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BY
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1. Introduction. Classical spectral multiplicity theory generalizes to nor-
mal operators on Hilbert space the unitary determination of a normal matrix
by the multiplicities of its eigenvalues. Somewhat more refined notions are
required in the finite dimensional case for the equivalence theory of the non-
normal matrix or operator. Here the problem is most fruitfully considered in
terms of similarity, and the characterization can be given by the elementary
divisors, invariant factors, various canonical matrix forms, or either of the
numerical invariants, the Weyr or Segre characteristics. Occasionally dis-
cussed in matrix theory textbooks (see, for example, [22; 30]) these numeri-
cal invariants are generally defined in combinatorial terms: the Segre char-
acteristic (after Corrado Segre [28]) of an eigenvalue \o of the operator T is the
sequence, in descending order, of the exponents of the elementary divisors of
T that contain \o; this sequence of integers sums to the multiplicity u(\y) of
Ao as a root of the characteristic polynomial, and the conjugate partition in
decreasing order of u(\) is the Weyr characteristic (after Eduard Weyr [33;
34]) of No. Both characteristics are easily read off the Jordan canonical
form(?), and either one, for all eigenvalues, is a complete set of similarity in-
variants for T.

The aim of the present work (whose results have in part been summarized
in [12]) is to present in detail the beginnings of an equivalence theory for
operators on Hilbert and Banach spaces patterned after this elegant and com-
plete finite dimensional theory. Before turning to such operators however,
and to the known results of spectral multiplicity theory, it is convenient to
reclothe the characteristics in more modern garb. For this we let W(\,, k) be
the kth integer in the Weyr characteristic of Ao for T, and $(\o, k) be the num-
ber of occurrences of k as an exponent of the elementary divisors of T that
contain Ag—that is, the number of occurrences of k in the Segre character-
istic. Then these are related in a simple manner:
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S()\o, k) = ’W(Xo, k) - W()\o, k + 1),
and,

2o W(ho, &) = 2 k8(Ao, k) = u(ho).

These functions also have simple spatial interpretations: W(\o, k) is the
maximum number of linearly independent vectors annihilated by (T —\oI)*
but not by (T —XoI)*1, and $(\, k) is the maximum number of independent
k-dimensional subspaces completely reducing 7" on which T—N\,I has index k.

We intend to present, as a basic complete set of invariants for a certain
class of operators on Hilbert space, a function W with properties like those
of the finite dimensional Weyr characteristic above, defined for two argu-
ments, measures and cardinal numbers. Operators with the same generalized
Weyr characteristic will be “piecewise” similar; the equivalence relation ob-
tained this way is called sems-similarity.

Operator equivalence on Hilbert space, usually treated as a problem of
unitary equivalence, has a history of more than fifty years. One can mention
the original solution for a self-adjoint operator on a separable Hilbert space
by Hellinger [18] and Hahn [16], the extension by Stone [29] to unbounded
operators, the formulation in terms of a cardinal valued function with Borel
set argument by Friedrichs [15], and the extension to the nonseparable case
by Wecken [31], whose work, together with that of Nakano [23; 24], laid
the foundation for the modern approach. Here the completion of the Boolean
algebra of projections in the resolution of the identity of the given operator
is basic; following this line there have been treatments by Plessner and
Rohlin [25] and Halmos [17] and attention given by a variety of authors to
unitary invariants for systems of operators: Kelley [20] treating commuta-
tive W* algebras, Segal [27] commutative and noncommutative W* alge-
bras, Mackey [21] representations of commutative C* algebras on a separable
Hilbert space, and Kadison [19] representations of noncommutative C*
algebras on an arbitrary Hilbert space.

We shall return to some aspects of this subject after considering another
part of operator theory: the attempt, developed most extensively by Dunford
and co-workers (Dunford’s review article [10] covers the subject and litera-
ture exhaustively), to extend the reduction theory arising from the spectral
theorem for normal operators to operators on Banach space.

The basic notion here (formal definitions will be given in §2) is that of a
completely reducible or spectral operator—roughly, one which has a resolu-
tion of the identity like that of a normal operator. A spectral operator is
uniquely decomposable as the sum of two commuting operators, a quasi-
nilpotent and a scalar operator (or the scalar part), this latter an operator
expressible as an integral f/AE(d\), with E the resolution of the identity. (We
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note the obvious parallel between this decomposition and that of a Jordan
canonical matrix as the sum of a diagonal matrix and a nilpotent matrix
commuting with it.) This has led to studies by Bade of unbounded spectral
operators and Boolean algebras of projections on Banach space in a series of
papers [1; 2; 3; 4] on which our work will primarily be based.

In the equivalence theory presented here, though the invariants are con-
structed in the Banach space context, for application to operators both ab-
stract structural knowledge of the operators and a multiplicity theory of the
classical kind are required. To meet the first of these requirements our ap-
proach is oriented toward spectral operators; the second limits us to Hilbert
space.

To clarify the second restriction, we call attention to the current state of
multiplicity theory on Banach space. Dieudonné [6] has constructed a mul-
tiplicity theory for representations of a function algebra as an algebra of oper-
ators on a Banach space whose conjugate space is separable, and Bade a
multiplicity theory for a complete Boolean algebra of projections on an arbi-
trary Banach space in [4], which will be used extensively here. One would
like to derive from these a multiplicity theory of the classical kind for oper-
ators—i.e., producing equivalence conclusions for, say, scalar operators with
respect to some form of similarity—but there seem to be substantial diffi-
culties involved. One of these difficulties, for example, illustrated by Dieu-
donné’s example [7], is that there is in general no bounded projection onto
the pieces of simple multiplicity. Another is that, though Bade’s work is the
natural generalization to Banach space of the Hilbert space commutative
weakly closed algebra case, even on Hilbert space the single operator case is
considerably more complicated than that of the weakly closed algebra, as
Kadison has recently pointed out in [19]. Kadison’s example of two unitarily
equivalent W* algebras on a separable Hilbert space, each generated by uni-
tarily inequivalent C* algebras, illustrates the difficulty.

Thus though the Weyr characteristic is here actually defined for a Banach
space of uniform finite multiplicity with respect to a complete Boolean alge-
bra of projections and a commuting quasi-nilpotent, for application to single
operators we turn to Hilbert space and use the multiplicity theory of a nor-
mal operator. This approach necessitates some awkwardness. Most of the
statements and definitions for spectral operators will be made via normal
operators associated in a certain manner with them, this roundabout method
being necessary to tie in to the multiplicity theory.

An example is the next (and final) restriction: the equivalence theory
applies only to spectral operators on Hilbert space whose scalar parts are
similar to normal operators with no part of infinite uniform multiplicity. (A
scalar operator on Hilbert space is always similar to a normal operator—by
the unmodified word “similar” we always mean the conjugacy induced by a
nonsingular operator.) Such spectral operators are called essentially finite,
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though it is not assumed the multiplicities are bounded. This restriction per-
mits the handling of the essentially finite single operator case by piecing to-
gether the results obtained for spaces of uniform finite multiplicity, but is a
serious incompleteness in the theory and its major weakness at this stage.

The unitary invariants of a normal matrix, or the similarity invariants
of a diagonal one, can be viewed as given by a cardinal valued function van-
ishing off eigenvalues (the function u above). For a self-adjoint operator on
a separable Hilbert space, Borel set arguments suffice in the multiplicity
function, but for the nonseparable case equivalence classes of functions, as in
Wecken’s original work [31], or of measures, as in Halmos’ treatment [17],
are required. (Actually, in all these cases the projections in some Boolean
algebra are fundamental, and the multiplicity function defined directly or
indirectly for these.)

The Weyr characteristic will first be defined, when we deal with a com-
plete spectral measure and commuting quasi-nilpotent on Banach space, for
Borel set and cardinal number arguments. For each fixed cardinal, considered
as a set function, it is then shown to be a multiplicity function in the sense
of Halmos, and consequently to decompose the support of the spectral meas-
ure into sets of umiform characteristic. Our chief result here is that a non-
negligible Borel set & has uniform characteristic if and only if

2 W, k) = m,

where 7 is the multiplicity of the space. The definition is then altered to
permit measure arguments, the characteristic defined for pairs (N, Q) of
commuting operators on Hilbert space, where N is normal and essentially
finite and Q is quasi-nilpotent, and this extended to essentially finite spectral
operators. The Weyr characteristic is similarity invariant, but not a complete
set of such invariants, nor does the addition of a piecewise boundedness con-
dition produce similarity for operators with the same characteristic. Two
such operators are, however, related by an unbounded similarity, but this
notion is not sufficiently precise for an equivalence relation. Thus we call two
spectral operators semi-similar if they can be decomposed, by projections in
the completions of their resolutions of the identity, into the same number of
similar parts. Semi-similarity is an equivalence relation for spectral operators,
and for essentially essentially finite spectral operators on Hilbert space the
Weyr characteristic is a complete set of semi-similarity invariants. Finally,
the results extend easily and naturally to the adjoint operators.

In work on multiplicity theory it is customary to apologize for the ab-
stract nature of the invariants produced, and the difficulty (or impossibility)
of their computation. After making this apology, we also feel impelled to
remark on the naturalness of semi-similarity. Unitary equivalence is the natu-
ral and successful equivalence relation for normal operators. But for normal
operators, the notions of unitary equivalence and similarity coincide (cf. Put-
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nam [26]). Since the similarity equivalence class determined by a scalar
operator on Hilbert space always includes a normal operator, a similarity
equivalence theory for such scalar operators can be obtained merely by trans-
ferring the unitary invariants of the associated normal operators. The addi-
tion of the quasi-nilpotent has necessitated relinquishing, in this work, the
boundedness of the similarity.

Semi-similarity does have several desirable properties: the spectrum and
essential finiteness are semi-similarity invariant, semi-similar scalar operators
are actually similar, and semi-similar normal operators are unitarily equiva-
lent. Reflection on the spatial meaning of the Jordan canonical reduction for
matrices also enhances its naturalness. The 1's that were counted, for exam-
ple, in the superdiagonal appear as 1's as a result of a finite number of norm
changes; in the infinite-dimensional case, even under the most restrictive as-
sumptions (separable Hilbert space, pure point spectrum of uniform multi-
plicity 2), this process cannot be duplicated, and spectral operators with the
same spatial action need not be similar.

Thus some form of unbounded similarity arises naturally, and it may even
be suggested that an investigation of systems of operators (noncommutative
C* and W* algebras, for example) in terms of some form of similarity equiv-
alence might prove fruitful. In this connection it should be mentioned that
Bade has shown in [4] that an essentially finite (defined somewhat differ-
ently) scalar operator on a separable Banach space is always related to a
normal operator on Hilbert space by a similarity induced by an operator that,
together with its inverse, is closed and densely defined.

Three further remarks are necessary before we outline the arrangement of
material to follow. First, no assumption of separability is required or made.
Second, no results from the dimension theory of rings of operators or com-
parison theory for projections will be needed; our main tools are the multi-
plicity theory of Bade [4] for a complete Boolean algebra of projections, and
certain of his results on completeness from [3], and the classical spectral
multiplicity theory for a single normal operator—here we follow Halmos’
exposition [17]. Third, the reader, noticing the primacy of the Weyr char-
acteristic in the statements and proofs, may wonder as to the inclusion of the
Segre characteristic. It is included because it is readily defined by means of
the Weyr characteristic, and because it seems clear that the Weyr character-
istic is unsuited to the nonessentially finite case, where the Segre character-
istic, defined directly, may succeed.

The next section is devoted to background material—spectral operator
theory, the multiplicity theories required, the results on Boolean algebras
of projections—and to notational conventions. In §3 we investigate, from a
spatial standpoint, a Banach space of uniform finite multiplicity with respect
to a complete spectral measure, and examine the action of a commuting
quasi-nilpotent. (Actually the full force of quasi-nilpotency is never required;
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quasi-nilpotency with respect to the weak topology is sufficient to prove all
our results.) Here a notion of vector independence is introduced, patterned
after linear independence, that characterizes the multiplicity. The orbit of
any vector under the quasi-nilpotent is shown to be independent; this implies
the quasi-nilpotent is actually nilpotent (a result also proved by Foguel in
[13; 14], using direct matrix methods to study the operators commuting
with such a Boolean algebra of projections), and permits the definition, in
§4, of the Weyr and Segre characteristics with Borel set and cardinal number
arguments. The Weyr characteristic, for fixed cardinals, is shown to be a
multiplicity function and sets of uniform characteristic defined; then the
crucial summability condition characterizing such sets is proved, and meas:
ure arguments introduced, for which similar results hold. In §5 we turn to the
single operator situation on Hilbert space, define the Weyr characteristic for
essentially finite spectral operators and prove it is similarity invariant. In
§6 it is shown not to be a complete set of similarity invariants; here the de-
sired properties of semi-similarity are proved, and the summability condition
relating sets or measures of uniform characteristic to the multiplicity function
enables us to conclude that the Weyr characteristic is a complete set of semi-
similarity invariants for these operators. We discuss the imposition of addi-
tional conditions to produce similarity, a problem left open in this work.
Finally, in §7, the adjoint situation is treated, first in the Banach space con-
text and then the single operator Hilbert space case.

This work is a revised and extended version of the author’s doctoral dis-
sertation at Yale University. Only those whose good fortune has included
membership in the mathematical community at Yale can realize the extent
of his debt to that community and to its members. In particular, the author
would like to thank Professors George Seligman, C. T. Ionescu-Tulcea, Wil-
liam G. Bade, Charles E. Rickart, and Shizuo Kakutani for many hours of
helpful discussion and advice, and express special gratitude to his advisor,
Professor Nelson Dunford, for his patience, encouragement, and inspiration.

2. Preliminaries. In this section background material is collected, and
notational conventions established. We begin with a brief outline of some of
the principal results from N. Dunford’s theory of spectral operators, taken
largely from [9; 10], and certain related material about Boolean algebras of
projections due to Bade [2; 3]. A complete discussion of most of this mate-
rial, except the multiplicity theory, will appear in [11].

A homomorphism E(-) from the Boolean algebra ® of Borel subsets of
the complex plane € onto a bounded Boolean algebra of idempotent operators
on a Banach space ¥ is called a spectral measure; that is,

EGNm) = EG) A E(), EGUm) = EG) V E) } 5,1 C @,

E€) =1, E€—38) =1—E@®), |E@®| =M



1961] SEMI-SIMILARITY INVARIANTS FOR SPECTRAL OPERATORS 283

where E(8) AE(r) =E(8)E(r) and E(8)\VE(r)=E(8)+E(r)—E(8)E(x) are
the infimum and supremum respectively in the natural order of commuting
projections (viz.: E1 2 E; if E\E;= E;E, = Es), and M is a constant. A (bounded)
linear operator T on X is a spectral operator if there is a spectral measure E
that commutes with 7', is countably additive in the strong topology, and
satisfies spec(T| E(8)%) C3, $E ®, where spec(Tl E(8)%) denotes the spectrum
of the restriction of T to the subspace E(8)¥, and & denotes the closure of 8.
The spectral measure E, called the resolution of the identity for T, is unique,
vanishes outside the spectrum of T, and commutes with every operator com-
muting with 7. If the spectral operator T'= [AE(d\), the integral in the uni-
form topology, then T is called a scalar operator. Every spectral operator T’
has a unique canonical decomposition T'=S4(Q where S is a scalar operator
and Q is a quasi-nilpotent (i.e., |Q’°[ 1/k—0 as k— «, or, equivalently, spec(Q)
= {0}) commuting with S. The operators T and S have the same spectrum
and resolution of the identity. It is customary to call S the scalar part, and Q
the quasi-nilpotent part, of T.

If the underlying vector space is a Hilbert space, then the (bounded) nor-
mal operators are the scalar operators whose resolutions of the identity are
self-adjoint. Wermer [32], applying a result of Mackey [21, Theorem 55], has
shown that every scalar operator on Hilbert space is similar to a normal oper-
ator; this result will be used frequently.

Repeated use will be made of the simple properties of the integral of a
complex-valued bounded Borel function f with respect to a (countably addi-
tive) spectral measure E. This integral can be defined in the uniform topology
using simple functions in the usual manner, and is a bounded operator on X.
The mapping

f—S(f) = f SOVE(@N)

is an algebraic homomorphism; that is, S(fg) =S(f)S(g), and, in particular,
S(xsf) =E(8)S(f) = [s,fA\)E(d\), where x5 is the characteristic function of the
Borel set 8. Also, S(f)x=[f(\)E(d\)x, xEX, and x*S(f)x=[f\)x*E(d\)x,
xEX, x*€X* (the conjugate space of X). For each f and §, the integral satis-
fies

ess inf [f()\)l =< ‘f f()\)E(d)\)' =< 4M ess sup |f(>\)l ,
\ES 5 AES

M being the uniform bound for { IE(-)I } The definition can be extended to
unbounded Borel functions (cf. [1] for details); in this case the mapping
f—S(f) is an operational calculus exactly analogous to that of an unbounded
normal operator on Hilbert space. The operator S(f) has an inverse S(1/f)
if and only if E(f! {0}) =0, and of course the inverse of a bounded operator
may be unbounded.
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If {¥.|]a€ A4} is a family of subspaces of the Banach space %, the closure
of the intersection of these subspaces will be denoted by Asca X., and the
smallest closed subspace containing every X. by Vaes X.. Then a Boolean
algebra E of commuting projections is called (o-complete) complete if every
(countable) subfamily {E.,|aEA}CE has an infimum Ades Eo and supre-
mum Vaes E. in E, with ranges A« E.X and V, E.X respectively. A Boolean
algebra is countably decomposable if every disjoint subfamily is at most counta-
ble. Thus a countably additive spectral measure is o-complete, and a counta-
bly decomposable g-complete spectral measure is complete.

The following results lie somewhat deeper. A o-complete Boolean algebra
of projections is always bounded in norm [3, Theorem 2.2], and its strong
closure is complete [3, Theorem 2.7] (see also [8]). A complete Boolean alge-
bra of projections contains every projection in the weakly (or equivalently,
strongly) closed algebra it generates [3, Theorem 2.8]. In the Hilbert space
case it follows readily from these results and the continuity of adjunction in
the weak topology, that the projections in the second commutator of a self-
adjoint spectral measure are self-adjoint, and precisely comprise the Boolean
algebra completion of the spectral measure. (If the Hilbert space is separable,
each of these possible extensions is vacuous: the completion, projections in
the strong or weak topological closure, and projections in the second com-
mutator are already the given spectral measure.)

To return to the Banach space situation, if £(-) is a spectral measure on
X fixed in the context of discussion, and xE ¥, then M (x) will denote the small-
est closed subspace spanned by {E(&)xl d€®}. In [4] it is shown that if E is
countably additive and complete, then the cyclic subspace M(x) has L, struc-
ture:

M(x) = {S(f)xl x € domain S(f)}.

In our attempt to avoid using the properties of Hilbert space, we will make
repeated use of the following result [3, Theorem 3.1], which furnishes a re-
placement on a Banach space, under certain circumstances, for the inner
product: if E(-) is a o-complete spectral measure on X and x is any fixed non-
zero vector in %, then there is a bounded linear functional x*&X* such that

(a) x*E@®)x = 0, § € ®,

(b) x*E(8)x = 0 implies E(8)x = 0.

(In Hilbert space, if E is self-adjoint, the functional x* can be taken to be x,
and the measure | E(-)x|? is called the measure determined by x.) In general
we call such a functional a Bade functional for x with respect to E.

Before turning to the multiplicity theory itself, we recall (cf. [17, p. 79])
that under the partial order established by absolute continuity («) the
family of equivalence classes of regular, totally-finite, non-negative, counta-
bly additive set functions (=measures) on the Borel subsets of the complex
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plane is a Boolean ¢-ring with the property that a bounded orthogonal
nonzero subfamily is at most countable. Here two measures u and v are
called orthogonal if u/A\v=0 (and the word misused in the customary fashion
when applied to families), and we call u and v equivalent, written p=v, if both
u<<y and r<Lu.

The relation between regular measures partially ordered this way and
Borel sets is particularly simple: if <<u then there is a subset 8 of the support
A of u such that y=u(8MN-), and there is a natural and obvious one-one order
preserving correspondence between equivalence classes of measures bounded
by u and equivalence classes of Borel subsets of A, where we call two such
sets 8 and 7 equivalent if u(8Ar)=0. In such fashion any regular measure
establishes a natural order and equivalence relation on the Borel subsets of
its support.

A countably additive spectral measure also relates readily to the Borel
subsets of A: if E(r) 0, then 7E8 exactly when E(w) £ E(8),and 7 and dare
equivalent, 7 =34, if and only if E(8) =E(w). If there is a vector x &X with the
property that E(8)x=0 implies E(8) =0 (called a separating vector by Segal
[27], this notion is due to Nakano, who proved the existence of such a vector
is equivalent to the countable decomposability of E), and if x* is any Bade
functional for x and E, then the scalar measure x*E(-)x and the spectral
measure E(-) have the same null sets and determine the same equivalence
relation on the subsets of their common support.

Bade’s multiplicity theory in [4] can now be described. Let E be a fixed
complete countably additive spectral measure, operating on the Banach
space X. A countably decomposable projection P in the range of E has multi-
plicity n, an arbitrary cardinal, if there is a family {xal acA } CX of cardinal-
ity n, with PX=V,e4 M(x,), and no family of smaller cardinality has this
property. The multiplicity is said to be uniform if every nonzero subprojec-
tion of P in E also has multiplicity #. These definitions extend abstractly, in
an order preserving fashion, to arbitrary (not necessarily countably decom-
posable) projections in E, and moreover, there is a unique decomposition of
the identity as a disjoint supremum of projections P, in E, with P, of uniform
multiplicity » if P.7#0. We will say the space X itself has (uniform) multiplicity
n if the identity has (uniform) multiplicity n.

Satisfactory conclusions as to the structure of X relative to E have been
derived only when # is finite, and this case, rather than the preceding global
formulation, is of primary interest to us. Under this assumption, if X is a
space of uniform multiplicity #» and ¥=V}.,; M(x.), then each x; is a separat-
ing vector for E, the spanning manifolds M (x;) are disjoint in the sense that

) A (V9 ) = o

]

and there exist Bade functionals xF¥ for x; such that
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x}"( V m(ﬁ%)) =0
i
and x}S(f)x;=0 implies S(f)x;=0. The measures x}E(-)x; are all equivalent.
Every vector x&X can be written

x=lim X, | f:O)E(@\)x,
E—o =1V 1y
where 7, = {)\I |fi()\)| <k i=1,- .-, n}, k=1, 2, - - .. The L, structure of
the cyclic manifolds M (x) thus permits the imbedding of such a space of
uniform finite multiplicity in a direct sum of L, spaces.

Only a minor topological change is required to formulate an analogous
scheme in the conjugate space for the adjoint Boolean algebra. Here the
relevant topology is the weak-* or X-topology on X*; systematic replacement
of the strong topology by this one in the foregoing description produces es-
sentially the same results. Thus if E is complete on X in the sense previously
described, then E*, the family of adjoints of elements of E, is complete on
X* in the sense that an arbitrary subfamily {E:IaC—_'-_A} has a supremum
V. E¥ and infimum A, E} in E* with ranges V., E¥¥* and A, EXX* respec-
tively, where the lattice operations in X* refer to the appropriate X-closed
manifolds. - In this situation, a Bade functional for x*&X* with respect to
E* can always be chosen in the space X. We write S*(f) for the adjoint of
S(f) and consider the cyclic manifolds t(x*), defined to be the least X-closed
manifold spanned by { E*(8)x*|3€ ®}. Then

N(x*) = {S*(f)x*| «* € domain S*(f)}

and a multiplicity function defined in the same way on E* decomposes the
identity similarly. The structure of a space of uniform finite multiplicity is
also similar: if X*=V._, N(x}*), then each x} is a separating vector,

N(xFH N <V 9?(x,*)> = 0%,
is]
and for each i there is a Bade functional x;E X with x*x;=0if x*CSV..; N(x}).
Also every x*E&X* has the weak-* representation

x*x = l}im S| 7 E*@dN) vk, x C X,
—w =y
with m; defined as before.

The relation between the two multiplicities is known only for projections
or spaces of finite multiplicity, and in this case is the expected one: the projec-
tion PEE has (uniform) finite multiplicity # in X if and only if P*€E* has
(uniform) finite multiplicity # in X¥*. Thus the space ¥ has uniform finite
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multiplicity # with respect to E if and only if X* has the same property with
respect to E*.

Some remarks may place this multiplicity theory in perspective. First, the
definition of multiplicity for a space differs somewhat from the usual con-
ception: for example, in the nonseparable case it is possible for a spectral
measure to be simple in the customary sense, and yet the space need not
have multiplicity 1. (In the countably decomposable case, and only in this
case, does this simplicity coincide with multiplicity 1.) Second, if the under-
lying space is Hilbert space and the spectral measure self-adjoint, then the
cyclic manifolds can be given a canonical L, structure. That is, for any xE€X,
the manifold M (x) is easily seen to be unitarily equivalent to

Lz(A, ®, | E()x|2)v

where ® is the family of Borel subsets of A, the support of IE(-)xl 2, The uni-
tary equivalence carries the operation of E(8) on M(x) to multiplication by
the characteristic function x; on the L, space, and, if the given spectral
measure is the resolution of the identity of the normal operator N, carries the
action of N on M(x) to “multiplication by N\” on the L, space. If the Hilbert
space is separable as well, we can outline an alternate approach to a decom-
position of the space relative to the spectral measure, not involving a uni-
formity concept. A vector x1EX can be chosen so that [E(-)xll ? is maximal
(in the order determined by absolute continuity) among all such vector meas-
ures, then x, chosen with the same property in the space M(x1)*, and the
process continued. This produces a decomposition of the space as an or-
thogonal direct sum, Z@?)?(x;), and a descending sequence of measures,
M1, M2, - - - (or equivalently, one measure u, and a descending sequence of
sets 8y, 03, - + - ) which characterizes E or N to unitary equivalence. A multi-
plicity function can be defined as a complete set of unitary invariants, whose
value at a measure u (or set 8) is the maximum % for which uAp,>#0 (or
E(dMd,)#0), or o if there is no maximum. This is the approach in the
separable case described, for example, in [21].

In the nonseparable Hilbert space case it is no longer possible to choose
vectors with this maximality property and the multiplicity theory is more
difficult. Neither of the preceding global formulations is suited to our pur-
poses. Roughly speaking, the methods described above for imposing structure
on a ziggurated configuration count all the manifolds above the measure or
set, while that of Halmos [17] is to count only those that cover the measure
or set completely. Thus the multiplicity function will be order reversing,
rather than order preserving. We content ourselves next with a description
of the results, omitting the L, structure, as it will not be used.

Let N be a (bounded) normal operator, with resolution of the identity E,
on the arbitrary Hilbert space $. There is associated with N a unique map-
ping u from the equivalence classes of (regular, non-negative, totally-finite,
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countably additive) measures on the complex plane to the cardinal numbers
satisfying:

(a) if u is identically zero, then u(u) =0,

(b) 0#v<«<u implies u(¥) =u(w), and

(c) if u is the supremum of an orthogonal (hence countable) family {u;}
of nonzero measures, then

u(p) = m‘in {u()}.

Such a mapping, for which the name multiplicity function is reserved here-
after, is a complete set of unitary invariants for N or E. A measure u has
multiplicity u(u), and has uniform multiplicity if 0#v<<u implies u(y) =u(u).
To each measure u there corresponds a self-adjoint projection C(u), which
we call the carrier of u, in the second commutator of E, and hence in the
completion E of E. This correspondence preserves order, takes orthogonal
measures into disjoint projections, and has the explicit formulation

Cu) = N {P| Px = x whenever | E(-)x|? << n}.
PcE

Each spectral measure C(u)E(-) is countably decomposable (cf. Kelley [20,
Theorem 2.2]) and thus complete; each subspace C(u)$ has multiplicity u(u)
with respect to the complete Boolean algebra C(u)E(-) —in the sense of
Bade previously described—and has uniform multiplicity u(u) if x has uni-
form multiplicity. In the case of uniform multiplicity the measures deter-
mined by the spanning vectors (x determines |E(-)x| ?) are all equivalent.

Associated with u, though not uniquely, is an orthogonal family {;L..[ aCA}
of nonzero measures of uniform multiplicity such that for any measure u,
we have u(u) =0 unless u is covered by the u, in the sense that u=V, (uAu.),
and in this case,

u(p) = H;i;l {u(ua) | o A pa 5 0}.

The closure of the union of the supports of the u, is spec(N). The projections
C(us), aE A, are a disjoint family whose supremum is the identity.

In the sequel we shall attempt to adhere to the notational conventions
and definitions already established, directly or tacitly, in this section. In
general, operator will mean bounded linear operator (except that we permit
operators of the form S(f) to be unbounded), projection will always mean
idempotent operator (that is, we never assume, without explicit mention,
that a projection is self-adjoint), and set or subset (except in the phrase “com-
plete set of invariants”) will be reserved for a Borel subset of the complex
plane, and other nouns denoting aggregates (e.g., family, class) will be used
for collections of other objects—vectors, measures, operators, etc. Measure
(unmodified) will always mean a regular, totally-finite, non-negative, counta-
bly additive measure on such sets; function (unmodified) will always mean a
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complex valued Borel measurable function on the complex plane.

An operator will be called nonsingular if it has an everywhere defined,
bounded inverse, and by similar is always meant a similarity induced by a
nonsingular operator. We shall be forced to define both projections and sets
for various objects (vectors, measures, operators) and shall distinguish be-
tween these by calling the former the carrier of the object, written C(-), and
the latter the support, written s(-). The null set will be denoted by &, and
the characteristic function of the set 8 by xs. As it will never be necessary to
consider the same object under more than one norm, and that always the
natural one, the symbol “| |” will be used for all norms. Occasionally it will
be necessary to use superscripts as indices, and these will be used without
parentheses when exponentiation would be meaningless (as for a vector) or
redundant (as for a projection). We continue to permit ourselves the luxury
of confusing a spectral measure with its Boolean algebra range, and a measure
with its equivalence class. We number results consecutively, without regard
for type or section. That is, the first theorem, Theorem 6, will be found in §3.

3. Uniform finite multiplicity. Throughout this and the following section X
will be a Banach space of uniform multiplicity n < < with respect to the countably
additive and decomposable (hence complete) spectral measure E defined on the
Borel subsets ® of the compact set A in the complex plane. Let Q be a fixed quasi-
nilpotent commuting with E(-), and {1, - - -, 2.} C¥ be a fixed family of
vectors such that ¥=V7.; M(x;). Then the disjointness condition

m(x,-)/\(vwz(x,-))=o, — 1,y

i5]

holds and every xE¥% can be written

—® i=1vYx

v = lim S ro)E@)

where m; = {)\I lf.'()\)[ <k i=1,-.-, n}, k=1,2,---.
The carrier of a vector x, written C(x), is defined by

Cx) = N {EG)| E@)x = »}.
e®

The elementary consequences of this definition are that C(x) =0 if and only
if x=0, that C(E(8)x)=E(8)C(x) for each &€ ®, and that C(x;)=1I for
i=1, - - -, n. It is also easy to see that if C(x)C(y)=0 then C(x+y)=C(x)
+ C(y). The completeness of E implies that this infimum is actually an ele-
ment of E; thus there is a set & ®, the support of x, written s(x), such that
E(8) =C(x). (Actually the support is not uniquely defined; what we have in
mind is an equivalence class of sets, but this looseness will cause no difficulty.)
Similarly s(f) will denote the support of the function f on A:s(f)
= {)\lf()\);-‘-"O, )\EA}. If E(8) =0, we call & negligible and write 6= .
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A vector xE€¥X will be called full over 6 if C(x)=E(6), and simply full if
C(x) =1 (that is, a full vector is a separating vector). A set §E€ ® is an invert-
ing set for the nonzero operator

s = [ 1E@

if the operator

1
—— E(d
f., Ty BN

is nonzero and bounded. This latter operator will usually be written
S(1/f)E(8). It is clear that every nonzero operator of the form S(f) has an
inverting set.

LeMMA 1. If xEX s full and S(f)x=0, then S(f) =0.

Proof. Let & be an inverting set for S(f); then S(1/f)E(8)S(f)x=E(8)x=0.
Thus E(A—8)x=x, and, since x is full, E(A —8) =I. This implies 6 is negligi-
ble, and therefore S(f) must be zero. Q.E.D.

Our first objective is to generalize the dimension theory of finite dimen-
sional vector spaces. However the space X is being considered as a finitely
generated free module whose scalar ring {S( f)} contains zero divisors. The
procedure will be to reduce the space by an inverting set whenever the
invertibility of a scalar is required in the standard elementary arguments.
The basic definition of this section is the following.

A finite family of vectors {1, - - -, ¥m} CX will be called independent if
there is a family {z, - - -, 2} C¥ such that

(a) m(yi)gm(z.-)} e

(b) C(z)=1I ’ T

() D™, S(f)z: =0 implies each S(fi)z; =0, for every family
{fi, - - -, fm} of Borel functions with z; €domain S(f.).

There will be some computation to follow with expressions of the form in
(c), and we will henceforth use these with the unwritten assumption that
they are meaningful—that is, that the vectors are in the domains of the cor-
responding operators.

It is clear that any subfamily of an independent family is independent.
It is not true in general (but only for full vectors) that the vanishing of a
“linear” combination of independent vectors implies the coefficients vanish,
but it does follow in general by the next lemma, whose proof is obvious,
that the summands vanish in this case.

LEMMA 2. If {31, -+, Ym)| is independent and 3 : S(f)y:=0, then
S(f:)y:=0 for each 1.
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Independence is not precisely the same as disjointness of the manifolds
M(y:). The following lemma states that this disjointness is equivalent to con-
dition (c) above, and thus implies that for full vectors the two notions, inde-
pendence and disjointness of their cyclic manifolds, coincide.

LemMma 3. If {yl, cee, ym} CX, then D ; S(f:)y:=0 implies each S(f;)y:=0
if and only if

) A (V 969) = o, iebm

1)

Proof. The disjointness condition clearly implies the other. To prove the
converse, let j be fixed and assume z,& ¥ is contained in the indicated inter-
section. Then

20 = S(f)y; = lim X S(f) E(m)y,,

koo g

where m,= {)\| |f.-()\)[ Sk, i#%j}. As {rk} is an increasing sequence of sets,
for each fixed &,
S(f) E(x)y; — 2 S(f) E(me)y: = 0.
i

Thus by assumption, S(f;)E(m)y;=0 for all k, and hence S(f;)y;=2z0=0.
Q.E.D.

Lemma 3 also implies that the fixed family {xl, cee, x,,}, whose cyclic
manifolds span ¥, is independent. There is now a simple characterization of
the support of a vector.

LEMMA 4. If x=lims., D 0 S(f)E(m)x: and 8;=s(f), i=1, - - -, n,
then s(x)=U; b..

Proof. It is clear that E(U; §;) 2 C(x). On the other hand, if E(8)x =, then

£ = lim 3 S()E(m)E®):,

E—® i

and for each k&,
}_: [SUIE(m) — SU)Em)EG)]s: = o.

By Lemmas 1 and 3, S(f:)E(m) = S(f:) E(wM\3) for each i and k, and thus
E(8) = E(8;) for each 1. Q.E.D.

Next, using a standard elementary idea, we prove the “dimension” theo-
rem that the maximum cardinality of an independent family of vectors in %
is . This requires a preliminary lemma.
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LEMMA 5. If {3, - - -, y,,.} is an independent family of full vectors and
y1Edomain S(f), then {31, - -+, Ym1, Yu+S(H)M} is an independent family
of full vectors.

Proof. Let C(yn+S(f)n)=P. Then 0={I—P)(yut+SH)y) =T —P)ym
+ (I —P)S(f)y.. Thus Lemmas 1 and 2 imply I=P, and y.+S(f)y is full.
Similarly, if

3 SGdy: + SUn) o + SUI3) = 0,

i=1

then

(S + SUDSDIn + 2 SUFy: = 0,

1=2
so S(fi))=0fori=1, .-, m.

THEOREM 6. The maximum cardinality of an independent family of vectors
in X is n.

Proof. What must be shown is that no family of n+1 full vectors in ¥
can be independent, and we do this by induction on 7, the multiplicity of X.
If n=1 and X=M(x1), let y1=S(f1)x1 and y.=S(f2)x1 be two full vectors in
X. Then x,=S(1/f2)y2, so y1=S(f1/fe)y: and {yl, y2} is not independent.

Next, suppose the assertion is true for spaces of uniform multiplicity
n—1, and let y1, - + -, ¥ap1 be full vectors in ¥=Vi.; M(x,), a space of uni-
form multiplicity #. We assume {1, - - -, ¥a41} is independent and derive a
contradiction. Let

Vs = lim ES(f,-;)E(n)x;, 1= 1, RN 4 + 1.

koo =)

Then some coefficient for yi, say S(fix), is not zero. Let §; be an inverting
set for S(fi,) on which fi. is bounded away from « as well as away from zero.
If S(1/f1s)E(81)y: is in the domain of S(f:a), let 8.=8:; otherwise S(fen)E(8:)
#0 and let 8, be any non-negligible subset of §; on which f,. is bounded and
nonzero. Similarly we define 8;=28; if S(1/f1.)E(8;)y1Edomain S(f3s), and
otherwise let 8; be any non-negligible subset of §; on which fs, is bounded
and nonzero. Continued so, this process produces a non-negligible set 6 = 8,1
such that the nonzero vector S(1/fi.)E(8)y: is in the domain of S(fn),
1=2, -, n+1.

The remainder of the argument takes place in the space E(d)¥%, in which
our assumptions permit us to assert {E(S)y.-l'i=1, «++, n+1} is an inde-
pendent family of full vectors. Let $1=E(d)y, 3:=E(8)y:—S(fin/fia) E(d) 1
for =2, - - -, n+1. By repeated application of Lemma 3,
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{5:li=1,--,n+1}
is an independent family of full vectors with respect to E(8)E(-), but
gili=2,- -, n+1} CVNEG=),
j=2

a space of uniform multiplicity #» —1. Since this latter family is independent
and full in Vi, M(E(8)x;,), this contradicts the induction hypothesis and
completes the proof.

We have proved slightly more than the theorem explicitly asserts.

CoOROLLARY 7. The maximum cardinality of an independent family of vec-
tors in a subspace of the form N7, M(z;) is m.

The most useful criterion for independence is the following.

THEOREM 8. Let {y,, - - -, y,,.} be a family of nonzero vectors in X for which
AL C(y:) #0, and with the property that Y ; S(f)y:=0 implies S(f)y:=0 for
each 1. Then {yl, cee ,y,,.} 15 independent.

Proof. If each y; is full, there is nothing to prove. Otherwise, let s(y;) =0,
and let {6,-| FEJ} be the (finite) class of non-negligible minimal sets in the
ring generated by A and {e;|1=1, - - -, m}. That s, {§,} is the collection of
non-negligible minimal sets in the family of all sets obtainable from
{A, a,-|i= 1, -, m} by intersection and relative complementation. Then
{8,} is disjoint, J is finite, A=U,es 8;, and 0.M8,5 & implies ¢,28;. We can
suppose these equivalences to be equalities, and the indices so chosen that
6:=N,0; and 8.=A—U, 0,, if this complement is non-negligible. By assump-
tion, E(8,) #0, and Theorem 6, applied to the space E(8,)%, shows m=<n.

We must construct {z, - - -, 2.} satisfying the definition of independ-
ence. This will be done by constructing E(8;)z; for each ¢ and j, and then de-
fining z; as »_; E(8,)z; for each i. To begin, let E(8:)z;=E(8:)y; and E(8,)z:
=E(8)xs, 2=1, - - -, m, if 0,& {6j}je.}. On any other set & {9,} e/, here-
after fixed, there are ¢ vectors from the family {yl, ceey, y,,.}, which we as-
sume to be y;, - - -, ¥, for notational convenience, such that C(y;) = E(8),
i=1,---, q, and C(y,)E(8)=0, i=q+1, - -, m. Let E(8)z;=E(d)y;,
i=1, - - -, ¢. It remains to define E(8)z;, 1=¢+1, - - -, m, and we do this
inductively, demonstrating the construction of E(0)2¢41.

Corollary 7 shows that, for any non-negligible #C&d, we cannot have
Wl(fi‘(w)xk)qu,l M(E(m)z:) for every k=1, - - -, n. Letting (cf. [4, Lemma
4.7))

q

= U {wl E(m)x, & V M(E@)z,), » 6} ,
re® i=1

=

it is clear that 8 —U}_, 7 is negligible, and we can suppose § =U;., m.. We can
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also suppose, without loss of generality, that {1rk| k=1, ---,n} isa disjoint
family (this is the worst case). Then let E(mx)2q41=E(me)xk, for k=1, - - - | n;
then E(8)zgr1 =2 51 E(me)zes1.

Continuing by induction, let E(8)2442, * * -, E(8)2. be constructed in
this manner, and, as this is possible for every §& { 6;} jer, let 2,=>_; E(8;)z;,
i=1, - -+, m. By construction {z.~|i =1,..-, m} has the desired properties.
Q.E.D.

Our aim now is to study the action of Q, the fixed quasi-nilpotent com-
muting elementwise with E. Here the main result, to be used in defining
the invariants of the next section, is that for each nonzero x&¥, the non-
zero elements of {x, Qx, Q%, - - - }, the orbit of x under Q, are an inde-
pendent family. Also, from this it will follow that Q is actually nilpotent, with
index at most n.

The next theorem and corollary, though stated for Q, describe a basic
property of any operator commuting with E.

THEOREM 9. For every x€¥%, C(x) = C(Qx).

Proof. Otherwise there is a non-negligible set § Cs(Qx) —s(x). But then
0=E(8)Qx=QE(8)x=0.

COROLLARY 10. For every x€¥%, C(Qx) 2 C(Qit'x), =1, 2, - - - .
THEOREM 11. If Qx=S(f)x, then Qx=0.

Proof. We assume Qx#0 and derive a contradiction. Thus S(f)x##0 and
there must exist €>0 and a non-negligible set § Cs(x) such that 1/e> [ )]
>e for A\E4. As Q commutes with E and f is bounded on §, it follows that
QE(0)x=S(f)QE(8)x=S(f)E(8)x and, more generally, that QFE(d)x
=S(f*)E(8)x. If ¥ is Hilbert space and E is self-adjoint, the proof is easy:

| 02| E@)x|* = | *E@)x|* = | S(/5) E(®)x |2
=f [ fO) |2] E@@N)x |2 > e*| E@)x ]2,
o

and, as E(8)x0, we have |Q"| >¢*, which contradicts the quasi-nilpotency
of Q.

In the general case, we let x* be a Bade functional for x with respect to
E, and recall that there is a real constant M for which

4Messsup | g(\) | = fg()\)E(d)\)'
\EX *

for any 7& ® and essentially bounded measurable function g.
Then, if fQA)=r(\) exp{ie()\)} is a polar decomposition of f, we have
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QFE(®)x = fr"(k)e"’““”E(d)\)x,
s

and

o f ¢ HO E(dN) Ok = f PO\ S*E(d\) .
) 8

Then, as 4 M = ] E(6)S(e“'"°"’)[ , it follows that
M| | | E)x] | 04 2 f AO)*E(dN)x > ¢r*E(D)x.
)

Taking kth roots and the limit as k— «, this produces the desired contra-
diction. Q.E.D.

The preceding theorem states that no subspace of the form IM(x) can
be invariant under Q. It is of interest to note that our only use of the quasi-
nilpotency of Q per se in this work occurs in the proof of this theorem, and
even here the full force of this property is not required, quasi-nilpotency in
the weak topology being sufficient.

To prove the chief result, a function-theoretic lemma somewhat apart
from the main line of argument is required. |

LeEmMMA 12. Let P(t, N) =t"+hma(N) ™" 1+ BmaN)t™ 2+ - - - +ho(N) be a
polynomial in t whose coefficients are bounded measurable functions with com-
pact support. Then there are bounded measurable functions g;, 1=1, - - -, m,
with compact support such that for almost all \,

P(l,\) = ImI [t = &)

1=1

It is classically known that the roots of a monic polynomial with complex
coefficients vary continuously with the coefficients. If the roots are suitably
ordered, then this, together with the fact that a continuous function of a
Borel measurable function is Borel measurable, can be used to prove the
lemma. A direct proof of the existence and measurability of the root functions
can be found in Foguel [13, Lemma 3.1], and their boundedness is easy to see
(cf. Bourbaki [5, p. 97]).

THEOREM 13. If D™, S(f)Qix =0, then S(f:)Qix=0 for each i.

Proof. We assume there is a relation of the type above with S(f.)Q0™x0
and derive a contradiction. First, we assert there is an inverting set & for
S(fm) such that 6 C s(Qmx) and S(f;)E(6) is a bounded operator for
1=0, 1, - - -, m. For there is certainly an inverting set 8, for S(f») with
0. Cs(Qmx). Then let 8,1 be any non-negligible subset of 8, on which fn_1
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is bounded, unless S(fm—1) E(8») =0, in which case let 8,,_1=0,. Continuing
so, forj=1, - - -, m consecutively, let d,,—; be any non-negligible subset of
0m—j+1 on which f,._; is bounded, unless S(fn—;)E(6,—;41) is zero, in which
case let 8m_;j=0m_;j11. Then 8 =29, has the asserted properties.

Next, we have D70 S(f)E(8)Qix =0 with S(f.)E(8)Q™x#0, and apply-
ing S(1/f.)E(8), obtain, with Qmy=0,

0™y + SUm-1)Q™ 'y + S(hn—2)Q™ %y + - - - + S(ho)y = 0,

where y=E(8)x and h;= (xsf:)/fn. On & the functions k; are bounded and
measurable, and, applying the preceding lemma to P(¢, N) ="+ hn_1(N) ™!
+ -« F+ho(N), let g, 2=1, - - -, m, be the bounded measurable root func-
tions.

Then, writing

m

5= II [Q - S(g')]y)

=2

it follows that

@ = SeN)=u = 1[0 — Sy = o,
=1
and thus Qz =S(g)z. By Theorem 10, Qz;=0. That is, [[™. [0—S(g.) |0y
=0. Now let z =]]r; [Q— S()]Qy; in the same way, Qz
= H}"_a [0—S(g:) ]Q?y=0. Continuing so, we have Qmy=0, the desired con-
tradiction. Q.E.D.

Thus, from Theorem 8 and Corollary 10 we can conclude:
COROLLARY 14. For every x X, the orbit of x under Q is independent.
COROLLARY 15. The index of Q is at most n. That is, Q"X =0.

4. The Weyr and Segre characteristics. We continue under the assump-
tions of the previous section. The characteristics will be defined by the
cardinalities of certain families of vectors. The first definition in this section
will be fundamental for all our considerations.

A family of vectors {x.,[aGA} is a kth index system over 8, for a positive
integer k and non-negligible set 6E @®, if

(a) QFx.=0
(b) C(Q*xa) gE(a)}“eAr and
(c) {Q‘xa|i=0, 1, -, k-1, aEA} is independent.

We note that if 7 is a non-negligible subset of §, then {E(‘lr)xalaEA} is a
kth index system over .

THEOREM 16. For each integer k and non-negligible 6E€ ®, two maximal kth
index systems over & have the same cardinality.
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Proof. Let {x.,l a€ A} and {y5|BEB} be maximal kth index systems over
the non-negligible set 8. Fix o and consider the family
{QE@®)xa|i=0,1,--+,k—1}.

The union of this family with {Q‘yp|i=0, 1, -, k-1, 6€B} cannot be in-
dependent by the maximality of {y,gl B&B } , and thus (Theorem 8 and Corol-
lary 10) there is a nontrivial relation of the form

) 0= X SUsd0+ L SUDQE@

It is now asserted that there is a non-negligible set §,& ®, for which there
is a relation of the form

(if) 0 5 E(0.)Q* e = 2 S(fsa)0*'95.

BEB

For, let p be the least integer such that S(f,«)Q?E(d)x. is nonzero in (i).
Let 8. be the intersection of an inverting set for S(fp.) with 8. Applying
S(1/fpe) E(82)Q*—7! to (i), one obtains a relation

k—1
(iii) 0 # E(3)QF 0, = ﬂZ Z S(gisa) Q*E(82) yp.

Applying Q to (iii), we have

k—2

0= 2 2 S(gisa) 0 E(3a) s,
BEB =0
which implies S(giga) E(6,) =0 for =0, 1, - - -, k=2, BEB. (All the vectors

are full over 68,.) Therefore,

0 E@)Q e = 3 S(ge-1.9.) @) 015,
BEB
which is of the form (ii), and the assertion is demonstrated.

Then, for each a& 4 we have a relation of the form (ii). It is clear that
the family {E(8,)Q*'x.|]a€ 4} is independent. As {Qtlys|BEB} is also
independent, and E(8.)Q* x.E Vs M(Q*¥1y) for each «, it follows from
Corollary 7 that the cardinality of 4 does not exceed the cardinality of B.
By symmetry the reverse is true. Q.E.D.

The Weyr characteristic W can now be defined: let W(8, k) be the cardinal-
ity of Theorem 16, and be zero if 6= . Then by Theorem 6 and Corollary
15, W(8, k) < for all k, and W(§, k) =0 when k>n.

TueoreEM 17. (a) For every 6§ € ®, W(8, k) = W(, k + 1) for each
E=1,2, - -.
b) Ifé, rE®, F#ZT I, then W(m, k) =W (0, k) for each k.
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(¢) If 8 is the union of a countable disjoint family {8;} C® of non-negligible
sets, then for each k,

W, k) = min {W(&;, k)}.

Proof. Assertion (a) follows from the fact that if {x.,laEA }isa (B+1)st
index system over 8, then {Qxa| acd } is a kth index system over 8. Assertion
(b) is equally trivial, and to prove (c), let ¢ be the minimum described for
some fixed k. By (b), W(d;, k) = W(9, k) for every 4, and hence ¢=W(9, k).
On the other hand, as each W(8;, k) 2 ¢, for each ¢ there is a kth index system
{%ail €A} over §; of cardinality g. Let
hd E(B;)x,,,.

ya':E

Z 2"|x,,‘|’ ac 4.
Then {ya|a€A} has cardinality g and is readily seen to be a kth index sys-
tem over 8. Hence W($, k) =¢. Q.E.D.

Thus we can define the Segre characteristic $ for each 6& ® and k by
$(8, k) =W(8, k) —W(8, k+1). The values of W are readily recoverable from
those of 8, and the relation

2 W, ) = D kS(8, k), 5 E @,

is immediate.

Theorem 17 also states that for each k, W(-, k) has the formal properties
of a multiplicity function in the sense of Halmos, described in §2, except for
the presence of set, rather than measure, arguments. Call a set 8E€ ® k-uniform
if J#7wC6, rE® implies W(mw, k) =W(8, k). Then it follows from the argu-
ments of [17, §49], which we shall not reproduce, that for fixed k, the set A
can be partitioned into disjoint k-uniform sets. (The proofs in [17], given for
the Boolean ¢-ring of measures under the partial ordering < apply without
real change to the Boolean o-ring of Borel subsets of A under the partial
ordering defined by E.) As W(-, k) can only take the values 0, 1, - - -, n,
there can be at most #+1 k-uniform sets for each k. Thus, for each £ there
is a finite disjoint class {6,-;4 1=0,1, - - -, n} with each (possibly negligible)
set 8. being k-uniform, and with A=U}_; §. A set §& ® will be said to be of
minimal sets in the finite ring generated (intersection and relative comple-
mentation) by A and the sets ., we can conclude the following.

THEOREM 18. There is a partition of A as a finite union of disjoint sets of
uniform characteristic.

Next, suppose m is the index of Q (that is, Q"¥=0, Q'%¥50, or equiv-
alently, m is the maximum integer for which W(-, m)#0). Let {xZ'IaEA,,.}
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be a maximal mth index system over a non-negligible set §& ®, with C(x})
= E(8) for each a €4, (cf. Corollary 10). Then there is a maximal (m —1)st
index system over & containing {Qx"|a€A4.}, say {77! @€ 4ma}, such
that C(x™ ') =E(8), €A 1. Then there is a maximal (m —2)nd index sys-
tem over §, say {x" 2|@€A4ms}, containing {Qxr!|aEAma}, and with
C(x* %) =E(J), aE Am_s, etc. Continuing so, we obtain a family of vectors

{ta| a € Aty k=1, -+, m},

whose cardinality is Ek W (8, k). A family constructed in this way, which will
be frequently used in the sequel, will be called a complete index system over §;
its distinguishing properties are that {x§| aEAk} is a maximal kth index sys-
tem over & for k=1, - - -, m, that C(x%) = E(8) for each @ and % (and hence
C(Qixt)=E(8) or 0, depending on whether j<k or j=k), and that
{Qxt|a€ 4} Clat|a€4sa} for k=2, - - -, m. We can always suppose
the elements indexed in such a fashion that 4, C A, k=2, - - -, m.

THEOREM 19. If §E ® is non-negligible, a complete index system over 0 is
independent.

Proof. If {x%|a€4;, k=1, - - -, m} is a complete index system over 9,
each «f is full over 8. Thus (Theorem 8) suppose that

> X S(fa)wa = 0.
k=1 acAy
Applying Q™~!, we obtain
— *), m—1 k (m). 1
2 2 S(fa )Q" Fa= 2 S(fa )% =0,

k=1 a€A} a€Ay,

and the independence of {xf,l a€ A,} implies that S( F™)E(8) is zero for each
aEA,. Then application of Q™2 to the original equation shows that
S(fim=1E(8) =0 for each a € A4,,_4, etc.

COROLLARY 20. For any €E®, D W(3, k) Sn.

The next theorem, characterizing the sets of uniform characteristic, will
be used later to relate the Weyr characteristic to the multiplicity function of
a normal operator. This will be required, in §6, to prove that the character-
istic is a complete set of invariants.

THEOREM 21. A non-negligible set & ® has uniform characteristic if and
only if

D W, k) = n.

Proof. The sufficiency of the summability condition is not difficult to
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prove. For, suppose 8 does not have uniform characteristic, and let TE€®,
w C 6 with W(mr, ko) >W(9, ko) for some k. Then, since W(m, k) =W(8, k) for
every k, it follows that

nz ) Wi k) > 2 W, k).

To verify the necessity, it will be shown(?), by downward induction on &,
that the closure of Q*E(8)¥ satisfies

cLl{QE@%} = V V M(Q'x), E=0,1,--,m—1,
1=k+1 a€Ay
where {xf,|aEA,-, i=1, -, m} is a complete index system over §. For

k=0 we will then have

E®E=V V M),
1=1 a€dyg
and since E(8)% has uniform multiplicity =, it will follow that D_, W(8, k) Zn.
First let k=m—1. Then, if the inclusion
@) cl{Q"E@XE 2V M@ am)
a€A,,
is proper, by [4, Lemma 4.7] there must exist a vector xo& E(8)X such that
Q™ %00 and

(i) Q") A (V@) = 0

a€A,,

Let o be the support of Q™ 'x,. Suppose there exists a relation

T S SUDE@CE + S ()0 = 0.

j=0 a€Ap i=0
Multiplying by Q™! we get

m—1 m

Y SUa) E@)Q" % + Se)Q" 10 = 0,

a€Ad,,
so by (ii) it follows that go and feo, ®E A4, vanish essentially on ¢. Multiply-
ing successively by Q72 Q™3, etc., it follows that all the functions f,;,
a€EAdn,, j=0,1,---,m—1, and g;, 1=0, 1, - - -, m—1 vanish essentially
on ¢. Thus the vectors

(3) The author would like to express his, and the reader’s, indebtedness to the referee for
this proof, a substantial improvement in clarity and brevity over the original cumbersome
version.
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{E(U)ijz:) Q‘xol 17] = 01 11 T, m — 1}

are independent and W (o, m) > W (8, m), contradicting the assumption of uni-

form characteristic. Hence (i) must be an equality, which was to be proved.
To conclude, we suppose

(iii) a{Q'E@F) = V V m(Q'x),

i=k+1 a€A;
and prove

ca{0TE@E) = V VoM@,

i=k a€A;

Were this false there would be a nonzero vector Q*~!y,&Q*1E(8)X such that

(iv) MQ" 30 A ( vV v sm(Q"“xf,)> = 0.
i=k aCA;
If Q%y,=0, then the preceding argument can be used to show W(s(yo), k)
>W(d, k), a contradiction. If QFy,5#0, there is a non-negligible subset 7 of
s(Q*y0) and a relation, by (iii), of the form
0)

Emdy = 3 ¥ U Ems.

1=k+1 a€A;

Let

o= Emyp— 2 XSG

i=k+1 a€A;

Then it follows easily from (iv) that

(a) kao = 07

(b) QF 1z # 0,

© Q" 20) A ( Vv wz(d“xi)) 0,
ik acA;

Again by exactly the argument for the case of k=m—1, we see the family

{QjE(w)xﬁ, QiZo‘ a & Ay, 'L,] =0,1,- -, b — 1}

is independent, and therefore a kth index system over . Thus we have the
contradiction: W(r, k) >W(4, k). Q.E.D.

We conclude this section by altering the definition of the Weyr character-
istic to permit measure arguments. Let ¥ be any full vector and x* be a
Bade functional for x and E. If the measure u is bounded by the measure
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x*E(-)x in the sense that u<<x*E(-)x, we define W(u, k) using the support
of u by

W, k) = W(S([.l), k), k=1,2,.--.

Otherwise, if p is not bounded by x*E(-)x, let ‘W (u, k) =0. Then W is actually
defined for equivalence classes of measures bounded by x*E(-)x, and the cor-
respondence discussed in §2 between these equivalence classes and those of
Borel subsets of A under the partial order defined by E makes it easy to
rephrase our recent results for measure arguments. Thus the obvious measure
analog of Theorem 17 is immediate:

(@) If u=0, then W(u, k) ZW(u, k+1) for k=1,2, - - -,

(b) If 0=y <Ly, then W (v, k) =W (u, k) for each k.

(c) If p is equivalent to the supremum of the orthogonal (hence necessarily
countable) family {m} of monzero measures and W(u, k) is defined, then
W(u, k) =min,~{°\&7(pi, k)} for each k.

The Segre characteristic § can now be defined:

S(u, &) = 8(s(u), k) = W(u, k) — W, &+ 1),

and we can say a measure u has uniform characteristic if 07#y<u implies
W(v, k) = W(u, k) for each k. It follows that the measure x*E(-)x is equivalent
to the supremum of a finite orthogonal family of measures of uniform char-
acteristic, that D_, W(u, k) <n for every u in the domain of W, and that
each such u has uniform characteristic if and only if

2 W, k) = n.

5. Spectral operators on Hilbert space. Hereafter we abandon the assump-
tion of uniform multiplicity that governed the preceding sections, and limit
ourselves to the case in which the underlying space is Hilbert space. Suppose
N is a (bounded) normal operator on the arbitrary Hilbert space $, with
resolution of the identity E and multiplicity function u characterizing N
within unitary equivalence. If Q is a quasi-nilpotent commuting with N, then,
for any measure y, the operator Q is completely reduced by each subspace
C(u)®. Thus if u is a measure of uniform finite multiplicity, the preceding
results permit us to define, on the space C(u)9 and with respect to the com-
plete spectral measure C(u)E(-), the Weyr characteristic for all measures v
satisfying v<u.

The operator N will be called essentially finite if u(u) < « for every meas-
ure p of uniform multiplicity. Our first objective is to define the Weyr char-
acteristic for an essentially finite N and commuting Q. For this let {p,al aCA)
be an orthogonal family of nonzero measures of uniform multiplicity asso-
ciated with u satisfying Vo C(us) =1, as described in §2. If u is any measure,
we let W(u, &) =0 if u # Ve (WAu.); otherwise let
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W(u, k) = min { W A e, &) | 1 A\ pa 5 0}
acd
for each k.

It is not clear that this definition is independent of the particular family
{#a}. To prove this, let {»s|BEB} be an another orthogonal family associ-
ated with u of nonzero measures of uniform multiplicity with Vg C(vg) =1,
and suppose W’ has been defined in a similar way by this family. If u is any
measure then V. (uApa)=Vs (uAvs). Next let £ be fixed and suppose
e A\par #0, and W(uAper, k) is a minimum defining “W(u, k). The nonzero
members of {;u N\ Mar /\nI 6€B} are a countable orthogonal family with
supremum equivalent to u/A\u... Hence, by the already discussed measure
analog of Theorem 17,

W A pary &) = min (W A par A ug, k) | 8 A par A vg % 0.
B

If B’ is an index for which this last family is a minimum, then

w(ﬂ; k) = W(# A MHa'y k) = W(ﬂ AN TR Vg, k)
=W A par A\ v, k)
Z Wk A v, k)
2 W (u, k).
Thus by symmetry W=W’, and W is well-defined, depending only on
the pair (N, Q).
We now wish to prove results analogous to those of §4 for ‘W. It is clear
that, for each k, W(u, k) 2W(u, £+1) and that 0#v<u implies W(, k)

=W(y, k). If {u} is a countable orthogonal family with supremum equiva-
lent to u=V, (u/A\u.), then for each &,

W, &) = min { W A ey &) | & A\ pa # 0}

min {mbin{W(ﬂi/\ﬂ/\#a)k)lﬂi/\ﬂ/\ﬂa#O}I u/\#a#O}

min {m.in (W (s A\ by #) | 1 A e O} | i A\ ppa 0}

min {min {W(ﬂi /\I‘a; k) l M /\ Ma # 0}}
1 a

min {W(ﬂb k)} ’

because p Ap.70 if and only if u; Apa70 for some 4.
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Thus the measure analog of Theorem 17 holds in general, and we can
define S(u, k) =W(u, k) —W(u, k+1) and speak of k-uniform measures and
measures of uniform characteristic, and it follows that each measure is equiva-
lent to a supremum of an orthogonal (at most) countable family of nonzero
measures of uniform characteristic.

We state formally the next two efforts along this line.

THEOREM 22. For any measure p, 3, W(u, k) Su(u).

Proof. As previous considerations imply, the theorem is true for measures
of uniform multiplicity,

2 W, k) = 2, min {W( A pa B) | & A pa # 0}
k

k a€A

IA

min{zw(n/\#a,k)lu/\#a¢0}
k

a€Ad

IIA

min {u(ua) | u A pa # 0}

= u(u). Q.E.D.

The function W is decreasing in k as well as u, and so this theorem implies
W(u, k) =0 whenever k>u(u). Thus, for any g,

2 ES(u, k) = 20 W(u, k).

The proper general measure analog of Theorem 21 is the following.

THEOREM 23. The measure u has uniform characteristic if and only if u has
uniform multiplicity and Y, W(u, k) =u(u).

Proof. If u has uniform multiplicity, then, as we observed in §4, the de-
sired conclusion follows from Theorem 21. Conversely, if u has uniform char-
acteristic, then each g Aua with uAp.#0 has uniform characteristic. As each
of these measures has uniform multiplicity as well, Theorem 21 and the uni-
form characteristic of x4 imply

D W, k) = D Wk A pay k) = u(u A pa)

for each of these a. Then all the u(uAp.) with u/\u.70 are equal, and equal
to u(u), and u has uniform multiplicity. Q.E.D.

The next objective is to define essential finiteness and the Weyr character-
istic, already defined for pairs (N, Q) of commuting operators with N normal
and essentially finite and Q quasi-nilpotent, for spectral operators. For these
and other future purposes the following theorem is required. The second
assertion of the theorem, that similar normal operators are unitarily equiva-
lent, was first proved by Putnam [26] in a different manner.
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THEOREM 24. If S) is a scalar operator, with resolution of the identity E,,
on the Hilbert space 1, and L is a nonsingular operator from 1 onto the Hilbert
space ©; and Sy=LS, L7, then S is a scalar operator on D, with resolution of
the identity Eo(+)=LE,(-)L~'. If Si and S, are normal as well, then they are
unitarily equivalent.

Proof. The first assertion will be proved by showing E; as defined above
is a resolution of the identity for S; (in the sense of §2) and S;= fAE:(d\),
and applying the uniqueness of such a resolution. Most of the desired proper-
ties of E, follow directly from those of E: it is clear that E, is countably
additive in the strong topology, uniformly bounded, and a homomorphism
from the Boolean algebra ® of Borel subsets of the complex plane € to a
Boolean algebra of idempotents on 9. with E(&)=0 and E(€)=1. Also,
Ey(8)Se = LE (8) L72S; = LE(8)S1L7! = LS,E1(8) L' = S;LE,(8) L' = S,E,(d)
for each 6 € ®, so S, commutes with E,(-). Moreover, S, = LS\L™!
=L[f\E1(d\) ]L-'= /ALE.(d\) L' = [AE,(d\). Thus if N\&9, the closure of
0 ®, then the bounded operator

[ 00 =01y
)
is an inverse on E,(8) 9. for the restriction of (Aol —.S,) to this space, since
()\oI - S2)l E2(5)3:32 = f (Ao - X)Ee(d)\)
é

Therefore spec(Sgl E,(8)9D2) C3,and it follows that E, is the unique resolution
of the identity for S..

If Sy and S; are normal, then E; and E; are self-adjoint, and we can apply
a standard algebraic argument. Let (L*L)!/? be the positive definite self-
adjoint square root of the positive definite self-adjoint operator L*L. Simple
computation shows that U= L(L*L)~'/?is unitary, and, since E,(-)L=LE;(-)
and L*E,(-)=E,(-)L* that L*L commutes with E;(-). It follows that
(L*L)Y? commutes with E;(:), and therefore E,(8) = UE,(8) U*, 6C®. As U
is independent of 9, it follows that S;= US,U*. Q.E.D.

We recall that every scalar operator S on Hilbert space has a normal
conjugate, LSL™!, L nonsingular. Theorem 24 shows that two normal con-
jugates of S are unitarily equivalent, and will have the same multiplicity
function. Thus .S can unambiguously be called essentially finite if any normal
conjugate is essentially finite, and the spectral operator T=S+Q (in canon-
ical decomposition) can be called essentially finite if S has this property. As
the spectrum is a similarity invariant, for any nonsingular L the operator
Q is quasi-nilpotent if and only if LQL™! is quasi-nilpotent; this remark and
Theorem 24 imply that, for any nonsingular L, the operator LTL~!=[LSL™!
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+LQL-! is spectral with scalar part LSL-!, quasi-nilpotent part LQL™},
and (if E is the resolution of the identity of T) resolution of the identity
LE(-)L. Therefore T is essentially finite if and only if LT L' is, and essen-
tial finiteness is similarity invariant.

THEOREM 25. Let T1=N1+Q: and To= N.+Q. be spectral operators in
canonical decomposition on O, with N1 and N, normal. Suppose T is essentially
finite, and Ty=LT\L™*, with L nonsingular. Then T, is essentially finite, and
the Weyr characteristics defined by (N1, Q1) and {N,, Qs) are the same.

Proof. That T, and N, are essentially finite follows from the preceding
discussion, and it is clear that No=LN,L7! and Q.=LQ,L~!. We also know
that N1 and N; are unitarily equivalent, and that, if E; is the (self-adjoint)
resolution of the identity for N; (=1, 2), then Ey(-) =LE;(-)L~ ! and E; and
E, are unitarily equivalent. Therefore N1 and N, have the same multiplicity
function and measures of uniform multiplicity. In view of the manner of
definition of the characteristic, it is sufficient to confine our attention to a
pair of spaces of the form Ci(u) 9 and Ca(u) D, where u is a measure of uni-
form multiplicity and C; the carrier operation with respect to E,, 1=1, 2.

Before proceeding further, some preliminary remarks about Boolean alge-
bras of projections and similarity are necessary. The first, which follows from
an obvious and simple computation, is that similarity preserves the order
relation among commuting projections. That is, if P, and P, are commuting
projections with P, = P,, then LP,L-'=LP,L~. Then a computation only
slightly less simple shows that if {P} and {LPL-'} are complete Boolean
algebras, and { Ps|BEB} is an arbitrary subset of {P}, we have

A {LPpL_l} = L{/\ Pﬂ}L-l)
B

BEB €B

and

V {LPL "} = L{ Vv P,,}L—l.

BeEB BEB

In our case, though {C,‘(}L)E.’(') },i=1, 2, are complete, the Boolean algebras
E, and E, are only o-complete; in general these will not be complete if the
Hilbert space is non-separable.

The assertion now is that Ca(u)=LCi(u)L~'. To see this, suppose the
projection P, € E;, the completion of E;, has the property that Pix=x when-
ever I Ey( -)xl &y, and let Py=LP,L~', Then P, is a strong limit of operators
in the range of E,, and the continuity of multiplication in the strong topology
implies P,E E,. Moreover, P; has the property that L—!P,Lx=x whenever
| L'Ey(-)Lx| *<u. That is, P,Lx = Lx whenever | L71Ey(-) Lx|?=| Eo(-) Lx]|?
& u. By definition Ci(u) is the infimum of all such P,, and the nonsingularity
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of L implies C.(u) is the infimum of all such P, The assertion then follows
from the preceding paragraph. Thus by Theorem 24, Ci(u) and Cy(u) are
unitarily equivalent and L maps Ci(u)  onto Co(u) 9.

For the spaces Ci(u) ® and Co(u) 9, the characteristic is defined by the
cardinalities of index systems. Therefore to prove the theorem it suffices to
prove that if {xalaEA} is a kth index system over 6 €E® (the Borel subsets
of s(u)) for the pair (N1, Q1) on the space Ci(u) $, then the family {Lx.,l aEA4 }
with the same cardinality is a kth index system over 8 for the pair (N,, Q;)
on the space Cx(u)P. We can suppose, without loss of generality, that
2 EE(0) D for each a €4, and also, for notational simplicity, that Ci(u)
= Cy(u) =1. Then the family {xa|a€A} has the properties:

(a) Otta = 0 }
h A,
) Cu(@ ) = Ef €
(¢) {Qwa]li=0,1,---,k—1,a€ 4} is Erindependent,

E, and E; now being complete. Then (b) and (c) can be rewritten:

(b') A&{El(,r)[ E(mQ: %e = 01 %4} = Ei(9), « € 4,
€
k=1 }
(<) > 3| fie)Ei(@N)Qix. = 0 implies fia(A) = 0
a€EA i=0
for [Ei]-almost all A €8, aE A4, =0, - - -, k—1 (applying Theorem 8, as all

the vectors are E;-full over 8).
That {anlaeA} is a kth index system over & for the pair (N;, Q) now
follows from the arguments:

(a") OsLa = LQi%a = 0, « € 4.

(b /\(B{Ez(w)l Eo(m)Qs Lia = Q5 Laa)

A LE(®L ™| LEx®)0: % = LOV 2.}

LIS

k—1 k—1 -1
L(A(B{El(‘ll') | El(T)Ql Xa = QI xa})L

rE!

= LE,(3)L
= Ey(8), a € A.

@ T fu)EaN@iLr, = 0

T€EA 1=0
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implies

k—1 .

L( E Z fm()x)El(d)\)Q;xa) = 0,
a€Ad  1=0

and hence fis(\) =0 for [Ei] a.a. A€d and each ¢ and . It follows by unitary

equivalence that fi,(\) =0 for [E;] a.a. A€ 8 and each ¢ and a. Thus the fact,

following from (b’’), that each nonzero Q}Lx, is E.-full over & implies that

{Q4Lxe|i=0,1, - -, k—1, €A} is Erindependent. Q.E.D.

The Weyr characteristic of an essentially finite spectral operator T on O can
now be specified as that defined by any pair (LSL™', LQL™'), where LSL™! is
normal. It is thus well-defined and similarity invariant.

6. Semi-similarity. If an essentially finite spectral operator is actually
scalar (that is, has quasi-nilpotent part zero), then its Weyr characteristic
vanishes for £>1, while for k=1, Theorem 23 shows it to be the multiplicity
function of a normal conjugate, with the measures of uniform characteristic
being those of uniform multiplicity. The unitary invariants of a normal oper-
ator can be interpreted, by Theorem 24, as the similarity invariants of a
similar scalar operator. Thus our results reduce to ordinary multiplicity
theory, phrased in terms of similarity, when the spectral operator is scalar.

To return to the general situation, the Weyr characteristic is similarity
invariant. We next present a simple and suggestive example to show that,
even under the most restrictive assumptions (separable Hilbert space, self-
adjoint and equal scalar parts, pure point spectrum of uniform multiplicity
2), essentially finite spectral operators with the same characteristic need not
be similar.

For this, let {z,,| n=-1,0,1,2,--- } be a complete orthonormal system
in the separable Hilbert space $ and define N, Q,, and Q; by Nz_,= Nz,
= Qiz_1 = Qiz0 = 0 for 1 =1, 2, and on each two dimensional subspace
[220-1, 22n ), m=1, 2, - - -, by the 2X2 matrix blocks:

1
— 0
n
N j
| 1]
L0 —|
{ n )

) { 1
0 1l IO —
| n

(
!

) QO ! ‘, Q2:
0 ()J

0o 0

{ )

the matrices written in the standard algebraic manner (so the rows give the
coordinates of the images of the basis vectors). Clearly, 0= 0%=0, and the
operators T1=N+Q and T;=N+4Q, are essentially finite spectral operators
with the same resolution of the identity E. The only measures that need be
considered are those with point mass on any nonvoid subset of the points
0,1,1/2,1/3, - - -, and each of these has uniform multiplicity 2. Both T
and T have the same Weyr characteristic W, where for any measure u of
the above type, we have W(u, 1) =W(u, 2)=1, and W(u, k)=0 for k> 2.
Every such measure has uniform characteristic.
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But T and T are not similar. For if To=LT,L~! for some nonsingular L,
then E(+-)=LE(-)L™!, and L must be completely reduced by each two dimen-
sional subspace [22._1, 22.), #=0, 1, - - - . As Q.E(-)=LQ.E(-)L!, an ele-
mentary calculation shows that on each such subspace with >0, L and
L~! must have the form:

1 -b,
a, b, —_— 2
a, na,
L , L1
1
0 na, 0
na,

with b, arbitrary and each a,0. If L and L~! are to be bounded operators,
then the sequence {|a,|} must be bounded above and away from zero; but
in this case 1L22,.|—->00 as n— o, It is clear, however, that T, and T, are
“piecewise similar” in a simple way, and this is what we shall mean by semi-
similarity.

To be precise, two spectral operators T, and T3 on the Hilbert space $
with respective resolutions of the identity E; and E, will be called sem:i-
similar if, for 1=1, 2, there is a family {Pf,laEA} of disjoint nonzero pro-
jections in E; with V, P2 =1, and such that for each a €4, there is a non-
singular operator L, from the subspace 9,=P,9, invariant under T}, onto
the subspace $2= P29, invariant under T, satisfying

ToP. = L,T.L. P., a€ A,

We note some elementary consequences of this definition. First, for =1 or 2,
the projections P. commute with each other and (where T;=S;4+Q; in
canonical decomposition) with S;, Q;, and E;, and the spaces £ completely
reduce each of these. The argument of Theorem 24 shows that for each a,
we have T,P% a spectral operator on ©. with scalar part S;P:, quasi-nil-
potent part Q;P%, resolution of the identity E;(-)P%, and each of these pairs
of restricted operators satisfies a corresponding similarity induced by L,. In
particular, Es(+)P.= LoF:(-)PLL;'P%, and thus P%=L.,P.L;'P% Moreover,

T\P, = L. (L.T1P.L. P2 L.P.
= L, T:L.P,, a € 4,
and similar equalities hold for SiP%, Q\P%, and E,(-)P..

THEOREM 26. Semi-similarity is an equivalence relation for spectral oper-
ators.

Proof. Only the transitivity is in question. Suppose T; and T are semi-
similar, with projections P and partial similarities L., aE A4, 1=1, 2, as
above and also that T, and Tj are semi-similar, with projections Pj and par-
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tial similarities Lg, BEB, 1=2, 3, defined in the same manner, with T3P§
=LgT:Lg' P} and T.P4=L;'T;LsPs, BEB.

To show that T; and T are semi-similar we consider the nonzero members
of {P2Pi|a€ 4, BEB} and for these define

-1_2_2 1

Pas = Lo PiPsL.Pa,
3 2_2 —1_3
Pag = LﬂPanLp Pp.
For notational simplicity we can assume that each PiPﬁ#O.

As each Pj is a strong limit of operators in the range of E,, it is clear that
PlsEE,. It is also clear that {Pls|a€A4, BEB} is a disjoint family, and,
applying the remarks about similarity and complete Boolean algebras in the
proof of Theorem 25, for each fixed @ we have Vs Phs=L;'P%(Vs P3)L.P,
=L 'PiL.P.=P,, so V. P.g=I Straight-forward computation readily
verifies that T; commutes with PLs. The same arguments apply throughout
for P2g and Ts.

Next, let Lag=LgLa; it is easily seen that Ls is a nonsingular map of
P9 onto P%® with inverse L;'L;". Finally,

—-1_3 -1 -1 2 2 —1
LagT1Lag Pog = (LsLa) T1(Le Ly )(LsPoPsLy Py)
= Ly(L.TiL. PL)PsL; P;
2 2_~-1_3
= La(TzPa)PaLg Pﬁ
LsT+(P;)PaL; Ps
—-1_3 2 2_—-1_3
= LsTo(L; ' PoLsPY)PLL, ' P)
T\Py(LsP3P.L; P))
= TP,

and Lg is the desired partial similarity. Q.E.D.

That the Weyr characteristic is a complete set of semi-similarity invari-
ants for essentially finite spectral operators will be proved via normal oper-
ators. For this we require the following theorem, which also permits immedi-
ate deduction of other properties of semi-similarity.

THEOREM 27. If T1y=N1+Q: and T.=N,+Q. are two spectral operators
in canonical decomposition with normal scalar parts, and T, is semi-similar to
Ty, then Ny and N are unitarily equivalent.

Proof. As the resolutions of the identity are self-adjoint, the projections
{Pf,laEA } CE; establishing a semi-similarity are self-adjoint as well, and
we can, for 1=1, 2, write § as the orthogonal direct sum Za ® 9. By Theo-
rem 24, for each €4 there is a unitary operator U, from 9§ onto £2 for
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which NoP?= U,N,U*P2. Clearly we can define U to be Y., ® U,, and then
N2= UNlU*

COROLLARY 28. Semi-similar spectral operators have similar scalar parts
and the same spectrum.

Proof. This follows from Theorems 26 and 27, and the observation that
the spectrum is a similarity invariant.
We can now prove the semi-similarity analog of Theorem 25.

THEOREM 29. If T1 and T, are semi-similar spectral operators and Ty is
essentially finite, then so 1s Te. If W, is the Weyr characteristic of T;, 1=1,2,
then Wi is identically equal to “W,.

Proof. The first conclusion follows from the preceding corollary. To prove
the second, we note first that by Theorem 26 it is sufficient to consider the
case in which T; and T, have normal scalar parts. Suppose then that 7= N,
+ Qi and T;= N.+ Q. have respective resolutions of the identity E; and E,,
and the semi-similarity is established by the self-adjoint projections P%,
i=1, 2, and the partial similarities L,: P.§—P29H, a € A.

Then N; and N, are unitarily equivalent, and have the same multiplicity
function and measures of uniform multiplicity. Let u be any such measure;
we can confine our attention to the Borel subsets ® of the support of p.
Suppose {x5|6€B} is a kth index system over 8 E® for the pair (Ny, Q1).
The proof will be complete if we can show there is a kth index system over &
for the pair (N,, Q:) with the same cardinality. We can assume, without loss
of generality, that xs € E,(0) 9 for each BEB.

Let B be fixed. As « varies, the nonzero PLx; are orthogonal vectors sum-
ming to x, and consequently at most countable. It follows that there are
non-negative constants @.s, nonzero if and only if PLxg is nonzero, so that
{aagLaPLxB[ aEA} is summable,

Next, let a,=min {a.s|a.s%0, BEB} for each a for which this class is
nonvoid, and let a, be zero otherwise. As the index class B is finite, it is clear
that a, is well-defined and is zero if and only if Pixg=0 for each BEB. Fur-
thermore, {aaIQEA, a‘,#O} is nonvoid and at most countable, and for each
BEB the family {a.l.Pixs|aE A} is summable. Let

Y8 = 2 GaLuPuts, 8 E B.
a€A
Before it can be shown that {ys|8EB} is the desired kth index system over
6 for (N3, Q.) some preliminary remarks are necessary. First, by orthogonality
it is clear that no yg is zero, and that, for each &, P2ys=a.LoPsxs. This implies
a.=0 if and only if P2ys=0 for every BEB.
Next, let A= {@|a,=0} and Ay=4 —A. Then A4, is countable, and
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aEA, if and only if either Pixg=0, BEB, or P2ys=0, BEB. As T s(u), for
notational convenience we can consider the Boolean algebras E; and E; to
be complete by assuming Ci(u) = Ca(u) =1, as in the proof of Theorem 25.
Then for every a €44, 0= Ci(PLxs) = P.Ci(xs) = PLE,(5), and thus

3 PLE(5) = Eqo).

a€d,

Hence

Y PLEi(x) = Ey(x), rC81E B
a€A,
Since P2Ey(-) =L.E\(-)PLL;'P? for all a €4, it is clear that a € 4, implies
P2E,(8) =0, and therefore

3 PiEs(x) = Ex(x), rCoTE G
a€A,)
We can now show {yp|B€B} is a kth index system over & for (N,, Q.).
The proof, like that of Theorem 25, requires three steps.

(a) 0 = &3( T #in)

a€A;

= > Q’;aaLaP:xp

a€A,

= Y a.L.Pu0ixs

aEA,

=0, B8 € B.

(b) To show that Co(Q§ 'ys) = E:(d), BEB, it suffices to show that any
subset 7w of & satisfying Es(w)Qi 'ys=0 is E,-negligible. For such a m, any
fixed B, and each a €A4,, we have

0 = PoEs(r)Qs 9
k— 2
= Ex(m)Q: Puys
= Eg(T)Q,;_laaLaPlxg
k-1_1

= @oLoE1(m)Q1 P.xs.
As a.#0 and L, is nonsingular, it follows that Ei(w)Q} 'Plxg=0, and thus
Ey(m)Qf 'xg=0. This implies E,(r) =0, and the desired conclusion follows

from the unitary equivalence of E, and E,.
(c) We must show that
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k—1 .
(i) 2 2 | fuN)Ex(dN)Qays = 0
BEB =0
implies fis(\) =0 for [E:] a.a. NEJ, i=0, 1, - - -, k—1, BEB. Equation (i)

implies, for each a € 4,,

k—1 .
S| f5() Ex(@N)QaPys = 0;

BEB i=0
hence
k1 i 1
2 2 | f5Q)Ex(dN)QiaLaPaxs = 0;
BEB i=0
hence
k=1 1 i
2 2| fs(MN)aaLaP.Ei(dN) Qi35 = 0
BEB i=0
hence
1 k=t i
(ii) Pa[ DD fm<x)El<dx>leﬂ] = 0.
BEB i=0
Thus the bracketed expression in (ii) is zero, and, for ¢=0,1, - - - , k—1and

BEB, it follows that fig(A\) =0 for [E:] a.a. A\€3d. The unitary equivalence of
E, and E, now implies the conclusion for [E;] a.a. NE€3, and the proof of (c)
is complete. Q.E.D.

The last theorem of this section, asserting the Weyr characteristic is a
complete set of semi-similarity invariants, will depend strongly on specific
properties of Hilbert space geometry. To clarify the ideas, suppose § is a
Hilbert space of uniform multiplicity 2 with respect to the complete self-
adjoint spectral measure E, with support A, and suppose $ = (x1) \VV M (x2).
(We envisage the situation in which {x,, x;} is a complete index system for a
nilpotent Q, with Qx; =x,, and seek to establish a canonical form within semi-
similarity.) Then there are also orthogonal vectors 2, and 2. so that 9 is the
orthogonal direct sum M(z1) ®M(z2), with | E(-)z|2=]|E(-)z|?=p. It can
be supposed without loss of generality in this case that x;=2.. Then there
are two ways in which these two representations of 9 differ.

First, the mass distribution of x; may differ from that of z;. Though the
subspace M(x;) is unitarily equivalent to M(z)) by the mapping S(f)x:
—S(f)S(g"?)z;, where g is the Radon-Nikodym derivative d|E(.)x1|3/dp
(since the measures are equivalent), our objective is really the “identity
mapping” S(f)x1—S(f)z:.. But in general both vectors will not be in the same
domains, and this mapping will be unbounded. However, A can easily be
written as a disjoint countable union of non-negligible sets, say A =U$;, on
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each of which Ig(-)| is bounded above and away from zero. Then the map-
pings S(f)E(8;)x1—S(f)E(8;)21 are nonsingular from I(E(d;)x:) onto
M(E(8:)z1). If M(x1) and M(x,) were orthogonal, these could be extended
to nonsingular mappings of E(8;)  onto itself of the desired type.

The second difference of course is the lack of this orthogonality in general.
The subspaces M (x1) and M(x;) may make an angle of zero degrees. But here
another decomposition of A can be constructed, on each set of which the
angle is bounded away from zero relative to E. That is, there is a countable
family {1r.-} of disjoint non-negligible sets, and associated positive constants
a;, such that A =Ur; and if 7 is any non-negligible subset of ;, then

| (E(x)i, E(x)xs) | - 1 ’
| E(x)x| | E(r)xe| — (1 4 @)t

For, recalling that x;=2,, by orthogonality we can write

X = ffl()\)E(d)\)zl +ff2()\)E(d)\)x2

The independence of {xl, xg} implies fi#0 a.e., and since E(o)x1LE(g)x; if
aC {M|f2\) =0}, we can assume f,0 a.e. Then let {3;} be a countable
disjoint partition of A such that 1/7<|fi(\)| Sj for NESj, j=1,2, - - -, let
{m,} be another such partition such that |f2()\)| Skfor\Eo, k=1,2, - -,
and w; be the non-negligible subsets of a common refinement. If ;= 8;MNay,
let a;=1/j%k%

Now suppose & #w ;. Then

| Bl = [ A0+ |00 9@y

and |E(7r)x2| 2=u(m), so

| (Ew, E@)| J souian)

E(mx| | E(n)xs|

f | 7200 [u(@N)

< ‘ |
(#(1)£|f1(>\)|2ﬂ(d>\) +p(”)j;|f2(’\)|2#(d)\))m

By the Schwarz inequality,
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(ﬁlfz(X)I#(dA)>2 = p(r)jllf,()\) |2u(dn);

hence
| (E(m)x1, E(r)x2) | < 1

E(m)x,| | E(m)xe = R
l (m)x ' (m)x I ”(ﬂ_)f lfl()\)lzu(d)\)]

([ 1wl

1
(1 + 1/

A

the desired inequality.

It is interesting to note that in this situation E(m)x; and E(m)z can
nonetheless be orthogonal, but if 2 is chosen “on the same side of x; as
x1"—that is, so that f; is real and positive—this cannot occur. For this one
observes that %, defined by

_ Sid)
1AW
has all of the relevant properties of z;. Then it is easy to compute that
| (E(m)x1, E(m)z1) l . 1 ‘
| E(‘"’)xll I E(r)zll =j(j2 + k)12

The proof of the theorem will follow more formal lines.

Zl E(d)\)Z],

THEOREM 30. If T and T are essentially finite spectral operators on  with
the same Weyr characteristic, then Ty and T, are semi-similar.

Proof. Again it is sufficient to consider the case in which T7=N1+Q; and
Te= Ny+Q: have normal scalar parts. By Theorem 23, Ny and N, have the
same measures of uniform multiplicity, with corresponding equal multiplici-
ties. Thus N, and N, are unitarily equivalent, and it is no loss of generality
to assume them equal, say N=N;=N,, with self-adjoint resolution of the
identity E. Let {M«} be an orthogonal family of nonzero measures of uniform
characteristic with V., C(u.) =I. We intend to construct the desired semi-
similarity in each subspace C(u.), and it is clearly sufficient to restrict
attention to one such, say C(u) 9, and prove the theorem under the assump-
tion that C(u) =1.

Supposing this, then, let A be the support of u (or E). As the char-
acteristics are the same, we can choose two complete index systems,
{x.-|i=l, -+, n} for the complete spectral measure E and nilpotent Q,
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and {yi| i=1, .+, n} for E and Q.. (Single indices will be more convenient
than the double indices used heretofore.) The indexing can be taken so that
the two families are moved isomorphically by Q; and Qy—that is, so that
Qwi=x; (Q;=0) if and only if Quyi=y; (Qyi=0). Then H=V,M(x,)
=V; M(y:) and all the measures determined by the vectors introduced are
equivalent.

We next wish to assume the manifolds M (y;) are mutually orthogonal.
This is merely a notational convenience, to avoid introducing a canonical
system by writing $= Y » @M (z;) with |E(-)z,~| 2=y for each 1, defining Q;
in the obvious way (i.e., so that Qsz;=2; (Q:2:=0) exactly when Quy;=1y;
(Q:y:=0)), and proving both N4Q1 and N+Q; semi-similar to N+ Q;. Thus
it can be assumed that §= Y, ®@M(y.), and then we can write

xi= 2, S(fi))vis i=1---,n

i=1

Then let

8= (M fa0) = 0},

TeNm<|fs0)|gm+1},  m=12---,
2m—1 1 1
by = {xlz—m< |f,-,~(>\)‘g 2,,,_1}’ m=12--,

and note that for each 7 and j we have A =U,,_, &7. Consider all non-negligible
intersections of the form

mi ma

iy N b0iy A EERNA 5::.’;'”

where 4, -+ -+, 4, and ji, - - -, j. are permutations of 1,---, n, and
my, - - -, m, are arbitrary non-negative integers. This is a countable disjoint
family, say {ak| k=1,2, - }, with union equivalent to A. If o, is the inter-

section above, and f;; does not vanish identically on 0%, then A Eg, implies

< 1
2 (m+1) /2 < lf‘j()\)| = ?-’- ’
where m =max {ml, cee, m,.}.
The remainder of the proof follows closely an elementary finite dimen-
sional argument. As =V, M(x,), we can write

ye = lim 2 | gu(\)E@Nw, E=1,---,n,

P =1V,

where 7r,,={)\| lgk;()\)] =p;t, k=1, -, n},p=l, 2, - -.Then
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y = lim 3 M)(i dxfﬁ«)E(d:)y,-)

o =1V g, i=1

= lim Z Z gki()‘)fij()\)E(d)‘)yj

P ® =] j=1

E E g:(N)fi;(N) E(dN)yj,

=1 j=1

passing to the limit by orthogonality.

It follows by independence, that the operator defined by the matrix H £l
with respect to the “basis” yi, « - -, ¥, is formally invertible, and the preced-
ing equation and this statement remain valid in each subspace E(o+) . Then
the formal matrix inverse of ||fi;x«/|, computed pointwise for each \, exists
for every k, and in fact differs only on a set of measure zero from g.,x,kll
By construction, both of these can be taken to be matrices of bounded func-
tions, and thus represent bounded, everywhere-defined operators. Conse-
quently for any vector zEE(o%) 9 with 2= D _; S(h:)E(0)y:, we define

=33 f 5NfN) E@N)y;

=1 j=1

= [ ww (£ [ nemany)

i=1

}: h {\)E(d\)x;,

i=1

and L, is a nonsingular operator of E(o) 9 onto itself.

Finally
T\Lz = TlLk( Z”: h;()\)E(dA)y,-)
= (N+ Q) Zn) hi(\) E(d\);
= 3 [ E@m+ 3 [ h0E@0,

- > MOE@)yi + > um(x)E(dx)sz,-)

=1

= Li(N + Qv) ( i) akhf(A)E(dk)ye)

1=1

= L,,ng. QED



318 A. N. FELDZAMEN [August

The question remains as to what additional conditions need be imposed
on semi-similar spectral operators to produce actual similarity. It is clear
from Corollary 28 that the failure of similarity can be traced, roughly speak-
ing, to the quasi-nilpotent parts, and it is natural to conjecture that some
form of relative piecewise boundedness condition of these parts is sufficient.
That is, a condition of the form

0<~_m£|_K<m « € A4,
| QP2
for a positive constant K and families of projections {PL} and { P2}, each
with supremum the identity, related to the respective operators and to each
other in a suitable way. But, as we see below, even with a slight strengthening
of this condition, the projections of a semi-similarity are not a sufficiently
fine decomposition of § to permit the desired conclusion, and the question
remains open.
The strengthened condition we have in mind, violated flagrantly in the
example of nonsimilar but semi-similar operators with which this section
began, is

P!
0<— l& | <K< =, «€ 4,

TosPa[ =

where the {Pf,,[aEA} are the projections of a semi-similarity, and the in-
equalities are to hold for all positive integral k for which the denominator
(or equivalently, the numerator) does not vanish. It is easy to see that this
is a necessary condition for similarity; the following simple example, under
the same restrictive conditions as the previous one, shows it to be insufficient.

Let  be the direct sum of a countable family of 4-dimensional Hilbert
spaces, and define, on the nth subspace and with respect to a complete
orthonormal system, the operators Q; and Q. by the matrix blocks

010 0 0100
000 0 0000

: , : 1},
Qg 0 0 1 @il g o !
n

0000 000 0

and N by diag {l/n, 1/n, 1/n, l/n}. As before, by adding a zero subspace,
we can insure that N has pure point spectrum.

As 9 is separable, the projections of a semi-similarity must be in the
range of the resolution of the identity of N, and it is clear the conjectured
boundedness condition is satisfied. But also as before, if N+Q.=L(N+Q)) L,
then L must be completely reduced by each distinguished 4-dimensional sub-
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space, and on each such must have the form

a b ¢ d
0 a 0 ¢
L: y
e f g h
0O en 0 gn
where @, b, - - -, h are functions of #. If L is to be bounded and invertible,

then e, g—0 as n— o, and ag#ce for all n. Then on the nth subspace L~! has
the form

* * ¢ *
ag — ce
0 % 0 %*
L—l
* * a *
ag — ce
0 * 0 *

If either a or ¢ is zero for an infinity of #, this is unbounded since both ¢ and g
approach zero; in the contrary case, if L~! is to be bounded we must have
both |a/c| > » and |c/a| > » as n— .

7. The adjoint Weyr characteristic(*). In this section we consider the
application of the preceding theory to the conjugate space and adjoint oper-
ators. We recall from §2 that the multiplicity theory for a complete Boolean
algebra of projections on a Banach space extends, with the substitution of the
weak-* or X-topology for the strong topology, to the X-complete Boolean
algebra of adjoints, E*, on the conjugate space X*, and the multiplicity and
uniformity of projections or spaces of finite multiplicity is preserved. More-
over, the adjoint of a quasi-nilpotent operator is also quasi-nilpotent, and
adjunction preserves commutativity. Thus we are led to consider how the
apparatus of §§3 and 4 can be transferred to the adjoint situation. But this is
easily accomplished: the definitions and theorems of these sections are both
meaningful and true after the adjunction of all vectors, operators, and spaces
involved. Only very minor modifications are required in a minority of the
proofs, and these are left to the reader.

Thus we have the notions of independence, kih index systems, and complete
index systems in X* with respect to E* and Q*, and a Weyr characteristic
defined here. Sets or measures of uniform characteristic are characterized
by the summability condition of Theorem 21. The natural question is how
this characteristic relates to the Weyr characteristic in ¥ and the answer is
the simplest possible.

(*) The author is grateful to Professor W. G. Bade for suggesting this subject for investiga-
tion.
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TueorEM 31. Let X be a Banach space of uniform multiplicity n< o with
respect to the complete spectral measure E, let Q be a quasi-nilpotent commuting
with E, and W be the Weyr characteristic these define. Then in the conjugate
space X*, a space of uniform multiplicity n < « with respect to the (X-complete)
spectral measure E*, the Weyr characteristic defined by E* and Q* is also “W.

Proof. Let 8 be a set of uniform characteristic in the ¥ context; it is suffi-
cient to show the Weyr characteristic in ¥* has  as a set of uniform char-
acteristic and agrees with W on 6. Thus we can assume E(§)=1I. Let
{#5|@ €4y, k=1, - - -, m} be a complete index system over & in %, with
Ar=1, - - -, my; then m;<m, if j24. For each x% choose a Bade functional
x¥ such that

w( V zm(x;)) = 0.
=a; j#k

If 7 is a Borel subset of 8, then x**E(7)x% is non-negative, and is zero if and

only if E(r)=0, or equivalently, E*(w)=0. Our interest is in the family

{x¥* « €4y, k=1, - - -, m}, but the order must be inverted in accordance

with the following scheme.

Let
*m *1
Za =1%a, a=1++ "+ My,
*2
*m—1 {xay a=1)."’mm1
Z2a = *1
Xa a=mm+1,"')mm—1’
*3
de, a=1)"'ymm7
*m—2 *2
2a = {Xa a=mm+l,"',mm—ly
*1
Xa a=mm—l+1)"'ymm—2y
and in general, for each j=1, - - -, m, let
*j
Xa a=11"'ymmy
*j—1
e 5, a=Mu+ 1, My,
*j—2
Xa a= My + 1’ Tty M2,
*m—j+1
Za =
*j—k .
Xa a=mm—k+l+1)""mm—k, (k=0’1w""]_1)7
*1
Yo o= Mmp—ji2 + l, C oy My,
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where 0=mu41. Thus the cardinality of each {z 'IaEAk} is my.

Our assertion now is not that {z¥|a€4y, k=1, , m} is a complete
index system over 8 in ¥*, but merely that each {z*'|a€Ak} is a kth index
system over 8 in ¥* But this more modest assertion is sufficient to prove the
theorem, for considering the total cardinality of all the families {z¥|a€ 4.}
and Corollary 20, it is clear that it will imply each such family is in fact a
maximal kth index system. Thus by Theorem 21 it will follow that § is a set
of uniform characteristic in X*, and that the two characteristics are equal.

Fix j then,j=1, - - -, m; we show {¥"*!|a€A,_jn} isan (m—j+1)st
index system over & with respect to E* and Q*.

(a) First it must be verified that Q*m—i+1z*"/*1=0* for each « €4 ,_j;1.
Select and fix any such a, say mu,_x41 <@ =m,_x, for some fixed k, k=0,1, - - -,
j—1. Then X" *1=x%i—* As Qxp=x5 ' for each B and 4 (interpreting non-
positive superscripts as producing zero), it follows that

*m—j+1 km—j+1 4 *j—k _m—ji+1 ¢ *j—k n—(m—J+l)
Q Za X3 = %o X = Xa X

This is zero, save for the possible exceptional case when 8=aand ¢ —(m—j41)
=j—k—except, that is, when 8=« and 1=m—k-+1. But as a>mu_r41, NO
vector x**! exists for this a. Thus Q*m—i+1g%m—i+1 annihilates each x}, and

it follows that
Q*m-—;+l *m—;r+l( V me(xﬂ))

(b) Next it must be verified that C*(Q*m—igim—i+1)=E*(8)=1I* for
aE A ji1. Let @ and k be fixed as above, with m,_;1 <a=mn,_x. Suppose
the assertion false; then there is a non-negligible Borel set #Cd such that
E*(r) Q*m—igkm—i+1=0*, Since ot <mn_s, there exists a vector x* *; but then

km—j *m—;+l m—k

l'; (:)Q e
” Elx )Q’"" -
E(1r) x,,

0

Thus E(7) =0, and then E*(w) =0.
(c) Finally, we must show {Q*iz:"“f+‘|a€Am_j¢1, 1=0,1, -, m—j}
is E*-independent. As all the vectors are full, we suppose

m—j

"= ¥ XSG
a€dy—j+1 =0
and prove the coefficients S*(f.:) are zero. It can be assumed that the func-
tions themselves are bounded (by successively restricting attention, if neces-
sary, to subspaces of the form E*(m,)X*, (r,= {\| lfai()\)l Sp,a€d, i,
i=0,1,---,m—j}, p=1,2,-- ). Then
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mm m—7J mm -1

S 3P IAIA At S SEAT R ot
a=1 =0 a=mpyu+1 =0
mm_k my X7 Kj— k Mmoi+l ot 3 *1
+ E ZS (fat)Q Xa v + Z E S (fat Q acz .
. a=my g1l =0 a=mpy_jio+1 =0

Now let B be arbitrary but fixed, my_t11 <B=Mm_s, for fixed k, k=0, 1, - - -,
j—1, and apply the representation of the zero functional displayed above to
x§, where ¢ is to be determined. As Qix§=x5"", it follows that

0= Sfaws + 25 SUsdas + -+ 1 SUsm
We recall that j is a fixed index, j=1, - - -, m;then m=j>k, or m—k=j—k
=1. As B=<mm s, it follows that BE A, for each p=m — k. Thus with this value
of B, there are vectors x’;", xg"‘"‘, <+, 5% -+, xp, and ¢ may be chosen
successively as j—k, j—k+1,---, m—Fk It follows that S( fp,) 0 for
1=0,1, - - -, m—j,and the family {Q*'z*'""+‘|a EAn_j,1=0,1, m—j}
is indeed 1ndependent Q.E.D.

Only a few remarks are now necessary to treat the Hilbert space case.
If 5 is a Borel set, let 3* denote the conjugate set, 3* = {\|X€3}, and for a
Borel measure u, write u* for the measure on the conjugate domain, u*(8)
=u(6*), 6E®. If N is a normal operator with self-adjoint resolution of the
identity E and multiplicity function u, then the adjoint operator N* has a
self-adjoint resolution of the identity that (as there is no possibility of con-
fusion with the adjoint) can be written E*, with E*(8) = E(6*), 6E€®, and
multiplicity function u* given by u*(u) =u(u*). Thus the ranges of E and E*
are the same; hence they have the same strong closure or completion E.
Similarly, the ranges of u and u* are the same; hence N is essentially finite if
and only if N* is.

If T=S+40Q is a spectral operator in canonical decomposition, then the
adjoint T*=3S*4Q* is also. If N=LSL~!is a normal conjugate of S, then
L* is nonsingular and N*=(L*)-1S*L* is a normal conjugate of S*. Thus T°
is essentially finite if and only if T* is. The relation, in this case, between the
Weyr characteristic defined by T and that defined in the intrinsic manner
as an operator on by T* is the one suggested by our notation.

— (m—j)

THEOREM 32. Let T be an essentially finite spectral operator on the Hilbert
spuce O with Weyr characteristic W. Then T* is essentially finite, and if W*
1s the Weyr characteristic of T*, then W*(u, k) =W (u*, k) for every u and k.

Proof. The first conclusion follows from the preceding remarks, which also,
with Theorem 25, imply that to consider the relation between W and W* it
is sufficient to suppose T=N-+Q to have a normal scalar part. For each
measure g, let C(u) and C*(u) denote the carrier projections in E associated
with the multiplicity functions u and u* respectively. It is easy to see that
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for any x€ 9, we have IE(~)x|2<<p if and only if |E*(-)x| 2&u*. Thus

Cu) = /\_{PI Px = x whenever |E(-)x|2<<u}
PCE
= N {P| Px = x whenever | E*(-)x|? < p*}
PEE

= C*(u*).

Hence it is sufficient to restrict attention to a space C(u)9=C*(u*)9 of
uniform, finite, and necessarily equal multiplicities (with respect to the two
multiplicity functions). In fact, 4 can be chosen of W-uniform characteristic.
Then, with the obvious modification of Banach space adjoint to Hilbert space
adjoint, the preceding theorem gives the desired conclusion.
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