a) = ph(t),
B(t) — B(a) = gh(?),
v(t) — v(a) = rh(Y),

where p, ¢, r are real numbers such that p=0, r=0, and pr=g2 It follows

that
(a(?), BENIm' () I(a(t), B(H))™,
B®, yENIm' () I(BE), v(1))~,

vanishes a.e. in (@, b). Let z=w in (50) with b replaced by ¢ and a replaced
by €, where ¢\0. Since K (¢, w, w) 20, it follows that

x(c, ) (A (¢, w), B(t, w))
belongs to Li(m). Since
| K(e, w, 2) |2 < K(e, 2, 2)K(e, w, w)

by the Schwarz inequality and since (7) holds by hypothesis, it follows from
(50) that

(56) 7K(c, w, 2) = f c(A(t, 2), B(t, 2))dm(1) A(t, w), B(t, w))~

for all complex z and w. Therefore, if
(57) (f0), 8(0) = x(c, )(A(t, w), B(t, w)),
the corresponding eigentransform is

F(2) = K(c, @, 2).

Note that this function of z is entire and that it does belong to 3¢(E(c)). Since
3C(E(c)) is contained isometrically in L2(u) by Theorem I,

(58) K(c,w,2) = f K(e, w, DK (c, 7, )du(l)

for all complex z and w. It follows from (56) and (58) that if (f, g) is a finite
linear combination of pairs of the form (57), where w ranges in the complex
plane, then the corresponding eigentransform F(z) is an entire function, it
belongs to 3¢(E(c)), and (10) holds. Let 91(c) be the closure in L3(m) of such
finite linear combinations of the form (57) with w complex. Since M(c) is a
closed subspace of Li(m), the set of eigentransforms F(z) of elements (f, g)
of M(c) is a closed subspace of JC(E(c)). We claim that it contains every ele-
ment G(2) of 3¢(E(c)). For let F(2) be the projection of G(2) into this set of
eigentransforms. By construction, K(c, w, 2) is such an eigentransform for
every complex number w. Therefore,

G(w) = (G(), K(c,w, 1)) = (F(1), K(c, w, 1)) = F(w).
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By the arbitrariness of w, G(2) = F(z) is the eigentransform of an element of
NM(c). We will now show that 9(c) contains every element (f, g) of Li(m)
which is equivalent to zero outside of [0, ¢]. To do this, note that if @ is a
regular point, and if ¢ <c, and if M (a) is defined accordingly, then for every
(f, g in M(a), the corresponding eigentransform F(z) belongs to 3¢(E(a))
and (10) holds. Since 3C(E(a)) is contained isometrically in 3C(E(c)) by
Theorem I, it follows that (f, g) belongs to 9M(c). In other words, M(a) is
contained in 9M(c). We claim that

x(a, )(f(), (1))

belongs to 9M(c) whenever (f(f), g(¢)) belongs to 9M(c). This is obvious if
(f(@), g(®)) is a finite linear combination of functions of the form (57), with
w complex, since then the product by x(a, t) belongs to 9M(a). The general
case then follows by continuity. It follows by approximation that if 4(¢) is
any bounded measurable complex valued function, which remains constant
on every interval of singular points, then

h()(f(®), g(1)
belongs to 9 (c) whenever (f(¢), g(t)) belongs to 9M(c). Since
(4(t, w), B(t, w)) = (A(t, w), B(t, )),

we see similarly that (f(), g(¢)) belongs to 91 (c) whenever (f(¢), g(¢)) belongs
to M(c). If F(z) is the eigentransform of (f, g), then F*(2) is the eigentrans-
form of (f, g). Thisis obvious if (f(¢), g(t)) is a finite linear combination of func-
tions of the form (57). The general case follows by continuity. If w is not real,

(4(a, w), B(a,w)) and (4(a,w), B(a, w))

are linearly independent since E(a, 2) satisfies (1). If 0<a <b=¢, and if the
interval [a, b] contains only regular points, it follows from Lemma 5 that
every pair (f(¢), g(t)) of complex valued functions, which are continuous in
[a, b] and which vanish outside of [a, b], belongs to 9M(c). Since M(c) is
closed, it contains every element (f(t), g(t)) of Li(m) which is equivalent to
zero outside of [a, b]. The same conclusion obviously holds if (a, b) is an inter-
val of singular points with 0=<a <b=c, and b regular, and a regular or zero.
It follows that 91 (c) does contain every element of Lj(m) which is equivalent
to zero outside of [0, c].

Proof of Theorem IIIB. Let (f;, g) be an element of Li(m) which is
equivalent to zero outside of [0, ¢], and let Fy(z) be the corresponding eigen-
transform. Suppose that Fy(0)=0. Since E(c, 0) #0 by hypothesis, Fi(z)
= Fy(2) /2 belongs to 3¢(E(c)). By Theorem IIIA, there is a unique element
(f1, g1) of Li(m) which is equivalent to zero outside of [0, ¢] and has Fi(z)
as its eigentransform. We will prove the theorem by showing that (fi, g1) is
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in the domain of H and that (fs, g2) = H(f1, g1). To see this consider first a
special case. Let a be a nonreal number, which will be held fixed. Let

L(c,w,2) = w(z — ®)K(c, w, 2)
= B(c, 2)A(c, w) — A(c, 2)B(c, w).
Since
L(c, a, a)L(c, w, z) = L(c, &, 2)L(c, &, w) — L(c, a, 3)L(c, &, w)
for all complex z and w, we have
g(a — a)K(c, a, @) K(c, w, 3) — 3(w — a)K(c, &, w)K(c, @, 2)
(59) + z2(w — a)K(c, @, w)K(c, @, 3) = w(a — @)K(c, a, @) K(c, w, 2)
— a(w — a)K(c, a, w)K(c, @, 2) + a(® — a)K(c, @, w)K(c, , 3).
If wis held fixed and if
(f2(), g2(8)) = w(e — B)K(c, @, a)x(c, 1) (A (¢, ), B(t, ®))
(60) —a (@ — @)K(c, a, w)x(c, t)(4(, o), B(t, a))
+ a(@ — a)K(c, &, w)x(c, )(4(t, a), B(t, ),
then
F2(2) = w(a — a&)K(c, a, 2)K(c, w, 2)
(61) — a(@ — &)K(c, & w)K(c, &, 2)
+ a(®w — a)K(c, a, w)K(c, a, 2)
for all complex z, and
Fi(2) = (a — &)K(c, a, ) K(c, w, 2)
— (@ — a)K(c, &, w)K(c, &, 2)
+ (@ — a)K(c, a, w)K(c, a, 2)
and
(1)), (1)) = (e — BK(c, @, a)x(c, ) (A (¢, ®), B(t, w))
— (w — a)K(c, a, w)x(c, t)(A(¢, a), B(t, @)
+ (@ — &)K(c, a, w)x(c, ) (A (¢, &), B(t, a)).
It follows from (59) that fi(c) =0 and gi(c) =0. Since E(t, 0)=1,
B(t,2) = m2K(3, 0, 3).
We saw in the proof of Theorem III that this quantity goes to zero with ¢
for each fixed z. Therefore, g1(0)=0. It now follows from (6) that (fi, g1)

is in the domain of H and that (fs, g:) = H(f1, g1). By linearity, the same con-
clusion holds if (fs, go) is a finite linear combination of functions of the form
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(60), where w ranges in the complex plane. By continuity the same conclusion
holds if (f2, gz) belongs to the closure of such combinations. It remains to con-
sider the case in which (f;, g2) is orthogonal to all such combinations. By
Theorem IIIA, Fy(z) is then orthogonal to the right hand side of (61) for
every complex number w. It follows that

0 =w@— a)K(c, a, a)F(w)
— a(w — a)K(c, @, w)Fs(a)
+ a(w — &) K(c, a, w)Fa(a)
for all complex w. Therefore, there exist complex numbers % and v such that
z2F2(z) = A(c, 2)u + B(c, 2)v
for all complex z. Since E(c, 0) =1, we must have =0 and
F2(2) = wK(c, 0, 2)v.

Since F3(0) =0, we must have v=0 and F.(z) vanishes identically. By Theo-
rem IIIA, (f1, g1) and (f2, g2) vanish in this case. The theorem follows.

Proof of Theorem IIIC. If the set of regular points with respect to m(¢)
is bounded, (4) implies that every element of L2(m) is equivalent to zero out-
side of [0, c], where c is the largest regular point. In this case, the theorem
follows from Theorem IIIA and the fact that 3¢(E(c)) fills L?*(u) by Theorem
1. For the rest of the proof, we will suppose that the regular points are un-
bounded. Let (c.) be an increasing sequence of regular points which goes to
infinity with n. Then,

(f+(8), ga(8)) = x(cn, D(S(D), 8(2))

is in Li(m). Let F.(z) be the corresponding eigentransform. Since (f, g) be-
longs to L(m), the sequence ((f, gs)) is Cauchy in the metric of Lj(m). By
Theorem IIIA, (F.(2)) is a Cauchy sequence in the metric of L2?(u). Since
L2(u) is complete,

F(x) = lim F,(x)

converges in the metric of L?(u). Since (10) holds for every (fa, g»), it holds
for (f, g). The reader should now have no difficulty verifying that (11) holds
with convergence in the metric of L2(u). If G(x) is in L%(u), let Fa(2) be the
projection of G(x) in 3C(E(c,)) for every n. By Theorem IIIA, F.(2) is the
eigentransform of an element (fa(f), ga(f)) of L3(m) which is equivalent to
zero outside of [0, ¢,]. Since F,.(z) is the projection of F.(z) into 3C(E(cn))
when m =,

(fm(®), gn(®) = x(cm, D(fa(D), gn(®)).

Since
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> f (Fa(0), 8(0)dmD(F(0), £ 1),

there is an element (f(¢), g(¢)) of Li(m) such that
(f+(2), &a (1)) = x(cn, )(f(®), £())

for every n. Let F(x) be its eigentransform. We have seen that
F(x) = lim F,(x)

with convergence in the metric of L?(u). By Theorem I,
G(x) = lim F,(x)

with convergence in the metric of L?(u). Therefore, G(x) = F(x), a.e. with
respect to y, is an eigentransform. Since Fj(z) is the eigentransform of (f,, g.)
for every n by Theorem IIIA, F,.(x) is the eigentransform of (7, g).

Proof of Theorem IIID, the sufficiency. If the regular points with respect
to m(t) are bounded, the theorem follows from Theorem I and Theorem IIIB.
The necessity and sufficiency for Theorem IIID will be given an explicit
proof only when the regular points are unbounded. By hypothesis, (fi, g1)
belongs to L(m) and the corresponding eigentransform Fi(x) has the prop-
erty that Fa(x) =xFi(x) belongs to L*(u). By Theorem I1IC, Fy(x) is the eigen-
transform of a unique element (fs, gs) of Li(m). We must show that (fi, g1)
is in the domain of H and that (f;, g2) = H(f1, g1). For each regular ¢>0, let
F.(c, 2) be the projection of F;(x) into 3¢(E(c)), 1=1, 2. Then,

[F2(Cy Z) - A(Cy Z)F2(c) 0)]/2

belongs to 3C(E(c)). Let G(z) be any element of 3¢(E(c)) such that G(0) =0.
Then,

([Falc, ) = A(c, HF(c, 0)]/8, G()) = (Falc, 1), G(1)/1)
= (Fa(), G(2)/t)
= (F1(?), G(®))
= (Fic, 1), G(1)

since G(2)/z belongs to 3¢(E(c)). By the arbitrariness of G(2), there is a unique
complex number u(c) such that [Fy(c, 2) —A(c, 2) Fa(c, 0)]/2+K(c, 0, 2)u(c)
= Fi(c, 2) for all complex 2. Let

v(c) = wF2(c, 0).
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Then,
wFs(c, 3) = w2Fi(c, 2) + A(c, 2)v(c) — Blc, z)u(c)
for all complex z. Let a be a nonreal number. Then,
m(a — &) K(c, o, a)zF(c, 2)
+ [u(c)B(c, @) — v(c) A(c, &) |2K (a, 2)
— [u(c)B(c, ) — v(c) A(c, a)]2K (e, 2)
= 7(a — @)K(c, a, @) Fa(c, 2)

+ [u(c)B(c, &) — v(c) A(c, a)]aK (a, 2)

— [u(c)B(c, @) — v(c) A(c, @)]aK (a, 2)
for all complex z. By Theorem IIIB,

m(a — &) K(c, @, @)x(c, ) (f1(2), £1(1))
+ [#(0) B¢, &) — 2(c) A, @) ]x(c, H)(4(t, @), B(, &)
— [u(e)B(e, @) — v(e) A(c, @) ]x(c, (4 (, &), B(t, @)
is in the domain of H and the action of H yields

m(a — @)K (c, &, a)x(c, ) (f2(1), g2(1)
+ [w(e) B(c, @) — v(c) A(c, @) Jax(c, ) (A(t, @), B(t, @))
— [u(c) B(c, ) — v(c) A(c, a)|ax(c, {)(A(¢, &), B(t, &)).
By (6) and the arbitrariness of ¢, (fi, g1) is in the domain of H and (fs, g2)
= H(f1, g1). Incidentally, the definition of H implies that
u(c) = fi(c) and v(c) = gi(c).

Proof of Theorem IIID, the necessity. The hypothesis is that (fi, g1) is
in the domain of H and that (f;, g2) = H(f1, g1). Let Fi(c, 2) be defined as in
the proof of sufficiency, 1=1, 2, when ¢ is regular with respect to m(f). By
reversing the arguments in the proof of sufficiency, we find that

(62) 7Fa(c, 2) = mzF1(c, 2) + A(c, 2)g1(c) — B(c, 2)f1(c)
for all complex z. Let w be a nonreal number, which will be held fixed, and let

G(x) = wFi(x) — w[Fs(x) — wF:i(x)]/(x — w).

We will prove the necessity by showing that G(x) vanishes a.e. with respect
to u. Certainly, G(x) belongs to L?(u). Let G(c, 2) be the projection of G(x)
into 3C(E(c)) when c is regular. Let L(z) be any element of 3¢(E(c)) such that
zL(2) belongs to 3C(E(c)). Since (z—w)L(z) is in 3C(E(c)),
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(G(e, ), (¢ — B)L(®))

(G@®),.(t — ®)L())

m(F1(t), (¢ — @) L(t))

— w{([Fa(t) — wF1(9)]/(t — w), (¢t — W) L(%))
w(Fi(t), (¢ — ®)L(t))

— w(Fa(t) — wF1(2), L(1))

m(F1(c, 8), (¢ — @) L(0))

— w(Fa(c, t) — wFi(c, t), L(£)) = 0

by (62). By the arbitrariness of L(2), there is some complex number u(c)
such that

G(c, 2) = K(w, 2)u(c)

for all complex 2. Since G(a, 2) is the projection of G(b, 2) into 3¢(E(a)) when
a and b are regular and ¢ =<b, u(a)=u(b)=u is independent of a and b.
Therefore,

G(c, 2) = K(w, 2)u
and
60|l z [|6(, 9

By (8) and the arbitrariness of ¢, #=0. It follows that G(c, z) =0 for all com-
plex z when ¢ is regular, and that G(x) =lim G(c, x) vanishes a.e. with respect
to u. The necessity follows.

Proof of Theorem IV, the sufficiency. The hypothesis (12) implies that

(63) 20K(w + 1,2+ 1) = K(w, 2) — ma'K(0, 3) K(w, 0)
for all complex z and w since det P=1. It follows that if

F(z) = wK(w + 1, 2)

* = K(c, w, %) | ul|2

for some complex number w, then

2F(z+ 1) =20K(w+ 1,2+ 1)
is in 3C(E). Furthermore, for any complex numbers w; and s,

{01 K(wr+ 1,8+ 1), twK(w2 + 1, 4+ 1))

= (01 K(w + 1,8), wK(w2: + 1,1¢))
as a result of (63). By linearity, it follows that if F(z) is any finite linear com-
bination of functions of the form wK(w+1, z), with w complex, then zF(z+41)
belongs to 3¢(E) and has the same norm as F(z). Since such combinations

are dense in 3¢(E), we see by continuity that 3¢(E) satisfies (I). To see that
3C(E) satisfies (II), we must show that if G(z) is any element of 3¢(E) orthog-
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onal to every zF(z+1), with F(z) in 3¢(E), then G(2) is a constant multiple
of K(0, z). In this case, G(z) is orthogonal to the left hand side, and hence
also to the right hand side, of (63) for every complex number w. It follows

that
G(w) = 7~ 'G(0)K(0, w)

and that G(2) is a constant multiple of K(0, ).

Proof of Theorem IV, the necessity. We establish (63) by showing that
left and right hand sides have the same inner product with every element G(z)
of 3¢(E). This is clear if G(z) is a constant multiple of K(0, 3). Therefore, it
is sufficient to consider the case that G(0)=0. By (II), we then have G(z)
=zF(3+1) for some F(z) in 3¢(E). Because of (I),

((F@+ 1), wK(w + 1,1+ 1))
= (F(t), wK(w + 1,8)) = wF(w + 1)
= (F(it+ 1), K(w,t) — 7oK (0, ) K(w, 0))
as desired. Formula (63) now follows. The reader should be able to deduce
from (63) that (12) holds for some matrix P of real numbers such that
det P=1.

Proof of Theorem V. The reader should have no difficulty verifying that

the integral in the definition of v(f) is absolutely convergent and that (21)

holds when 0<a<1. To see that the integral in the definition of B(#) is
absolutely convergent, we must verify that

(64) fo ’ ft 1(s log s~Y)~2dsdt

is finite when 0 <a <1. Since
1
f (s log s~1)~%ds = o(t™Y)
t
as t\y 0, the convergence of (64) becomes equivalent to that of
f t(log £ 1)~%dt = (log a™1)!

0
on integration by parts. Therefore, B(¢) is well-defined. It is now easily seen
that B/(¢) =v(f) for 0 <t<1. The choice of constant in the definition of y(f)
does not matter for our construction. The function m(¢) is well-defined for

0<t<1 and both (2) and (3) are satisfied. The finiteness of y(1) follows from
our definition of v(f) and the fact that

1
f (tloglog t71)%dt < =
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for 0<a<1. The finiteness of B(1) now follows by the Schwarz inequality
since

B®) =7 ()

where a(1) and y(1) are finite. To see that (14) is satisfied, we must verify
that #v%(¢) is integrable in a neighborhood of the origin. This follows from the
fact that

2(8) ~ (¢ log #)—?

as £\ 0, which is true because

d (t log )1 ! (1 ! )

—_— 0 1 = —

dt g 2logt? log ¢!
~ ()

as '\ 0. The existence of the desired family (E(¢, 2)) satisfying (6) and (15)
now follows from Theorem IV of [10]. We have yet to show that (13) holds.
To see this, substitute the expression (19) for P(¢) in (18) and verify that the
equation is indeed satisfied because of (20) and (21). Since P(f) so defined
commutes with m'(#)1, it is now easily verified that (17) holds for all complex
z when 0 <t <1. Now we will show that (16) holds. To see this define

(B, 9, G, 9) = 5(Al 5 + 1), B, 2+ 1)PQ)
1 0
— (40, 2), B, 2) ( )

-z la(t)! 1

Now (6) and (17) imply that

% (F(t,2),G(¢ 2) = —(z+ 1)(F(t, 2), G(¢, 2))m’ ()1
+ (F(t, 2), G(t, 2)) P(t)" P’ (2).

The most general solution of this differential equation is of the form

F(t, z2) = R(2)24(t, 2 + 1)p() + R(z)2B(¢, z + 1)r(t),

G(t, 2) = T(2)z4(t, 3 + 1)q(t) + T(2)zB(¢, z + 1)s(¢),
where R(z) and T'(2) are complex valued functions of 2. Therefore,
[1 — R(2)]24(t, 2+ 1)p(t) + [1 — R(2)]2B(t, 2 + 1)r(t) = A(¢,3) — 24 B(t, 3),
[1 = T@)]sA4(t, 2+ 1)q() + [1 — T(2)]2B(¢, 2 + 1)s(8) = B(t, 2)

for all complex z when 0 =¢=<1. If we multiply each side of the second equa-
tion by exp[B(f)z], substitute from (19), and pass to a limit using (15), we
find that
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1 — T(2) = lim (log 1)~ ! exp B(?).
N0

But our definition of B(¢) is made so that the limit on the right is 1. Therefore,
T(z) vanishes identically. A similar argument shows that R(z) vanishes
identically. Formula (16) follows. Now observe that

lim P(7) = 1.
/1

This follows from (19) and the definition of »(¢) since

lim log ¢ =0,
/1

lim log ¢ log log ! = 0,
11

|
e

lim log ¢(log log t1)2 =
/1
Therefore, A(1, 2) and B(1, 2) satisfy (12) with P=1 and a=1. Before com-
pleting the proof of Theorem V, we interrupt briefly for the proof of Theorem
VI, which can help us complete the present proof.
Proof of Theorem VI. Because of (20), the statement that ¢(¢, w) belongs
to L2(0, 1) is equivalent to the statement that

x(1, (A, w), B, w))

belongs to L3(m), which is true because of Theorem IIIA. The rest of Theo-
rem VIA follows similarly from Theorem IIIA using the natural correspond-
ence between Li(m) and L2(0, 1). Theorem VIB is a similar translation of
Theorem I1I1B, and the reader can probably make it as rapidly by himself as
we could do it for him.

Proof of Theorem V, continued. We have seen that A(1, 2) and B(1, 2)
satisfy (12) with P=1 and a=1. In particular, B(1, 2) is an entire function

such that
zB(1,z+ 1) = B(1,3)

for all complex z. Therefore, B(1, 2) has zeros at 0, —1, —2, - .-, and
B(1, 2)T'(z) is a periodic entire function of period 1. The zeros of B(1, 2) are
known to be real because of (1). We will show that B(1, 2)I'(z) has no zeros.
By periodicity, we need only show that B(1, z) has no positive zeros. In
fact, if w is a zero of B(1, 2), the quotient B(1, 2)/(z—w) is in 3¢(E(1)) since
E(1, 2) has no real zeros by Theorem IV of [10]. But then B(1, 2)/(s—w) is
a constant multiple of K(1, w, 2), which is the eigentransform of ¢(¢, ), in
the notation of Theorem VIA. If we pass to the situation of Theorem VIB,
formula (6) implies that ¢(¢, w) is an absolutely continuous function of ¢ such

that
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V(a)'¢' (0, w) = w f (1, wde

for 0<a <1. But if w0, B(1, 2)/(z—w) vanishes at the origin. It follows
that K(1, w, 2) is orthogonal in 3¢(E(1)) to K(1, 0, 2), which is the eigen-
transform of the constant function 1 in L%(0, 1). Formula (10) now implies
that

1
f o(¢, w)dt = 0.
0
Therefore, we may integrate by parts to find that
1 1
wf o(t, w)di = —f &' (¢, w)x'(£)~'ds.
0 0

Since 2'(¢) 20 by construction and since ¢(¢, w) is a real valued function of ¢
when w is real, we conclude that w=0. This completes the proof that B(1, 2)
has no positive zeros, and hence establishes that B(1, 2)I'(z) has no zeros.
Because of Theorem IV of [10], B(1, 2) is an entire function of genus 0 or 1.
Since S(z) has genus 1, the function B(1, 2)I'(2) has genus 0 or 1. Since it
has no zeros, it is the product of a constant and an exponential. Since B(1, 2)
is real for real z by construction and since I'(2) is real for real z by its fac-
torization, B(1, z)I'(z) is real for real z. Since this function is also known to be
periodic of period 1, it is a constant. But B(1, 2)/2=a(1) =1 when 2=0 by
construction and S(z)/z=1 when 2=0 by the infinite product. Therefore,
B(1, 2)I'(z) =1 identically and B(1, 2)=S(z). Since A(1, z) and B(1, 2)
satisfy (12),

z2A(1,z+ 1) = A(1,2) — S(2)/2
for all complex z. The identity
25z + 1) = 5(z) — S()/z
follows from the identity 2S(z+1) =S(2) on differentiating. Therefore,
2[A(1,2+ 1) — S’z + 1)] = A(1,3) — S'(2)

for all complex z. It follows that the entire function A (1, 2) —S'(2) vanishes
at the nonpositive integers and that

U(s) = [4(1,2) — S'()]T(2)
is a periodic entire function of period 1. We may also write
U(z) = A(1,2)/B(1,2) — 5'(2)/S(2)

where
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ReiA(1,2)/B(1,2) > 0,
Re 45'(2)/S(z) > 0
for y>0 because 4A(1, z2) —4B(1, 2) and §'(2) —4S(2) satisfy (1). By the Pois-
son representation of a function positive and harmonic in a half-plane, '
ReiU(t)dt
Reil(z) = —y—f _ResUar
rJ (¢—x)r+y*

for y>0, with absolute convergence of the integral, where % is a real constant.
Since U(z) is real for real z by construction, the integral may be omitted
in this formula. Since there are no singular points for m (), B(1, z) does not
belong to 3¢(E(1)) and

A1, iy)/B(1, iy) = o(y)
as y—+ «. By the infinite product for S(z),
S'(1y)/S(iy) = o(y)

as y—+ «. It now follows that 2=0. We have shown that Re 1U(z) =0 for
9>0. By the Cauchy-Riemann equations, U(2) = Uis a constant for y>0. By
analytic continuation, the same is true for all complex z. We have

A1, 2) = S'(z) + US(2)

for all complex z. On computing derivatives at the origin, we find that
—B(1) = S"(0) + US'(0).

To determine (1), we must use the formula
B@) = tv(t) + log log ¢~1.

To see that it is valid, note that the derivative of the right hand side of the
proposed identity is v(¢). Therefore, left and right hand sides can differ only
by a constant. This constant is zero since

lim [8(¢) — loglogt™!] = 0
AN

by definition and
lim [to(§)] = 0
N0
since
v(f) ~ (tlog t)~*
as we have seen. Therefore,

g(1) = li/r'n [t0(¢) + log log 1] = — §(0)
t/1
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by our definition of v(¢). It follows that
S7(0) = §”(0) + US’(0)

and that U=0 since S’(0) =1. This completes the proof of the theorem.

Proof of Theorem VII. We have seen that ¢(¢, w) belongs to L0, 1) as
a function of ¢ for every complex number w. Since (6) and (16) hold, we have
the identity

t
wo(t, @+ 1) = 6, 8) = [ o(s, w)ds
0
for every complex number w. Therefore, if

10 = 80, ) = [ o(s, 0)i
and if g(¢) is defined by (22), then 0
g(1) = wo(t,w + 1).
The corresponding eigentransforms are
F(z) = K(1,w,2) — vK(1,0,2)K(1, w, 0),
G(z) = wK(1,w + 1, 2).

The identity F(z) =2G(z+1) is now (63). The theorem follows by linearity
and continuity. It should be mentioned that the functions ¢(¢, w), where w
ranges in the nonpositive integers, form an orthogonal basis for L%(0, 1) as
a result of Theorems V and VIA, since the corresponding eigentransforms
K(w, 2) form an orthogonal basis for 3¢(E(1)).

Proof of Theorem VIIL If F(x) is a finite linear combination of the func-
tions (x —w)~!, where w is not real, the existence of G(x) defined by (31),
and formula (32), follow from formula (30). The general case then follows
by linearity and continuity. The only other information necessary for exist-
ence and uniqueness is that the finite linear combinations of the functions,
(x—w)™!, where w is not real, are dense in L?(u) and in L2(v). This follows
from properties of the Poisson kernel and should need no proof here. Similar
considerations are necessary for the development of the ordinary Hilbert
transform by Titchmarsh [14, Chapter V].

Proof of Theorem IX. By the proof of sufficiency for Theorem IV of [8],

A(z) — A(w) and B(z) — B(w)

Z2—w Z—w

belong to 3¢(4 —1B) as functions of z for every complex number w. Since
C(w) B(z) — B(w) D(w) A(z) — A(w)

L(wyz)= = —
T Z— W m Z—w
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L(w, 2) belongs to 3¢(4 —:B) as a function of z for every complex number w.
If we take F(z) = K(w, 2) in (35) for some fixed complex number wi, we find
that

G(w) = (L(w, 1), K(wy, §))a—in = L(w, w1)~
so that
1 - D(Z)Z('wl) + C(Z)E(wl) .

Gla) = (1 — 2)

With a change of variable, the proof of sufficiency for Theorem IV of [8]
shows that

C(z) — C(w) D(z) — D(w)
-~ and —W———
z—w z2—w
belong to 3¢(D+1C) as functions of z for every complex number w. By taking
a linear combination, we find that the function G(2) just obtained does belong

to 3¢(D+4C) as a function of z. To prove the theorem, we must verify that
for all complex numbers z and w,

<1 — D) A(w) + C())B(w) 1 — D)4 (z) + C(t)B(2)

65) w(® — 1) w(z — 1) K D+iC B
B B(z) A(w) — A(z)B(w)
B " w(z — W)

since this last expression is equal to
<K(w’ t)’ K(Z, t) >A—iB-

The theorem will then follow by linearity and continuity. Formula (65) is a
consequence of the four formulas

(66) <D(t) — D(2) ’ D(t) — D(w) 7rﬁ(w)B(z) — B(w) D(2) ’

t— 2 t—w D+iC 22— W

67 <D(t) — D(2) ) c@) — C(w)\ _ 7.-1 — 4A(w)D(z) + C(w)B(2) ,

t— 3z t— w /D+iC_ 22— W
(68) <C(t) — C(2) } D(t) — D(w)\ _ 1r1 — D(w) A(2) + B(w)C(2) ’
t— 2 t—w /D+iC 2 — W
(69 C() — C(z2) C@) — C(w) _ C(w)A(z) — A(w)C(2)
) < t— 2z ’ t— w D+¢c—1r 22— W '

The proofs of formulas (66), (67), (68), and (69) are closely analogous to the
proof of formula (21) of [8], and it should be unnecessary to go through this
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process again here. The required partial fraction decompositions are possible
because of (34).

Proof of Theorem X. The isometric inclusions of 3¢(4 —4B) in L2(u) and
of 3¢(D+iC) in L*(v) follow by Theorem V of [8] because of (37) and (39).
Formulas (26) and (28) then follow by the proof of Theorem VI of [8]. It
remains to show that (31) holds when F(z) and G(z) are related by (35). For
this, we will need to compute the L%(u) projection P(w, 2) of (x—w@)™! into
3¢(A —¢B) when w is not real and the L2(v) projection Q(w, 2) of (x—w)~!
into 3¢(D+1C). These are given by the integrals

B B(t)A(z) — A®)B(z) du(®)
Plw,2) = f x(t — 2) - @)

B D()C(z) — C()D(z) dv(2)
Qw, 2) = f w(t — 2) ¢ —m)

To evaluate then, we use formulas (27) and (28) of [8] in the form

(0 — 32) A(f) + iB(¢) dull) = 2
T f t—2)(t—w) = [4(z) — iB(z)] — [A(2) + iB(2)|W(3)
2W (w)
* [4(@) + iB(@)] — [4(w) — iB(@)|W(w)’
i(w — 32) A(t) — iB(¢) B 2W (2)
™ f (t—2)(t—m) ) = [4(2) — iB(2)] — [4(2) + iB(z)|W(2)
2

+ —
[4(@) + iB(w)] — [4(@) — iB(@)]|W (w)
when 2(2—2) >0 and (@ —w) >0. It follows that

I (O - W)
) w,35) = . [4 (@) + iB(w)] — [A(®) — iB(@)]W (w)
-2

z—w  [A@@)+iB@)] — [A(@) — iB(w)]W (w)
when (@ —w) >0. A similar computation in 3¢(D+4C) yields

0w, 2) C(z) — C(w) 1 —W(w)

w, ) = — —

an z—w  [C(w) + iD(®@)] — [C(w) — iD(w)]W ()
Y D(z) — D(w) 1+ W(w)

z—®  [Cw) +iD@®)] - [C(@) — iD(@)]W (w)

when (@ —w) >0. We now use the formulas to (66), (67), (68), and (69) in
3¢(4 —4B):
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(12) <A(t) — A() A@) — A(w) _ C(w)A(z2) — A(w)C(2)
I —z ’ t—w A—iB B 2 — W ’
(13) A() — A(z) B(f) — B(w) _ 1 — D(w)A(2) + F(w)C(z)
< t—w A—iB - T z2— W ’
78) <B(t) - B(z) , A@) — A(w) \ _ W1 — A(w)D(z) + ﬁ(w)B(z)’
I —z t—w /A—iB 22— W
<B(t) — B(z) B(t) — B(w) \ D(w)B(s) — B(w)D(z)
(75) ’ =T .
t— 2z t—w /A—iB 22— W

It follows from (70) using (72), (73), (74), and (75) that
(76) (P(wx t)) L(Z, t) >A—1'B = i«ﬁ(w)Q(w, Z)

when ¢(—w)>0. A similar analysis in the lower half-plane will show that
(76) holds whenever w is not real. Now return to functions F(z) and G(2), as
in the statement of the theorem, which are related by (35). We wish to show
that (31) holds for every nonreal number w. Since F(2) is in 3¢(4 —<B) and
G(2) is in 3¢(D+1C) by hypothesis, it is sufficient to show that

<G(t)) Q(w, ))pyic = i¢('w)_l<F(t), P(w, ))a—ip.

This formula follows from (76) and the isometric character of the transforma-
tion defined by (35).

Proof of Theorem XI. The first formula we are required to establish
follows from the identity

L*(w, 2) = L(w, 2)

which holds for each fixed complex number w; the star is taken of L(w, 2)
as a function of z. The second formula is most easily established in special
cases. The most general case then follows by linearity and continuity. Let w
in the statement of the theorem be replaced by w,, which is held fixed. It is
sufficient to consider cases in which F(z) is

A(z) — A(w) B(z) — B(w)
or

22— W 22— W

for some number w#w,. The corresponding transform, defined by (39), is
C(z) — C(w) D(z) — D(w)
or ’

z2—w 22— W

respectively, because of formulas (72), (73), (74), and (75). The reader will
have no difficulty verifying that the formula of the theorem is correct in these
special cases.

Proof of Theorem XIIA. This part of the theorem follows from formula
(10) of Theorem IIIA once we show that



1961] SOME HILBERT SPACES OF ENTIRE FUNCTIONS. III 115

(7 L(c,w,2) = fc(C(l, w), D(t, w))dm()(A(t, 2), B(1, 2))~
0

for all complex z and w. To see this, note that since C(¢, w) and D(¢, @) are
continuous functions of =0 for every complex number w and since (40)
holds,

[ e, o, ayamtyct, ), DG, 3)- < =,

Therefore, the integral in (77) is absolutely convergent for every z and w. As
in the proof of formula (50), it is sufficient to establish (77) when z>w. The
formula now follows from (41). The reader will have no trouble making the
derivation if he will write both formulas in differential form.

Proof of Theorem XIIB. This part of the theorem follows from Part A
using Theorem IIIC. Of course, formula (46) is just formula (11) with a
change of variables.
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