PARTITION FUNCTIONS WHOSE LOGARITHMS
ARE SLOWLY OSCILLATING()

BY
S. PARAMESWARAN

I. INTRODUCTION

“Let A be a denumerable set of distinct positive numbers without finite
limit point. Then the elements of the set can be arranged in a sequence
A <N <A< - - -, where \; tends to infinity with k. Let 0=po<p; <po< - - -
be the elements of the additive semi-group generated by A. Consider the
weighted partition function p(v,) defined by the generating function

) = IL( = 40 = 3 pG)e,

kw1 m==0

where (k) is a function on the positive integers into the non-negative reals
such that the sum and product are both convergent for all positive s. (Actu-
ally convergence of either the sum or the product implies convergence of the

other.) Here
© (k) + mp — 1
pr)= X 11 ('P( )+ )

miN+mghet - ¢ cmpy k=1 my

where the summation is taken over non-negative integers m; and is finite.
(The kth factor in the product is 1 for all & for which \:>;, since then m;
must be zero.) When ¢/(k) =1 for all positive integers k, p(¥;) is just the num-
ber of unrestricted partitions of »;into parts taken from the set A.” [12, p. 346]

1.1. Basic relation between n(x) and P(u). Letting n(u) = D> a,su (&),
we have

log /(s) = 3 W(k)-log (1 — &)1 = ilﬁ(k)-Sf: e

k=1 k=1 & 1 — e

L e—l“ 0 e—cu
sf ——-—{ > n[z(k)} du = sf ———— n(u)du.
A 1 —¢ Aksu A 1 — e

1 1
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Now, letting P(u) = E,‘,éu p(».), we have

> pom)emm = 3 pom)-s f —y
m=0 m=0 v,

'm

sf e **P(u)du.
0

Il

Thus we have the following basic relation between the functions n(x) and
P(u)

(1) exp{sj~°° 1_8—:au n(u)du} = sfwP(u)e"-’“du.

1.2. History and statement of the problem. E. E. Kohlbecker [12] has
proved that “an asymptotic relation of the form n(x)~u=L(u) as u—+ o,
where « is a positive constant and L is a slowly oscillating function in the sense
of Karamata [10], is equivalent to an asymptotic relation of the form
log P(u) ~u/@*+V L (u) as u—+ «, where L, is a slowly oscillating function
related to L by a certain implicit formula which can be solved for L, in the
cases usually encountered.” For an illuminating discussion of some of Kohl-
becker's results see de Bruijn [4]. Special cases of Kohlbecker's results had
been obtained earlier by Hardy and Ramanujan [9], Knopp [11], Erdés [7],
and Brigham [2].

The object of this paper is to consider the case where aa=0. Here we show
that an asymptotic relation of the form n(u#)~L(u) as u—+ «, where L(u)
is a slowly oscillating function, implies an asymptotic relation of the form
log P(u)~[M*(u)]~* as u—+ «. Here M*(x) is a slowly oscillating function
related to M(x) = f;(L(u)/u)du, and hence to L(x) ultimately, by means of
an implicit formula, which can be solved for M* in the cases usually met with;
more specifically, M* is the conjugate slowly oscillating function to M in the
sense of N. G. de Bruijn [4]. We have been able to make the deduction in the
reverse direction only under further hypotheses on L(u).

The definitions of #(x#) and P(u) in §1.1 show that these functions are
obviously nondecreasing and also that, if #(#)~L(«) as u—+ « for a slowly
oscillating function L(u), then at the very least lim inf, .4, L(%) >0 and so
lim, et Ja(L(w)/u)du=+ . The deduction of the asymptotic formula for
log P(u) from that for n(u) uses, in addition to the basic relation (1), only
the fact that f;(L(»)/u)du—+ » with x and the monotonicity of P(x). In
arguing in the opposite direction we naturally need, besides the basic relation
(1), the monotonicity of () and the fact that [7(L(x)/u)du—+ « with x,
but in addition our argument requires the further condition that there exist
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a differentiable function J(x) such that J(x) ~ L(x) as x — + o and
x(J'(x)/J(x)) is nonincreasing. This latter condition is satisfied automati-
cally by almost all familiar slowly oscillating functions.

More generally, we could forget the original interpretation in terms of
partitions and start merely with (1), where n(%) and P(u) are functions on the
non-negative real numbers such that [¥(n(u)/u)du and [EP(u)du exist in the
Lebesgue sense for every positive R. Then, if L(u) is a slowly oscillating
function, M(x) = [7(L(u)/u)du—~+ » with x, and M* is as before, we obtain
the following:

(i) If n(u)~L(u) as u——+ » and P(u) is nondecreasing, then log P(u)
~[M*(u)] as u—+ .

(ii) If log P(u)~[M*(u)]~* as u——+ » and if #(«) is nondecreasing, then
n(u)~L(u) as u—+ o, provided L(x)~J(x) as x—+ «, where J(x) is
differentiable and x(J’(x)/J(x)) is nonincreasing.

Most of our results will be stated and proved for functions n(x) and P(u)
satisfying the foregoing conditions and we shall specialize to the case of par-
titions only at the end of the paper. For this case the conditions of integrabil-
ity are immediate.

To prove (i) we go from the assumption on n(u) to a resulting property
of the generating function f(s) by an Abelian argument (Theorem 1) and then
from this property of f(s) to the assertion about P(%#) by a Tauberian argu-
ment (Theorem 3). To prove (ii) we go from the assumption on P(x) to a
resulting property of f(s) by an Abelian argument (Theorem 4) and then
from this property of f(s) to the assertion about #(#) by a Tauberian argu-
ment (Theorem 2).

II. SLowLy OsSCILLATING FUNCTIONS

Here we assemble some definitions, results, etc. from [4], which we require
for the ensuing sections.

2.1. Definition and properties of slowly oscillating functions. A positive-
valued function L(x) defined for x 2 a, where @ is some positive number(?), is
called slowly oscillating if it is measurable and if for every ¢>0 we have

L(cx)
L(x)

—1 as x— 4+ o,

This notion, with restriction to continuous functions, is due to Karamata
[10]. For the general case of measurable functions see [6; 13]. The most
important properties of slowly oscillating functions are as follows.

(i) If 0<b<d< + =, then the relation (L(cx)/L(x))—1 as x— -+ « holds
uniformly with respect to ¢ for b<c<d [6; 10; 13].

(2) Throughout we assume a to be some positive number.
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(ii) There exists a continuous function &(x) such that 8(x) has limit zero

and
L(x)-exp{—j;za(u)-u‘ldu}

has a finite positive limit as x— - . If L(x) is in addition nondecreasing then
there exists a continuous non-negative function §(x) with these properties.
In fact the assertions of (ii) follow from (i) upon taking

x x
8(x) = 6{log L(ae™+') — log L(ae")} {log— - n} {n +1—log _}
a a

for ae» Sx Zaer+!, where n=0, 1, 2, - - - (cf. [4, §4]).
Moreover, if a positive-valued measurable function L(x) on [a, ©) has
the property that there exists a continuous function 8(x) such that 6(x) has

limit zero and
L(x)-exp {—-— f o(u) ou“du}

has a finite positive limit as x— -+ «, then L(x) is automatically slowly oscil-
lating.
2.2. Two lemmas concerning slowly oscillating functions.

LEMMA 1. If M(x) = [ZL(t) -t~'dt, where L(x) is a slowly oscillating function
defined for x Za, then

. M(cx) . + JeS 0
— — ©
(i) nGe) as x s for any fixed ¢ > 0,
M(x)
(ii) — 4 o as x— + o,

L(x)

Proof. Assertion (i) is trivial if M(x) has a finite limit as x—+ ». If
M(x)—+ »© as x—+ o, we have by I'Hospital’s rule

M(ex) f Liet)-¢at L) L)
1m =

i
P ) f L(t)-t-dt

Thus (i) is proved.

Given any positive number 4, however large, we can find a positive num-
ber k such that (1/2) log k> A. Now by (i) of §2.1 (with b=1/k and d=1),
we have for sufficiently large «,
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z z 1 z
M(x) =f L(2)-tdt >f L(t)-t'dt > —2— L(x)‘f tdt
a z/k 2k

1
= 7log k-L(x) > A-L(x).

Therefore M(x)/L(x) > A for sufficiently large x. Since 4 is arbitrary,
M(x)
L(x)

— 4+ o as x —> 4+ =

so that (ii) is proved.
LeEmMA 2. If L(x) is a slowly oscillating function defined for x Za, € is an
arbitrary positive number, u is sufficiently large, and xZu, then
xL(x)
uL(u)

Proof. By property (ii) of slowly oscillating functions there is a continuous
function 8(x) such that §(x) has limit zero and a positive number K such that

lim L(x)-exp{— j; z&(u)u"‘du} = K.

z—+4

Thus for u sufficiently large and x =, we have 8(x) > —1 and
K(1 — (¢/2) < L(x)-exp{—f 6(1)1“dt} < K(1 4 (¢/2)).
Then for x=u, we have

#L(x) x(1 — (¢/2)) exp{ﬁzé(t)t‘ldt}

uL(u)

u(1 + (¢/2)) exp{ f “6(t)t“dt}

>(1—¢ exp{f:(l + B(t))t“dt} >1—e

2.3. Pairs of conjugate slowly oscillating functions. The following result
and nomenclature are due to N. G. de Bruijn [4].

If M(x) is slowly oscillating, then there exists a slowly oscillating function
M* such that

M*(xM(x)) - M(x) =1 as x — + o,

(2)
M(xM*(x)) - M*(x) > 1 as x — + .
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Moreover, M* is asymptotically uniquely determined. Further, the relation
M—M* is involutory in the sense that M and (M*)* are asymptotically
equivalent. The function M* will be called the conjugate of M.

The proof of the preceding result can be found in de Bruijn’s paper [4].
We shall need the following more specific result. The proof that follows is
essentially due to de Bruijn [4].

LeMMA 3. If M(x) is a nondecreasing slowly oscillating function, then there
exists a nonincreasing slowly oscillating function M*(x) such that (2) holds.

Proof. By (ii) of §2.1 we can find a continuous non-negative function 7(x)
defined for x Za such that 9(x) has limit zero and

M(x)-exp {— f: 10)] ~t“dt}

has a finite positive limit C as x—+ «. Put
f(u) = u +f 7(t) - ¢~ 'dt for = log a.
Then f'(u) =14n(e*) =1 for all # and f'(u)—1 as u—+ . It follows from

the inverse function theorem that there is a unique function g(v) defined for
v2=log a such that

2(f(w)) = u for u = log a,
flg(®)) = for v = log a,
g has a continuous derivative g/,

0<gl =1 for v = log a,

and
g@) o1 asv— + o,

Put g'(v) =14+9*(e*) for v=log a. Then #*(x) is a nonpositive valued, con-
tinuous function defined for x Za such that n*(x)—0 as x—+ «. Then it is
easily verified that if we put

M*(x) = %exp{ﬁzn*(t)~t‘ldt} ,

then M* is a slowly oscillating function with the desired properties.

Finally we make some remarks on conjugate slowly oscillating functions,
which will give an insight into the nature of M* when M is a slowly oscillat-
ing function of a familiar type, e.g., see Corollaries I* and I** in §IV. Ac-
cording to de Bruijn, these remarks are essentially due to A. Békéssy [1,
Hilfssatz 2]. Let M(x) be slowly oscillating. Put M;(x) = M(x),
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It is easy to show that each M, is slowly oscillating. If, for some 7, we have
Muu(x)~M,(x) as x—+ o, then M*(x)N{ M. (x) }“1 as x—+ . For,
Mpia(x)~M,(x) as x—+ « implies that

x 1
M(Mn(x)>.M”(x) = Mn+1(x)’{M"(x)} —1as x— + ®,

and now the fact that M*(x)~{ M.(x) } ! as x—+ = follows from the asymp-
totic uniqueness of M*(x), by de Bruijn’s result quoted above.
II1. SoME AUXILIARY THEOREMS

In the introduction we stated that the deduction of the asymptotic for-
mula for log P(%) from that for #n(%) and vice versa are achieved not by a direct
method but by the introduction of the generating function f(s) as a stepping
stone. Here we establish the connection between n(u#) and log f(s) first and
then proceed to get the connection between log f(s) and log P(u).

3.1. The connection between n(x) and log f(s).

TuEOREM 1. If [E(n(u)/u)du exists in the Lebesgue sense for every R>0, and

f(s) = exp {s fo ) I —e—:m n(u)du}

for all positive s, then the relation

n(u) ~ L(u) as u— + o

implies the relation

1/s L(u)
logf(s)wf Tdu as s — 0,

provided that L(x) is a slowly oscillating function defined for x Za such that
= L(u)
f ——du— 4 o as x— + o,
« U

REMARK. We prove the theorem in two stages in order to emphasize the
hypotheses used in each section of the argument and to keep the analogy
with the Tauberian counterpart of the theorem closer.

TuEOREM IA. If [B(n(u)/u)du exists in the Lebesgue sense for every R>0,
then the relation

n(u) ~ L(u) as u— + «©

implies the relation
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xr z L
f ) d“~f -—(—i-‘-)-duas x— 4+ o,
provided that L(u) is a slowly oscillating function defined for x2a such that
f:(L(u)/u)du—>+ 0 @5 X— ©.

Proof. Immediate by I'Hospital’s rule. Next, we proceed to the second
stage.

THEOREM IB. If [&(n(u)/u)du exists in the Lebesgue sense for every R>0,

and _
f(s) = exp {s f ° n(u)du}
0o 1 —¢

for all positive s, then the relation

= n(u)
f ——du~M(x) as x> + =
0 %

implies the relation
log f(s) ~ M(1/s) as s— + 0,
where M(x) is a slowly oscillating function defined for x = a.

Proof. For brevity we write

I(u) =foun(t)-t“‘dt and E(@) = -

et —

Then we have

log f(s) f E(su) _ du

Il

s f E'(s0)[(w)dus = fo "B (a5 dx
0
since E(0+) = —1, I(0) =0, and E(¢) is exponentially small for large ¢.
According to [5, Lemma 1], we have
I(xs™Y)
I(s™)
and by the Arzela-Lebesgue theorem, we find that

f E’(x) ( _l) f E'(x)dx = 1,

< Cle)(x* + 279

whence
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log f(s) ~ I(s7!) as s > + 0.
Further
I(x) ~ M(x) as x > + o,

Hence the theorem.

Proof of Theorem I. If in Theorem IB we take M(x) = [7(L(%)/u)du, where
L(u) is as in Theorem I, then Theorem I is immediate from Theorems 1A
and IB.

The Tauberian counterpart of Theorem I is the following.

THEOREM I1. If [B(n(u)/u)du exists in the Lebesgue sense for every positive

R,
N 0 e—au
f(s) = exp{sf n(u)du}
o 1 —e

for all positive s, and n(u) is nondecreasing, then the relation

e L(u)
logf(s)~f Tdu as s—0

implies the relation
n(u) ~ L(u) as 4 — + =,

provided L(x) is a slowly oscillating function defined for x =a such that

L(x)NKexp{ft i(l)-du} as x— + o,

u
where 0 is a nonincreasing function and K is a positive real number.
We give the proof in two stages.

THEOREM 1IA. If [Bn(u)u='du exists in the Lebesgue sense for every positive

R,
f(s) = exp{sfuo I e"': n(u)du}
0 — € U

for all positive s, and n(u) is nondecreasing, then the relation

1
log f(s) ~ M(—) as s— 0,
s
implies the relation

= n(u)
f ——du~ M(x) as x> + oo,
0

u
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provided that M(x) is a nondecreasing slowly oscillating function defined for
x2a.

The assumption that M(x) is nondecreasing is not really needed, but in-
volves no loss of generality, since M(1/s)~log f(s) and f(s) is monotonic, in
view of the monotonicity of n(u).

Proof. Define N(u) = Y =_, (1/m)n(u/m). This exists, since

1 u © 1 u _ v n(f)
Son(2)s] :"(:)d"‘fo -

the non-negativity of #(x) being implied by the hypothesis. Clearly N(u) is
a non-negative, nondecreasing function of ». Now

log f(s) = sf°° N -e::‘_m n(u)du

Z ‘"’“‘n(u)du
m=1
1 u
= E s e“" —n (——) du
m=1 0 m m

=s f e N (u)du.
0

To this last expression we apply a Tauberian theorem of Karamata [8,
Theorem 108] and obtain

3) N(u) ~ M(u) as u — + o,

Next we put I(u) = [¢n(t)-t'dt. Then, since n(x) is nondecreasing,

=" QLussa (%)logm+l<)w:—n(m)=zv(u).

m=1v u/(m+1) ! m=1 m=1 M

On the other hand, since 7(u) is nondecreasing,

Iew) = f"‘ @d _f“‘ n(t)d - i ul (m—1) ”_itzd

m=2"¥ y/m

"(“)f —+,,§2 ( )log ml

n(u) + Z— n(:) = N(u).

m=2 m

v

v

Combining the two inequalities, we get
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u
NG 2 16 2 (%),
e
Since M (u) is slowly oscillating, we have by (3)
u u
N(u) ~ M(u) NM(—) ~ N(—) as u — +
e e
and so
I(u) ~ M(u) as u— + .
Next we turn to the second stage.

THEOREM 11IB. If [fn(u)u—'du exists in the Lebesgue sense for every positive
R, and n(u) is nondecreasing, then the relation

E :vL
f Mdurwf ﬂciuasx—»—l-w,
0 a

u u
implies the relation
n(u) ~ L(u) as u— + o,

provided L(x) is a slowly oscillating function defined for x=a and subject to
the further condition that

L(x) ~K exp{jj&(u)u—‘du} ,

where 8(x) is a nonincreasing function and K is a positive real number.

Proof. Put
) JO-rdi=y, I@ =4G), ) = f0),

whence dy/dy=06(x). Then the theorem becomes:
If Y’ (y) decreases to 0, if f increases, then

f e ds~y implies f(y) ~¥(y) as y— =.
o ¥(s)

The proof can be imitated from the well-known case where y(s) =1 identi-
cally.
The condition that ¢/(y) decreases to 0 can be replaced by a weaker one,

viz. that wW/(y)/¥(y) is bounded. This means that in the original version of
Theorem IIB the condition that 8(x) is nonincreasing can be replaced by
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5(x) f 7)1t = 0U ().

Theorem II follows from Theorems IIA and IIB.
3.2. The connection between log f(s) and log P(u).

THEOREM II1. Suppose that (i) f(lfP(u)du exists in the Lebesgue sense for
every positive R, (ii) f(s) =s[g P(u)e~**du for all positive s, (iii) (M(x), M*(x))
form a pair of conjugate slowly oscillating functions, each defined for x 2 a, say,
(iv) M(x) s nondecreasing, and (v) P(x) is nondecreasing. Then the relation

log f(s) ~ M(%) as s — 0,

implies the relation
log P(u) ~ [M*(w)]~ as u— + .

The assumption (iv) is not really needed, but involves no loss of general-
ity, since M(1/s)~log f(s) and f(s) is monotonic, in view of the monotonicity
of P(x).

Proof. The theorem is immediate if M(x) has a finite limit as x—+ «.
Thus we shall assume throughout the rest of the proof that M(x)—+ « as
x—+ o,

Since adding a positive constant to P(x) merely adds a constant to f(s),
we may assume P(u) =0 for all positive #. Then for >0, s>0, we have,
since P is nondecreasing,

Plu)e s = s f wP(u)e“”dx

<s f P(x)e—*=dx.
Further, since P(x) 20 for x>0, we have
P(u)e** < sf P(x)e*2dx = [(s).
0

Then, for a given positive e(<1/235, say), by hypothesis on f(s), we have for
all positive # and sufficiently small s,
1
P(u) < exp{ 1+ e)M(—) + su} .
s

For fixed ¢, we may take 1/s=uM*(u)/e, provided u is sufficiently large.
Then, for sufficiently large #,
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uM*(u)

P(u) <exp{ 1+ e)M( ) + e[M*(u)]—l}

< exp{(1 + M (uM*(w)) + [M*(w)]'},

since, for sufficiently large u

M(“M:(“)) < (1 + O M(uM*(w)).
Again, since
M(uM*(u)) -M*(u) > 1 as 4 — + =,
we have, for sufficiently large «
M(uM*(w) < (1 + o [M*(w)].

Then the above result reduces to

P(u) < exp{(1 + *[M*(w)]™* + [M*(w)]~'}
for sufficiently large u. Since €e<1/25, we get
@ P(u) < exp{(1 + 5 [M*(w)]},

for sufficiently large u.
Now we proceed to get a lower estimate for P(u) for large u. For this we
consider,

f(uMl*(u)) - uMl*(u) (fou + £2“ + 2:) Ple) exp{ B uMg’c"(u) } o

= Jl(u) + Jz(u) + ]3(%)
First of all, using (4), we get, for sufficiently large #«,

1 0
uM*(u) fzu -exp {(1 + 56)[M @] - uM*(u)} ax

3 1 °° % B (1 + Se)uM*(u)
~ . P f uM*(u)[l ) ]}d"

Now, by Lemma 2, we have, for x = 2u«, and « sufficiently large,

aM*(x) 2 (1 — €2uM*Q2u) = (1 — €)? 2uM*(u)

]3(%) <

and so

M* 1 5
uM*(u) <

= <
*M*(x) 21— €2 8
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Therefore, for x=2u and u sufficiently large,
1 4 Se)uM* 1455 1
_ (1 +359u (14)21_(+e)>

xM*(x) 8 4

Hence, for sufficiently large #,

1 ® x
Ji(u) < exps ——— dx < 4
(@) uM*(u) J 2, p{ 4uM*(u)}

Next, for sufficiently large %, we have

1 2u x
70 8 s [ e { (1 4+ ol - s

S apge P L+ 590+ ol . exp(_

[August

uM*(u) ) o,

since [M*(x)|"'<(1+€)[M*(u)]* for u<x=<2u, provided u is sufficiently

large. Hence, for sufficiently large u,

To(w) < exp{(1 + T) [M*w)]~* — [M*(w)]~}
< exp {Te[M*(w)]}.

Thus, for sufficiently large # we have

Jo(u) + J3(u) < exp {7e[M*(u)]‘1} + 4

S
(5) < exp{8¢[M*(w)]-1}.

Now, since P is non-negative and nondecreasing,

P(u) = s f “P(u)e‘“dx

= f P(x)e**dx
0

for any positive s. In particular,

P(u) = Ji(u) = f( ) — Jo(u) — Js(u).

uM*(u)

By hypothesis on f(s), we have, for sufficiently large u,

1
f( “M,(u)) > exp{(1 — 9M(uM*(u))}.

Since
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MuM*(u)) -M*(u) > 1 as u — + o,

we have

©) f( ) > exp{ (1 — 20 [a*)]1}

uM*(u)

for sufficiently large u. Using (5) and (6), we get

20 2 /(e ) = 1) + 710

> exp{(1 — 26)[M*(w)]~} — exp{8e[M*(u)] 1}
for sufficiently large ». Hence, for sufficiently large «,
(7) P(w) > exp{(1 — 39 [M*w)]}.
Combining (4) and (7), we get
log P(u) ~ [M*()]™* as 4> + o,

which proves Theorem III.
The following is the Abelian counterpart of Theorem III.

THEOREM IV. Suppose that (i) [FP(u)du exists in the Lebesgue sense for
every positive R, (ii) f(s) =s[5 P(u)e=** du for all positive s, (iii) (M (x), M*(x))
form a pair of conjugate slowly oscillating functions, each defined for x Za, say,
(iv) M(x) is nondecreasing. Then the relation

log P(u) ~ [M*(w)]* as u— + o,

implies the relation

log f(s) ~ M(%) as s — 0.

Proof. As in the proof of Theorem I1I we may assume that M(x)—+ = as
x—+ o, By Lemma 3 we may assume M*(x) to be nonincreasing. We may
also assume P(x) =0 for x>0(%). Let € be a given positive number (<1/25,
say). Then, by hypothesis, we have

P(z) 2 exp{(1 — §[M*(x)]"}
for sufficiently large x. Hence, if # is sufficiently large,
() It easily follows from the assumptions of the theorem that P(u#)— « as u— «, whence

f(s)—> ® as s—0. Since adding a positive constant to P(#) merely adds a constant to f(s), we
may assume P(#)>0 for all positive .
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ule
fs&)=s f P(x)e**dx

> sful¢ exp{(1 — )[M*(x)]~! — sx}dx

v

ule
exp{(l - e)[M*(u)]‘l} -sf exp(—xs)dw,

since M*(u) = M*(x) for x = u. Hence, for sufficiently large «,
/() Z exp{(1 — 9[M*w)]7* — us}{1 — exp[—(1/e — 1)sul}.

Now, for a fixed ¢, we may take

1 1
u=e—M<—),
s 5

provided s is sufficiently small. Since M(x)—+ « with x and us=eM(1/s),
we note that us— -« as s—0. Hence, for sufficiently small s,

er(o-m o (T ()
en(i-ms o (L - (),

since (M*(x)/ M*(ex)) >1—¢ for sufficiently large x, by the definition of a
slowly oscillating function. From the fact that

1 1 1
M*{—M(—>}0M(——)—-—>1 as s — 0
s s s

we get, for sufficiently small s,

T > 02,
9 2 exp {(1 — 2901 - oM (%) M (i)}

for sufficiently small s. Since € <1/25, we get, for sufficiently small s,

f(s)

Iv

[\

Hence

®) 70 2 e {0 - Se)M(%)} .
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Next we proceed to obtain the estimate from above. Here again, we split
f(s) into three parts,

(/)M (1/8) (2/8)M (1/8) ©
f(s) = S(f =+ + )P(x)e‘“dx
0

(1/8)M(1/s) (2/8)M(1/s)
= J1(s) + J2(s) + Js(s).

By hypothesis on P(u), for sufficiently small s, we have

(2/8)M (1/s8)
Tals) = s f P(x)e=+dx
(

1/8)M (1/s)

(2/8)M (1]s)
=< sf exp{ (1 4+ ¢ [M*(x)|~! — xs}dx
(

1/8)M(1/s)

1 1 -1 ®
=< sexp ((1 + ¢ [M {TM(T)}] )f(mm“m exp(—as)dx,

since [M*@x)]"'< (1 +¢ [M"‘{(l/s)M(l/s)}]"l for (1/s)M(1/s) < x
=(2/s)M(1/s), if s is sufficiently small. Hence for sufficiently small s,

el )] )
exp {(1 + 56)M<%> _ M(%)}

since [M*{(1/s)M((1/5))} "' <(1+€)M((1/5)) for sufficiently small s.
Hence, for sufficiently small s,

Ja(s) < exp{(Se)M(—i—)} .

Next, by hypothesis on P(u), for sufficiently small s, we have

]2(3‘)

I\

IIA

L]

Ji(s) = sf( e exp{(l + [ M*(x)] — xs}dx
2/8)M (1/8)

© 1 +
=sf exp[—xs‘l———————*e }]dx
(2/8)M (1/5) 1 xs M*(x)

Now, by Lemma, 2, for x = (2/s) M(1/s) and s sufficiently small, we have
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2 1 2 1
aM*(x) > (1—¢ (—) M(—-—) M* {——M(—)
s s s s
2 1 1 1
> a0 (3)u(T) e L (D))
s s s s
2
>—(1—¢?
s
by the definition of M*. Hence, in the preceding integral
8
2sM*(x) > 2(1 — ¢)® > 3

for sufficiently small s, since €<1/25; and so for x=(2/s) M(1/s)
1+e>1_5(1+e) 1

)

B asM*(x) 8 4

for sufficiently small s. Hence, for sufficiently small s,

© )
Ji(s) S sf exp(——-—)dx
(2/8)M(1/2) - 4

< 4.

Thus, for sufficiently small s,

Ja(s) + Ji(s) < exp {SeM (-—i—)} + 4

confer(D).

(1/8)M (1]s)
Ji(s) = s f P(x)e=dx
0

9)

Now

o (1/8)M(1]e)
=3 f P(x)e**dx + s f P(x)e**dx,
0 ¢

0
where # is chosen such that
P(u) < exp{(1 + ¢ [M*(u)]} for u = .
Then, if s is small enough so that (1/5s)M(1/s) >t,, we have
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(/)M (1/8)

Ji(s) £ sf mP(x)c‘"dx + sf exp{ (1 + ¢ [M*(x)]~! — xs}dx

ciren(o o ()l

where K is the maximum value of P(x) on the interval [0, f,], since
M*{(l/s)M(l/s)} S M*(x) for to=<x<(1/s)M(1/s), by the monotonicity of
M*, Hence for sufficiently small s,

osssa(us )T
con(o [T )

i () () o
e (DT s ()

for sufficiently small s. Hence

Since

(10) 70 5 e {1+ 4e)M(%)}

for sufficiently small s. Combining (9) and (10), we have
(s) = Ja(s) + Ja(s) 4+ Js(s)

< exp{(1+ 40 (3)} +ewfon(5)}

for sufficiently small s. Hence, for sufficiently small s,
1
(1 79 s e+ sane ()}
s
From (8) and (11) it follows that
1
log f(s) ~ M(——) as s >0,
s

which is the conclusion of Theorem IV.
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IV. THE MAIN THEOREM AND ITs CONSEQUENCES
4.1. The Main Theorem itself.

MAIN THEOREM. Suppose that
(i) n(w) and P(u) are functions on the non-negative reals and that [Fn(u)
u='du and [EP(u)du exist in the Lebesgue sense for every positive R,
(ii) exp{sfye—*/(1—e=) n(u)du} = s[3 P(u)e~**du for all positive s,
(ili) M(x) is defined by M (x) = [ZL(u)-u—'du, where L(u) is a slowly oscil-
lating function defined for u=a,
(iv) (M(x), M*(x)) form a pair of conjugate slowly oscillating functions, and
V) M(x)—>+ « as x—+ «.
(A) If n(u)~L(u) as u—+ » and P(u) is nondecreasing, then log P(u)
~[M*(w) ] as u—+ .
(B) Suppose L has the property that

L(u)~Cexp{ f ua(t)-l“dt},

where 0(u) is nonincreasing, i.e., suppose L(u)~J(u) as u—+ o, where J(u)
is differentiable and u(J'(u)/J(u)) is nonincreasing. Then if

log P(u) ~ [M*(w)]~! as u— + <,

and n(u) is nondecreasing, it follows that
n(u) ~ L(u) as u— + .

Proof. Lemma 1 guarantees that M(x) (cf. (iii)) is itself slowly oscillating.
The existence and asymptotic uniqueness of M*(x) for a given M is guaran-
teed by de Bruijn’s result mentioned in §2.3. Further the monotonicity of
M(x) follows from the fact that L(x) is positive for x =Za.

Now, (A) follows from Theorems I and III and (B) follows from Theo-
rems [V and II.

REMARK. The supplementary condition in (B) is needed only in going
from I(u) = [on(f)t-'dt to n(u), that is, in proving Theorem IIB. If we con-
sider merely the relation between I(x) and P(u), we have the following more
symmetrical result.

WEAKER FORM OF THE MAIN THEOREM. Suppose that hypotheses (i), (ii),
and (iv) of the Main Theorem hold and that M(x) is nondecreasing.

(A") If fen(t)t'dt~M(u) as u—~+ o and P(u) is nondecreasing, then
log P(u)~[M*(u)]~! as u—+ .

(B’) If log P(u)~[M*(u)]! as u—+ = and n(u) is nondecreasing, then
Jon(O)ttdt~M(u) as u—+ .
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Proof. (A’) follows from Theorems IB and 111, while (B’) follows from
Theorems IV and IIA.

4.2. Consequences of the main theorem in partition problems.

In the case of partitions the functions n(#) and P(ux) are automatically
nondecreasing and trivially satisfy the required conditions of integrability.
Thus we have the following.

COROLLARY 1. Suppose n(u) and P(u) are defined from a set A of positive
real numbers and a non-negative-valued function Y (k) on the positive integers as
mentioned in the introduction. Suppose L(u), M(u), M*(u) are as in the Main
Theorem.

() If n(u)~L(u) as u—+ o, then log P(u)~[M*(u)]~* as u—+ .

(i1) If L has the property that

L(w) ~ C exp { f ") ~¢—w}

where 0(u) is monmincreasing, i.e., if L(u)~J(u) as u—+ o, where J(u) is
differentiable and u(J'(u)/J(u)) is nonincreasing, then

log P(u) ~ [M*(u)]~* as u— +
implies
n(u) ~ L(u) as u— + =,

It should be pointed out that the condition on L required in (ii) is auto-
matically satisfied by many of the familiar slowly oscillating functions, e.g., if

(a) L(u) = K(log u)**(logz w)** - - - (logs u)=*
with the first nonvanishing « positive, or
(b) L(u) = K, exp{ Kx(log u)(log, ) - - - (log, u)®"|

with 0 <B;<1. Here log; u denotes the kth iterated logarithm.

4.3. We shall consider the two types of functions mentioned above, in
some detail.

(a) It is easy to see that for

L(u) = K(log u)*(loge u)*? - - - (logs u)**

with the first nonvanishing « positive, we have

M(u)=f“—L-thz

~

I (log w)*+'(logs u)e: - - - (loge u)** as u— .
ay
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(Applying I’'Hospital’s rule to the fraction formed with [5(L(f)/¢)dt as numer-
ator and the expression on the right as denominator, we get the result.)
It is easy to verify that

M( “ ) ! —1as u— 4+ «,
M(w)/) M(w)
Hence,

M*(u) ~ {M@)}~" as 4> + .

This is an example of the case where =1 in Békéssy’s remark mentioned in
§2.3. In this special case, Corollary I reduces to the following form.

COROLLARY I*. Suppose n(u) and P(u) are defined from a set of positive
real numbers and a non-negative-valued function Y(k) on the positive integers
as mentioned in the introduction. Suppose

L(u) = K(log u)*:(logs u)** - - - (logi #)°*,

where the first nonvanishing o is positive and log, u denotes the kth iterated
logarithm, and

_ (Lo
M(u)—fa i

~y

N (log w)>+1(logs w)22 - + - (loge #)** as 4 — + ».
a;

Then
n(u) ~ L(u) as u — 4 »,
if and only if
log P(u) ~ M(u) as u— + .

It is easily seen (from Corollary I) that the result of Corollary I* is still
valid in the case where all the o's are zero, i.e., when L(u) =K.

As an application of Corollary I* we can take A= {l, r,r? - .. }, r>1.
Here
log u
n(u) = [ iy 1].
log r
Then we get

(log %)*

log P(u) ~ as u— + o,
2logr
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For more precise results in this particular case see [3; 7; 14; 15].
(b) Let us turn to the second example. If

L(u) = K, exp {Kg(log u)P1(logs u)P2 - - - (logm u)Pm}
with 0 <1 <1, then

M(u)=fu-£§tldt

(log )=
~—— L(u)-
Kb (logs w)?2 - - - (logm u)Pm

as 4 — + ©

by I'Hospital’s rule. Further if (/—1)/I=<8:<!/(I41), then it is possible to
show that

Mo 1(%) {a limit # 1 ifr <
—
M, (u)

where M,(u) is as defined in §2.3. Therefore
M*(w) ~ {M,(w)} ! as u— + «,

1 ifr=:} as # — + o,

This is an example of the case where n=1in Békéssy’s remark.
In this case, Corollary I can be rewritten as follows.

COROLLARY 1**, Suppose n(u) and P(u) are defined from a set of positive
real numbers and a non-negative-valued function (k) on the positive integers as
mentioned in the introduction. Suppose

L(u) = K, exp{Kg(log u)Pr(logs #)?t - - « (logm u)’-‘}
where B1>0 and (1—1)/12.<1/(1+1), | being a positive integer, and

M%) =f“—Lfi)d;

L) (log w)t—#

'(10g2 WP+« . (logm #)Pm

~— as u— + o,
KB

then
n(u) ~ L(u) as u— + »
if and only if
log P(u) ~ M(u) as 4— + =,
where M,(u) is as defined in §2.3.
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4.4. Following Kohlbecker we remark that if A;, Ny, - - - are positive
integers and if the greatest common divisor of those A; for which ¢(7) =1 is
unity, then an asymptotic relation for log P(n) of the sort given in Corollaries
I or I* or I** (except for the case L(u)~constant in Corollary I or 1*) is
equivalent to the same asymptotic relation for log p(n) as n goes to infinity
through ¢niegral values. For in this case there is a positive integer ¢ such that

Py 2 plmy 2 2T
n—c+1

for integral n =¢, from which the asserted equivalence follows. We must as-
sume that L(u)— -+ = for this, since if L(u) is bounded we have log P(n)
=0(log n) and then a term in log #z is not negligible.
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