CONSTRUCTIVE VERSIONS OF ORDINAL
NUMBER CLASSES
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0. Introduction and summary. Almost from its beginning, the theory of
ordinal numbers has included results which can, in a rather concrete sense,
be viewed as theorems about notations for ordinal numbers. For example the
theorems on polynomial normal forms for those ordinals that lie below the
least € number can be understood as providing a certain unique notation of
finite length for each such ordinal (where the notation involves addition,
multiplication and exponentiation applied to the integers and to w) [B].
Indeed, if we consider notations for some but not all ordinals in a given seg-
ment, then a large part of the theory of ordinals can be viewed as concerned
with notations. If we limit our attention to those classical results which
directly provide systems of notation for segments of the countable ordinals
(e.g. the polynomial theorems mentioned above), we note the following com-
mon features:

(i) given any notation for a successor ordinal, we can effectively find a
notation for its predecessor;

(ii) given any notation for a limit ordinal, we can effectively find nota-
tions for ordinals in a fundamental sequence to the given limit ordinal. (A
fundamental sequence to ordinal « is a strictly monotone sequence whose
limit is .)

The notational aspects of ordinal number theory remained unclear for
some time. Using the tools of recursive function theory, Church and Kleene
first satisfactorily resolved this unclarity in [C], in [CK] and in [K:]. By
adopting the integers themselves as a standard infinite collection of available
labels(?), and by interpreting (i) and (ii) above in terms of recursive computa-
bility, it is possible to characterize precisely the concept of an effective system
of motation, (the “r-systems” of [K;]). Furthermore, by sacrificing recursive-
ness of the set of all notations of such a system, one is able to define effective
systems which are maximal in the sense that they cover a segment of ordinals
as large as is covered by any effective system. The ordinals covered by such
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(*) Many of the results presented below were first obtained in the doctoral dissertation of
Kreider [Kr]. Work of both authors was supported in part by a project sponsored by the Air
Force Office of Scientific Research of the Air Research and Development Command under con-
tract AF 49(638-76).

(?) Note that we are using integers (set theoretic objects) rather than numerals (syntactical
objects) as labels. Although the use of numerals would be closer to our motivation, the use of
integers simplifies statements of theorems and proofs. For our purposes the distinction is of
minor importance.
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a maximal system are called the constructive ordinals and form a proper seg-
ment of the countable ordinals. By allowing ordinals to have more than one
notation, it is possible to define maximal systems into which any effective
system can be mapped (indeed, effectively mapped) in an order-preserving
way.

Two such maximal systems have been of especial interest: the system of
Church and Kleene (called S; in [Ki](®)); and the system of Kleene (called
S3 in [Ki], usually associated with the symbols O and <, in later literature).
The system S; has been more widely used in subsequent applications, owing
to advantages to be mentioned below (cf. §2); although the system S; has
the advantage that any system can be mapped into it in an ordinal-preserving
(and not just order-preserving) way. These systems have had three general
applications.

(1) They have given direct insight into certain “notational” (and quasi-
philosophical) aspects of ordinal number theory.

(2) They have provided (denumerable) “constructive analogues” to the
(nondenumerable) segment of all countable ordinals. Each of the two sys-
tems S; and S; is such an analogue in the sense that its notations are closed
under certain recursive rules analogous to (noneffective) closure rules on
ordinals that are known to determine the segment of countable ordinals.

(3) They supply, in their structure, a natural and useful method for
iterating effective procedures out into the transfinite.

Although their original definition is noninvariant, the systems have, in
application (3), led to recursively invariant structures of considerable inter-
est. For example, effective iteration using the jump operation on sets (cf.
[K;]) leads to the hyperarithmetical sets.

In the present paper we are concerned with extending the systems S;
and S; to cover a larger segment of ordinals. We do so at the expense of some
of their effective structure. (We will weaken condition (ii).) These extensions
will be made in a way that parallels the generation of higher “number
classes” in the classical theory of ordinals. In terms of this parallel, the ex-
tension will be carried as far as the first inaccessible ordinal. Our new systems
will be useful for essentially the same reasons as before. In particular they
will:

(1) give insight into the “notational” aspect of accessibility;

(2) give a proper segment of the countable ordinals which is a direct
analogue to the segment of ordinals out to the least inaccessible ordinal;

(3) provide a means for more extensive iteration of certain effective
processes.

In [AK], Addison and Kleene define an extension of S; that is analogous

(3) S: uses integers as notations, whereas the original Church-Kleene system uses formal
expressions of a lambda calculus. In its recursive structure, the latter is isomorphic to S, in all
respects.
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to the segment of ordinals through the “third number class” (i.e. through
ordinals of cardinality N,); and they show that iteration of the hyperjump
over this extension does not lead beyond sets in both two-function-quantifier
forms. We extend this result to our systems, thus settling a question sug-
gested by Kleene to one of the authors.

More specifically, we shall proceed as follows. In §1 we give certain ter-
minology and background related to the classical theory of ordinals. In §2
we discuss 51, S; and the general notion of system of notations. In §3 we discuss
certain peculiarities of the Addison-Kleene extension of S;. In §4 we extend
S1. In §5 we extend S; (in continuation of the Addison-Kleene extension).
In §6 we show that the system of §4 is in both two-function-quantifier forms.
In §7 we use this result to show that iteration of the hyperjump over the ex-
tension of S; does not lead beyond sets in both two-function-quantifier forms.
In §8 we obtain the results of §§6-7 for the extension of S;. In §9 we raise
certain open questions and discuss possible directions for further research.

1. Ordinal number classes. We assume a standard axiomatization of set
theory, e.g. that of [G]. Notation: e, 8, v, - - -+ for ordinals; w for the least
infinite ordinal; || for the cardinal number of a. We give certain definitions
and results from the theory of ordinals. In order to motivate our subsequent
constructions, we use the notion of type number (sometimes called regular
number, see [F]). Proofs are routine and are omitted.

DEFINITION. & is an initial number =q4; (WIB) [| B| = | a| =B 2]

Let A and B be classes of ordinals, then we have:

DEFINITION. 4 and B are cofinal =g4

(Va)[e € A= (3B)[BE B&B 2 4]
& (VA8 E B=(3a)[a € 4 &a 2 M]].

ResuLr 1. If A is cofinal with the class of all ordinals, then A is order-
isomorphic to the class of all ordinals.

REesuLT 2. The class of infinite initial numbers is cofinal with the class of all
ordinals.

It follows that the class of infinite initial numbers is order-isomorphic to
the class of all ordinals. Let f be the isomorphism function mapping the class
of all ordinals onto the infinite initial numbers. f provides an indexing of the
infinite initial numbers.

DEFINITION. wq =4/ f(c).

RESULT 3. f is monotone and continuous (in the usual interval topology).
Hence by the theorem of Veblen in [V] it has a fixed point. The least such fixed
point is the limit of the sequence w, wy, W.,, - - -, Which is sometimes written
W,,.... (This number is accessible in the sense to be defined below.)

DEFINITION. If g is an order-preserving map from the predecessors of 8
into the ordinals, we shall sometimes denote g by {a‘} < Where o, =g, g(1).

RESULT 4. It follows from the first result above that given any {a.} < then
{7|7>a‘ for all ¢<B} 15 not empty.
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DEeFINITION. Let {a,}.<s be given, then

lim a, =g4; least member of {‘yl v > a, for all < B}.
1<p

ais of limit type 3 =47 = lim «, for some {a,} <8
<

(B is sometimes called a final character of a.)
] a is of similar type to B=4; (Fv) [a is of limit type v and B is of limit type
7).

RESULT S. The relation “a is of similar type to B” is reflexive, transitive and
symmetric.

DEFINITION. « is a type number=,4; (¥B) [ of similar type to a=f=a].
(Note the analogy between “8 of similar type to «” and “|8| =|a|”; and
hence between “type number” and “initial number.” The type numbers are
just those numbers determining segments which could replace the class of
all ordinals in Result 1 above. l.e., a is a type number if and only if, for all
classes 4, A cofinal with the predecessors of a=>4 of order type a. There are
two finite type numbers; 0 and 1. w is the least infinite type number.)

The following results have routine but not uninteresting proofs.

REsuULTs 6. (a) The least limit type of an ordinal is a type number.

(b) Every type number is an initial number.

(c) If a is a successor number, (i.e. if it has a greatest predecessor), then we
s @ type number.

(d) Not all infinite initial numbers are type numbers (e.g. w, is of type w);
however, for any a, the least type number exceeding o is equal to the least initial
number exceeding .

(e) The class of infinite type numbers is cofinal with the class of all ordinals.

Hence, as with the initial numbers, we obtain an isomorphism and a func-
tion & that gives an indexing of the infinite type numbers.

DEFINITION. 7,=4; k(). This function is not continuous, (e.g. at ), and
hence we cannot apply the Veblen theorem to obtain a fixed point. The fixed
points of this function are just the inaccessible ordinals. Whether or not the
existence of such ordinals can be proved depends (more sensitively than any
of the above) on the particular axiomatization of set theory being used. Re-
gardless of existence, the following theorem can be proved.

RESULT 7. 7o =a|w,=a and « is not of limit type less than o [ =]w. = and
a is a type number).

Hence we have the more conventional definition:

DEFINITION. « is inaccessible=4; w,=a and « is not of limit type less
than a.

The relationship between type numbers and initial numbers is completed
by:

REsuLT 8. (a) If a is not a successor number, then wa is a type number if
and only if a=0 or «a is inaccessible.
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(b) Hence ra=wq if there is a 6=0 or § inaccessible such that d Sa <dé-+w;
otherwise T, =ws41.

The following terminology is traditional.

DEFINITION.

xa=df Iwa| .

The first Number Class=a; {7v| |v| <No}.

For 2<a<w, the ath Number Class=a; {v| | 7| =Nas}.

For w=<a, the ath Number Class=a; {7| |'y| =N.}.

Let Nj be the fth Number Class.

DEFINITION. The ath cumulative number class=a; Ugsa Ns. We shall find
it convenient to use cumulative number classes. Henceforth the phrase “num-
ber class” will mean “cumulative number class”(*). The following character-
ization of number classes is immediate.

RESULT 9. For 1 Sa<w, the ath number class={y|y<ra}.

For w=a:<the least inaccessible ordinal, the ath number class= {'y] Y <Ta }
(Note that, although w,... is accessible, the first number class in which w,. .
appears is the number class of index w,....)

This result suggests that the ordinals be viewed as obtained in sequence
from preceding ordinals by certain principles of generation (or closure rules).
In particular, consider the principles:

(i) include 0 and 1 as ordinals;

(ii) given any {e,}.<s, where B is a type number and where 8 and all the
o, have already been obtained, include lim.<s , as an ordinal;

(iii) at any “point of difficulty” where both (i) and (ii) fail to apply,
introduce the next ordinal and label it has the ath point of difficulty providing
o has already been obtained and « is the least ordinal not previously used to
label a point of difficulty. (Note that (ii) is equivalent to the apparently more
general rule: given any {a,}.<p, where 8 and all the a, have already been
obtained, include lim, s z,.)

These principles, or closure rules, give us exactly the ordinals out to the
least inaccessible ordinal. The “points of difficulty” are the infinite type num-
bers, with 7, as the ath point of difficulty. Note that if we allow only one
application of (iii), to introduce 7o =w, then we obtain exactly the 2nd num-
ber class. (Here, applications of (ii) give only ordinals of limit type 1 or limit
type w.) A second application of (iii) would give the third number class, etc.
As we shall see, our extensions of systems of notations will parallel these clos-
sure rules for “generating” the classical ordinals.

In conclusion we note a final theorem about type numbers.

RESULT 10. « of limit type 7, and o of limit type T:=y =0.

(Hence we could speak of 7, as the type of a.) Most of the results above
have true analogues for our constructive systems. However, the truth of an

(*) We shall sometimes refer to the ath number class as “the number class of index a”.
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analogue to this last result remains an open question.

Final Comment. The reader will be able to conceive of further more power-
ful principles of generation that may be added to (i)-(iii) above. Thus he
might add:

(iv) At any “point of 2nd order difficulty”, where (i)-(iii) fail to apply,
introduce the next ordinal and label it the ath point of 2nd order difficulty
providing « has already been obtained and « is the least ordinal not previously
used to label a point of 2nd order difficulty.

He might further add rules to cover points of nth order difficulty, or,
indeed, points of Bth order difficulty where 8 is any ordinal already obtained.

He can now have “points of super difficulty” where all the preceding fail
to apply, “points of yth order super difficulty”, etc., etc.

The existence of such (generalized) points of difficulty will depend upon
the axiomatization for set theory being used. (Indeed, this provides an inter-
esting measure of the strength of a set theory.) Assuming, by axiom, the
existence of more and more general points of difficulty is one natural way of
strengthening the usual set theories. Study of this is begun in [L]. As we
shall observe below, the theory of effective and quasi-effective systems of
notation may be a useful tool in such studies.

2. Systems of notation; .S; and .S;.

DEFINITION. R is a partial ordering=g4 R is a transitive and irreflexive
binary relation.

For partial ordering R, x<g y=4; {x, y)ER.

domain of R (“dom R”)=d,{x| (29)[(x, y)ER or (y, x)ER]}.

R is a well-ordered partial ordering=g4; R is a partial ordering and every
nonempty subset of dom R has a minimal element.

For R a partial ordering of integers, it is easy to show (without the axiom
of choice) that R is well-ordered if and only if R satisfies the descending chain
condition (i.e. it has no infinite descending chains). (Well-ordered partial
orderings are sometimes called well-founded relations.)

For reasons that will appear, it seems appropriate to identify the general
concept of a system of notations for ordinals with that of a well-ordered par-
tial ordering of integers. Let N be the set of non-negative integers.

DEFINITION. R is a system of notations =4 R is a well-ordered partial order-
ing and RENXN.

A chief justification for this definition is found in the following theorem.

THEOREM 1. Let R be a system of notations. There is a natural order-preserv-
ing map from dom R onto a segment of the second number class.

Proof. The map, call it f, is defined inductively by:
f(x) = least member of {—y| ")y <rx=f(y) < 'y]}
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It is easy to show existence and uniqueness of such an f and that x <z y=f(x)
<f(y). The map f is natural inasmuch as, for any other order-preserving
map ¢,

f(x) = g(x) for all x in dom R. Q.E.D.

CoMMENT. Our restriction to integers may appear to rule out certain
traditional systems of notation. This is not the case, however, since we are
developing our theory within the framework of recursive invariance. The nota-
tions of any such traditional system can be effectively mapped one-one
(“encoded by Gédel numbers”) onto some set of integers.

As a simple example of a system of notations, consider the linear ordering:
1, 2, 22,22, - . .. Under the mapping of Theorem 1, this system provides a
notation for each finite ordinal: 1 is a notation for the ordinal 0, and if x
is a notation for finite ordinal #, then 2¢ is a notation for n+1. We use the
following abbreviation for the inverse mapping to f in this case.

DEFINITION. 0=4; 1,
nA 1 =g 2n

Thus 7 is the notation for ordinal n. (Kleene uses the symbol “no” for our
“@”.) This particular system of notations for the finite ordinals will be a part
of each of the specific larger systems to be considered below.

We next turn to the system Si. This is given in [Ki] by an “inductive
definition” which simultaneously defines a set of notations and a mapping
from notations into the ordinals. Let ¢, be the partial recursive function
with Gédel number e. We use “S” to denote the set of notations and | | s”
to denote the mapping from notations into ordinals. The definition runs as
follows:

(a) 1ES & |1]5=0;

(b) xES=[2-ES & | 2¢| 5= x| s+1];

(c) [(Vx)[#o(%) defined and in S] & {|p«(%)| s}is an increasing sequence

of ordinals] = [3-5° € S & | 3-5¢|s = limz | ¢,() |,s].
Basic properties of S, are developed in [K;]. The question naturally arises:
can this be formulated as a system in our sense? If we make the definition

x<sy5¢,x€S&y€S&|x|s< ly|s,

we obtain a partial ordering; and both the set S and the mapping | | s can
be recovered from < g by taking S as dom(<s) and | | s as the mapping f of
Theorem 1. Hence < s does give the system S; in our sense. The reader should
note the analogy between the definition of S; and the definition of the second
number class by closure rules as suggested before Result 10 in §1. The three
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conditions for S; correspond to inclusion of 0, of ordinals of limit type 1
(successors), and of ordinals of limit type w.

The system S; is also given in [K;] by an “inductive definition” which,
in this case, simultaneously defines a set of notations, a mapping from nota-
tions into ordinals, and a partial ordering. Following Kleene, we use O for
the set, | | for the mapping, and <o for the ordering. The definition runs as
follows:

(@) 1€0 & |1]| =0;

(b) xE0=[2"€0 & x <0 2* & | 27| =] x| +1];

(©) [x<oy &y<oz]=x<03;

(d) [(Vx)[¢e(2) defined and in O] & (Wx, y)[x<y=¢.(%) <oe.(7)]]

=[3-5€0 & (Vx) [p.(%) <0 3-5¢] & | 3-5¢| =lim. |p(5)] ].

Basic properties of Ss are developed in [K;]. Both S; and S; assign notations
to the same segment of ordinals (the constructive ordinals). We first observe
that the relation <o gives S; as a system in our sense; O and | | can be re-
covered from it, as before with S;. We also note that mention of I | can be
deleted from the inductive conditions without affecting O and <o, since, as
Kleene pointed out, it does not occur on the left hand side of any condition.
The S; definition differs from the S; definition, of course, in that the left
hand side of the last condition for S; is more restrictive. The system S; is
contained in the system S; (either as relation, as set, or as mapping). The sys-
tem S; has been used in applications almost exclusively, since it has the con-
venient property that the set of predecessors of any x (w.r.t. <o) is linearly
ordered and uniformly recursively enumerable in x.

It would be interesting if the system .S; could also be defined without
reference to I | s, the mapping into the ordinals. (We would then have what
Kleene calls a “number-theoretic” definition of S:.) It would also be inter-
esting if the somewhat loosely presented “inductive definitions” above could
be replaced by more basic and conventional “explicit” set theoretic con-
structions requiring no reference to ordinal structure. We next present such
constructions in summary form. As they will be part of the more general
constructions of §4 and §5, appropriate proofs and justifications will be
postponed until then.

We give first the definition of S;, i.e. of <o. We use the following tempo-
rary definition:

R is admissible =47 (1) (1, 1)ER,

(ii) (1, x)ER=(x, 2°)ER,

(i) (x, y)ER & (y, 2)ER=(x, 2)ER,

(iv) [(¥x)[¢.(®) defined] & (Vx, 3)[x <y = ($:(8), ¢.(3)) € R]]

=(Vz) [(6.(8), 3-59€ER].
Let @ be the collection of all admissible relations. @ is nonempty since
NXNeEaQ. Let

R =4 N R
re@



1961] CONSTRUCTIVE VERSIONS OF ORDINAL NUMBER CLASSES 333

THEOREM 2(5). R= <o.

Proof. It follows from the definition of R that R is itself admissible, and
by use of this fact it is possible to show that R is a system of notations, that
R and dom R satisfy the conditions of the first definition for <o and O, and
that this is true of no proper subrelation of R. The general technique of proof
is to show that if R failed to have any desired property, then R would
possess an admissible proper subrelation, contradicting the definition of R.
(See §5.) Q.E.D.

The definition of S; is somewhat more complex. Let 9T be the collection
of all subsets of NXN. We first define an operation, denoted by f*, which
maps 9 into M. It will have the property that RCf*(R) for any REN.
[Though we shall not use ordinals in our definition, we make the following
comment to supply motivation. Let < be the relation defined by xSy
=4, xES & yES & | x| s=|y|s. <scan be obtained from S by the equiva-
lence x <5 y=[x Sy & not ySx]. If B is a constructive ordinal and if R is the
relation < restricted to notations for {7|'y<;3} , then f*(R) will be the rela-
tion < restricted to notations for {'yl'yéﬁ}. Our construction amounts to
making iterated applications of f* until all of < is generated, and then defin-
ing < from <.]

We make the following preliminary definitions; these definitions apply
to any relation R, although the terminology is appropriate only to those
relations “generated” from {(1, 1)} by f*.

DEFINITION. ¥ is maximal in R=4 xEdom R & (Vy) [(x, y)ER=(y, x)
€R].

e is cofinal in R = 4; (Wx) [¢+(%) is defined] & (VWx, y)

[x2y=(8.(2), $.(3))ER] & (W2) [zEdom R=(3x) [(z, ¢«(2))ER]].

The f* operation is now defined.

DEerFINITION. Given any relation R, f*¥(R) is defined as follows:

() In case (3x)[xr maximal in R]: f*(R)=RU{(x, 2*)|(x, y)ER}
UL (27, 29| (v, y)ER].

(i) In case (Wx) [x not maximal in R] and (3e) [e cofinal in R]: f*(R)
=RU{({x, 3-5°)| all x in dom R, all e cofinal in R}\U{(3-5¢, 3-5¢)| all ¢ and
¢ cofinal in R}.

(iii) Otherwise: f*(R) =R.

Next, let ®, a subset of I, be called closed if

@M {4, n}es,

(i) RE®=f*(R)E®,

(iii) aC®=Ureq RE®.

(5) This formulation of the definition of <, was obtained independently by Wang who
used it to make a brief calculation of an upper bound for O in the analytic hierarchy of [K],
(presented at Cornell Institute for Mathematical Logic in Summer 1957). The above definition,
(not Wang's application) was given by one of the authors in a seminar at M.I.T. in Spring 1957.



334 D. L. KREIDER AND HARTLEY ROGERS, JR. [August

Clearly 9 is closed. The intersection of all such closed ® is (see §4) a well-
ordered chain with maximal element. Let R’ be this maximal element. Let
R={(x, )| (x, y)ER' & (y, x)&R'}. Then we have

THEOREM 3. R= <g.

Proof. See §4. Technique is similar to proof of Theorem 2.

In both the definition of S; as R and S; as R, one should note the parallel
between, on the one hand, closure rules for the second number class and, on
the other hand, cases (i)—(iv) of the definition of admissibility for R and cases
(i)—(iii) of the definition of f* for R. The extensions.to be discussed in §§3-5
will build on this analogy.

While the definitions of R and R are not necessary for a careful develop-
ment of the properties of Si and S, their form is more useful for carrying out
rigorous proof. Indeed, when extensions are attempted, work based on “in-
ductive definitions” can lead to error. (See §3.)

3. A constructive third number class. We first look briefly at a known ex-
tension of Sz In [AK] Addison and Kleene describe a “constructive third
number class” of notations by straightforward analogy with the closure
rules for the third number class of ordinals. They use an inductive definition
as follows:

Let <; be the subsystem of S; giving notations to the finite ordinals.
Let O, be the set of these notations.

Let “ <,” be another name for <o, and let “O,” be another name for O.
We simultaneously define <# (our new system), and Oz, the set of notations
(domain) of <2.

(i) 1€0z,

(il) xE02=[2"€ 02 & x <#27],

(i) [x <2y & y<zz]=x <2z,

(iv) [(Vx)[x € 01 = ¢.(x) defined] & (Vx, 3) [x <13 = do(x) <2.(»)]]
=3-5°C 02 & (Vx) [xE O1=¢,(x) <2£3-5°],

) [(¥0)[x € 01 = u(x) defined] & (Y, 3) [x <23 = ¢,(x) <2 6.(1)]]
=325¢C 02 & (Vx) [x E0y=>¢s(x) <2325°] ].

Note that use of only conditions (i)—(iii) would produce the system <;,
and that use of only conditions (i)—(iv) would produce the system < (i.e.
the system Sj). It is clear how additional conditions could be added to give
constructive versions of all number classes of finite order.

Before undertaking any further extension, it is well to examine some of
the properties of <. Unfortunately, the desirable characteristics of S; (see
§2) are lost, and a number of irregularities appear that cast doubt on the
usefuless of further extensions of this kind. We list some of these irregularities
here. In what follows, 4 is a fixed Godel number for the identity function, and
le is the ordinal having x as notation in <z
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(1) <¢ does not have the tree-like structure of <o, (i.e. the linear order-
ing of the predecessors of any x in <o). For example, take 325¢; this is a com-
mon upper bound in < for any two incomparable notations in <o, (the
latter remaining incomparable in <2).

(2) Itis not true that every notation in <g but not in <y is comparable
with all notations in <o. There are notations in <z for the least noncon-
structive ordinal (i.e. |325¢|) which are incomparable with certain notations
in <. For example take 325/ where ¢; is the function Ax[3-5i+o x] and +o
is the function defined in [K;]. Then |325¢| =|325i| and for any y in <o,
y <2 3257=y is comparable with 3-5¢in <. Hence the infinitely many nota-
tions in <o which are incomparable with 3:5¢in <y are incomparable with
3257in <g.

(3) Let R be a linear subordering of < between given endpoints x and y.
Let us say that R is complete if (Wz) [z comparable with all members of R & 3
between x and y=>z in R]. Then there exist two linear suborderings of <
with common endpoints such that they are both complete, yet have distinct
order types. In particular, take 1 and 3%5¢ as end points. Since there are linear
“branches” of <o that terminate at ordinal w? (see [Ki])(%), there are com-
plete linear orderings between these endpoints of order type w?+1. From
Theorem 4 of [S], there are also linear orderings of the type of |325‘| +1.

(4) There exists a notation 325¢ in <3 such that the map ¢,, defined on
O (=0,) is not well defined with respect to ordinal numbers. In particular,
there may be an x and y in O such that |x[ = [y| but |¢,(x)| #Iq&,(y)l For
example, take ¢, such that, for any z, ¢.(2) =2¢if 26{3 56, 285 ,
and ¢,(z) =z otherwise. Then the hypothesis of condition (v) is satxsﬁed and
325¢isin <g. In fact, |325¢| = | 325¢|. However, letting j>1 be another Gédel
number for the identity function, we have |3 5| =|3-5¢ but |$s(3-57)]
= |$4(3-59)].

These examples suggest various counter-intuitive difficulties that may
hinder further extensions of S;. This is particularly evident when we consider
that in any extension paralleling the generation of ordinal number classes
out to the least inaccessible ordinal, every notation will itself be expected to
appear later as the “index” of a “number class” (just as every a appears as
index of some type number 7, in §1). Thus the situation may become un-
usually complex. As we shall see, extension of S; proves to be simpler and
more natural. (The superior features of S; over S; are lost anyway in exten-
sion of S;.) This extension of S; will be given in §4. The problem of making
extensions of S; beyond that suggested by Kleene and Addison remains chal-
lenging as an independent exercise. Such an extension of S; is described in §5,
and considered further in §7.

(®) This fact is stated without proof in [K;]. A trivial proof follows from countability con-
siderations.
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Another difficulty besetting the definition of extensions either of S; or S;
is the fact that with closure rules such as (iv) and (v) above, the larger a
given “number class” is, the smaller will be the succeeding “number class”.
(E.g. in (v), the more members of O, the fewer e to which rule (v) can apply.)
This prevents a definition by intersection as simple as that for S; given in §2.
Failure to note this has led to several erroneous attempts to extend S;.

It is instructive to look at an example of such plausible but erroneous
definitions. Consider the intersection of all ternary relations P such that
PCNXNXN and

@ (1,1, 2)EP,

(i) (x, 1, y)EP=(x, 3, 2V)EP,

@iv) (w, x, y)EP & (w, 3, 2)EP=(w, x, 2)EP,

W) [(39) [{x, 3, 2)EP] & (Wu, 1) [(5, u, ©)EP=4,(u) and $.(0) defined
& (3, Po(1), 9e(v) YEP]=(Wu, v) [(y, u, vV)EP=(z, ¢,(u), 3v5)C P]. Call this
intersection P. Our hope would be that { (x, v)| {x, #, 9)E P} could be taken as
a system of notations for the “constructive number class” of “index x”, and
in particular, that {(«, v)l (2, u, 9)EP} would be <o. Unfortunately, how-
ever, P itself is not closed under (i)—(v), and fails even to provide the usual
notations of <o. Let & be a fixed Gédel number such that ¢;(x) =x if x€O;,
and ¢;(x) is undefined otherwise. Then (1, 3-5%) is in <o. Furthermore, as is
easily seen, the hypothesis of condition (v) is satisfied with e=¢, y=1, 2=2,
and P =P. However, the conclusion of (v) is not satisfied, 3-5¢ is not a nota-
tion in P, and therefore P does not give an extension <o as desired. For define
P ={(u, v, w)|u;é3-55&v¢3‘53& w#3°55}. If we can show P’ satisfies
(i)—(v), then we will have PC P’ and that 3-5° does not occur in P. Clearly
P’ satisfies (i)—(iv). Assume the conclusion of (v) false for P’ and some
v, 3, and e. Then there must be # and v such that (y, %, v) € P’ but
(z, Po(u), 3v59)YEEP'. If (2, po(u), 3¥5¢)EEP’, then either 2z or ¢.(#) or 3v5¢ must
equal 3-5% If 2=3-5% then the first part of the antecedent of (v) is false. If
¢.(u) =3-5°, then the second part of the antecedent is false. If 3¥5¢=3-5¢,
then y=1 and e=¢. In this last case, the second part of the antecedent is
still false since, for example, (1, 7, 27)EP’, but ¢3(7) is undefined. Thus in
every case the antecedent of (v) is false. Hence P’ satisfies condition (v).

4, Extension of .S;. We now define an extension of S; that generalizes the
explicit definition of S; given at the end of §2. Our definitions and proofs are
arranged so that mention of ordinals is avoided until final application of
Theorem 1 to the constructed system. In §6 of [CK], pp. 20-21, Church and
Kleene suggest what is, in effect, an extension of Si. (Formulas of a lambda
calculus, rather than integers, are used as notations.) Our extended system
can be viewed as a precise reformulation of the Church-Kleene suggestion,
suitable for the computations to be made in §§6 and 7 below. We begin with
a set-theoretic lemma. 9, as before, is the set of all subsets of N X N.
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Let f* be a map of 9N into N with the property that RCf*(R) for all
REIN. Let a fixed RyE N be given. Consider the intersection of all collections
MC N satisfying the conditions:

(@) Ro€M;

(B) REM=f*(R)EM;

(v) QCom & 9= F=U{R|REQ} E€am.

We call this intersection Dg,, or more briefly, D.

By a chain, we mean a collection of sets linearly ordered under C. The
set U{T|T€D & TCR & TR} we call P(R). Note that (), (8) and ()
are satisfied by D (=9M). It directly follows that RCR for all RE D, and
hence, by (v), that P(R) € D for every RE D such that R#R,.

LeEMMA 1. (a) D is a well-ordered chain;
(b) if RE D, then either R=R,, R=P(R), or R=f*(P(R));
(c) D has a maximal element R such that f*(R)=R.

Proof. Part (c) is immediate, taking R=U {RI RE :D}. A proof of (a) and
(b) using transfinite induction over ordinals would be a standard set theoreti-
cal exercise. We present, in outline, a proof that avoids ordinals, since it is
closely related to certain subsequent proofs.

Let a set RE D be called admissible if:

() (VT)[TED=TZR or RCT];

(i) {T|TE D & TCR} is a well-ordered chain;

(i) (VT)[TE€D & TCR=T=Roor T=P(T) or T=f*(P(T))].

Let G be the collection of admissible sets. By definition @C D. If we show
that @ satisfies (), (8) and (v), then we will have DC @, and hence G=D.
Parts (a) and (b) of the lemma will then follow from conditions (i), (ii) and
(iii) on members of Q.

RyE @, since Ry is contained in every member of D. Hence @ satisfies (o).

Let R be admissible; we wish to show R’'=g f*(R) is admissible. Let
Se=a; {T| TED & TCR}\UDp.. (Here Dy is defined from R’ in the same
way that D(= Dg,) is defined from R,.) We first show that S satisfies (a), (8)
and (y). Sg satisfies («) immediately. By (ii) and (iii) $g satisfies (8). (Con-
sider separate cases for Dgr and for Sg — Dgr..) Let @ C 8z and let
Q=U{T| Tey } Then, considering separately the cases QCR and R'CQ,
we have from (ii) and (iii) that QES8z. Hence $g satisfies (y). We therefore
now have DCS8k. From this and the definition of Sg, it follows that R’ satis-
fies (i), (ii) and (iii) and is therefore admissible. Hence @ satisfies (8).

If @C @, then, setting R =U { T| TEQ}, we can show by exactly similar
argument to the preceding case that R" is admissible. Hence @ satisfies ().
Q.E.D.

COROLLARY. R, TED & RCT & R#T=f*(R)CT.
Proof. By construction of Sg=D.
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Our extension of S; will be called C. The motivational comments made
right after Theorem 2 in §2 are also appropriate here. We make preliminary
definitions for any R and T in 9t

DEFINITION. (i) #E€R =4 u€dom R.

(i) u is maximal in R=4; uER & (V2) [(4, 2)ER=(z, u)ER)].

(iii) a is an index in R=q4; (32)[3°5*ER].

(iv) relfFa=g4 {(u, )| (u, v)ER & (Vx) (Vz) [(x, v)E R=x#3°5¢] }.

[Motivation. (iii) means (by analogy and for appropriate R) that notations
appear in R whose “limit type” is the “type number” whose index is a.
(iv) is the restriction of R to predecessors of this “type number of index a”. ]

(v) emaps Rorder-isomorphicinto T (“OP(e, R, T)”) =u4; (Vu) [uE R=¢,(u)
defined ] & (Vu, v) [(u, v) ER={(¢p.(1), ¢.(2))ET].

(Note the use of < instead of = in (v).)

(vi) e maps R cofinally into T(“OPC(e, R, T)”) =4 OP(e, R, T) & (Vz)
[zET=(3u) [uER & (2, p.(u))ET]].

Notation. Ci(y, R) =4 y maximal in R.

C:(a, e, R) =470 is an index in R & OPC(e, rel®a, R).

Cs(b, e, R) =4 b&R & b not an index in R & (¥x) [(x, b))ER=[(b, x)ER
or x an index in R]] & OP(e, R, R)(").

DEFINITION. Given any RE N, f*(R) is defined as follows:

(1*) In case (3y)Ci(y, R): f*(R)=RU{({x, 2v)|xER & Ci(y, R)}
U{(2s, 29| Ci(y, R) & Ci(z, B) }.

(2*%) In case not-(3y)Ci(y, R) & (Za, ¢€)Cia, e R): f*(R)
= R U {(x, 3%)|x € R & Ci(a, ¢, R)} U {(3°°, 3¥5¢)| Cu(a, ¢, R)
& C(a', ¢, R)}.

(3*) In case not-(3y)Ci(y, R) & not-(3a, €)C:(a, ¢, R) & (3b)[bER
& b not an index in R]: f*(R) = R\ {(x, 3*5¢)|x € R& Cs(b, ¢, R)}
U{(35¢, 3'5¢')| Cs(b, e, R) & Ca(¥', €', R)}.

(4*) Otherwise: f*(R) =R.

REMARK. Let 7 be any Gédel number for the identity function; then
OP(3, R, R) is always true. Although RCf*(R), it is easy to show that RCT
does not in general imply f*(R) &f*(T) for arbitrary relations R and T.

DEFINITION. Ro=4; { (1, 1)}. D=4 Dg, as defined for Lemma 1, using
the f* defined immediately above. P(R) is as defined before. Of course,
Lemma 1 now applies.

[ Motivation. The conditions (1*) and (2*) correspond to closure rule (ii)
(before Result 10 in §1) for generating ordinals (with the cases of successor
and limit ordinal treated separately). Condition (3*) corresponds to the
closure rule (iii) in §1.]

LEMMA 2. For all RED:

(") OPC(e, R, R) may seem more natural here than OP(e, R, R), but the construction goes
through satisfactorily, and equivalently, with the latter.
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(@) u, vER=[(u, vY)ER or (v, u)ER];

(b) uER=(u, u)ER;

(c) u maximal in R=(Wo) [pER=(v, u)ER];

(d) (v, u)E(R—P(R))=u maximal in R;

(e) 2*ER=uEP(R);

(f) u is maximal in the least R containing u;

(8) uER=u=1 or (3z)[u=2¢] or (Fa, €) [u=3°5].

Proof. (a) If false, let Ry be the least member R of D for which, for some
%, v, uER,, vERy, (4, v)&ER, and (v, u)&R:,. Then Ri#Ro. If u, v both
€P(Ry), then by the linear ordering of D, there is an R,CRi, Ry Ry such
that u, vER,, and hence (%, v)&R; and (v, #)& R (since R,CRy), contrary
to the choice of R;. If, say, u € P(R,), then Ry=f*(P(Ry)) and » must be
introduced by (1*), (2*) or (3*), which implies that (w, u)E R, for all wERy;
in particular (v, #)ER, contrary to the choice of R;.

(b) This is immediate from (a).

(c) Assume » maximal in R; then if w€ R and (w, u)&R, we must have
(u, w)ER by (a). But then by definition of maximality we have (w, #)ER.
Hence (V) [wER=(w, u)ER]. The converse part of (c) is immediate by
definition of maximality.

(d) If (v, u)E(R—P(R)), then R=f*(P(R)) and (v, u) is introduced by
(1*), (2%) or (3*). But each of these cases gives (Vw)[wER=(w, u)ER],
hence by (c) % is maximal.

(e) Take R,=the least R with 2*€R. Then, by Lemma 1, R, =f*(P(Ry)).
Hence 2* must appear in Ry via (1*). But this implies # € P(R,). Now 2*ER
=R CR=P(R,) SP(R)=uc P(R).

(f) » must appear in R via (1*), (2*) or (3*). Hence by (d), # is maximal
in R.

(g) If false for some R, take the least such R. A contradiction is im-
mediate from (1*), (2*) and (3*). Q.E.D.

DEFINITION. R, T are coherent=4; (Vu)[uER & u€ T=(Vv) [(v, )
ER=@, w)ET]].

LEMMA 3. For any R, TED, R, T are coherent.

Proof. Assume false; let 7; be the least T& D for which there is an RE D
such that RCT, and R, T not coherent. Let R; be the least such R. We obtain
a contradiction.

SUBLEMMA 1. If a is an index in Ry, then relfa =relPTig.

Proof. R; and P(T) are coherent by assumption, and RiC P(T}). Assume
{u, v)ErelBra. Then (u, v)E R, and for no e does (3%5¢, ¥) ER;. It follows that
(u, v)EP(T1) and, by coherence, that for no e does (3°5¢, v)&E P(T1). Hence
rel®a CrelPTVa, Assume (u, v)&rel®a. Case 1: (u, v)ERy. Then (3°5¢, v)ER,
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for some e. But then (3°5¢, v)&P(T1). Hence (u, v)&rel?TYa. Case 2: (u, v)
&Ry But 3%5¢ER, for some e. Hence if (4, v)EP(Ty), (3%5¢, v)EP(TH), by
Lemmas 2c and 2d. Hence (u, v)&relPTYq, Thus, in either case, relPTrg
Crelfq.

SUBLEMMA 2. u maximal in Ry=>u not maximal in T,.

Proof. Assume » maximal in both R; and Ti. Then by (1*), 2*€f*(Ry)
C 1. Hence by Lemma 2c¢, (2%, #)& T1. Now by Lemma 2e, T is not coherent
with the least R containing #. Hence R, is the least R containing %, and
(2%, )& Ry. By assumption of coherence, (2%, u)& P(T:). Hence (2%, u) ap-
pears in T3 by (1*), (2*) or (3*). Case 1: u=2". Then v maximal in P(R;)
and in P(T1). Hence, by similar argument to above, (2°, )& P(T). But then
P(T3) is not coherent with the least R containing v, contrary to the choice of
T1. Case 2: u=3°%5¢ Then (2%, u) appears in T; via (2*), since a is an index
in P(Ty). Hence OPC(e, relPTvg, P(Ty)). But by Sublemma 1, relPTva
=rel®ia (since ¢ is also an index in R;). Therefore (3v) [vErelfia & (3°5°, ¢.(v) )
€ T1], by definition of OPC. But ¢,(v) EP(R,), since u appears in Ry via (2%)
or (3*). However 3°5¢c P(R,) and hence (3°5¢, ¢,(v) )& P(R;). Thus coherence
of P(Ry) and P(T)) is violated; and the proof of the sublemma is complete.

To complete the proof of the lemma, take ¥E Ry, (v, u)E T, {v, u)E Ry,
by assumption that Ry, T} not coherent. Then T must be the least relation
in D with (v, #) (by choice of Ti), and R, must be the least relation with «.
But this means, by Lemmas 2d and 2f, that % is maximal in both R, and T}
in violation of Sublemma 2. Q.E.D.

COROLLARY. For R and T in D:
(i) » maximal in R&uER & u&EP(R);
(ii) @ index in both R and T=relfa =relTa.

LEMMA 4. RE D=R s transitive.

Proof. Assume not. Take R; to be the least nontransitive member of D.
Then for some «, v, w: (4, ¥)ER,, (v, w)ERy, and (%, w)&R;. By Lemma 2c,
w not maximal in R,. By Lemma 2d, (», w)E P(R,). By corollary to Lemma 3,
v not maximal in Ry. Hence, by Lemma 2d, (%, v)&P(R,). Hence P(R,) is not
transitive, contrary to choice of R;. Q.E.D.

DEFINITION. R has the descending chain condition (DCC)=g4 there is no
infinite sequence %o, %1, - - - such that for all 4, (i1, :)ER & (x;, xi1)ER.

LEMMA 5. RE D=R has the DCC.

Proof. If false, take R;=the least R with a descending chain. At most the
first member of the chain can be maximal in R;. By coherence, P(R;) must
have a descending chain,—a contradiction. Q.E.D.

We now define our extension of .S;.

DEerFINITION. Se=0; U{R|RED} =R x<cy=42Scy & not ¥Se x.
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THEOREM 4. <¢ is a system of notations.

Proof. By Lemmas 2, 3, 4 and 5, <c¢ is a well-ordered partial ordering of
integers. Q.E.D.

Let “I Ic” denote the mapping from <¢ given by Theorem 1. The
structure of <¢ is elucidated in the following theorem, where we see that
< ¢ gives a linear well-ordering of certain equivalence classes of incomparable
elements, with the elements of each class mapped onto the same distinct
ordinal by | |e.

DEFINITION. x ¢ y=4 xScy & yScex. C=4r dom(<¢).

THEOREM 5. For x, yEC:

(i) x<cyorx=c¢yor y<cx.
(i) x<cye|x|c<|y]c.

(i) x~cye|x|c=]9|e.

Proof. (i) follows from Lemmas 1 and 2a. By Lemma 4, x =~ ¢ y= [{z] z<cx}
= {z z2<¢ y} ]. Hence, by the construction of Theorem 1, x=~¢y=|x|¢
=|y|¢, and x<c y=|x| ¢ <|¥|c. (ii) and (iii) now follow. Q.E.D.

The structural analogy between <¢ and the accessible ordinals is indi-
cated in the sequence of results about <¢ given below as Lemma 6. As will
be seen, the ordering <, (to be defined) plays the role of the | a| ¢th number
class” (or, in case |@|c<w, the “|a|c+1st number class”), and |325¢|¢ plays
the role of the “|a|cth infinite type number” (where ¢ is any fixed Goédel
number for the identity function).

DErFINITION. For a€C: S,=4; P(R) where R is the least member of D
containing a as index. (3%5¢ will be in R.)

2 <sy=gxSsy&mnoty S.x.

LEMMA 6. (a) Sa=rel Ca.

(b) aEC=a is an index in Sc.

(c) a€EC & OP(e, <o, So)=3%5°EC.

(d) aEC=n0t-0PC(e, s, o).

(e) a<cb &OP (e, Sy Sp)=35°€ Sy & 10t-OPCle, Say Sb).
() <a=<ae|a|c=|alc

Proof. (a) follows by definition and Lemma 3. (b), (c), (d) and (e) follow
from (2*), (3*) and the fact that f*(S¢) = Se. (f) follows from (3*) and (iii)
of Theorem 5. Q.E.D.

From the preceding results, we see how the system of notations C is
analogous, in its effective structure, to the number classes of accessible
ordinals as generated by closure rules (i)-(iii) of §1. Hence the segment of
the second number class covered by C (see Theorem 1) can itself be viewed
as a constructive version, in this sense, of the segment of all accessible
ordinals. By Lemma 6f, the segments of countable ordinals constituting the
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successive “constructive number classes” may be consistently indexed by
ordinals rather than by ordinal notations.

Our main further results about C occur in §§6 and 7 below. Certain alter-
native approaches to the extension of Si, certain problems concerning them,
and certain further extensions of C will be considered in §9.

5. Extension of S;. We next define an extension of S; that includes and
goes beyond the “3rd constructive number class” of Kleene and Addison
described in §3 above. Like the extension C of Si, it will be analogous in
structure to the segment of accessible ordinal numbers. As in §4, our defini-
tion will have a conventional set theoretical form that avoids “informal”
transfinite induction; and, as in §4, the material is arranged so that ordinal
numbers are not used in the definition.

In outline, the extension will go as follows.

(i) If x is already obtained, include 2= as a successor of x.

(1) If I.is the set of notations constituting the “number class of index x”
and if ¢, maps I, order-preserving into the notations already obtained, then
3=5¢ must be included as an immediate successor to the images ¢.(1,).

(iii) If the notations already obtained are closed under (i) and (ii), then
call them 7, where y is an immediate successor to notations previously used
as indices. ((ii) can always be applied immediately after (iii) by introducing
3v5¢ where 7 is a Godel number for the identity function.)

Several difficulties arise in making this definition precise. Some have been
indicated in the discussion of §3. We mention two more here.

(a) The definition must allow sufficiently complex “dovetailings” of (i),
(ii) and (iii). Thus the system must be arranged to include 3-5¢ where ¢,(1)
=3-5%, - - -, @(27) =3%m™5i . . . even though 3-5% does not appear until
the “number class” of index 3-5¢. (See parenthetical comment following Re-
sult 9 of §1(8).)

(b) In order to prove the desired properties of our extension (e.g. that
it is a system of notations), we have found it necessary to incorporate into
the basic definition a certain regularity condition, namely that any notation
of the form 325¢ must be comparable with (and follow) the notation x.
Whether or not the proofs can be carried through if this condition is dropped
is an open question. Whether or not this condition can itself be proved as a
theorem if it is dropped from the definition is an open question(®).

If the definition now to be given appears less simple than the outline
above, it is because of difficulties (a) and (b). We give the definition, then list
appropriate lemmas and theorems with brief indications of proof. Details

(8) Almost all proposed extensions which the present authors have seen have failed in this
respect.

(®) The regularity condition mentioned here is introduced by way of the condition
“( 3m) [mErinty & (3, $:(m)YE R]” in the definition of €(4, R) below, and by way of the con-
dition “(x, ind 4., Y& U.es rel A. for some & J” in the definition of ® below. The regularity
condition also appears necessary for the proof of Theorem 11 (and hence for Theorem 12) in §8.



1961] CONSTRUCTIVE VERSIONS OF ORDINAL NUMBER CLASSES 343

are omitted, since our primary empbhasis is on the system of §4. Proofs are
given in full detail in [Kr].

A, B, D, - - - shall denote nonempty ternary relations (on the non-
negative integers) with the special property that for any relation 4, (x1, y1, 21)
€4 and (xs, ¥s, 2:)EA=x1=1x,.

DEFINITION. ind A =4 x, where (3y)(32) [(x, y, 2)EA].

rel A=q {(y, 2)| (ind 4, y, 2)EA}.

rindw=g4; {(y, 3)|(y, 2)Crel A & (Vu)[u=2 or (u, z)Erel A=>(Va)(V¥b)
[u=3°5t=(a, w)Erel A]].

As before, if S is a binary relation, xS abbreviates (3y)[(x, ¥)ES or
(v, x)ES].

DEeFINITION. If R is a binary relation, then

Q(A, R) =ar <17 2) ER
& [(1, ) € R= (x, 2) € R]
& [(x, ) E R& (y,2) € R= (x,2) € R|
& [[y = ind A or {y,ind A)Y € rel A]
& (Im)[m € rint y = ¢.(m) defined]
& (W) (W¥n) [(m, n) € rint y=> ($.(m), $.(n)) € R]
& (3m)[m € rint y & (y, ¢:(m)) € R]

= (Wm)[m E rint y = (¢.(m), 395?) € R]].

In the ternary relations A that will ultimately appear, rel 4 will be the
system of notations constituting the “number class” of index ind 4. €(4, R)
asserts that R is closed with respect to increasing sequences mapped from 4
itself or from number classes contained in 4.

Let @ represent a collection of ternary relations with the special property.

DEFINITION. ® =4 the intersection of all @ such that

(1) there exists A& @ such that ind 4 =1 and rel 4 = <, (see beginning
§3);

(2) if AEQ, then A’E @, where ind A’ is 2" 4 and rel A’ is the inter-
section of all R such that €(4, R);

3) if {A‘I LGJ} C @ for some abstract indexing J, and if BE @, where:

nd B =x
& (Vu)[u € rel B= ¢.(u) defined]
& (Yu)[u € rel B= ¢.(u) = ind A, for some « € J|
& (W)[. €E T=ind A, = ¢.(u) for some u € B
& (Yu) (W) [(11, v) C rel B=> (¢,(u), ¢.(v)) € U rel A.]

eJ

& (x,ind A,,) € U rel A, for some ¢, € J;

eJ
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then DE @ where ind D=23%5% and rel D is the intersection of all binary
relations R such that (Vi) [(EJ=¢(4,, R)].

As we shall see, the members of ® will be the “number classes” of the
ultimate system.

LEMMA 7. For any AE @®, the following are equivalent:
() () [(x, y)Erel A];

(ii) x=10r (3y)[(y, x)Erel A];

Gii) x=1o0r (1, x)Erel 4;

@(iv) (x, 22)Erel A.

Proof. (iv)=(i) is immediate.

(i)=(ii). Let ® be obtained from ®& by omitting from ® all 4 for which
(1)=(ii) fails. We show ® is closed under conditions (1)—(3) of the definition
of ® Hence ®= ®. (Details are in [Kr].)

(ii)=>(iii) and (iii)=(iv) are proved similarly.

LEMMA 8. ACE R & xEA=[x=1 or x=2Y for some y or x= 35 for some
y, 2].

LeMMA 9. 4 € ®=(Vx) [(x, 1)Erel A].

LEMMA 10. If AE R, then (u, 2*)Erel A={u, x)Erel A or u=x.

LEMMA 11. If AE ®, then (u, v)Erel A=[(2", v)Erel A or 2v=y].

Proofs of Lemmas 8 through 11 are similar to the proof indicated for
Lemma 7.

LEMMA 12. If AC R, and x50, then xCrel A=2*Crel A.
Proof. Corollary to Lemmas 7, 10 and 11.
LemMA 13. A, BE ® and A #B=ind A #ind B.

Proof. Similar to Lemma 7.

Thus ® is countably infinite, and for 4 in ® and x=1ind 4, we can
uniquely define:

DEFINITION. I, =4, rel A.

LeEMMA 14. (i) AE R & ind A =2*=there exists BE & such that ind B=x
and A is obtained from B by (2) of the definition of ®.

(i) A€ R & ind A =3=5*=there exist BE ® and {A.} C ® such that A is
obtained from {A.} and B by (3) of the definition of Q.

Proof. Immediate.

Lemma 15. (i) (m, 3°5)EIx=[[a=x or (s, x)EI.] & (T0) [vErinTa
& <m, ¢b(v))elzz]].
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(i) (m, 3°*)E Iype=(3u) () [uEI, & [a=¢.(w) or (a, ¢.(w))ELsw]
& vErintewa & (m, u(v))E Iy ).

Proof. Similar to that for Lemma 7.
LEMMA 16. 4 € ®=rel A is transitive.

Proof. Immediate from definition of €(4, R).

DEFINITION. ¢, maps R order-preserving into S=a; (Vu) [uE R=¢.(u)
defined ] & (Vu) (W) [(1, v) E R=($.(u), $.(2))ES].

That & and relations I, in ® have the desired properties now appears
in a main lemma.

LemMA 17. If AE @, then

(i) rel A is a well-ordered partial ordering,

(ii) ind AE€rel A,

(iii) 3v5:Erel A=y, ind A)Erel A,

(iv) (v, ind AYErel A=(3B)[BER & ind B=y & rel B=riny],

(v) 3v5:Crel A=p, maps I, order-preserving into rel A & (3u)[uEI,
& (y, ¢.(u))Erel A],

(vi) {m, 3v5°)VErel A=(3u) [uCEI, & (m, ¢.(u))Erel A},

(vii) (y, ind AY Erel A & ¢, maps I, order-preserving into rel A
& (3u) [u€I, & (3, ¢.(1))Erel A]=(Wv) [vEI,=($.(v), 395:)Erel A].

Proof. Use the preceding lemmas and make a simultaneous application
of the method of the proof of Lemma 7.

LEMMA 18. A, BE &=>rel A and rel B are coherent (in the sense of §4).

Proof. Use well-ordering given by Lemma 17.

DEFINITION. <g=4s Useg rel A; C=ur dom <g.

The above lemmas can now be used to give brief and direct proofs of the
following theorems and corollary.

THEOREM 6. <g is a system of notations.

THEOREM 7. (i) 3°5&C=a <g 3°5°,
(i) C={x|x=ind 4 for some ACER}.

CoROLLARY. For each xEC, I, is a system of notations.

Detailed proofs of Lemmas 7 through 18 and of Theorems 6 and 7 are
found in [Kr, pp. 29-48].

Theorem 1 can now be applied to yield a segment of countable ordinal
numbers for which <g serves as system of notations. The analogy between
<¢ and the accessible ordinals is made clear by Lemma 17 and Theorem 7.
The subsystems I, correspond to the various number classes of accessible
ordinals.
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The relation between the segment of ordinal numbers covered by <g and
the segment covered by <¢ is an open question.

6. Expression of C in both two-function-quantifier forms. In this section
we discuss the system of notations <¢ obtained in §4 in relation to the
analytical hierarchy of Kleene [K;; K;]. Specifically, we shall find analytical
predicates in two-function-quantifier-universal and two-function-quantifier-
existential forms respectively expressing the relation <¢. We recall that an
analytical predicate is one that can be expressed explicitly in terms of con-
stant and variable natural numbers, function variables, general recursive
predicates, the connectives of propositional calculus, and the two types of
quantifiers, number and function, each of two kinds, universal and existential
(a predicate of this kind is called arithmetical if only number quantifiers are
used). These predicates fall into a hierarchy according to the sequences of
alternating function quantifiers required to define them from arithmetical
predicates. More exactly, given an analytical predicate, the number and
function quantifiers can be advanced by the usual rules of quantifiers to ob-
tain a prenex form in which the scope of the prefix is recursive, and the prefix
can be further reduced by applying one or several of the following alteration-
of-quantifiers rules listed in [K;]:

(1) Adjacent number quantifiers of like kind can be contracted, since

(32)(3y) A (x, y) = (32) A((x)o, (%)1),
and
(V2) (W) A(x, y) = (¥x) A((x)o, (2)1).
(2) Adjacent function quantifiers of like kind can be contracted, since
(3)(3B) A(a, B) = (3a) AN a(t))o, M(a(?))y),
and
(Wa)(WB) A (e, B) = (Ve) A (At(a(t))o, M(a(t)1).
(3) Number quantifiers can be raised in type to function quantifiers, since
(32) A(x) = (3a) 4((0)),
and
(V) 4(x) = (V) 4((0)).

Thus, in particular, adjacent quantifiers of mixed type and like kind can be
contracted to a single function quantifier.

(4) A function quantifier can be advanced across a number quantifier of
opposite kind, since

(32)(Va) A (%, a) = (Vo) (3x) 4 (%, Ma(273Y)),

and
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(V2)(30) A(x, @) = (3a)(Wx) A (x, Ma(273)).

(5) A function quantifier applied directly to a recursive predicate can be
reduced in type to a number quantifier, since, for example,

(30)R(a,0) = (30) T ( 11 Pﬁ‘)‘ﬂvf.a’(z)o)

i<(z)o

and

(V@) R(a, a) = (Vx)NT:( 11 pgzw»f.a.mo),

i<(z)o

where T} is defined as on page 291 of [K4] and f is a Gédel number depending
on R. Similarly if R has more free number and function variables.

By applying rules (1)—(5) any analytical predicate in k free number vaii-
ables a4, as, - - -, ax can be transformed to one of the forms

(Va)(3x)R(ay, - - -, &, @, %), (3)(WB)(3H)R(-- ), -
A(al) Y ak))
(aa)(vx)R(aly T, Ok @, x)7 (va)(aﬂ)(vx)R( Tt ); Tt

where 4 is arithmetical and R is general recursive. The same result holds if
there are free function variables. Kleene’s hierarchy theorem [Kj, §4], states
that for any of the above forms after the first, there is a predicate in that
form which is not expressible in the dual form nor in any form with fewer
quantifiers (although it is, of course, clear that predicates in any one of the
forms can be expressed in any form with more quantifiers). We shall speak
of the 1-function-quantifier-universal form, the 2-function-quantifier-uni-
versal form, the 2-function-quantifier-existential form [or more briefly the
1FQV form, the 2FQV form, the 2FQ3 form respectively], and so forth,
when referring to the forms (Va)(3x)R( - - -), (Va)(3B)(VYx)R( - - -),
(3a)(WB)(3X)R( - - - ), - - -

An additional alteration-of-quantifiers rule is given by Addison and
Kleene in [AK].

(6) (Wa)(3x)(36)4(a(x),8) = (36)(Va)(3x) A(a(x), MB(22®3Y)),
and

() (V) (WB) 4(a(), B) = (WB)(Fa) (V=) A(a(x), MB(22)31).

It is interesting to note that in order to apply this rule it is only necessary
that occurrences of « in the given predicate be restricted to expressions of the
form &(x). This is clearly not the case with the predicate

(We)(3x)(38)[(Wy) ~ T’ (e, a, 3) & « = =],
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Many predicates, however, because of their particular structure, can be ex-
pressed in a form to which the rule is applicable. A large class of these is
described in the following lemma. The statement of this lemma and of its
corollary can be shortened; in the form in which they are given, however,
the intended applications follow smoothly.

LEMMA 19. Let P be a predicate which is expressed explicitly in terms of
constant and variable natural numbers, general recursive predicates, the function
variable a, the li-ary predicate variables Q;, 1 i <r, the connectives of proposi-
tional calculus, and number quantifiers. And let Qf, Q} be predicates none of
whose variables occur in P, with l; free number variables and no free function
variables, and such that QY can be transformed into kFQV form and Q} can be
transformed into kRFQ3 form by means of the quantifier rules listed above,
1=51=r, where k=2.

Then among the predicates (Vo) P', where P’ is obtained from P by replacing
each occurrence Qi(ui, - - -, wuy) of Qi by either QQus, - - -, w) or
Qi(u, - - -, wi,), there is a predicate Py transformable to kFQV form and a
predicate P, transformable to kFQ3 form by means of the quantifier rules listed
above.

Proof. We follow Kleene [K;, p. 321] in calling an occurrence of Q; in P
positive or negative according as an initial quantifier at that occurrence
would be unchanged or changed in kind when carried to the prefix of a prenex
form for P.

Let Py=(Ya)P’, where P’ is obtained from P by replacing each positive
occurrence Q;(u1, - - -, ) of Qi by Q2w - - -, ;) and each negative oc-
currence Qi(u1, - - -, ) of Qi by Qj(u1, - - -, us,). To obtain a kFQV ex-
pression for P; we first replace each occurrence of QY in P, by a kFQV expres-
sion for it and each occurrence of Q; in P; by a kFQ3 expression for it, and
then apply the quantifier rules (1)—(5) in a straightforward manner.

Let Py=(VYa)P’’, where P’ is obtained from P by replacing each positive
occurrence Qi(u1, -+ - -, u1,) of Qi by Q(u, - - -, u;,) and each negative
occurrence Qi(u1, - - -, u,) of Q; by Qf(us, - - -, ). To obtain a kFQ3 ex-
pression for P, we first replace each occurrence of Qf in P, by a RFQV expres-
sion for it with prefix (¥B:1)(3B:) - - -, and each occurrence Q; in P; by a
kFQ3 expression for it with prefix (381)(¥f.) - - -, and then advance all
number quantifiers not in the scope of a function quantifier (i.e. the number
quantifiers from P) to the front of P’" and use the quantifier rules (1)—(5)
to obtain a prefix (Wa)(3x) applied to a scope B(a, x). This scope B(e, x),
as well as the scopes C(a, x) and C(a(x)) mentioned below, may have other
free number variables which we do not explicitly indicate. Now we make
the following transformations:

(i) Replace each occurrence of x in B(e, x) by (x)o, thus obtaining the
predicate (Va)(3x)B(a, (x)o) which is equivalent to P..
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(ii) Let p1, p2, - - -, p: be all the terms in B(e, (x),) which occur as argu-
ments of «, and let C(a, x) be the predicate

B(a,(x)o)&p1<x&ﬁz<x&'~&1>t<x.

Then since a has no occurrence in any of the Qf or Q;, none of the expressions
b1, * -+, p: contains a bound variable of B(e, (x)o). Therefore the predicate
(Vo) (3x)C(a, x) is equivalent to Pe.

(ili) Replace each occurrence a(p;) of a in C(q, x) by (a(x)),,, 1=j=¢,
and then replace each occurrence of x not in the expression a(x) by lha(x)
(cf. [Kq]). This results in a predicate (Vo) (3x)C(a(x)) which is equivalent
to P,, and where C is expressed explicitly in terms of constant and variable
natural numbers, general recursive predicates, the connectives of proposi-
tional calculus, and the k-function-quantifier expressions replacing Qf and QJ.

Now the steps described above do not alter the positiveness or negative-
ness of an occurrence of one of the expressions replacing Q? or Q}, hence in the
number theoretic predicate C(s) obtained from C(a(x)) by replacing a(x) by
the number variable s, each occurrence of a kFQ3 expression replacing
Q) is positive and each occurrence of a EFQV expression replacing Qf is
negative. Now advance the quantifiers (¥8;) and (3B, then (¥B;) and

(3B), + - -, and finally (¥B:) and (3B:) to the front of C(s) obtaining the
prefix (361)(V¥B:)(36s) - - - (Bx) applied to an arithmetical predicate
A(s, B, B, - - -, Bi). Thus we have the predicate

(va)(ax)(aﬂl)(VBz) ttt (Bk)A(a(x)) B, BZ, ) ﬂlc)

which is equivalent to P,. But by quantifier rule (6) of Addison and Kleene,
this predicate is equivalent to

(38)(Wa) (32)(WB2) - - - (Bi) A(&(x), MB(2%®31), B, - - -, Bi),

and we can now apply the quantifier rules (1)—(5) to reduce the last predicate
to the desired kFQ3 form. Q.E.D.

COROLLARY. Let P be as in the lemma except that it has no free func-
tion variables. Let QF, Q} be as in the lemma, except that k may also equal 1.
Then among the predicates P’ obtained from P by replacing each occurrence
Q:i(uy, - - -, w) of Qi by either QQ(uy, - - -, w,) or Qi(wa, - - -, u1,), there is a
predicate Py transformable to kFQVY form and a predicate P, transformable to
kFQ3 form by means of the quantifier rules listed above.

Investigations by Kleene, Spector and others, of various systems of nota-
tions for the constructive ordinals have depended strongly on applications
of the recursion theorem. The role played by the recursion theorem in these
investigations has been summarized by Rogers [R] in a lemma concerning
the defining of partial recursive functions over well-ordered partial orderings.
We state this lemma here.
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¢ is the partial recursive function of index x. Let <w be a well-ordered
partial ordering over a set of non-negative integers W. S is a segment of W
if SCWand if (a€ES &b<wa)=bES. For acW, S, shall be the segment
{b|b<wa}; and Sf shall be the segment {b|b<wa}.

LEMMA 20. Let <w be a well-ordered partial ordering on W. Let D(x, S) be
a relation between integers x and segments S of W such that

() D(x, S) and ¢p.=¢, on S=D(y, S),

(i) D(x, S¥) for all a€ES=D(x, S).
Let f be a recursive function of two variables such that

(i) D(x, S)=[D(f(x, a), S3) and ¢ye.a =0 on Sa].
Then there exists an integer xo such that D(xo, W).

The lemma says, in effect, that given a property 7 of certain members of
W, if a uniform effective procedure for showing that all members of Sf have
m can always be obtained from a uniform effective procedure for showing
that all members of S, have 7, then there is a uniform effective procedure for
showing that all members of W have 7. In dealing with constructive systems
of notation for ordinal numbers, therefore, the recursion theorem assumes a
role similar to that played by transfinite induction in the classical theory of
ordinal numbers.

In our applications of this lemma, given a relation D(x, S) satisfying (i)
and (ii), our main task is to define the recursive function f in such a way that
(iii) is satisfied. The definition of f will, in general, depend on somewhat
deeper structural properties of <.

We return now to the problem of finding 2FQVY and 2FQ3 expressions
for <¢. From the definition of <¢ one can obtain directly a predicate in
2FQV form expressing <¢(19), but there seems to be no simple way to obtain
a 2FQ3 form expressing S¢ without going more deeply into the structure
of <¢and the chain D of relations defined in §4('!). In Theorems 8, 9 below,
we proceed inductively by way of D to obtain both the 2FQVW and the 2FQ3
forms.

DEFINITION. For aEC, let D, be the least relation in ® whose domain

(%) To thus obtain this 2FQW form observe, from the results of §4, that <S¢y can be
equivalently written: (WR)[[R transitive, reflexive and connected & R well-ordered & (¥.5)
[S initial segment of R<=f*(S) initial segment of R] & {(1, 1)} an initial segment of R]
=>(x, ¥)&R). Going over to characteristic functions and recursive predicates, we observe that
function quantifiers appear in the positions: (Wa)[[ - - & (W8) - - & (W¥)[:---&---]
& - ]= - -] yielding the 2FQVY form.

(1) Unfortunately, the Addison-Kleene quantifier rule appears not to apply directly to the
2FQVY form suggested in footnote 10. In particular, the R and S mentioned there may be infinite,
in which case a relationship such as “S initial segment of R” involves a more complex cor-
responding relationship between the representing functions « and v than can be immediately
subsumed under the Addison-Kleene rule.
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contains a. For RE D, let R~ be the relation P(R).
We first show that each D,, a €C, is expressible in both 2FQ forms.

THEOREM 8. There exists a recursive function 0 such that for any a € C,
.8
(m, n) € Da = (Wa)(36)(Wy) ~ T2 ((6(a))o, m, 1, y)

= (30)(WB)(29) T3 ((6(2))1, m, 1, ).

Proof. The proof will consist of an application of Lemma 20 to the well-
ordered partial ordering <¢. The relation D(x, S) of Lemma 20 is defined for
an integer x and segment S of C by:

D(x, S) = {d),, is defined on S, and for each bES, (¢.(b))o and (¢,(b)): are
indices for Dy in 2FQW¥ and 2FQ3 forms respectively [I.e.
(m, n)E D,y = (Ya) (3B) (Vy) ~ T3 °((¢:(D))o, m, 7, 3)
=(30) (V8)(3y) T5*((¢=(0))1, m, , ).]}.

Note that conditions (i) and (ii) of Lemma 20 are trivially satisfied. We shall
define below the recursive function f(x, e¢) required in the application of the
lemma. The desired recursive function 6 is then 8§ =¢,,, where x, is an integer
such that D(x,, C).

Define the partial recursive function ¢.(x, @, t) by

o ) {2‘13ez ift =a,
e\X, @, 1) =
é:(2) if t # a,

where €, and e, depend effectively on x and ¢ and will be defined below in
Cases 1-4, and let

f(x, a) = Si(e, %, a).

We shall see that e; and e, are defined for all a and x; it follows that
&7 (@) is always defined, and hence, from the proof of Lemma 20 in [R],
that 0 =¢,, is everywhere defined.

For a in C, e; and e, are to be Gédel numbers for D, in 2FQY and 2FQ3
forms respectively. Our general attack will be as follows. In order to satisfy
condition (iii) of Lemma 20, we must show how, given an effective function
that provides the 2FQ forms for all Dy, b <¢ @, to obtain the 2FQ forms for
D,. Before giving full formal details we make some comments.

In case a=1, the construction of e¢; and e; will be immediate.

In case a€C & a=2% & b#0, the construction will follow from an ap-
plication of Lemma 19 to the identity

(m,n) € Dy = (m,n) € Dy\/ (3)[n = 2: & (m, t) € Dy
V (3s)(3N)[m = 20 & n = 2: & (s,t) € Dy].

This identity follows from (1*) of §4.

(Idy)
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In case e &C & a =35% the construction will occur in two stages. First
the 2FQ forms for Dgg are obtained; and then the 2FQ forms for Dyt are
obtained from these.

The first stage will use, indirectly, the identities

D, C Dgy;

(V1) [t € Dgs = Dy C Dgsij;

(¥y) [y € Dy = Dwg C Da”s‘];

(W) (Ve)[y € Dy & (wu)[u € D = ¢.(u) defined & ¢,(x) € D]
& () (W9) [(, 0) € Dot & (3w) [0 € Dot & (9e(w), $s()) € Doecwr]]
= Dy C D).

(1d2)

The four parts of (Id;) are justified by Lemma 6 in §4.

For the second stage we use the identities (Ids) and (Ids), to be given
below in course of the construction. (Id;) defines Dz in terms of Dgg, and
(Idy) defines D3 in terms of Dg; and various D,, a <¢ 352 These identities
follow from Lemma 6 and from (2*) and (3*) of §4.

We next give the construction and then go on to prove that it gives the
desired 2FQ forms.

Cast 1. a=1: Let ¢; and e; define recursively from « and f the partial
functions

Mmnpy[~ (m =n = 1) &y = 0]
and
Amnuylm = n=1&y = 0]

respectively.
CAsSE 2. =2 & b#0: Let Q be a predicate letter and consider the predi-
cate P defined by

P(x7 a) m’ n) = Q(x’ b) m’ n) v (at)[n = 2‘ & Q(x’ b’ m’ t)]
V (3s)(3t)[m = 22&n = 20&Qx, b, 5, 1)].

(Motivation: cf. (Id;) above.)
Applying the corollary to Lemma 19 with r=1, k=2,

Q°(1, ¥2, 93, ¥4) = [$4,(y2) is defined and

(W) (38) (W) ~ T3 (65(3))o, 95, y6 M1,

and
0'(y1, ¥2, ¥s, ¥a) = [@y,(y2) is defined and
(2)(W8) (3N T3 (0. (9))1, 95, ¥4, 9],
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we obtain predicates P; and P, such that

Pl(x) a, m, n) = (V&)(EB)(VJ’) ~ T:'B(?l) x, a, m, n, 3’)
and
P2(x) a, m, n) = (aa)(Vﬂ)(ay)T:'ﬂ(?m x, a, m, n, y)

for some fixed integers p1 and p,. Now let e/ define recursively from « and 8
the partial function

a.B
MpixamnpuyT, (Pi’ x, a, m, n, y)’

and let
3,1,1

e; =52 (8.", b %, a)
for 1=1, 2.

CASE 3. a=23%5%: Let 4 be a fixed index of the identity function and Q a
predicate letter, and consider the predicate P defined by

(*) P(x, s, m, n)=Na) {a(l, 1) =0& (¥)[(Ig)(alt, ¢) =0)
=(Vu) (V) (Q(x, 2, u, v)=a(u, v)=0)] & (¥9) [Q(, s, 3, 5) & ~Q(x, 5, 5, ¥)
= (Vu) (Vo) (Q(x, 3v5%, u, v) =a(u, v) =0)] & (Vy)(Ve)[Q(x, s, ¥, )
&~Q(x, s, 5, ¥) & (Vu) [(39)(Q(x, 3v5°, u, @) & ~Q(x, 3'S%, g, u))=¢,(u) is
defined & (3g)(alde(w), @ =0)] & (Vu)(W)[Q(x, 35, u, 1)
& (39)(~Q(x, 3154, ¢, v))=(3w)((39) (Q(x, 3°5%, w, g) & ~Q(x, 3'5, ¢, w))
&Qx, ¢e(®), du(n), $:(v)))]=(Vu)(W0)[Q(x, 3'5°, u, v)=a(u, v)=0]]}
=a(m, n) =0.

(Motivation: cf. (Ids), recalling that [#E€D; =(n, a)ED, & {a, n)&D,]
and [(m, n)ED; =(a, n)&ED, & (m, n)ED,], and reading “(v, w)ED,” for
Q(x, u, v, w) and “(m, n)EDgzg" for P(x, s, m, n). Use of (*) and role of
“(Wa)” will be explained and justified below.)

Applying Lemma 19 with r, k, Q° Q! as in Case 2, we obtain predicates
P{ and P; such that

P (z,5,m,n) = (Vo) (36)(Wy) ~ T (p!, 2, 5,m, m, %)

and
P (z,s,m,n) = (3e)(VB) (I T3 (p1, %, 5, m, 1, %)

for some fixed integers p{/ and p7.
Now if 3*52&€C, Dgg is definable explicitly from Dgyg: as follows:

(Ids) (m,n) € D = (I)[p E Dygg & ¢.(v) is defined & (m, n) € D¢‘(,)],

and
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(m, n) € Dy = (m, n) € Dpg
V (3s)(3t)[m € Dpg & n = 325t & Co(s, t, Dw)]
V (351)(3t)(3s2)(Btg) [m = 3454 & n = 325
& Cs(s1, t1, Dsz) & Ca(ss, t2, Detsr)]
V {(Ws)(¥)[(3w)(3'5* € Diéx) & OP(t, Dyg, D)
= ~ OPC(t, Dgs, D))
&. (35)(30)[m € Dy & n = 325 & Ci(s, ¢, Dy)]
V (351)(30)(352)(3t) [m = 3454 & n = 325
& Cs(s1, t1, Doge) & Cilss, b2, D))},

where OP, OPC, C;, Cs, are as defined in §4.

Now let P’/(x, a, m, n) be the predicate obtained from the above expres-
sion for (m, n)E D by replacing

(1) OP, OPC, C,, Gs, by the expressions which they abbreviate,

(2) rel P¥y by Dy (y=s, 51, 52),

(3) expressions of the form xER by (3r)[(x, r)ER],

(4) expressions of the form (yi, y2)E Dgg by the expanded expression of
(Ids),

(5) expressions of the form (y1, ¥:)E Dgys by Qu(x, %3, 31, ¥2),

(6) expressions of the form (yi, y.)ED,, by [y:%1 & Qu(x, ¥5, 31, ¥2)]
Vys=1& y.=1 & y1=1], where Q: and Q: are predicate letters.

Then P’’ is arithmetical in Q; and Q,. Therefore applying the corollary to
Lemma 19 with r=2, k=2,

(Idy)

0

0:1(y1, ¥2, ¥, ¥4) = P{ (y1, ¥2, ¥3, ¥4),
1

Qi1(y1, ¥2, ¥3, ¥4) = P4 (91, 2, ¥3, ¥4),

Q: = Qo of Case 2,
and

Q; = Q1 of Case 2,

we obtain predicates P/’ and P3’ such that

P{'(x, 8, m, n) = (Va)(36)(Wy) ~ T3 (o', %, a, m, n, )
and

P{'(x, a0, m, ) = (3)(WE) (YT (p4", x, a, m, n, )

for some fixed integers p{’ and p;’.
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Now let ¢!’ define recursively from « and 8 the partial function

a,B
)\P,;”.’JCGM”[J}’T( (p"”; X, a, m, n, y))

and let
€ = S;'l'l(et”) Pi", X, a)
fori=1, 2.

CAsE 4. Otherwise let e;=¢;,=0.

This completes the definition of ¢, and e, and hence of f(x, a). We complete
the proof of the theorem by showing that f(x, @) satisfies condition (iii) of
Lemma 20.

Let a&€C and let x be an integer such that D(x, S,). By definition of
f(x, @), ¢1z.a0)(t) =:(t) on S,. Hence we need only show that D(f(x, a), S7);
i.e. we must show that (¢7(,q(@))o=e1 and (¢s,0(a))1=e; are indices for D,
in 2FQV and 2FQ3 forms respectively. We prove this by cases correspond-
ing to the definition of e; and e».

Case1’.a=1: (Va)(3B)(Vy)~TP(er,m,n,y) =
(3a)(VB)(Fy) T5#(e2, m, n, y)=m=n=1=(m, n)ED\.

CasE 2'. a=2> & b5%0: Since (¢.(b))o and (¢(b)): are indices for D, in
2FQY and 2FQ3 forms we have

Q°(%, b, y1, y2) = Q'(x, b, 1, y2) = (31, y2) € Ds.
Therefore
Pi(x, a,m, n) = Py(x,a,m,n)
= (m,n) € Dy \/ (30)[n = 2 & (m, 1) € D]
V (3s)(3)[m =20 &n = 20 & (s5,t) € Ds)
= (m, n) € D..

Thus by definition of e, and e,

(Wa)(36) (W) ~ T3 (e1, m, n, 3)

= (32)(V8) () T3 (ez, m, n, 9)
= Pl(xy a, m, n) = Pﬂ(xv a, m, ")
= (m, n) € D,.
Cask 3’. a =35 We first prove a lemma which explains and justifies (*).

LEMMA. Let a ©C and let Ry, Ry, - - - be any sequence of binary relations on
N such that R, =D, for all c<¢ a. Then if s<¢a and s is an index in S;, Dysi
1s the intersection S of all binary relations S on N satisfying
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(a) RICS;

(b) tES=RyCS;

(C) <yv S)ER, & (57 y)QER,=>R3”5‘§S;

d) (3, YER & (s, y)ER, & (Vu)[(u, 35)ERwy & (3'5%, u)E Ry
=¢.(u) defined & ¢.(u)ES] & (Yu)(Po)[(u, v)ERys & (35, v)E Ry
= (3w) [(w, 35)ERyy & (35, w) ERys & ($o(u), ¢.(2))E Dy, ]|= Ry
cS.

Proof of lemma. It is immediate from (Id,) that S= D satisfies (a)—(d).
Hence SC Dgy. Suppose that S5 Dy Let # be a minimal element of Dy
such that for some v, (v, #)EDyg but (v, u)&S. It is clear that S satisfies
(a)-(d). Thusif =1, then v=1 and hence (1, 1)& S which is a contradiction.
If u=2¢ then tES, hence Dyt=Ry;CS. But then by coherence we have
(v, #)ED,t and hence (v, #)ES contrary to the choice of % and v. And if
u=3v5¢, then y<¢ s; hence (y, sYED,=R, and (s, y)&D,=R,. Then by (c),
Dy C S, and by (d), D#eC S. Hence since by coherence we have (v, #)E Dy,
it follows that (v, #)ES contrary to the choice of # and v. We must therefore
have 8= Dj;:. This proves the lemma.

COROLLARY. Let a&EC and let Ry, R{, - - - and RJ', R!’, - - - be any two
sequences of binary relations on N such that R,=R. =D, for all c<¢ a. Then
the conclusion of the lemma will remain true 1f some occurrences of R are replaced
by R’ and the remaining occurrences of R are replaced by R'’ in ils statement.

Now, by hypothesis, if ¢<¢a, AmnQ’(x, ¢, m, n) =AmnQ' (x, ¢, m, n)
=(m,n)Y&D,. P{(x,s, m,n)isequivalent to the predicate obtained from (*)
by replacing each occurrence of Q by either Q° or Q!. Hence applying the
corollary to the lemma with

R = {(m, n)| Q'w, ¢, m, m))
and
R = {(m, n)| Ql(x, ¢, m, n)}
we have
AmnP{ (2, s, m, n) = (m, n) € Dys.
It follows similarly that
AmnP{ (x, s, m, n) = (m, n) € Dgs.

Now by definition of P’/(x, @, m, n) and the method whereby P{’ and
P;j' were obtained from P’' we see by (Ids;) that AmnP{’(x, a, m, n)
=\mnP;’ (x, a, m, n) =(m, n)EDpy=D,. By definition of e; and e, there-
fore, we have
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(Vo)) (38)(Wy) ~ T3 (ex, m, , )
= (30)(V8)(39) T3 (er, m, , 9)
= (m, n) € D..
This completes the proof of the theorem. Q.E.D.

COROLLARY 1. There exists a recursive function 8’ such that for any aE€C,
0'(a))o and (0'(a))1 are indices for D; in 2FQNY and 2FQ 3 forms respectively.

Proof. Since (m, n)ED; =(m, n)ED, & (@, n)&ED,, we consider the
predicate P defined by

P(a, m, n) = Qa, m, n) & ~ Q(a, a, n).

Applying the corollary to Lemma 19 with r=1, k=2,

0" (1, 32, 39) = (W2)(36)(Wy) ~ T3 (0o, 2, 3, %)
and

0' (1, 31, 39) = (30) (VB (I T3 (O(3))1, ¥5, ¥, 9),

we obtain predicates P; and P, such that

Py(a, m, n) = (W) (36)(Wy) ~ T3 (p1, 0, m, n, 3)

and

Pa(a, m, n) = (3a)(WB) (I T3 (ps, a, m, n, )

for some fixed integers p; and p..
Letting e/ define recursively from « and 8 the function

a.b
ApiamnuyTs (pi, a, m, n, y)
for 1=1, 2, we put
2.1,1

0'(a) = zsg'l'l(ex'.m.a)ssz (e2’,p2.8) Q.E.D.

COROLLARY 2. There exists a recursive function 8'' such that for any a €C,
(0" (a))o and (8" (a)): are indices for <4 in 2FQV and 2FQ 3 forms respectively.

Proof. Let 7 be a fixed index of the identity function and put 8'/(a)
=0'(325%).

THEOREM 9. S¢ is expressible in both 2-function-quantifier forms.
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Proof. Let R be the intersection of all binary relations R on N satisfying

(a) DlgRr

(b) £€ R=>(Vu) (Vo) [Q(35", u, v)=(u, )ER],

(©) xER& (Wu)[(39)Q(375%, u, @) =¢.(w) is defined & (3g) ((¢:(x), Q) ER) ]
& (Vu) (Vo) [0(3°5%, u, v) = (3w) ((39) Q(375%, w, @) & 0(¢:(w), b:(x), 6.(2)))]
=(Vu) (Vo) [0(375%, u, v)=(u, v)ER],

where 7 is a fixed index of the identity function,

0y, y5 ¥5) = (W) (36) (W) ~ T3 ((0(3))o, 32, s, )
and

Qys, 32, ¥9) = (W) (38)(Wy) ~ T2 (630, 2, 33, ).

We first show that R= S¢. It is clear that both R and S¢ satisfy (a)—(c),
so that RC <¢, (cf. (Ids)). Thus for R= R the rules (a)-(c), reduce to

(a') DI_C_ R,

(b") xER=Dy¢sCR,

(C,) xE R & OP(Z, D:;;5-‘, R)=>D3”5'(_: R
Suppose, now, that Rs S¢. Then there are integers a & C such that a & R;
for otherwise aEC=a€ R=Dys C R, and hence S¢=U,ec Do C R. So let
a be a minimal element of C not in the domain of R. Then a##1 by (a’). If
a=2v, then yE R, hence by (b’), a =2E€ Dy C R contrary to the choice of a.
And if a =3%5¢, then xE R so by (b"), Dg#s C R. Now OPC(2, Dy, Dss) and
hence by choice of a, OP(z, Dzg, R). But then by (c¢’), D#+C R contrary to
the choice of a. Therefore R= Se¢.

The same result would be obtained if any or all of the occurrences of
O(y1, 2, ¥s) were replaced by

(30) (¥8) (39) T3 (B(y))1, Y20 Y5, 9)
and if any or all of the occurrences of Q(y1, ¥, ¥;) were replaced by
(3) (VB) (3)) T53((0" ()1, 32, 33, 9).
Let P be the predicate defined by
P(m,n) = (Wa)-{a(1, 1) = 0 & (¥x)[(3¢)(a(x, g) = 0)
= (W) (¥0)(01(3°5", %, 1) = a(u, 1) = 0)] & (W2)(¥z)[(3g)[a(x, ¢) = 0]
& (W) [(39)Q2(375%, u, ¢) = &.(u) is defined & (3g)(a($:(%), g) = 0)]
& (V) (W) [Q2(375%, u, ) & (30)((39)Q:(3°5", w, g)
& Qu(¢.(w), 6.(1), 6.(2)))] = (F2) (W) [01(375°, u, ) = a(n, v) = 0]]}
= a(m, n) = 0,

where Q: and Q; are predicate letters.
Applying Lemma 19 with =2, k=2,
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011, ¥, ¥3) = (V) (36)(Wy) ~ T3 (60, ¥2, Y5, 3),

Qi(y1, 32, 95) = (32) (WA () T3 (B3, Y2 ¥, ),
031, ¥ ¥3) = (V) (36)(W3) ~ T3 (@ (3D))er ¥2 V5, 9),

and

Q:(31, 32, ¥9) = (30) (WB)(3) T3 (O’ ()1, 2, ¥, ),

we obtain predicates P; and P, such that

Pi(m, n) = (Wa)(28)(Wy) ~ T3 " (p1, m, n, 9)

and
Pa(m, n) = (3a)(VB)(3NT5" (pr, m, n, 9)
for some fixed integers p1 and p,. Moreover by the above discussion of R,
Pi(m, n) = Py(m,n) =m <cmn. Q.E.D.

COROLLARY 1. <¢ s expressible in both 2-function-quantifier forms.
COROLLARY 2. C s expressible in both 2-function-quantifier forms.

7. Extension of Kleene’s {-hierarchy through C. The finite ®-hierarchy
Lo, &, &, - - - of Kleene [K;] is obtained by repeated application to a recursive
predicate of the “hyperjump” operation

RMo) = (V) (30)T1 “(e, q, 2).

In [AK] Addison and Kleene show that the predicates in this hierarchy and
in its extension (as their §-hierarchy) through the constructive third number
class are expressible in both 2-function-quantifier forms and hence, except for
2 and @, are properly between R and M. in hyperdegree [Mi(a)
=(V¥a)(3x)T¥a, a, x) and Nu(a) =(3)(WYB)(3x)TT*(a, a, x)]. This result
is interesting for several reasons. First, it underlines the extent to which
the hyperjump operation fails to play a role for the analytical hierarchy
analogous to that played by Kleene's ordinary jump operation [KP] in
the arithmetical hierarchy. Hence, second, it leaves open the problem of
providing some such structure for the analytical hierarchy. And, third, it
raises the question as to how far this hyperjump operation can be extended
into the transfinite without reaching predicates which are not expressible in
both 2-function-quantifier forms, or at least the problem of the extent to
which this question can be made meaningful.



360 D. L. KREIDER AND HARTLEY ROGERS, ]JR. [August

In §8 we shall extend the ©-hierarchy through our extension C of Addison
and Kleene's constructive third number class and shall show that except for
91 and 9. this entire hierarchy still lies properly between Ry and N, in hyper-
degree. We are interested in this paragraph in obtaining analogous results
for our system C of notations.

DerFINITION. For a €C, &, is defined as follows: (¢ is a fixed index of the
identity function)

x=2x g ifa=1,
Jul@) = { (W) (3NT1 " (%, 7, 9) if ¢ = 20,
(%), € Dgs & I, @ (%)) if @ = 3552,

Since a <¢ b implies that &, is of lower hyperdegree than & (this can be
proved by induction on C), and since J;=4, the fact that the predicates
S, 2<c a, are properly between N, and N, in hyperdegree follows from the
next theorem.

THEOREM 10. There exists a recursive function g such that for any a € C,
(g(a))o and (g(a))1 are indices for I, in 2FQVY and 2FQ 3 forms respectively.

Proof. As in Theorem 8 the proof consists of an application of Lemma 20
to the well-ordered partial ordering <¢. The relation D(x, S) of Lemma 20 is
defined in this proof for an integer x and segment S of C by:

D(x, S)= {¢, is defined on S, and for each bES, (¢.(d))o and (¢.(b)), are

indices for S in 2FQVY and 2FQ 3 forms respectively}.

The recursive function f(x, @) is defined exactly as before except that e,
and e; are changed. ¢; and e; are defined below.

CasE 1. a=1: Let ¢; and e; define recursively from « and @8 the functions

Muy[x # x &y = 0]
and

Muy[x = x &y = 0]
respectively.

CASE 2. a=22& b#0: lf a€C,

3(®) = (W) ()T (5, 7, )
= (Ya)(2)T1 (R, &), %, , ),

where \ is the representing function of 3. Let P(z, a, x) be the predicate ob-
tained from

(W) (29)(30) () [u = R(y) &v = a(y) & T3 (4, v, , , )]
by replacing #=X(y) by
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(3w) {(Vi)[i <y.=.(w);=0&0(z5,7) .V. (w); =1
&~ 008, M) &| I - ]} .

<y

Now, applying Lemma 19 with r=1, k=2,
0’1, 32, 99) = 4,(y2) is defined & (Va)(36)(Wy) ~ T5 " ($5,(3))0, ¥5,9),

and

0", 2, 99) = dy,(2) is defined & (3a) (WB) (T T2 (B:(¥2))1, 93, ),

we obtain predicates P; and P, such that

Pi(3, g, ) = (Wa)(38) (W) ~ T5°(p1, 7, 0, , 9)

and

a.B
P2(z) a, x) = (Ea)(vﬂ)(ay) T3 (1’2: 2, 4, %, y)
for some fixed integers p; and p,. Let e/ define recursively from « and g the
function
CH-
ApizaxuyTs (pi, 3, a, %, 3),
and let

e = S:'l'l(e,-', i, 2, @), i=1,2,
CasE 3. a =3%5¢: Let P’ be defined by
Pl(z) a, x) = (EQ)Ql(b’ (x) 1 9) & ¢‘((x)l) is defined & Qz(z; ¢t((x) 1)’ (x)o),
and let P{ and P; be obtained by means of the corollary'to Lemma 19 with
r=2,k=2,
a,p ,
Qilys, 72 39) = (W) (36)(Wy) ~ T3 (@ ()0, 32, y3,9),
a,B ,
0131, 32, 99) = (3)(WB) (DTS (@ ()1, 32, I3, 9),
02 = Q' of Case 2,

and

Qg Q of Case 2,
such that
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Pl (s, a, %) = (Wa)(36)(Wy) ~ T3°(p1, 2, 0, , )
and
Pi(z, 0, %) = (3a) (WO (2N T3 (94, 2, 0, %, )

for some fixed integers p{ and ps . Let ¢!’ define recursively from o and 8 the
function

)‘p;zaxuyT:'p([h" y % @, X, y))

and let
ei=S"" el’, pi, 2, a), i=1,2.

CasE 4. Otherwise let e;=€,=0.

The proof is completed as in Theorem 8 by showing that condition (iii)
of Lemma 20 is satisfied; i.e. as before it is only necessary to show that for
a € C and z such that D(z, S,), e1 and e; are indices in both 2-function-quanti-
fier forms for J,.

If a=1 it is clear that ¢, and e, are indices for 3 as required.

If a=2% & b0 then ¢; and e are indices for AxPy(z, @, x) and AxP:(z, @, x)
in 2FQV and 2FQ 3 formsrespectively. By hypothesis, MiQ°(z, b, 1) =NiQ'(3, b, )
= 3,(7); hence the expression

(3w) {(Vi)[i <y.=. (():;=08&0(b1) V- (w):=1&~Qb,1)]

& [ H p‘f”)i+l = “:I} )
<y

where Q is either Q° or Q!, is simply A(y) =u, where X is the representing
function of 3. Thus AxPi(z, @, x) =NxP.(z, a, x)
=(Ya)(3y) 11 A (), a(y), %, x, y) =Ja(x), as desired.

If a = 3%5¢, then e, and e, are indices for AxP{ (2, @, x) and AxPJ (2, ¢, x) in
2FQVY and 2FQ 3 forms respectively. By hypothesis, Q}(b, (x)1, ¢) =Q}(d, (x)1, q)
=((x)1, )€ D3y, and hence

\xP{ (3, @, x) = NxPJ (3, a, x)
= (39)[((*)1, 9) € D] & 4,01 ((*)0)
= Sﬂ(x)’

showing that €; and es have the desired properties. Q.E.D.

8. 2FQV and 2FQ3 forms for C. In this section we outline results for C
and <g corresponding to those obtained in §§6 and 7 for C and <¢. Most
of the details are omitted from the proofs in this section because of their
similarity to preceding proofs. Complete proofs are found in [Kr].
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THEOREM 11. There exists a recursive function 8 such that for any a<C,

(m, n) € I = (¥a)(38)(Wy) ~ T3 (@(0))s, m, , )
= (32)(W8) () T3 (@)1, m, , ).

Proof. As in Theorem 8 the proof consists of an application of Lemma 20
to the well-ordered partial ordering <g. The relation D(x, S) of Lemma 20 is
defined in this proof, for an integer x and a segment S of C, by

D(x, S) = { ¢, is defined on S, and for each bES, (¢(b))o and (¢.(b)): are

indices for I, in 2FQV and 2FQ3a forms respectively }.

In contrast to Theorem 8 where 6(a) gave 2FQ forms for the segment of
notations through a (“D,”), 6(a) in this theorem gives the 2FQ forms for the
number class of index a (“I1,”).

The recursive function f(x, @) is again defined as in Theorem 8 except that
e1, ez are defined as below:

CAsE 1. a=1: Let ¢, e, define recursively from a, 8 the functions

Mmnpy[~((m, n) € I) & y = 0]
and
Amupy[(m, n) € I, & y = 0]

respectively.
CasE 2. a=2%and b70: Let P be the predicate defined by

P(x,a,m,n) = (Vo) {a(1,2)= 0 & (V) [a(1, 4) = 0= a(u, 2¥) = 0]
& (W) (W) (Ww) [a(s, 1) = 0 & a(v, w) = 0= a(u, w) = 0]
& (W) (¥2)[[y = 8V Q(x, b, y,8)] & (W5) [(39)Q(x, , 5, ¢) = &.(s) is defined]
& (Us) (W) [Q(x, , 5, ) = a(es(s), #:(1)) = 0]
& (31[(39)0(x, 3, 7, ) & a(y, $:(r)) = 0] = (¥ [(39)0(=, ¥, 7, 9)
= a(¢,(r), 3¥59) = 0]]} = a(m, n) = 0.

(For motivation, see the definition of €(4, R) and (2) of the definition of &
in §5.)
Applying Lemma 19 with r=1, k=2, and Q° and Q! as in the proof of
Theorem 8, we obtain predicates P, and P, such that
a.B
Pl(x) a, m, "’) = (Va)(aﬂ)(vy) ~ T4 (?1’ x, a, m, n, 3’)

and

Poy(x, a, m, n) = (3a)(WB)(3y) Tl"”(?z, X, a,m,n,y)
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for some fixed integers p; and p.. Let e/ define recursively from «, 8 the func-
tion

ApxamnpyT :'B(I’;, x, a,m, n,y),
and let
6 = S:'l'l(e,-', pi, %, @) (i=1,2).
CasE 3. a=3%5!: Let P’ be the predicate defined by
P'(x,a,m,n) = (Wa)-{a(1,2) =0
& () [a(1, w) = 0= a(n, 2¥) = 0]
& (Wu) (W) (V) [a(n, v) = 0 & a(v, w) = 0= a(u, w) = 0]
& (W) (¥2)[(39)[(29)0(#, b, v, 9) & ¢4(v) is defined
& (y = ¢:(0) V Q(x, $:(v), 3, $:(0)))]
& (W [(39)0(x, y, 7, q) = ¢.(r) is defined]
& (W) (V5)[Q(%, 3, 7, 5) = a($a(1), $:(s)) = 0]
& (3 [(39)0(x, 3,7, ) & a(, ¢. () = 0]
= (VN[(300(, , 7, 9) = a($.(r), 3+57) = 0]]}
=. a(m, n) = 0.

(For motivation: see (3) of the definition of ® in §5.)

We now apply Lemma 19 as in Case 2(1?).

CASE 4. Otherwise let e;=¢,=0.

The proof is completed as in Theorem 8 by showing that condition (iii)
of Lemma 20 is satisfied. This follows easily from the definition of C in §5.

Q.E.D.
THEOREM 12. <g s expressible in both 2-function-quantifier forms.
Proof. Define the predicate P by
P(m, n) = (Va)- { (V4)(W)[Q(1, %, v) = a(, 1) = 0]
& (V=) [(39)(a(#, ) = 0) = (V1) (W) (Q(x, %, v) = a(u, ) = 0)]
& (V) (V2) [(2) [a(=, ) = 0] & (W#)[(39)Q(=, u, ¢) = ¢.() is defined]
& (W) (W) [Q(, u, 1) = a(¢:(x), $.(2)) = 0]
& (30)[(29)0(, %, @) & alx, $.(v)) = 0] = (3g)[(3°5%, ¢) = 0]]}
= a(m, n) = 0.(¥)

(1?) In Case 3, application of Lemma 20 depends upon the fact that the forms for I, will
be obtained prior to 3*5% Thus we use, here also, the regularity condition mentioned in (b) at
the beginning of §5. (See footnote 8.)

(1®) That part of the definition of P(m, n) which begins (¥x)(¥z) - - + is necessary in view
of difficulty (a) discussed early in §5.
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Applying Lemma 19 with r=1, k=2,

0’ (1, 32, 93) = (V) (38)(Wy) ~ T3 ((B(31))0, 92, ¥3» 9),
and

1 a,f,  ~
Q (y1, y2,95) = (32)(WB)(3y) T2 ((0(y1)1, ¥2, 3, ),
we obtain predicates P; and P; such that

Pi(m, n) = (W) (38)(Wy) ~ T3 (ps, m, n, )

and
Pa(m, n) = (3a)(IB) (I T5" (ps, m, n, 9)

for some fixed integers p1 and p..
By methods similar to those of Theorem 9 we can now show that Py(m, n)
= Py(m, n) =m <g n, using Lemma 17 and other results from §5. Q.E.D.

COROLLARY. C is expressible in both 2-function-quantifier forms.

Consider now the Kleene ;-hierarchy (& a natural number) extended
through C as the §,-hierarchy (for a€C) [AK]. We shall show, just as for
the J,-hierarchy (¢ €C), that for 2<ga, . is properly between N; and N,
in hyperdegree.

DEFINITION. For a €C, 9, is defined as follows:

x=ux ifa=1,
Balx) = { (W) (I TT™ (&, %, 3) if o = 2,
()1 € Iy & Dy (@ ((%)0) if @ = 3%5-.

As in the case of the J,-hierarchy, 9. is of maximal hyperdegree for 1-
function-quantifier predicates, P»(bEC) is of greater hyperdegree than £,
and 9gs:(325°€C) is of greater hyperdegree than 4, for any v&I;. Hence
to show that the 9,-hierarchy (after £, .) lies properly between N; and N.
in hyperdegree, it is sufficient to show that §.(aEC) is expressible in both
2-function-quantifier forms.

THEOREM 13. There exists a recursive function § such that for any a € C,

Ha®) = (V) (38) (W) ~ T3 ((E(@))o, %, )
= (3e) (W) (39) Tt (@)1, , 9).

Proof. The proof is the same as the proof of Theorem 10, reading §, for
., s for 3y, G for 6”7, C for C, and g for g. Q.E.D.
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9. Concluding discussion.

Other literature. Systems of notation extending beyond the constructive
ordinals have been considered by Church and Kleene in [CK] and by Wang
in [Wi; W.]. As mentioned in §2 above, the system S; for the constructive
ordinals is trivially isomorphic to the main system of [CK]; see comments in
[Ki, §3]. Our system C is isomorphic to the extended system of [CK]. The
structure of <¢ as a linear ordering of equivalence classes (see after Theorem
4 in §4 above) is given in [CK] by the concept of “formally defined function
of ordinals” on p. 14 of [CK]. (1*) of §4 above is given by rule (iii) of [CK]
(with Sy(a) in place of the function 22). (2*) and (3*) of §4 above are given by
rules (iv,) of [CK] (with (3*) corresponding to the special case b=t,, and
with L(a, r) in place of 3257).

The present authors are indebted to Wang. They were in part stimulated
to their present study by the valuable insights imparted by him at the
Cornell Summer Institute in 1957. At the same time, in view of the small
amount of existing literature, they feel impelled to indicate that some of the
written material of [W;; W] is unclear and that some is erroneous. We com-
ment as follows:

(1) In both papers systems are described which are said to embody the
extended system of [CK]. However, the systems described can be seen to be
of the Sz-type rather than of the Si-type of [CK].

(2) The system of [Wi] does not meet difficulty (a) of §5 above and
hence does not carry beyond the constructive counterpart to w,,.... It does
not, furthermore, use the regularity condition of (b) of §5, which appears
necessary for the full extension of S;.

(3) As extensions of S;, these systems of [W,; W.] are subject to the
various complexity difficulties described in §3 above.

(4) The system of [W;] is not a simple extension in the usual sense, for
with each addition of a constructive number class, new notations are given
to all ordinals back to w in the 2nd constructive number class (via the factor
7%, see [W1, p. 385)).

(5) In the general discussion of “systems of notation” in [W,], the treat-
ment of finite ordinals is left unclear, and the limitation to univalent (one
notation for each ordinal) systems in [W;, Definition 2] seems unintended
and probably a typographical error. Also in this general discussion, Definition
4u fails of its intent. The intersection defined gives only finite notations. The
evident correction, i.e. deletion of “V(1, 3)”, is not entirely satisfactory since
it is by no means clear that the corrected system would cover all constructive
ordinals, as is asserted without proof (for the uncorrected system).

(6) The particular discussion in [W2] of the extended system of [CK] has
several further difficulties, in addition to (1) and (3) above. The informal re-
statement of the Church-Kleene “rules” is inadequate and does not lead be-
yond the 2nd constructive number class. The evident correction here (from
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“yi1<a” to “y1=a”) is still not adequate, since the resulting rules do not
handle the case of those notations z» which appear for the first time in the
number of class of index n. (See difficulties (a) discussed in §3 above. The
original Church-Kleene rules are adequate in these respects.) The formal sys-
tem B (and hence C) of [W,] also suffers from the problem last mentioned.
See the occurrences of “u” in 3.7.4 of [W,]. This may lead to intersection
difficulties of the kind considered at the end of §3 above. Implementation of
the suggestions attributed to the present authors in [W,] appears to be not
wholly successful.

Alternative formulations. As we noted in §3, useful features of S; are lost
in extensions like C and C. The looser effective structure of such extensions,
however, gives freedom to make nonconstructive modifications, by “fiat”.
We mention several of many possible modifications of C. One of these is the
system suggested to the writers by Davis and Putnam and called C* in
[DP]. In C*, notations introduced by (3*) are distinguished from those intro-
duced by (2*). (L.e. the “type numbers” (see §1) are given distinctive nota-
tions.) In one form of C*, —to give a rough description—, the modified (3*)
would introduce notations 3*5¢ where the present (3*) introduces 3%5°. An-
other possible modification of C would be to label notations—as far as pos-
sible—according to the constructive number class in which they first occur.
This may be the intended purpose of the factor 7% in the systems of [W1; W,].
We have not made such modifications, but have chosen to remain with an
extension directly isomorphic to that of [CK].

Problems of equivalence. The question of containment between two sys-
tems can be asked in a weak form: does one system cover as large a segment of
ordinals as the other? It can be asked in a strong form: is there an effective
mapping into one system from the other? The questions of containment, in
either sense and in either direction, between C and C remain open and appear
difficult. (The only methods known for haudling such questions are those
which would give the stronger containment by an application of the Recur-
sion Theorem (Lemma 20).)

In [DP], Davis and Putnam announce a solution of the uniqueness prob-
lem for the jump operation iterated through C*, (see [S]). They also an-
nounce the formulation of a concept of “extended R-system” generalizing the
concept of “r-system” in [Ki], and that C* is a maximal extended R-system.
A proof of this latter result, giving strong containment via the Recursion
Theorem as in Lemma 20, must overcome the following difficulty. Let C be
any extended R-system. Let ¢ be the mapping being constructed. In general,
¢ will have mapped a constructive number class T (of index b) of C properly
into (as sets of integers) a corresponding constructive number class I'* (of index
(b)) of C*. But now the image under ¢ of 3*5¢ will be 3*®5¢ where ¢’ is a
Gédel number for ¢¢,0~!. However since ¢ maps I properly into I*, ¢, will
not be defined for all of I'* as is required for 3*®5¢ to be a notation.
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Open questions. In addition to the problems of containment and equiva-
lence between C and C, certain other questions remain open.

(a) Does the analogue of Result 10 in §1 hold for C (or C)? le., if
| 3u5e1| o= | 3252 ¢, does it follow that |bi|¢=]bs|c? Proof of the classical
result has nonconstructive features that do not directly carry over.

(b) The systems S; and S; can also be extended by allowing sequences to
be relative recursive in a given set. See the system 0° in [K;]. How do such
systems compare with C (or C) as to the segment of ordinals covered?

(c) Can a theory for some system like C (or C) be developed which will
include a recursive analogue to parts of classical cardinal number theory?

(d) Can the regularity condition for C (see (b) in §5) be omitted or
proved?

Further extenstons. In the Final Comment of §1, certain additional prin-
ciples for generating segments of the classical ordinals are mentioned. These
principles can be paralleled by further extensions of C. (It will be noted that
such extensions go more easily with C than with C.) Thus,

(i) at the “ath point of 2nd order difficulty”, we could introduce the
notation 3%5°74, where a is a notation for & and ¢ maps the preceding segment
into itself;

(ii) at the “ath point of Bth order difficulty”, we could use 325¢7%, where
a and b are notations for « and B8, and where e is as before;

(iii) at the “ath point of yth order super difficulty”, we could use 325¢11¢,
etc., etc. Clearly such extensions can be carried far beyond those indicated.
Their existence supports the view that the “constructively accessible”
ordinals covered by C may not give as natural a stopping place as the “con-
structively countable” ordinals covered by S;.

This suggests several interesting goals for further research. One of these
is to find, in some appropriate weak sense, a quasi-constructive system of
notations that includes all extensions of the kind just indicated. A further
goal would be to get a system that would be in complete 2FQY form and
that would carry the hyperjump (or some stronger version thereof) from
P through N, (see §7 above). A related area of research would be a study
of the possible metamathematical role of such systems in extensions of set
theory of the kind considered by Lévy in [L].
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