THE HOMOLOGY OF TWISTED CARTESIAN
PRODUCTS

BY
R. H. SZCZARBA(})

Introduction. In a recent paper [2], E. H. Brown introduced the notion
of a twisted tensor product. Briefly, the definition is as follows.

Let K be a D.G.A. (differential, graded, augmented) coalgebra, 4 a
D.G.A. algebra, and M a D.G.A. A-module. The twisted tensor product
K 4@ M of K with M is, except for the differential, the usual tensor product.
The differential on K 4® M is modified using a twisting cochain ¢ in
Hom(K, A). Now suppose p: E—X is a fiber space (essentially of the Hure-
wicz type) with fiber F. Then C(X) is a D.G.A. coalgebra, C(2X) a D.G.A.
algebra, and C(F) a D.G.A. C(2X)-module. Brown’s main theorem states
that there is a twisting cochain ¢ in Hom(C(X), C(2X)) and a chain equiv-
alence y: C(X) 4® C(F)—C(E).

In another recent paper [1], Barratt, Gugenheim, and Moore define the
twisted cartesian product of two simplicial sets (semi-simplicial complexes).
If X and F are simplicial sets and G is a simplicial group acting on F, the
twisted cartesian product of X and F, X X, F, coincides with the usual car-
tesian product except that the initial face is modified in terms of a twisting
function 7: X—G. It is proved in [1] that any simplicial fiber space p: E—X
with fiber F can, for the purposes of algebraic topology, be replaced by a
twisted cartesian product X X, F. (The group G and the twisting function
1: X—G are shown to exist.)

Considering these two results, one might expect that an analogue of
Brown's theorem could be proved for twisted cartesian products, explicitly
defining the twisting cochain in terms of the twisting function(?). This is in
fact done in Part I of this paper.

In Part II, the explicit form of the twisting cochain is used to investigate
fiber bundles over spheres. The homology and cohomology Wang sequences
are derived and some partial results obtained describing the behavior of the
maps in the cohomology Wang sequence with respect to cup products.
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his patient assistance and encouragement during the preparation of this
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(1) The results of this paper are taken from the author’s Ph.D. thesis submitted to the
Mathematics Department of the University of Chicago in September, 1960.

(%) V. K. A. M. Gugenheim in [3] does prove Brown’s theorem for twisted cartesian prod-
ucts without giving an explicit definition of the twisting cochain.
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paper. I would also like to thank V. K. A. M. Gugenheim for suggesting
simplifications that appear in the proof of Theorem 2.4.

PArT I

1. Preliminaries. In what follows, A will denote a fixed commutative ring
with a unit. All algebras, coalgebras, tensor products, etc. will be taken over
A unless explicitly stated to the contrary.

Let A be a D.G.A. algebra with product 71: A®A4—4 and K a D.G.A.
coalgebra with coproduct A: K—-KQ®K. A twisting cochain is a cochain
¢= D ¢;in C*(K; A) such that

¢, € C(K; 4), ¢o = 0, $Kq C Agy,

q—1

e¢1=0 and 9, = ¢-19 — 2 (—1)'¢ U ¢4,

k=1
where the cup product ¢x\J¢,_ is the composite

b ® ¢q—k

A T
K—>KQ®K — A ® A — A.

Suppose M is a D.G.A. 4-module with product u: AQM—M. The
twisted tensor product of K and M with respect to the twisting cochain ¢ in
C*(K; A) is the D.G.A. module K4® M defined by

(Ke ® M)y = 2, K:® M,

+j=q
e(k @ m) = e(k)-e(m),
0k @m)=@Ok) @m+ (—1)[k@m+E@mNe], kEK,

The cap product k@ mM¢E K @ M is defined to be the value of the composite

191
——

A®1 1Qnu
KQM——KQKQ®M KQAQM—KQQM

on k@m.
Let X be a simplicial set (=semi-simplicial complex) and G a simplicial
group [9]. A twisting function is a map 7: X—G satisfying

7(Xg) C Gg,
dor(x) = 7(dox)™ ' 7(d1x),

(1.1) dir(x) = 1(dig1x), i>0,
si7(x) = 7(si41%), iz 0,

7(sox) = identity.

In these equations, d; and s; denote the face and degeneracy maps.
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Now, suppose G acts on a simplicial set F. The twisted cartesian product
of X with F relative to 7 is the simplicial set X X, F defined by

(X X- F)q = X¢ X Fy,
do(x, y) = (dox, 7(x) - doy),
di(x, y) = (dix, duy), >0,
si(x, y) = (s, 59), iz 0.

A simplicial operator D of type (p, q), p and ¢ nonnegative integers, is a
collection of maps D(X): X,—X,, one for each simplicial set X, natural with
respect to simplicial maps. The integer ¢—2 is called the degree of D.

THEOREM 1.1. Any simplicial operator D of type (p, q) can be written
uniquely as

(12) D=sir"'si|dj,"'dj‘
where r—s=q—p, 1,>1,1> -+ + >y, and j,<j,1< -+ <hSp.

Proof. (See [4, p. 59]). Suppose D is a simplicial operator of type (¢, q)
and X a simplicial set with x € X ,. Let A” be the simplicial set representing the
standard p-simplex and k,EA? the nondegenerate p-simplex. As is well
known, there is a unique simplicial map f: A?—X with f(x,) =x. Writing
D(A?)k,=pk,, where p=s; - - - sid;, ++ - dj), > - Dy, o0 - <GP,
and r—s=¢—p (any simplex of A? can be written in this form), we see that

D(X)x = D(X)f(xy) = fD(A%)kp = f(pkp) = pf(kp) = px.

Thus we see that, for any simplicial operator D of type (p, q), we have
defined a family of simplicial operators of type (p+k, ¢+k), k=0, given by
(1.2). We will refer to this family of simplicial operators as a simplicial oper-
ator of degree ¢ —p and initial dimension p or simply as a simplicial operator.

For any simplicial operator D=s;, - - - s;d;, - - - dj, of degree r—s and
initial dimension p, we define a derived simplicial operator D' of degree r—s
and initial dimension p+1 by

D' = siq1 Sipidiprr © 0 G
LEMMA 1.2. Let D be a stmplicial operator. Then doD’ = Dd,. If we assume
D contains no d, then soD = D'so and Dr(x) =7(D'x) for any twisting function 7.

The first two statements of the lemma are proved in [4, p. 60]. The third
follows from (1.1).

For any two simplicial sets X and Y, Eilenberg and MacLane [4; 5] de-
fine chain maps(®) f: C(X X YV)—>C(X)®C(Y)and V: C(X)®C(Y)—»C(X XY)
by the formulas

(3) C(X) denotes the normalized chain complex defined in [4].
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L —i i
fx X ) = X dinx ® doy,

=0
Ve ®2) = 2, (—1)=egx X 5,2,

where x, y in X,, 2 in ¥, and the second sum is over all (g, p) shuffles (u, »).
They also define a chain homotopy H: C(X X ¥)—>C(X X Y) and prove that
fV=identity and dH+ Hd=Vf—identity. The results of the present paper
depend heavily on these facts.

2. The main theorems. In this section, we state the principal results of
the paper.

THEOREM 2.1. Let X X, F be a twisted cartesian product with group G. For
each pair of integers (1, n), n=1, 1<iS(n—1)!, there exists a sequence of
simplicial operators

n

Doy Di, - -+ 5 Dot
D}, of degree j and initial dimension n—j—1, and a mapping e: ZXZ—Z, (Z
the integers, Z, the integers mod 2) such that the functions &,: C(X)—C(G) de-
fined by
(n—1)1

500 3 (=1 Db w(®) Drio(dex) - - - Doy io(ds %), q=mn,
n = t=1

0, a<mn,
xECo(X), o(x) = (r(x)), satisfy the following.
2.1) 3:Co(X) C Comr(G),
(2.2) doba(x) = i (= 1)*@n_1(di),
(2.3) dida(x) = 0, 0<k<n-—1,
2.9 deida@® = 2 (=D ()  sBak(der),  m> L

The sum in (2.4) is over k=1to n—1 and over all (n—k—1, k—1) shuffles (u, v).

The proof of this theorem will be given in the next section.

Again letting X X, F be a twisted cartesian product with group G, it is
well known that C(X) is a D.G.A. coalgebra, C(G) a D.G.A. algebra, and
C(F) a D.G.A. C(G)-module. Define a cochain ¢ = Y ¢ in Hom(C(X), C(G))
by '

$o =0,
¢ = $1| Ci(X) — €0, eo the identity in G,

¢ = $q| Cq(X)-



1961] HOMOLOGY OF TWISTED CARTESIAN PRODUCTS 201

Clearly ¢,€CU(K, A), $,Co(X) CCy1(G), ep1=0 and, using (2.1), - - -, (2.4),
we see that, for ¢>1,

ad’q(‘”) = d0¢q(x) + (_l)q—ldq—ld’q(x)

= S () (@) — T (= 1) s,puldri) - sbecsldon)
k=1 =]

+ ¢q-—l(d0x) + (_l)q‘i’q—l(dqx)
= bea(0%) — 3 (516U ) (@),

t=1

where y=1+sgn(u, v). Thus we have proved the following.

THEOREM 2.2. Let X X, F be a twisted cartesian product with group G. Then
there is a twisting cochain ¢ = D _¢; in Hom(C(X), C(G)) with ¢i(x) =0 (x) — eo.

Define a map ¢: C(X) 4® C(F)—»C(X X, F) by

)4 .
Va®y) = A XuY Y (=) T D e X DI o) - - - DiYo(ds %) ®y

fom] " e X”

where V: C(X XG) @ C(F)—»C(X XGXF) is the Eilenberg-MacLane shuffle
map and u: GXF—G.

THEOREM 2.3. Y9, =3aY.

THEOREM 2.4. The map Yu: H(C(X) 4@ C(F))—H(C(X X, F)) is an iso-
morphism.

The proofs of these theorems will be given in §§4 and 5.
3. Proof of Theorem 2.1. The operators D}, and the map e are defined in-
ductively as follows.

1

Dy, = identity,
D;:isodk-j, 0=7 <k,
3.1 D} ikioin = { Dt i=Hh
Dj-1,:50, k<j=<n,
and
«(1,1) =0,
3.2) i+ k(n—1),n+1) =¢Gn + %+ 1 (mod2),

1Sism—-1D,0SkSn—1;

e(i,n) =0 otherwise.
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Before proving that the functions ¢, have the required properties, we
prove four lemmas.
LemMA 3.1. For any n>0, D}, contains no d,.
This lemma follows immediately from (3.1).
LeMMA 3.2. For any n>1,
nt1 { D; .y, 0=y

o Dj, itk n—1)! = .
e D;_l,,', k <]

IA 1A
K

where 1S1=(n—1)!, 0Sk<n—1.
This lemma follows easily from (3.1) and Lemma 1.2,

LeEmMA 3.3. For each pair of integers (i, n), n>1, 1SiS(n—1)), there
exists a unique quadruple (r, s, t, (u, v)), r, s, t integers with 1<Sr<n, 1<s
S(r—1Dand 15t=s(n—r—1)!, (u, v) a (n—r—1, r—1) shuffle such that for
allj, 0=5j<mn,

(3.3) duiD}i = {S“D;"d::;’ 0=7<r
‘ T DI, r<j<n,
and

e(t,n) = e(s,r) + e(t,n — r) 4+ sgn(u,») + r + #n mod 2.

Conversely, for each n>1 and quadruple (r, s, t, (u, v)) as above, there is a pair
(¢, n) such that (3.3) and (3.4) hold.

Proof. The lemma is easily verified for n=2; suppose it true for <N,
N>2. Applying dy to (3.1) with n=N, we express dyDV*! in terms of
dyDV’'. Passing to derived operators in (3.3) (again with n=N), we express
dyD¥ in terms of D" and DV~"'. Supposing k¥ <r and combining, we have

d:v—1+130dk-n 0=j <k
N+1 SuDJa r—1+1: J =k
(3.4) Ay Dj ipev-11 = o N—r )
- S;Dj_l,,d,._j.'.zSo, k< J<r + 1,
S:Dy_:il,l.fo, r ‘l" 1 éj é N.

Using Lemma 1.2, the basic identities relating the face and degeneracy
maps, and (3.1) with n=r, we can rewrite (3.4) as

+1 - .
N+1 suD;, ¢+k(r—1):dx-11j, 0=7<r+1,
(3.5) dnDj ik v—11 = N—r )
VSODJ—T-I ty r + 1 é] é N-
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Letting sz=s,, s;=s,5, (3.5) takes the form of (3.3).
Now, noting that sgn(u, ) =sgn(g, 7), we have
G+EN-1DLN+1) =€, N)+Ek+1
=e(s,r) +e(t,N—r) +sgn(@,s»)+ N+ kt+r+1
=e(s+k(—1DLr4+ 1)+ e¢t,N—71)
+sgn(@,?) + N+1+7r+1,
all equations mod 2. Thus, for k <r, the quadruple (r41, s+k(r—1)\, ¢, (g, 7))
corresponds to the pair (+k(N—1)!, N+1) as required in the lemma.
A  similar argument shows that, for k = r, the quadruple
(r,s,t4+(k—r)(N—r—1)!, (& 7)) corresponds to the pair 4 +-(N—1)!, N+1)
where

(ﬁ:§)=(#N—r—l+1""yﬂl+lyo; vt 1, -, n+1).

We now prove uniqueness. Suppose the quadruple (r, s, ¢, (4, v)) cor-
responds to the pair (+k(N—1)!, N+1) as required and suppose k <r. Using
(3.1), we have

dyD; isode_j = s, Dyadrs 0sj<k

dnDj = s.Djudry i=h

3-6) dyDi150 = s,Diadrs k<j<r,
dyDyr.iso = s,Djrs s r<j<N.

Note that, since dND,N,,' contains no so, by the second equation of (3.6) we
conclude that s, contains no s,.

Write s=p+¢(r—2)!,1=p=(r—1)!,0=¢=r—1and suppose ¢ > k. Then,
using (3.1) and (3.6), we have
(3 7) dND,Ij_’, = S“D;T:Sodq._jd:v_tl_i
By Lemma 3.1, D};' contains no do so DZ,',,I' contains no d,. Thus, the right
side of (3.7) contains an s, which is impossible since the left side does not.
Supposing ¢ <k leads to a similar contradiction so ¢=k.

Let s,=s; and s,=s;s0. Applying Lemma 1.2, we can rewrite (3.6) as

N r—1 N41—r, .
(dN_IDj,,'),Sodk_j = (SﬁDj,pldr—t'il )lsodk—j) 0= 7 < k)
VAN r—1 N+41—r i
(dv-1Dj) = (sl_le,pldr—t‘il ), Jj=k
3.8 , r— -1/ .
3-8) (Ay—1D;)'s0 = (siDi1pdrs ) s0, E<j<r

N+1—r ,

N/ .
(dN_.lD,',,') So = (S;Dj_,-,g )So, r = 1< N+ 1.
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As is easily seen, this implies that

r—1 N—(r—1) .
N siDjpdr1-j 0=5<r—1,
dv-1Dis = N—(r—1)
S;Dj_(,-_l),t, r—1 §j < N.

If k=r, a similar result holds. A simple induction argument now shows that
the quadruple corresponding to a pair (¢, #) is unique.
. To prove that, for each quadruple (7, s, ¢, (4, 7)), of the prescribed type,
there is a pair (¢, #) such that (3.3) holds, we essentially reverse the argument
above. Suppose it true for # =N and let (7, s, ¢, (4, »)) be a quadruple with
1=5rSN, 1SsS(r—1), 1=2t=(N—r)!, and (u, v) a (N—r, r—1) shuffle.
Suppose 0Ev and define (@, 7) (uxv——1, - - -, pu—1; vou1—1, - - -, va—1).
This is clearly a (N —r, r —2) shuffle. Write s=p+4k(r —2)! and, by induction,
choose a pair (¢, N) such that (3.3) holds for (r—1, p, ¢, (&, 7)). Then (3.8)
and therefore (3.6) holds. From this it is easily seen that the pair
(t+k(IN—1)!, N+1) corresponds to the quadruple (7, s, ¢, (4, »)). A similar
argument holds for 0Eu.

LEMMA 3.4. Let P,= {1, 2, -, (n—l)!}, n>0. Then, for each pair of
integers (m, n), n>2, 0<m <n—1, there is a partition of P, into pairs (11, 1)
such that dnDjy =dnDjy, 0=j<n, and €(i1, n) =1+€(iz, n) mod 2.

Proof. The lemma is easily verified for small values of #n. Suppose it true
for n <N and consider a pair (m, N+1), 0<m<N.

Cask 1. 1 <m < N. By induction, corresponding to the pair (m—1, N),
there is a partition of Py into pairs (41, 4,) satisfying the conditions of the
lemma. For each of these pairs (71, 42) and each integer k, 0 =k <N, consider
the pairs (5, 4+k(N—1)!, 724+k(N—1)!). These clearly partition Py and,
using (3.1) and (3.2), we see easily that this partition is as required.

Case 2. m=1. Consider a pair (¢, N+1) and write 1=j+r(N—2)!
F+E(N-1),1ZjS(N-2),,0Sr=<N-2,0=<k=<N-—1. Then, applying (3.1)
twice, we see that the pairs (G+r(N—-2)!4+k(N—-1)!, j+(E—1)(N—-2)!
+r(N—1)!) where 0=r <k =<N-—1 partition Py4; as required.

We now complete the proof of Theorem 2.1. The verification of (2.1) is
trivial as are the verifications (2.2), (2.3), and (2.4) when ¢ <z, xECy(X).
For g=n, (2.3) follows directly from Lemma 3.4 and (2.4) from Lemma 3.3;
the details are left to the reader. We prove (2.2).

From Lemma 3.2, we see that

=2 (221 €(t,n—1)+k+1 n—1 n—1
d@”(x) = Z E (—1) Do,.' dka(x)' Dl,,' dk_w(dox)
k=0 ¢ml
n—1

e Diideo(dex) - Dhio(dy0) - - - Dilyio(dy ).

Using (1.1) along with the basic identities defining a simplicial set, we have



1961] HOMOLOGY OF TWISTED CARTESIAN PRODUCTS 205

dijo(dox) = o(dadrsr2), 0Sjs4

o(dsx) = o(dh 'drpra), CkE<j<m,
and

k41 n—1

Dy dor(de) - Dys o(do’ %) = Dis [doa(de) - o(dodi)],
Dii'o(didsx) = Di7o(ddrsiz),

50 dopa(x) can be rewritten

n—2 (n—2)1 el

S (=)™ T (=) T D e (denn) - DY o(dodisrs) - - - Dynio(dy dess)

k=0 =1

n—1

= 20 (—1)igs_s(djx).

g1

4. Proof of Theorem 2.3. Since (1 Xp) and V are chain maps, d¢(x®3y) can
be written as the sum of three terms,

pl
(A X W)V X (—1)"deDb5 % X 7(Dii ) -doDi s a() - - - do Dby o(dh %) ® ¥

=1
4.1 p! P :
D U x v E S (—0™aD e X Do) - - - G0 () ®

=1 j=1
+ (=D (x @ 3y)
where y=¢(s, p+1)+p.

Consider, for fixed 7, the expression being summed in the first term of
(4.1). That is

(4.2) do D55 % X r(Dh'%) - do DY a(x) - - - doDoo(d %) @ 9.

Write s=m+k(p—1)!, 1=m=(p—1)!, 0=k=p—1. It follows easily from
(3.1) and Lemma 3.1 that D%}, . contains an s, unless k=0 when
Dz =pr . Applying Lemma 3.2 with k=0, (4.2) becomes

(4.3) Db ndotx X 7(Dimt) - Do mo (%) D mo(det) - - - Dy_ymo(dsy 7) @ 9.

By Lemma 3.1 and the last part of Lemma 1.2, we see that 7(DZ,x) - D} o (x)
=D}, 7(x) - Dyno(x) =1, so (4.3) becomes

?

Do mox X Dimo(dox) - - - Dp—l.ma(d:—zdox) ® y.
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If k>0, 7(D2}ip-®) =1, so by Lemma 3.2, (4.2) can be rewritten as

Db ndit X Do omdi10(x) - - - Domdoo(dy ')

4.4
.4) ~Df,,,.a(d';x) cee D:_l,,,.a(d:_lx) ® y.

Using (1.1), we have
Db oo (ds %) Dl mo(dsx) = Dimo(dids %)

DL no(dy ' du).

Thus, (4.4) becomes

Dot X Dima(di) - -+ Dosimo(dy dix) @ y

and the first term of (4.1) can be rewritten

(r—1)! p—1

AXWY X (=) TPDE dix X D mo(dix) - - Doymo(dy i) ® 3
k=0

m=1 =

which, by (3.2), is easily seen to be ¥ (0x®y) +(— 1) (dx ®Y).
We now turn our attention to the second term of (4.1). By Lemma 3.4,
this term reduces to

€(i,p+1) p+1

AX WYY (=) " d,D0 % X d, DT () - - - Diho(ds 0 @ y

which, using Lemma 3.3, is equal to

p (r—D!

AXWVAXrRNEVRDN Y Y (=1)'Dhd” s

r=1 s=1
(4.3) pHl—r 2 prl-r

X D;.:U(dr x) v D:—l.aa(d'(;_ dr x) ® $p+l—r(d’l;_1x) ® Y,
where y=¢(s, r)+p+r+41. Now we need the following lemma.

LEMMA 4.1. The following diagram is commutative.

IXr®1

cxx6) 8¢ ech - 2Lexxex e ecm X 8 cxx e o

ll@v 1‘7
CX X G) ® C(G X F) CXXGXF)
ll@n 11x;=
A 1Xu
CX X G) ® C(F) ————— 5 Ce X GX F) ———2* __ C(X Xr F).

Proof. Insert C(X XGXGXF) into the center of the diagram connected
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to the midpoints of the four sides by the obvious maps. The four resulting
diagrams are easily seen to be commutative which proves the lemma.
Now, using Lemma 4.1, (4.5) can be rewritten

p (r—1)1

AXWYY X (—0)'Doudr” " X Diw(d’ %) - - Di_ya(dy do x)

r=1 g=1

® 1V [Fpr1r(do %) ® ¥]

= (= 1) 2 U@ x @ wV[Fpn(den) ® 3))

= (-1 V)1 ®¢@NAQNE Q) + (—1)»(d,x @ y)
= (=) yNeé) + (—1)M(dx  y).

Thus, Y (x®y) =¢(3:(x®y)) and the theorem is proved.
5. Proof of Theorem 2.4. Define filtrations

Ay = 20 C(X) 4® C(F), $20, A =0,
asSp
B, = C(X* X, F), $p20,B.,=0,

where X7 is the simplicial subset of X generated by all g simplicies, g<p. As
is easily verified, 0,4,CA4,, dB,CB,, and YA4,CB, Let ¥':4,/4,..
—B,/B,-1 be the map induced by y. The following lemma is not difficult [4,
p. 106].

LeEMMA 5.1. If Y4: H(A,/Ap) > H(B,/B,1) is an isomorphism for all
P20, then Yx: H(A,)—>H(B,) is an isomorphism for all p =0.
Since H.(C(X)s ®C(F))~H.(4,), p>r and H,(C(X X, F))~H,(B,),
p>r, we have
COROLLARY 5.2. If Y : Hx(4,/Ap—1) > Hx(B,/B,-1) is an isomorphism for
all p20, then Yu: Hy(C(X)y ® C(F))—H«(C(X X, F)) is an isomorphism.
Now, consider the maps f, V, and H of Eilenberg and MacLane as maps
f: C(X X, F) = C(X) 4® C(F),
V: C(X) 4® C(F) » C(X X, F),
H:C(X X, F) > C(X X, F).
In general, f and V will no longer be chain maps and H will not be a chain
homotopy between Vf and the identity. However, it is easily verified that

these maps do preserve the filtrations defined above so induce maps f’, V/,
and H' on the quotients A,/A4,_, and B,/B,_;.

LEMMA 5.3. The maps f' and V' are chain maps with 'V’ =identity and H'
is a chain homotopy with dH' +H'd = V'f' —identity.
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Proof. We notice that, for x®@yEA4,, x XyEB,,
9p(x ®y) = (—1)Px ® y mod A4,
and
P
d(x+9) = 25 (—1)'dx X diy mod B,_,.
=0

The first of these equations follows from the fact that dx®y and x®yN¢
are in 4,_;; the second from the fact that do(x Xy) =dox Xdey mod B,_..
Thus, the differentials on 4,/4,-, and B,/B,_, are essentially the stand-
ard nontwisted differentials so the properties of f/, V/, and H' listed in the
lemma follow from the corresponding properties of f, V, and H.
We now show ¢’ has a very simple form not very different from V',

LEMMA 5.4. For any n>0, Dj,=identity, D}, =s for 0<j<p, Dy, con-
tains a face operator for 1> 1, and e(1, n) =n—1 mod 2.

This lemma follows by a simple induction from (3.1).

COROLLARY 5.5. The map ¢’ is given by

V(E®y) =2, (—l)m(”'y)s,.x X sul[soo(x) - - - S;U(d;—lx)los,y
where x € Cyp(X), yECo(F), and the sum is over all (g, p) shuffles (u, v).
Proof. By definition,

YV ®9) = 3 (1) s, Doz X s,[Dls o) - - - DL oy '0)] 5.,

where the sum is over =1 to p! and all (g, p) shuffles (4, ») and vy =sgn(u, »)
+¢€(3, p+1)+p. Since D2}! contains a face operator for 1> 1, all terms in the
sum with ¢>1 will be in B,_;. The form of the remaining terms follows
directly from Lemma 5.4.

Let g: B,/B,-1—B,/B,_1 be defined by

g5t X 9) = 5,8 X su[so0(x) - - - sha(ds %)y

where s,=s;, + * - $iy, %> - - - >4, x is a nondegenerate element of X, and
YEFpy.. It is easily seen that g commutes with the face operators and thus
with d. In fact, g is a chain isomorphism with inverse k: B,/B, 1—B,/B,,
defined by

h(sux X 9) = s,x X s,‘[sﬁ'r(d:)_lx) ceesor(2)]-y

where x, ¥, and s, are as above.
Now, we observe that gV’ =y’ and thus g«Vs =¢%. By Lemma 5.3 and
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the fact that g is an isomorphism, we see that V4, g« and therefore ¥4 are
isomorphisms. Applying Corollary 5.2 completes the proof of Theorem 2.4.

Part I1

6. Fiber bundles over spheres. It is well known that equivalence classes
of fiber bundles over the n-sphere S™ with a connected group G are in a 1-1
correspondence with the elements of II,_1(G) [10, p. 99]. If p: E—S*is a
fiber bundle with group G and fiber F, the corresponding element of II,_1(G)
can be obtained in the following manner.

Let p’: E'—S* be the principle G-bundle associated with p: E—S* Let
%o be a point of S* and identify p'~!(xo) with G. Passing to singular complexes,
we obtain a simplicial fiber map S(p’'): S(E")—S(S"). Suppose T: (A*, dA™)
—(S", x) is a characteristic map for S* (i.e. T] Int. A" is a homomorphism)
and T in S.(E’) by requiring that S(p")T=T and d;T=s3""¢, 0<i=<n, e the
0-simplex at the identity of G. Then doT =a: (A™!, dA"1)—(G, e) represents
the element of II,_1(G) associated with p: E—S™,

Let A" be the simplicial subset of A® generated by all simplicies x €A},
¢ <n. (In this paragraph, A" denotes the simplicial set representing the stand-
ard n-simplex.) Define Z*=A"/A" 2 has only two nondegenerate simplicies,
b in 2§ and o, in Z}. Now, considering & as an element of S,_1(G), define a
mapping 7: Z*—S(G) by

—1
‘r(soqb) = 5o e,

1(0m) = «,
Sép—1* * * Sia, 1:1 > 0
T(S." e 3.’10’") = ntr—1 .
50 e, 1:] = 0,
where 4,> - - - >4 It is easily verified that 7 is a twisting function. Since

G acts on F, S(G) acts on S(F) and we can define 2#X, S(F).

THEOREM 6.1. There exist simplicial maps g: Z"—S(S™), f: Z*X, S(F)
—S(E) inducing isomorphisms on homology and giving a commutative diagram

2 X, S(F) 5 s(B)

(6.1) x| 18
>n __g_..._) S(Sn)
where w(x, y) =x.

The following two lemmas will be needed in the proof of Theorem 6.1.
Proofs can be found in [9, p. 39].
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LEMMA 6.2. Let p: E—B be a principal G-bundle. Then there is an action
u: EXG—E mapping fibers into fibers with the property that, restricted to a
fiber, the action reduces to multiplication on the right.

LeMMA 6.3. Let p: E—B be a principal G bundle and suppose G acts effec-
tively on F. Define an equivalence relation ~ in EXF by (xg, y)~(x, gy) and
define p: EXF/~=E—B by p(x, y) =p(x). Then p: E—B is the bundle with
fiber F and group G associated with p: E—B.

Proof of Theorem 6.1. Suppose p: E—S* is a principal bundle and
p: E= EXF/~—S" the associated bundle with fiber F. Let \: EXF—E be
the natural map and define g: 2"—S(S") and f: Z*X, S(F)—>S(E) by

g(sob) = the singular g-simplex at xo,
glss, -+ - sqon) = si, -+ - s, T,
f(sab X 3) = SO (soe X ),
JGsi, o+ v sion X 9) = SM)(si, - - - 50T X ),

where 4,> - - - >4 and yES(F). The verifications that f and g are simplicial
maps are straightforward with the exception dof =fdo. In this case we have

S(X)(S"’_l st si,—lT X dl)y), il = 0’
dof(ss, + - Sirm X 3) = {
of ( 1 y SA)($i,-1 + * + sim1 X doy), i1> 0,

and
SOV (sis -+ 55T X doy), =0,

ntr—1

d Sir"°850nx )= {
faol ' Y SM)(s0o € X si—1 -+ - Siy—1-doy), i1 > 0.

These terms are equal since S(\) (xg, ¥) =SN) (x, gy).

The commutativity of (6.1) is trivial as is the fact that g induces isomor-
phisms on homology. To prove f induces an isomorphism on homology, we
note that f | S(F) is the identity and that f and g induce maps on the standard
spectral sequences of 7:Z"X, S(F)—Z* and S(p): S(E)—S(S"). Thus, by
the comparison theorem, since g and fl S(F) induce isomorphisms on hom-
ology, so does f.

To prove the theorem for principal bundles, we define g as above and f
by replacing S(\) by S(u), u: EXG—E. The remainder of the proof is exactly
as above,

7. The Wang sequences. Applying Theorems 2.4 and 6.1, we know that
the composite

Hx(C(Z") 4@ C(F)) ﬁ Hu(2" X, S(F) 'j}’ Hy«(E)
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is an isomorphism. The following two lemmas tell us that the twisting co-
chain of C(Z")4® C(F) and the map y: C(Z*)4 ® C(F)>C(Z"X, S(F)) have
a very simple form.

LEMMA 7.1. The twisting cochain ¢ of C(Z")¢ @ C(F) has the form
ba(oa) = (—1)"Ha,
¢, = 0, q # n.
LEMMA 7.2. The map ¢: C(Z") s ® C(F)—C(Z"X, S(F)) has the form

YO ®c) =s0b X,
V(ow ® ¢) = 2, (—1)mnwns,0, X susoa 5,0,
where cE C,(F) and the sum is over all (p, n) shuffles (u, v).

The proofs of Lemmas 7.1 and 7.2 are almost identical with the proof of
Corollary 5.5, so we omit them here.

Now, using Lemma 7.1 we see that
7.1) 3s(b ® ¢) = b ® o,
' I(on ®¢c) = (D", ® dc — b ® o~ *¢,

where
a~t*c=uV(a! ® ¢), u:GXF—F.

Define maps A: C(F)—C(Z")4 ®C(F), 1: CE™¢ Q C(F)—C(F) by \(x)
=b®x, n(b@®x+0,®y)=(—1)"y. As is easily seen, \ is a chain monomor-
phism of degree 0, 9 is a chain epimorphism of degree —n, and kernel 7
=image N. Therefore, we have an exact sequence

0— C(F) = C(Z™) 4@ C(F) = C(F) — 0.

Passing to homology, we have an exact triangle
d
Hy(F) ——— Hx(F)
N* Ax

Hy(C(Z™) +® C(F)).

Identifying Hx(C(Z")s ® C(F)) with Hx(E) under the map fss, we obtain
the homology Wang sequence

-+ — H,(F) 1’ Hp-&-n—l(F) i‘; Hp+n—l(E) _g; HP—I(E) >
where jx is induced by j: FCE, {(c)=n«s % (c), and v(c) =(—1)"axc,
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aEH,_1(G) is the homology characteristic class of p: E—S".

Before investigating H*(E), we define a map dual to the product
Hy(G) @ Hy(F)—Hy(F). Consider a in Ci(G), uEC?(F) and define a Au in
Cr~4(F) by the formula (a A\u)(c) =u(a*c), ¢ in Cp—y(F). As is easily verified,
d(aN\u)=(—1)1(a \ou—09a/\u). Therefore, if a is a cycle and « a cocycle,
a/\u is a cocycle and modifying ¢ by a boundary and % by a coboundary
clearly changes a Au by a coboundary. Thus we have a map Hy(G) @ H?(F)
—H?—9(F).

Now, consider C*(E). By Theorems 2.4 and 6.1, and the fact that C(Z")
is finitely generated, C*(E) is chain equivalent to C*(Z")y ® C*(F). Let b* in
Co%(Z"), o™ in C*(Z™) be generators with b*(b) =¢"(s.) =1. Then, from 7.1,
we have

5(0*Q@u) =b*Qou — " Q@ a ' *u,
Ss(c" @ u) = (—1)"%" Q du.

Define maps X: C*(Z")4 Q@ C*(F)—C*(F), and #7: C*(F)—>C*(Z")¢ ® C*(F)
by A(b®u-+e"®v) =u and 7(u) =(—1)"c*Qu. Now, it is easy to see that the
sequence

0 — C*(F) » C*(Z*) 4@ C*(F) —» C*(F) — 0

is exact so, just as above, we obtain the cohomology Wang sequence
'Y* g-* ]‘*
- — H?»(F) — H?—*(F) — H**'(E)—> HP*Y(F) — - - -

where j*isinduced by j: FCE, v*(u) = (— 1)"aAu,and {*(u) =f*~W*~15*(u),
« the homology characteristic class.

8. Products in the cohomology Wang sequence. As a module, C(Z"),
® C(F) is the ordinary tensor product of C(Z*) with C(F), both of which are
D.G.A. coalgebras. Therefore, we can define a module map

A: C(Z™)e ® C(F) — C(Z™)4 ® C(F) ® C(Z")y ® C(F)

by A=(19T®1)(A1®A;) where A; and A; are the coproducts in C(Z") and
C(F) respectively (given by ¢—f(cXc¢), f the Eilenberg and MacLane map)
and T(x®y) =(—1)?%y®x, dim x=p, dim y=gq.

LeMMA 8.1. C(Z™)y QC(F) is a D.G.A. coalgebra with coproduct A defined
above.

Proof. First observe that, for c€C,(F),
A ® a1%¢)

2 - i i n—1)i i - i
=Y [0®a *dmic®b@dc+ (=) "R ic®b® o *dic)].

1=0
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Now,
(06®14+0®3)AO®x+ 0 ®y) =0®1+0w®NAGOx+ 0. ® )
2 - i i nits $ - i
+ 2@« iy @b@dy+ (-1 0@ dny®b®a * dyl
1=0

where 9 is the usual tensor product differential, and w(x) = (—1)?x, dim x=p.
As is well known, (0®14w®0J)A=Ad so

091+ 0®INAG® 2+ ®Y) =20b @2+ 0n ® ) — A(b @ o~ % 9)
= A3;0 @ x+ 0, @ ¥).
THEOREM 8.2. The map fafx: CE™) s @ C(F)—C(E) is a coalgebra map.

COROLLARY 8.3. The map y*f*: C*(E)—>C*(Z")y QC*(F) is an algebra
map.

The proof of Theorem 8.2 will be given in the next section. The corollary
follows immediately from the definition of cup product.

We now investigate the behavior of the maps in the cohomology Wang
sequence with respect to cup products. The behavior of j* is of course very
nice; it is a ring homomorphism. Almost as well behaved is the map v* (see
[6, p. 209)).

THEOREM 8.4. Consider u in H?(F) and v in HY(F). Then
YU v) = y*(u) U v + (—1)=Dey U y*(v).

Proof. Let # and 7 be cocycles representing # and v respectively. Then, for
¢ in C.(F),

(@Y 9))(e) = (=D*@ YD) (a*c) = (—1)"u(% @ 5)A(a*c)
= ()" Y u@ @5 (axdic® doc + (—=1) " dric ® a*dio)
1==0
= (=1 Y u(ala*dire) ® 5(doc) + (—=1) " a(dmrc) ®(c* doc)) .
=0
Since u(dj;ic) =0 for i#p and v(dgc) =0 for i#r—gq, this becomes
v¥(@) U 5 4+ (—1)@Dag U v*(5),
We now turn our attention to the map(%) ¢*.

THEOREM 8.5. Consider u in H?(F) and v in H(E). Then

(%) Theorem 8.5 is an analogue of Massey’s Lemma 1 of [8].
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Hu\J j*(0) = ¢*(w) U,
S Y u) = (=)0 ¥ ().

Proof. Since the second equation follows from the first by the commutativ-
ity of cup products, we only prove the first. By Corollary 8.3 and the defini-
tion of {*, this is equivalent to proving that #*(u\Jj*(v)) = 7*(w) \IY*f*(v).
Let u, in C*(F) be a cocycle representing » and b* ® v; +¢" ® v, in
C*(Z")y QC*(F) a cocycle representing ¥*f*(v). Now, since j*=X**f*,
#*(u\Jj*(v)) is represented by #*(ui\IA*(b*®v;+0"®v;)) which, by the
definitions of #* and A* is (—1)"e"Qu;,\Un,.

Again by the definition of #*, #*(u)\UY*f*(v) is represented by #*(u1)
U(b*®@un+o"®v:) =(—1)"c"®u;\Jv; which proves the theorem.

COROLLARY 8.6. {*H(F) is an ideal in which all products are zero.

Proof. That {*H(F) is an ideal follows immediately from Theorem 8.5.
To see that all products are zero, consider %, v in H*(F). Then

) I ¢*0) = (I **@) =0
since j*{*=0.
CoROLLARY 8.7. Let s* denote the generator of H*(S™) and v in H*(E).
Then {*j*(v) =p*(s™)\Uv.
Proof. Letting u=1 in H°(F), we have
¥ = AU *() = (1) Y

It is easily seen that {*(1) =p*(s"), proving the corollary.
Before closing this section, we note a consequence of Corollary 8.7. Writ-
ing the cohomology Wang sequence as an exact triangle,

,y*
Hy (1’) ———-—)H* (I")
Hy(E)
we see it actually defines an exact couple [7]. Thus we have an associated

spectral sequence with E,=H*(E), E,=H(H*(E), d) where d={*j* By
Corollary 8.7, {*i*(u) =p*(s™)\Ju so

Ey = Aa(p*(s"))/(#*(s")

where A.(p*(s™)) = {uGH(E) with p*(s")Uu=0} and (p*(s™)) is the ideal
generated by p*(s).

9. Proof of Theorem 8.2. Since f is a simplicial map f« is clearly a co-
algebra map. Thus we need only show that the diagram
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C(Z™e @ C(F) —A-> C(Z")e ® C(F) ® C(Z™¢ ® C(F)
9.1) vl A lvy®y

C(2» X, S(F)) = C(Z"* X, S(F)) ® C(Z* X, S(F))
is commutative.

Define a map k: 2*—2*X, S(G) by h(b) =bXeo, h(d.) =0.Xso . Using
Lemma 7.2, it is easily verified that y is the composite

he @1 \v
C(ZMy ® C(F) —— C(2* X, S(G)) ® C(F) — C(Z" X, S(G) X S(F))

X8 i3 ¢, 5(FY).

Thus, the commutativity of (9.1) is equivalent to the commutativity of the
following diagram.

C(3s ® C(F) —— 2 C(27 ® C(F) ® C(27), ® C(F)

@ 1] A 1 ®1 @1
C(Z" X, 8(G)) ® C(F) — C(2" X. S(G)) ® C(F) ® C(Z" X.S5(G)) ® C(F)
(9.2) vl] A lvev
C(Z" X, S8(G) X S(F)) — C(Z" X, S(G) X S(F)) ® C(z* X.S(G) X S(F))
(1 X pa) | A LA X ) ® (1 X p)s
C(z* X, S(F)) ——————— C(Z" X, S(F)) @ C(Z* X, S(F)).

The maps A in (9.2) denote the appropriate coproducts.

To prove (9.2) commutes, it is clearly sufficient to prove that the three
subdiagrams commute. The commutativity of the middle diagram is well
known. (This is essentially the fact that the chain group of a topological
group is a Hopf algebra.) The bottom diagram commutes because 1 Xu is a
simplicial map. To prove that the top diagram commutes, note that
do(o X sea?) = 5370 X 537 "e, so for cEC,(F),

2 - —i i
A(hs ® D@ ®c¢) = z an X Sox ' ® d?-f-lc ® b X e @ doc

=0

2 ni —1 a— 0
+ (D" X e® diic ® 0. X 50" ® duc

=0

2 —3 ¢
= ®1Qh®1)Y (00 ® diric @ b ® duc

=0
+(=1)"b ® diric ® 00 ® doc) (e ® 1 ® he ® 1)A(04 ® ©).
This completes the proof of Theorem 8.2.
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