EXTREME EIGENVALUES OF TRANSLATION
KERNELS

BY
HAROLD WIDOM

1. Let p be an even real-valued function belonging to Li(— ©, «) and
consider the integral equation '

() A | p(Ax — W)y = w(x), || <1.

Denote the positive eigenvalues of (1) by
H1,4 = U4 = -

and let ¥; 4 be a normalized eigenfunction corresponding to the eigenvalue
u; 4. It is the purpose of this paper to determine the behavior of u; 4 and

Y;a as A— = (with fixed j=1, 2, - - - ), of course with appropriate condi-
tions imposed on p.

Set
@ RO = [ evptaa

It was proved in [4] that if R(£) is sufficiently smooth, assumes its maximum
M at £=0 and only at £€=0, and

©) lim ¢*(M — R() = ¢ (0 <¢ < ),
£—0

then

lim A*(M — p;,4) = cn?j?/4.

A—

This result had been conjectured in [1], where the discrete analogue (con-
cerning Toeplitz matrices) was proved. In [5] we considered the case where
(3) was replaced by

lim | £|=+(1 - R@©) = ¢ 0<¢< =),

with p a probability density, so that of necessity 0 <a=<2. It was shown that
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lim A*(1 — u;.4) = eAj!

A-ow»

where
AMZ A2

are the eigenvalues of a certain positive definite kernel K(x, ¥) on (—1, 1).
(The kernel of course depends on a. It is given by (6) below.) Moreover any
sequence of A’s tending to infinity has a subsequence for which y; 4 con-
verges in mean square to an eigenfunction of K corresponding to the eigen-
value \;.

When a=2

1
K y) =— [1 + min(x, )][1 — max(x, 5)]

which is the Green’s function for the operator u—u'’ with boundary condi-
tions #(—1)=u(1) =0. When a=1 the kernel is again elementary. It is
1 | 1—xy+ [(1 — 2)(1 — y)]'

2 1y — [(1— (1 — P

The theorem in this case had also been conjectured in [1].

In this note we remove the restriction a =2. We take as our starting
point a bounded real-valued function R(£¢) and consider the operator T4 on
Ly(—1, 1) defined by

1 ” —ifz E
T = o f_f fR(;)'i(s)df, =] <1,
where
o = J eyt

We assume that for each A this operator is completely continuous. This will
hold if
lim R(¢) =0,
E—bi ©

or if (2) holds for some p&EL, (1=<p <2). In the latter case T4 is the integral
operator with kernel Ap(4(x—1y)) and we are dealing with the equation (1).
The additional assumptions on R are:

4) max R(§) < M (for each § > 0),
1§l >0

(5) lim [£[~*(M —R@E))=¢ 0O<c<o,0<a< »),
£—0
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We shall produce a positive definite kernel K(x, y) whose eigenvalues we
denote by Ai=\;= - - -, and shall prove the following:

THEOREM. Denote the positive eigenvalues of Ta by praZpea= - - - and
let Yj,4 be a normalized eigenfunction corresponding to uj a. Then for fixed j
lim A*(M — pja) = cAjL

A—>»

Moreover each sequence of A's tending to infinity has a subsequence for which
V.4 converges in mean square to an eigenfunction of K belonging to the eigen-
value ;.

In case « is an even integer 2k the kernel K(x, y) will be the Green’s
function for the operator #— (—1)# %) on (—1, 1) with boundary conditions
u®(—=1)=u®(1)=0, 0=I/=<k—1. (This follows from Lemma 3 below.) In
this case the Toeplitz matrix analogue of the theorem was proved by Parter
[3]. In his proof Parter observed that it is enough to show that the limit of
the eigenfunctions is a weak eigenfunction of the formal limit. We use this
idea in our proof.

We shall repeat here a few things already done in [5], notably the deriva-
tion of certain identities involving K. This permits the present paper to be
entirely self-contained.

2. Define, for x, y&(—1, 1) and 0 < Ra <2,

cos ar/2
K(x,y) = T | + — y|** max (0, x — y)
6) ()
( sin ar/2 z (x — )=
—_ (1 —_ y2)al2
x(a) -1 (1 =)=t — y)

The integral is to be interpreted as a principal value if y<x. If Ra=1,
K (x, v) is defined only for x #1y.
Define, for |y| <1, all real x, and 0 < Ra <2 (a1),

Koz, ) sec ar/2 I I .
x,y) =—— | x — y|*
Y or@ Y
tan ar/2 |t — x|t
— 2 (1 — e f d.
27T(a) s (2= 1)e2| 1 — y]

LeMMA 1. We have

K(z, ), | #]

) Koz, y) = { ; o

v 1A

Proof. Assume first that « is real. The function
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(t -— x)a—l
(t2 — 1)a/2
is analytic in 9¢>0, all relevant arguments being taken to lie between 0 and

m. If we extend the function to the real axis by continuity, a simple contour
integration shows

© (t — x)m—l ) e L
® f —w (12— 1)22(t — y) dt = mi(y — 2)*H(y* — 1)7/2

Assume x=1. Then (8) may be written

{ f—l ) /gfl . fz+feo} |t_x|a—l dt
— — enra — ewa
—0 -1 1 z l -1 |“/2(t - y)

= — Tiei-ralz(x —_ y)a—l(l — y2)—a/2.

If we multiply both sides by e=*2/? and take imaginary parts, we obtain
l - xla—l
dt
st (8 = 1)22] ¢t — 5]

sin am/2 = x(x — y)=1(1 — y?)~=i,

This shows Ky(x, ¥) =0 for x = 1. Since Ko(x, y) =Ko(—x, —y) we also have
Ko(x, y)=0 for x < —1. A similar argument applied to (8) with |xl =1 gives
Ko(x, ¥)=K(x, y). Finally the identity (7) for real o implies the identity
for complex e, since both sides are, for fixed x and y, analytic in a.

We leave to the reader the proof of the estimates

le_yl(Rﬁ—l’ Ra < 1,
K(t,y) £ {Blog (1 + |z — 3|, R = 1,
B, Ra > 1,

Of course B denotes a constant which will depend on a.

LEMMA 2. For any o in 0 < Rae <2 we have

1
| £l | K(x, y)eitsdz = eitv
-1
)

gitt
dt.
as1 (2 — 1)2| £ — y|

1
— — (sinar/2)(1 — 'y’)“/’f
T |
Proof. We may assume ®Ga<1. We have

(10) fweifﬂ x — y|o-1dx = 2T (a) (cos ax/2) | £|eitv.

—00

Also,
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. t —_— y ja—1
f“eifxdxf ! Ll dt
-x st (02 = 1)22] £ — y]

eitt Xt :
= f ; dtf eits| x|o1da.
st (22— 12|t — y| —X—t

As X— = the inner integral tends boundedly to 2I'(a) (cos am/2) | EI —«, Conse-
quently

fwe‘f’dxf k]
e st (2 = 1)=2] 2 — |
(11)

eitt

= 2(a) (cos am/2) | £|= f .
| I 1 (e — 1)a/2|t__yl
The identities (7), (10), and (11) give (9).
The analytic continuation of K to ®a>0 is obtained, when x <y, by

successive partial integration of the right side of (6). We obtain, for
a=2k+p (k=0,1, - - ., 02@®B<2),

K(z, y) = 2% sin ar/2 (1 — y2yers
OV T @a—2) - (a—28)

”(1 oy d* (x — f)=! i
-1 atr (1 — §)l*(y — 1)

As for the case x> v, note that Lemma 4 below implies that for real o <2 we
have K(x, y)=K(y, x) for all x, y. Thus we may take as the analytic con-
tinuation of K(x, y) for x>y the continuation found for K(y, x). The reader
can verify that the kernel K(x, y) is bounded if Ra=2.

The extension of (9) is found by successive partial integration. We obtain
(with «, B8, and k as before)

1
| EI“f K(x, y)eitzdx = e'tv
-1
(12)

sin ar/2 etk

Cr(a—2) - - (a— 2K)

(1 — y2)al f (12 — 1)-pi2g dt
1¢1>1 |

t— 1y

where § denotes the operation of multiplication by ¢! followed by d/d:.

We assume henceforth that a is real and positive, and retain the meaning
of kand B: k= [a/2] and B=a—2k. We denote by K the integral operator on
Ly(—1, 1) with kernel K(x, ¥).

LEMMA 3. If fEL, then |3;‘| (Kf) " (§) €EL; for any v satisfying
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0§7§a/21 8=0,
0=svy<(at+8)/2 0<g<],
0=svy<(a+1)/2 g1

If g€ Ly and | £| */*4(§) E L, then
(| &l=®N™, 9 = (f, 9
Proof. From (12) and the definition of § we obtain

k

| E[«B)~® =7®) - X 3 a1mt’ f (1 — ) (3)dy
(13) =0 m==0 -1
sgn ¢

. f ekt — 1) Byl — gy
Je>1 (y — -+t

where the @, are constants. From Schwarz's inequality

1 /0] > o>
(14) (1 =y 2220 gy <4 Bllog(e — 1)1} B=1,
- 7= B(1 — 1)@-vr2 g <1,

for ¢ sufficiently close to + 1. It follows that we may apply Fubini’s theorem
to all the integrals on the right side of (13);

| E|=®N~® =7® — 2 2 armt

l=0 m=0

(15) 1
f et(tr — 1) B t-tsgntd | (1 — y2)P/2
1¢1>1 -1

S
(y — t) l—m+1
Now it follows from (14) that each of the functions

I

1
2 — 1)tsgni | (1 — y2)Brr 2
@ = 1) ant ) (=

belongs to L, for any p in

2
1=2p< min<2,-——>,
? o]

and so [2, Theorem 74] the Fourier transform of each of these functions be-

long to L, for any ¢ in
2
max(2,2——> <g=s .,

Therefore (15) may be written
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|E|*BN~® =7® — A+ | £[9F®

where F(£)EL,. For 8> 0 the first part of the lemma follows upon application
of Hélder’s inequality.
The case 8=0 we treat separately. We obtain from (12) in this case

1
I EI“ K(x, y)eifzdx = e"fﬂ
-1

(—l)k 2 /21 k—1 eift =
1 — yt)aiz— g : )
+2(a—2)---(a—2k+2)( ¥) ! [t — 9| lms

Therefore
| €|=(BN~©®) = 7©® + F©)

where F(£) <B|¢|*, and it is immediate that | £| «/2(Kf) ™= | £| *(Kf) ~EL,.
As for the second part of the lemma, consider such a function g. Then
from (15)

(El®D~0 = (.0 - 3 3 itarm (g“ws),
la=0 me=0
SN L e IO
fl ”>lef(t 1)~8/2% sgn ¢ df _1(1 y2)8! Y T— dy),

and it suffices to show that Parseval’s identity holds for each term in the
summation. As observed above the right side of the inner product is the
Fourier transform of an L, function for any p in

2
1<p< min(2,—).
? B

It is sufficient for the validity of Parseval’s identity that g™ belong to L,
for the same p [2, Theorem 75]. It suffices to show |£|*¢€L,. From the
assumption on g and Hélder’s inequality it follows that | £|*3€ L, for any p in

2
— < p<2
g+1 ¢

We can always find a p common to the two intervals.
LEMMA 4. K is positive definite.
Proof. From Lemma 3 with g=Kf we obtain
(f, K = (| &|=®)™, (KN™) 2 0

so K is positive semi-definite. It remains to prove that Kf=0 implies f=0.
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If Kf=0 then, again by Lemma 3, we have (f, g) =0 for all g's with IEI“”Q
€ L,. Since the set of such g's is dense in Ly(—1, 1) we must have f=0.

LEMMA 5. Let ¢ be an eigenfunction of K corresponding to the eigenvalue \.
Then | £|*12$(§) € Lo; and if gE Ly is such that | £|*/23E€ L, then

(| |, & = X, o).

Proof. This is an immediate consequence of Lemmas 3 and 4.

3. In this section we prove the theorem. We assume it true for all j’ <j
and shall deduce it for j. For simplicity we take M =c=1; the general result
follows easily from this special case.

LEMMA 6.

lim sup A*(1 — wja) S AL
A—w
Proof. It suffices to show that every sequence of 4’s tending to infinity
has a subsequence for which the inequality holds. For each A4 of the given
sequence let ¥, 4 (=1, - - -, j—1) be orthonormal eigenfunctions of T,
corresponding to the eigenvalues u: 4. By our induction hypothesis we can
find a subsequence of A’s such that each yi 4 converges in mean square to
¢r, an eigenfunction of K corresponding to the eigenvalue M\i. Now
. (4T — Ta¥,¥) L
A*(1 — pj4) = min (4 AL (I = identity operator)
W, ¥)
where the minimum is taken over all Y orthogonal to each ¥, 4. Let ¢; be a
normalized eigenfunction of K which corresponds to A; and which is orthog-

onal to each ¢:. (The orthogonality is automatic only if A\; has multiplicity
one.) Then

—1

Y(x) = ¢;(x) — kZ% (b5 Vi, a)¥,a(x)

is orthogonal to each ¥i, 4 and we have
(17) (A% — T, ¥) = (A2 — Ta)dj, ¢5) — 2o A*(1 — pr,a) (5, Yi.4)*
Now

(18) anAm—m»wwmr=Zm%mmv=a
Next,

(19) (MU—hMMPJmMO—RGgmeW.

—

It follows from (5) that
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(in() st
(- (8)- 1

By Lemma 5 we may apply the dominated convergence theorem to the
integral in (19) and obtain

and

(20) lim (4 = T)é5, 99 = f | £|«] 6,0 [*dE = A7

—o0

From (17), (18), and (20),
lim (4°(1 — Ta¥,¥) = N7.

A—>w
Since

lim (¢,¥) = 1 = lim > (B Yea)? =1

A—-»

the lemma is proved.

LEMMA 7. Any sequence of A's tending to infinity has a subsequence for
which

lim A*(1 — pj4) = AL

A- =
and for which Y; 4 converges in mean square to an eigenfunction of K corre-
sponding to \;.

Proof. Let ¢ 4 (=1, - -, j—1) be normalized eigenfunctions of T4
which correspond to ui,4 and which are orthogonal to ¥, 4. Pick a subsequence
of A’s such that ¥, 4 converge in mean square to ¢, and such that ¥; 4 con-
verges weakly to a function f. We show that y; 4 converges in mean square.
(This is essentially Lemma 1 of [5]. We repeat the proof here.) It suffices to
show (f, f)=1. We have

Bja = f_:R (’:ij) | $5.4(8) | dt.

Pick a A>0. It follows from (4) and (5) that for 4 sufficiently large we shall

have
3 A~

NP
R(A)_l 24« &l > 4,

and, by Lemma 6,
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I‘i.A;l")\jAa‘
Therefore
1-—x AI%.A(E)IMH(I——AL) [ Tha e
\jAe - 242/ J 1g>a
. _i_l_ Ae (A

. 2
YPRECYT _Al ¥5.a(8) g,

fAI'ﬁ @dez 1 - —
-A d - AjA )
Since ¥;,4 converges weakly to f, ¥;.4 converges boundedly to f, so
A f 4
ez 1 — .
f —A| ® | ! A;A

]

Since this holds for all A we have
[ 1@z 1

and the mean square convergence is established.
Let g€ L, be such that | £|*/23€ L;. We have

@) 4t = mtiae = [ 421 - B(2)) braopera
Choose a subsequence of 4’s so that

lim A"(l - [.tj,A) = A.

Ao

(Observe that by Lemma 6 A <\;') Then the left side of (21) approaches
A(f, g). As for the right side, note that the functions

(22) {a(1-x( )} v

have uniformly bounded L, norm since
® £
(23) f A«(l - R(j»l ¥ia(®) |70t = A%(1 — pj0) S 24

for sufficiently large A. Thus we can find a subsequence of A’s so that (22)
converges weakly. Since it converges everywhere to IEI"”f(E) it follows,
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using Egoroff's theorem, that it converges weakly to IE[““ 7(£). But since

| £ «123(8) €L,
im {42(1= R(E))} 80 = [eln2@  (mean squaro).

A—®

Thus (21) gives
(24) 209 = [ el

It follows from (23) and Fatou’s lemma that
(25) [T1eleli@ e < .

Put g=¢; (I=1, 2, - - - ) in (24). From (25) and Lemma 5 we obtain
A(f, 1) = N\TU(f, ¢0).

It follows from the completeness of the ¢’s that f=¢,; (apart from a multi-
plicative constant) and A=\;! for some /. It remains to show that we may
take /=7, i.e., that \;=\;. By Lemma 6 we have \;=)\;. On the other hand
since ¥; 4 is orthogonal to Y, 4 (=0, - - -, j—1), f is orthogonal to ¢:. Thus
M =N,

Lemmas 6 and 7 give the theorem.
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