ON THE CHARACTERIZATION OF LINEAR AND
PROJECTIVE LINEAR GROUPS. I

BY
JOHN H. WALTER

I. INTRODUCTION AND PRELIMINARIES

1. Introduction. In the Proceedings of the International Congress of
Mathematicians, Amsterdam, 1954, R. Brauer raised the following question:
“Given a group N containing an involution J in its center. What are the
groups & containing N as a subgroup such that N is the normalizer of J in
®&?” He went on to propose essentially the study of the characterization of
certain finite groups by primarily specifying the centralizers of their involu-
tions.

In [4] Brauer (followed by Suzuki in [12]) initiated this program with
regard to the projective unimodular groups(!) PSL(3, ¢). The centralizers
of the involutions are described in terms of the groups GL(2, ¢) by Brauer
and in terms of related groups by Suzuki. We will continue this program by
characterizing the groups PGL(n, ¢) and its subgroups which contain
PSL(n, q) as subgroups of index at least 1 or 2 according as there is or is
not an element of determinant —1 in the center of GL(n, ¢); we restrict
n=4 and ¢ to be odd. By assuming #=35, we will obtain this result for the
corresponding groups determined over division rings of characteristic not 2.
In the study of this more general case, we will use the notation GL(n),
SL(n), etc. and omit notational reference to the underlying division ring.

This result will be found actually in a second paper to follow this one.
Here we investigate the characterization of the subgroups of GL(#) which
contain the subgroup T'L(xn) of elements of determinant +1. Our results for
these groups are not as definitive as those we will present for the correspond-
ing subgroups of PGL(n). We will show that the factor groups of the groups
that we consider by their centers are isomorphic to certain subgroups of
PGL(n). There remains the problem of identifying, for example, that central
extension of the group PGL(%n) which is the group GL(»). In the case that
some of the groups that we consider are direct factors in the centralizers of

Presented to the Society, January 28, 1960 under the title Characterization of certain finite
linear groups; received by the editors August 19, 1960.

(1) Ingeneral, GL(n) denotes the group of all linear transformations acting on a vector space
of dimension n over a division ring K; SL(n) denotes the group of linear transformations of
determinant 1. By PGI(n) and PSL(n), we mean the corresponding groups of tranformations
induced on the projective geometry formed of the subspaces of the given vector space.

In case K is a finite field of g elements, we denote the corresponding groups by GL(#, g),
SL(n, q), PGL(n, q), and PSL(n, q).
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involutions belonging to groups of the same type (cf. Corollary 2), we obtain
this identification. The groups we consider here play an important part in
the description of the centralizers of the involutions of the groups that we
will characterize in the sequel to this paper.

The main assumption used in characterizing the groups that we consider
is an inductive description of the centralizers of their involutions. We also
assume certain other conditions which describe the factor commutator sub-
group and the center of the commutator subgroup. Along with Brauer [4],
we assume that the commutator subgroup is perfect. The results for infinite
groups require an artificial assumption (Condition E), which is used at
only one point in the proof (cf. Proposition 10.1). However, no extra work
is involved in including this case, and we feel that it is interesting to record
the status of our characterization in the infinite case.

2. Notation. Principal definition and theorems. Let ® be a group. If @ to-
gether with a set 8 is contained in some group, we designate by Cg(8) the
centralizer of 8§ in ®. By Z(®) we mean the center of @. We denote by P(®)
the factor group ®/Z(®) and by D(®) the commutator subgroup of ®. Let
T(®) be the subgroup generated by the involutions in @. We will call this
the snvolutory subgroup of ®; clearly it is a normal subgroup. When it is clear
from the context that we are referring to the centralizer in a given group ©,
we will write C(8) for Cg(8). For T(C(S)), we write C*(8) and call this sub-
group the snvolutory centralizer of 8. Whenever there is a unique element of
order 2 in the center of a group, it will be designated by —1; —G=(—1)G for
an element G in the same group. By K we mean a fixed division ring, and by
K* its multiplicative group.

A direct product B of two groups A and B will be denoted by AXB. If
CEAXB has the form AB where AEU and BEYB ,we will write C=4 XB
and call this the representation of G relative to the decomposition P=AXB.
With this convention, there will be no need to identify 4 as a member of U
or B as a member of 8.

Fix K to have characteristic not 2. Let TL(n) denote the subgroup of
GL(n) consisting of elements of determinant 1. This is the involutory sub-
group T(GL(n)) of GL(n). Of course, D(GL(n)) is the group SL(n) of ele-
ments of determinant 1. Also [TL(n): SL(n)] = 2. We have PGL(n)
=P(GL(n)), PSL(n)=P(SL(n)), and we set PTL(n)=P(TL(n)). Then
[PTL(n): PSL(n)] is 1 or 2 according as there is an element of determinant
—1 in the center of GL(%) or not.

A linear group of rank n is a group ® such that

TL(n) S ® S GL(n).
A projective linear group of rank n is a group G such that
PTL(n) € ® S PGL(n).
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We will now define inductively a quasilinear group G of rank n. If n=0,
§ is to be the identity group. If =1, @ is to be a subgroup of K* containing
the element —1. Thus GL(1)2®2TL(1). If n=2, we require that & be
linear of rank 2. These groups may be characterized group-theoretically when
they are finite using the results of Brauer, Suzuki, and Wall [6]. For n=rk
=3, a group ® is said to be quasilinear if the following conditions are satisfied.

CoNDITION A. There are exactly n+1 classes R, 81, - + -, R of conjugate
involutions(?) such that R and R, contain elements of the center of G. If UER,,
0<p<mn, then C(U) is a subgroup of a direct product W1 XU, of quasilinear
groups of ranks p and n— p, respectively, which contains the involutory subgroup
Ty XUy) = T(Wy) X T(Us) as the involutory centralizer of U. Furthermore, as-
sume that the decomposition C*(U) =T (W) X T(Us) may be taken so that neither
T(Wy) nor T(y) contains the involution —1 of the center of ®.

We will always choose £ so that 1E8R; then —1 belongs to &, and is the
unique element of order 2 in Z(®). When we consider a quasilinear group §
other than the particular group G for which we will be proving the Principal
Theorem, we will designate its classes by £0(9), 8.(9), etc.

ConpITION B. The commutator subgroup D(®) is perfect. The center
Z(D(O®)) s isomorphic to the multiplicative group of the nth-roots of unity in
the center of the division ring K.

Thus Z(D(®)) is cyclic of order dividing #» and contains an element of
order 2, which must be —1, if and only if # is even.

ConbpITION C. There exists an tnvolution(®) in G which is not in D(®). The
group &/D(®) is isomorphic to a subgroup of K*/D(K*).

Thus there is only one element of order 2 in G/D(G).

ConbiTioN D. Z(T(®)) =Z(@®)NT(S).

This condition is superfluous when @ is involutory.

ConpiTiON E. When G is infinite, let UER) or USSR, and let V be in
K 1<p<n—1. Then there exists an involution W +1 in C(U, V).

Furthermore, if n=3 and also if n=4 and ® is infinite, we assume that
P(®) is a projective linear group.

When @ is finite and 7 =3, results of Brauer [4] will be applicable for the
characterization of P(®).

It follows directly from standard results in the theory of the classical
groups that a linear group of rank #>3 is quasilinear (cf. Dieudonné 8,
Chapter I, §3 and Chapter II, §1]). Even in the case where # =2, Conditions
A, C, D, and E hold. Condition B is valid except for the case where K = Fj,
the field of three elements. Then D(®) is not perfect; however, the second
statement of Condition B still holds.

We define inductively a full quasilinear group of rank »n by taking @=K*

(2) By an nvolution, we mean an element G such that G*=1.
(3) In the cases where 7 is odd, it follows from Condition B that the involution —1E ®, is
not in D(®) because this involution would be in the center Z(D(®)) if it were in D(®).



484 J. H. WALTER [September

if n=1and @=GL(n) if n=2. For n=3, we assume that for UER,, C(U)
is the direct product U; XU, of full quasilinear groups of ranks p and n—p,
respectively. Also if =3 and, when ® is infinite, if #=4, we assume that
P(®) is isomorphic to PGL(n). An involutory quasilinear group is one for

which T(®) =0.

PrINCIPAL THEOREM. Let & be a quasilinear group of rank n=4 if ® s
finite or of rank n =S5 if ® is infinite. Then P(®) is a projective linear group of
rank n. The involutory subgroup T(®) of ® is a quasilinear group of rank n
and PT(Q®) is isomorphic to PTL(n).

CoRrOLLARY 1. If ® s a finite full quasilinear group of rank n=4 and if
Z(®) is isomorphic to K*, then P(®) is isomorphic to PGL(n).

A quasilinear group ® of rank # is said to be imbeddable in a quasilinear
group &' of rank 41 if @ is a direct factor in the centralizer of an involution
of @'.

COROLLARY 2. If ® is an imbeddable involutory quasilinear group of rank n,
it 1s 1somorphic to TL(n).

For the remainder of this paper, ® will denote a fixed quasilinear group of
rank 724 for which we will prove the Principal Theorem. Because we will
establish this theorem by induction on #, we assume that if § is a quasilinear
group of rank m <n, then P(9) is projective linear of rank m. Also we assume
that T(9) is an involutory quasilinear group of rank m and that P(T(9)) is
isomorphic to PTL(m).

II. CLASSIFICATION OF INVOLUTIONS(%)

3. Structure of quasilinear groups of rank m <n. Because the results of the
section are trivial for the case m =1, we will assume that m>1. We may use
the inductive assumption of the Principal Theorem to identify
D(9)/Z(D(9)). Indeed, if ®: $—P(P) is the natural homomorphism,
®(D(9)) =D(P(9P)) is isomorphic to PSL(m). Except in the case where
PSL(m) is the finite group PSL(2, 3), PSL(m) is a simple nonabelian group
(cf. Dieudonné [8, p. 38] or Artin [1, p. 158]). Note that PSL(2, 3) is iso-
morphic to the alternating group ¥, on four letters.

We also have that Z(D(9)) =Z(9)ND(9). This is true for m =2 because
we have assumed 9 to be a linear group in this case. But when m > 2, ®(D(9))
=D(9)/(D(O)NZ(D)) is simple and nonabelian. Therefore, Z(D(9))
CZ(9)ND(P). The opposite inequality is trivial. Hence we may identify
P(D(9)) with ®(D(9)). Likewise because of Condition D, we may identify

(*) The results of this chapter are valid for quasilinear groups of rank #>2. The assump-
tion that # =4 is needed throughout Chapter III.
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S(T()) with P(T(D)). 1t also follows from the above that the proper nor-
mal subgroups of D(9) are contained in Z(D(9)) since D(D) is perfect.

ProrosiTiON 3.1(%). Let © be a quasilinear group of rank m<n. Then
T(9)2D(9D) and D(T(D))=D(9D), and D(D) is indecomposable. If tk  is
even, then T(9) is indecomposable; if rk O is odd, T(D) =D (D) XE where € is
a subgroup of order 2. In every case, [T(D): D(9)]=2. The center Z(T(9)) is
cyclic of even order.

Proof. We first show that T°(9)2D(9) and that D(T(9))=D(9). We
assume that m=rk $=3; the proposition may be verified directly when
m=2, Certainly T(9)D(9)/D(9) is an abelian group of exponent 2. Condi-
tion C implies that it has order 2 since it is isomorphic to a subgroup of
$/D(9). This means that [T($)D($): D(§)]=[T($): T(H)ND(P)]=2.
We assert that T(9)2D(9). Indeed, if T(H)ND(D)#=D(D), T(H)ND(DH)
is abelian as it is a proper normal subgroup of D(9). Thus T'(9) is nilpotent.
On the other hand, T(9) possesses an involution U such that Crg)(U)
=C*(U)=U, XU, where U, is a quasilinear group of rank 2. Since P(ll,)
contains a subgroup isomorphic to PSL(2), which is not nilpotent, U; and
hence 9 itself cannot be nilpotent. This is a contradiction; hence T(9)
DD(9). Also we may conclude that [T(9): D($)]=2.

Now it is clear that D(T(9)) S D(9). If D(T(D)) #D(D), then D(T(D))
is abelian. Because T'(9) also is a quasilinear group of rank m <n, D(T(9))
contains a nonabelian simple factor group. Thus T'($) cannot be abelian. Con-
sequently D(T(9)) =D(9).

Because all the proper normal subgroups of D(9) belong to Z(D(9)),
D(9) is indecomposable. Suppose that T($) = 1 X . is decomposable. Then
D(T(9)) =D($1) XD(9,). Hence D(P)=D($:) or D(P) =D(H.). This im-
plies that T(9) = D(9) X € where € is a group of order 2.

That the center Z(T(9)) is cyclic of even order now follows from Condi-
tion B.

Suppose that rk 9 is even and T(9) is decomposable. Then Z(D(9))
contains a unique subgroup &, of order 2, which is necessarily normal in 9.
This means that G; is in the center of § and thus that —1EE,CZ(D(9)).
Then the element Es +1 of order 2 in € is an involution which is not in
Z(9) by Condition A. But Cg(E)DT(9). Therefore, T(Cg(E))=T(D)
=D(9) XE. Thus if rk §=m, D(P) must be an involutory quasilinear group
of odd rank m —1 Condition A. But D(9) is its own commutator subgroup;
by Condition B, it contains no element of order 2 in its center. This is a con-
tradiction. Hence T'(9) is indecomposable.

If rk § is odd, the center Z(D(9)) has odd order by Condition B. This

(5) In the proof of the Principal Theorem, the critical results will be called theorems. If a
result has such great utility that it is frequently used without specific reference, it will be called
a lemima. The remaining results are called propositions.



486 J. H. WALTER [September

means that the element —1 of order 2 in the center of 9 is not in D(9). Let
& be the group generated by —1. Then clearly T(9) =D(9) XE.

It is a consequence of the inductive assumption of the Principal Theorem
that the involutory centralizer C*(U)=T(C(U)) of an involution U in a
quasilinear group is the direct product of involutory quasilinear groups. An
involution U +1 in a quasilinear group  will be called a proper involution
of 9, the proper involutions of & will be termed simply proper involutions.
They belong to the classes f1, &, - -, ®-1. A quasilinear group which
is a direct factor in the direct decomposition of the involutory centralizer of
a proper involution U will be called a decomposition group belonging to the in-
volution U. If 1; and 1, are the two decomposition groups appearing in a
decomposition of the involutory centralizer C*(U) of a proper involution U,
rk Wy+rk Uy=n. Furthermore, 1 Srk W;=n—1 for 1=1, 2.

Let U be a proper involution in the quasilinear group ®. Then C*(U) has
the decomposition

3.1) C*{U) =M X U,

where 11; and 11; are involutory quasilinear groups. The center Z(C*(U)) and
the factor group P(C*(U)) have the decompositions

(3.2) Z(CX(U)) = Z(y) X Z(U2),
(3.3) P(C*(U)) = P(1,) X P(lly)

where Z(l1;) and Z(11;) are cyclic groups of even order while P(ll;) and P(l,)
are isomorphic to groups of the form PTL(p). In particular, Z(C*(U)) con-
tains exactly four involutions: +1 and + U. Naturally 1 is represented by
1, X 1, relative to (3.1) and (3.2) where 1, and 1. are the identities in the de-
composition groups U; and U,, respectively. Let —1; and —1, be the unique
elements of order 2 in U; and U, respectively. Then there are three possibili-
ties for the nontrivial involutions in Z(C*(U)): —11X1,;, 1,X —1,, and
—1;X —1,. When there will be no confusion, we will abbreviate this notation
to write: —1X1, 1X —1, and —1X —1, respectively. Of course, 1=1,=1,;
so 1=1X1. In case —1=—1X —1, we term the decomposition (3.1) sem:-
normal. Then by at most a change in notation, we have UEl; and — U& Us.
A normal decomposition is one where WNZ(®) =U,NZy(®) =1. Clearly a
normal decomposition is seminormal. By virtue of Condition A, C*(U) always
has a seminormal decomposition.

4. Refinements of decompositions. We now consider the situation where
U and V are commuting involutions in the quasilinear group ® of rank n.
Then VEC*(U) and UEC*(V). Relative to the decomposition

(4.1) Cx(U) = Uy X U,

V is represented by V;X V, where V; and V; are involutions. Then C*(U, V)
=T(C(U, V)=T(Cu, (V1)) X T(Cu,(V2)). Condition A when applied to the
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quasilinear groups W and 1, yields the decomposition
(4.2) cxU, V) =1U/ Xu{’ xus xuy

where, as the notation indicates, T(Cu,(V;)) =U! XU!’, i=1, 2, is the decom-
position into involutory quasilinear groups. Also from Condition A, it follows
that we may take the decompositions of U; and U, to be seminormal. We call
(4.2) a seminormal refinement or, in short, a refinement of (4.1). The groups
U/ and U/, =1, 2, will also be called decomposition groups. In case V€ Z(11y),
it follows from Condition A that Cu,(V;) =U.. However, (4.2) is not contra-
dicted; we may merely take one of the subgroups 11/ or 1}/ to be the identity
and the other to be U;. In any event, with this decomposition we have

4.3) kW +rk U +rk U + kY’ =

The center Z(C*(U, V)) has the decomposition corresponding to the decom-
position (4.2)

(4.4) Z([CxU, V) = ZU{) X ZQU{') X ZU4) X Z(us').

Here the components Z(U/) and Z(11{’) are either identity groups or cyclic
groups of even nonzero order according as the corresponding quasilinear
groups U/ and U/’ have rank 0 or not. In particular, the number of involu-
tions in Z(C*(U, V)) is 4, 8, or 16 according as two, one, or none of the de-
composition groups in (4.2) are the identity.

Let C*(V) possess the decomposition

(4.5) C*(V) = B1 X Ba.

Relative to this decomposition U is represented by U= U;X U, where U,
and U, are involutions. Just as in the case (4.1), we may form a refinement
of (4.5) to obtain

(4.6) C*(V,U) =B{ XB{' XBi XB;'.

Of course, C*(V, U)=C*(U, V); but we find it convenient to adopt the con-
vention of writing C*(U, V) if we form a refinement of C*(U) and writing
C*(V, U) if we form a refinement of C*(V).

These concepts readily extend to the case where there is a set of more
than two mutually commuting involutions. Indeed, continuing this process,
we will always arrive at a set 9 of mutually commuting involutions for which
C*(91) is the direct product of #» quasilinear groups of rank 1. But there are
precisely 2 involutions in such a direct product. Since C*(91) is abelian, 9 is
precisely the set of involutions in C*(9M); this also means that 91 is maximal.
To summarize, we have the following proposition, which is valid for quasi-
linear groups of rank m, 1 Em <n.

ProprosITION 4.1. In the quasilinear group © of rank n, every set $ of
mutually commuting involutions is contained in a maximal set N of 2" mutually
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commuting involutions for which C*(IN) is the direct product of n quasilinear
groups of rank 1.

We compare the refinements (4.2) and (4.6) in the following lemma.

LEMMA 4.2, Let 8 be a set of mutually commuting involutions in the quasi-
linear group ®. Suppose that there exist two decompositions

“.7 C*8) =%, X% X - X%,

4.8 C*S) =P XD X - -« X

into involutory quasilinear groups. Then k=1 and the factors in (4.8) may be
arranged so that X; and ); have the same rank,1=1,2, - - - | k. In particular, the

number of components of a given rank is the same in (4.7) as it is in (4.8).

Proof. By Proposition 3.1, the components ¥; and {); are either inde-
composable or decomposable so that, for example, ¥;=D(¥;) XG;. Thus we
may further decompose (4.7) and (4.8) so that we obtain direct products of
indecomposable groups of the form %X;, D(%,), or €; on the one hand and in-
decomposable groups 9;, D(D:), and €/ on the other hand. Applying the
Krull-Schmidt Theorem to the factor group D(C*(8))/Z(D(C*(S))), we see
that the indecomposable factors ¥;/Z(¥;) or D(¥;)/Z(D(%.)) obtained from
(4.7) may be paired with the factors 9:/Z():) or D(9:)/Z(D(D:)) obtained
from (4.8). Then the indecomposable factors of rank greater than one in (4.7)
may be paired with the indecomposable factors of rank greater than one in
(4.8). Also in comparing the decompositions of C*(8)/D(C*(8)) that may be
obtained from (4.7) and (4.8), we see that there is the same number of com-
ponents of order 2 in each of the decompositions (4.7) and (4.8).

Let rk %;,=p; and rk 9;=p/!. The factor groups P(X;) or P(D(%;)) of the
indecomposable components in (4.7) contain subgroups of index at most 2
which are isomorphic to PSL(p;). Similarly, the factor groups P(9.) or
P(D(9s)) of the indecomposable components in (4.8) contain groups of index
at most 2 which are isomorphic to PSL(p!). It follows from results of Dieu-
donné [7, p. 22], that no two of the groups PSL(p;) and PSL(p!) are iso-
morphic unless p;=p/.

This means that either ¥; and 9, are both indecomposable and isomorphic
or that D(%;) and D(9),) are both indecomposable and isomorphic at least
when p;=p! >1. In the latter case both ¥X; and 9); are direct products of a
group of order 2 with D(¥;) and D()), respectively; thus they are isomorphic.
The number of cyclic components in (4.7) is the number of cyclic components
in the decomposition of C*(8) into indecomposable components obtained from
the groups ¥%; less the number of decomposable components ¥; of odd rank
pi>1. A similar statement holds for the cyclic components of (4.8). Because
there are as many cyclic components in the decomposition obtained from
(4.7) as from that obtained from (4.8) and as many components of odd rank
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p:>11n (4.7) as there are components of odd rank p{ >1 in (4.8), the num-
ber of cyclic components in (4.7) is the same as in (4.8). The remainder of the
lemma now follows easily.

5. Classification of involutions. A proper involution U of a quasilinear group
will be called an even involution if U belongs to a decomposition group of
C*(U) of even rank; otherwise U will be called an odd involution. Because of
the following proposition, even involutions play an important role in the
study of the involutions of .

PROPOSITION 5.1. Let 8 be a set of mutually commuting involutions in a
quasilinear group of rank n and let

(5.1) C*8) = X1 X X2 X -+ X ¥,
(5.2) C*8) =P1 XD X -+ XD

be direct decompositions of C*(8) into quasilinear groups. Let rk %1=1p be even
and let U be an involution in the center of X1. Then U is in the center of a decom-
position group . of (5.2) of rank p.

Proof. Form the commutator subgroup D(C*(8)). From (5.1) we obtain
that

(5.3) D(C*(8)) = D(%;) X D(%2) X - - - X D(%s).
(5.4) D(C*(8)) = D(P1) X D(P2) X - - - X D(Ds).

The group D(C*(8)) may not satisfy both chain conditions on its lattice of
normal subgroups; so we look at D(C*(8))/Z(D(C*(8))). This group decom-
poses into simple factors isomorphic to D(¥:)/Z(D(¥%;)) and also into simple
factors isomorphic to D(9:)/Z(D(D:)). We may now apply a theorem of
Speiser (cf. Zassenhaus [13, Chapter 111, §3]) to assert that the nontrivial
simple components appearing in a decomposition of D(C*(8))/Z(D(C*(8)))
are uniquely determined. This means that after a rearrangement of the com-
ponents in (5.4), we may set D(%;) 3/ 3=D(9:) 3/ 3 where 83=Z(D(C*(8))).
Then if XED(¥%,), there exists ZxE 8 such that XZx is in D(9),). The ele-
ment Zx is not uniquely determined but its coset in 3/Z(D());)) is so deter-
mined. Let Z% be this coset. Then X—Z% is a homomorphism of D(X;) into
Z/Z(D(9s)). Since D(¥,) is perfect, Z% is the identity for all X ED(¥;). Thus
ZxEZ(D(D:)). Since XZx&D(9:), XED(Y;) for all XED(%X,). Thus D(X;)
CD(P;). The converse inequality may be similarly obtained. Thus D(X;)
=D(9:), whenever these groups are nontrivial. Certainly this will be true if
D(%;) and D(9,) are trivial. Hence we may take D(¥;)=D(9.), i=1, 2,
ceo k.

Now if U belongs to the center of ¥; and rk %, is even, U belongs to the
center of D(¥:)=D($.) by the argument given in the proof of Proposition
3.1. Consequently U belongs to the center of Pi. Since D(¥%) =D(®):), ¥: and
91 have the same ranks.
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We now define a p-involution for even p, 0 <p =, to be a proper involu-
tion which is contained in the center of a quasilinear group of rank p in a
decomposition of its involutory centralizer. Subsequently we will define p-
involutions for other values of p.

COROLLARY 5.2. Let U be an involution in the decomposition group X, of
(5.1). Then if 3 is any subset of 8 containing U, U is contained in the center of
some decomposition group of rank p=rk X1 in any decomposition of C*(3). In
particular, if U is a p-involution, it is always contained in the center of a de-
composition group of rank p in any decomposition of C*(U).

Proof. Suppose that C*(3) possesses the decomposition
(5.5) C*B) =T X T2 X -+ - X Lo

Refine (5.5) to form a decomposition of C*(8) such as (5.2). Then it follows
from Proposition 5.1 that UEZ();) for some component 9: such that
rk 9;=p. Because (5.2) has now been taken as a refinement of (5.5), 9:SZ;
for some component T, The involution UEZ(Y,) is also contained in
Z(C*(3)). But Z(C*(3))NT,;=2Z(Z;). Hence UEZ(T;). Since the refine-
ments are seminormal, U cannot belong to both Z());) and Z(Z,) unless
Z(®:)=2Z(Z;). The last statement of the proposition now follows when one
takes T to consist of U alone.

It is a consequence of Corollary 5.2 that odd involutions belong to decom-
position groups of odd rank. In particular, if # is odd and p is odd, we define
a p-involution of ® to be an involution U belongings to the center of a de-
composition group of rank p of a seminormal decomposition. Then — U be-
longs to a decomposition group of even rank n—p. So U is a p-involution with
p and 7 odd if and only if — U is an (#n—p)-involution. We will delay the
definition of p-involutions with p odd and # even to a following section.
Again we similarly define p-involutions for odd p of decomposition groups
® of odd rank m <n. We do not claim them to be p-involutions of @ in this
case.

PROPOSITION 5.3. Let U be a p-involution with p even. Then U is conjugate
to —U only if p=n/2.

Proof. Let C*(U) possess the seminormal decomposition
(5.7 C*(U) = Uy X Uy,

where UE W, and rk U= p. Now if there exists RE® such that RUR™'= — U,
then RC(U)R~'=C(U). From this it follows that RC*(U)R~'=C*(U). But
then

(5.8) C*(U) = RULR' X RU,R™!

is a seminormal decomposition into quasilinear groups. In particular,
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rk R R~'=n—p. However, the center Z(RU,;R™!) contains R(— U)R-1=U.
This is in contradiction to Corollary 5.2 and proves the proposition.

ProrosiTION 5.4. The p-involutions of & with p even belong to the same
conjugate class 8.

Proof. This is clear if p =n/2 for the involutions in the class &,,2 and only
these involutions belong to the centers of quasilinear decomposition groups
of rank /2. Therefore, let p“n—p and let U and V be two p-involutions. Let

(5.9) C*U) = Uy X U,
(5.10) C*(V) = By X B,

be seminormal decompositions where UE€U; and V& LB,. Then because of the
form of (5.9) and (5.10), it may be seen that U and V belong to one of the
two classes & and ®,.—,. This is because involutions in these classes and only
in these classes can have isomorphic centralizers as may be seen by identify-
ing the simple groups in a composition series for the involutory centralizers
of theinvolutionsin ® as we did in §4. Hence, if U and V are not conjugate, it
follows from Proposition 5.3 that U and — V are conjugate. Then there exists
RE® such that RUR'= -V, This leads to a seminormal decomposition

(5.11) C*(V) = C¥*(— V) = RU1,R™! X RU, R

But RU;R™! is a quasilinear decomposition group of rank #—p containing
the involution V=R(— U)R™! in its center. This is a contradiction to the
fact that Vis a p-involution. Hence U and V are conjugate.

Now we see that one of the classes &, or &.—, consists of p-involutions
while the other consists of (z—p)-involutions when p is even and p#=n/2.
Therefore, we may and will enumerate the classes &, so that &, consists of
p-involutions when p is even.

To discuss the situation relative to the odd involutions in a quasilinear
group of even rank, we prove the following counterpart of Proposition 5.3.

ProPosITION 5.5. Let U be an odd involution. Then U is conjugate to — U
only if UERu ).

Proof. We need treat only the case where n=rk ® is even. Let C*(U)
possess the seminormal decomposition

(5.12) C¥*U) =U, X U,

where UE1; and rk U; =2 is odd. We assume that p#n—p. Thus we may
take n—p>p. Let s be an even integer such that n—p>s>p. Because s is
even, we have defined s-involutions in the quasilinear decomposition group
U,. Let S be such an involution. Upon refining (5.12), we may obtain the
seminormal decomposition
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(5.13) cxU,S8) =W X & XU

where S&E& and rk ©=s.

Suppose that R is an element of & such that RUR!=—U. Then
RC*(U)R'=C*(—U)=C*(U). Let T=RSR! and form the seminormal de-
composition (5.14) of C*(U, T)=C*(— U, RSR™")=RC*(U)R™':

(5.14) C¥*(U, T) = B X T X B,

where B,=RWR!, T=RSR!, and B! =RUWS R-.. Then —UEB, and
Tcg. Next we form a decomposition (5.15) of C*(U, T) by refining (5.12);
comparison with (5.14) shows that this refinement has only three decomposi-

tion groups of ranks p, s, and n—p—s. Because of the choice of s>p, Wy
will not decompose in forming (5.15). Thus we obtain

(5.15) C*U, T) =W X T XUy,
where we may take TE T’ because of Proposition 5.1. Then rk £=s and
rk W/ =n—p—s.

Thus S and T are s-involutions of the quasilinear group U;. We have just
argued that they are conjugate in U, in Proposition 5.4. Thus there exists
V&, such that VT V-1=S. Replacing R by VR, we obtain that RSR~!=3S.
Thus both R and U are in C(S). Let C*(S) =%, X%, be a seminormal decom-
position. Relative to this decomposition, let R and U be represented by
Ry X R; and Uy X U,, respectively. Then RUR™!'= — U implies that

(5.16) RWUIRT = (—1)U; and R.U:Rs! = (—19)U..

On the other hand, we may refine the decomposition of C*(S) to form a
decomposition of C*(S, U), which may be seen to contain but three com-
ponents by virtue of a comparison with (5.13). Then one of these components
is %1 or X,; and the corresponding component U, or U, of U is, therefore, in
the center of X, or ¥; because it is in the center of C*(S, U). This contradicts
(5.16). So we cannot have RUR™'= — U, this proves the proposition.

PROPOSITION 5.6. Let n be odd and p be odd. Then the p-involutions of &
belong to the same conjugate class & .

Proof. From the form of a seminormal decomposition of the involutory
centralizer of a p-involution U, it follows that U and — U belong to one of the
two classes &, or 8., Also — U is an even involution and thus in ®,,.
This implies that the p-involution U is in &,. Thus all p-involutions are con-
jugate in this case.

6. Automorphisms of seminormal decompositions. In this section we study
various decompositions of the involutory centralizers of proper involutions.
But first we need to study the relations between proper involutions in an
involutory quasilinear group $ of rank m, 2 =m =#, and those in the projec-
tive linear group PTL(m).
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In [8, Chapter I, §3 and §4], Dieudonné distinguishes two kinds of in-
volutions in PTL(m), namely, those of the first kind which are images by
the natural homomorphism A: T—P(T)=PTL(m) of involutions in T
= T'L(m) and those of the second kind which are not images of the elements of
Ko(%) (here we set 8,=%,,_, in case p>m/2). By comparing the centralizers

of involutions in $ and &, we will arrive at the following proposition.

PRrOPOSITION 6.1. Let U be an involution in the class 8 ,(9) of the quasilinear
group O of rank m, 2=m<n. Let &: 9—>PTL(m) be an epimorphism. Then
P U is an involution in the class , of PTL(m).

Proof. The proposition is trivial in case m=2; therefore, assume m>2.
Let U* be an involution in P(T). Then the inverse image of the centralizer
C(U*) of U* in T consists of the group C'(U) of elements V such that
VU=+TV where T is an element of T such that AT = U*. If U*CQ,, we
may take U in ®,(T) and conclude that [C'(T): C*(T)]£2. Thus C*(T)
= Cg(T) isnormal in C'(T). Since T is quasilinear, we have that P(D(C*(T)))
is isomorphic to PSL(p) X PSL(m—p). Thus it is possible to determine a
normal series for C’'(U) such that the only possible nonabelian factors are the
groups PSL(p) and PSL(m—p). Since m =3, one such factor will be non-
abelian. Clearly then we can make the same statement about C(U*) =AC'(T).
From Dieudonné’s results [7, p. 22] and the Schreier refinement theorem for
normal series, it follows that for distinct p, 0<p<m/2, the centralizers
C(U*) of involutions U*EQ, are nonisomorphic.

A class € of involutions of the second kind exists only when m is even. Let
T’ be an element of T such that AT’ = U'*C¥. Then it follows from Dieu-
donné’s characterization of the centralizer of such an involution in GL(m)
that C*(T’) has a normal series which contains as the only possible non-
abelian simple factor the projective unimodular group PSL(m/2, K') defined
over a quadratic extension K’ of K. The same will be true for the groups
C'(U’) and AC'(U’) =C(U’*). Again from Dieudonné’s result [7, p. 22], and
the Schreier refinement theorem, it follows that C(U’*) is not isomorphic to
any of the groups C(U¥*) considered in the preceding paragraph.

Thus if UER,(P), the conjugate class of U*=®U in P(T) is determined
by identifying up to isomorphism the centralizer C(U*) of U* in P(%). As
above, this may be done by identifying the projective unimodular groups in
a particular normal series for C*(U) in . But these groups are PSL(p) and
PSL(m—p) as follows from Condition A. Therefore, U*E&,. This proves the
proposition,

COROLLARY 6.2. An involution in the class (D) of a quasilinear group
of rank m <n is a product of p involutions from the classes R1(9) or K._1(D).

Proof. An involution Tin Si,',(f) is the product of  mutually commuting
involutions in & (<). Taking T for the group § in Proposition 6.1, we see
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that an involution U* in &, is the product of p mutually commuting involu-
. tions from the class &. Now let USR,(9). Then ®U is the product of p mu-
tually commuting involutions from the class £. This means that there are p
mutually commuting or anticommuting involutions in the classes f1(9) or
f:-1(9) such that their product is of the form ZU where ZE Z(®). Because
of Propositions 5.3 and 5.5, these involutions commute. Thus this product is
an involution. Therefore, Z= +1. By replacing one of the involutions in this
product by its negative, if necessary, we arrive at the result.

ProrosITION 6.3. Let U be an even involution in a quasilinear group 9.
Then U s in D(D). If U is an odd involution in o quasilinear group O of rank
m<n, U is not in D(P).

Proof. If U is an even involution in a quasilinear group 9, then U belongs
to the center of a quasilinear group U of even rank. But D(Ul) contains an
element E of order 2 in its center by virtue of Condition B. Since this is the
only element of order 2in Z(D(11)), itisin Z(11). But there is only one element
of order 2 in Z(1) by Condition A. Therefore, U=E is in D(1) CD(D).

Next let U be an odd involution in a quasilinear group $ of odd rank m.
Then — U is an even involution and hence in D(9). Condition B asserts
that —1 is not in D(9). Therefore, U=(—1)(—U) is not in D(P).

Finally we treat the case of odd involutions in a quasilinear group $ of
even rank m. These are the involutions in £,($) with p odd. If UERK,(D),
then — UER,—p(9) by Proposition 5.6. Since rk 9 is even, either both U
and — U are in D(9) or both are not. Thus both 8,($) and Kn_,() consist
of involutions in D(9) or both contain no involution of D(9). Since the group
T(D)/D(D) is of order 2, it follows that a product of an odd number of in-
volutions not in D($) is also not in D(P). Because of Corollary 6.2, the in-
volutions in 8,(9) and R._,(P) belong to D(P) with p odd if the involutions
in £(9) and R,-1() belong to D(P). But the involutions in &,(H) and
Rn_p(9) with p even already have been shown to be in D(9). Hence if the
involutions of f1(9) and K,-1(H) are in D(P), we obtain a contradiction of
Condition C. This proves the proposition.

Let U be a proper involution and let

(6.1) C*U) =m X 1

be a seminormal decomposition. Then the subgroups U; and 1l, are involutory
quasilinear subgroups with unique subgroups €; and €; of order 2 in their
respective centers. We may assume that U= —1,E6€, and that —U=—1,
&G.. By Proposition 3.1, there exist unique epimorphisms ¢;: U;—E; and
¥i: U,—G; for =1, 2 and ¢5j. Define homomorphisms &®;, ¥;, and Q; of U;
into C*(U) by setting ®,(X) = ¢:(X)X, ¥i(X) = (X)X, and Q(X)
=¢:(X)¥:(X)X for XE U;. One may verify that these are normal homomor-
phisms. In general, designate by A;XA; the normal endomorphism of C*(U)
whose restriction to U; is a normal homomorphism A;, 1=1, 2.
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PROPOSITION 6.4. Let U be an odd involution and let n=rk ® be even. Then
the endomorphism Q=Q X, is an automorphism such that

(6.2) C*U) = u{ X U

1s @ seminormal decomposition with W =QW, and Uf =QU,. Furthermore, if V
is an involution of Wi, QV =+ V according as V& D(W,) or not. In particular,
WU=—Uisin W and Q(—U)=U isin UJ.

Proof. We must show that the homomorphism { is an automorphism. Let
X1 XX, be the representation of X in C*(U) relative to (6.1). If Q(X)=1,
then we obtain that ¢1(X1)l//2(X2)X1 = 11 and ¢2(X2)¢1(X1)X2 = 12. ThlS implles
that X;= +1;, 7=1, 2. But the commutator subgroups D(1l;) do not contain
involutions in their centers by Condition B. Thus, if X;= —1,= U, we obtain
that ¢1(U)¢2(X2) U=¢2(X2) = 11. But - 12 GED(uz), thus Xz= 12. But then
¢2(12)Y1(X1)12=1; and Y1(X1) =1,, which implies that X;=1,. This is a con-
tradiction. Hence X;=1,. Similarly, X;=1, and X=1. Thus € is a mono-
morphism. Since Q induces the identity homomorphism on C*(U)/D(C*(U))
and is the identity on D(C*(U)), it is an automorphism.

To prove the second statement, observe merely that ¢;(V)= +1; and
Vi(V)==x1;for =1, 2, and 5], according as V is in D(I1;) or not. The last
statement is a consequence of Proposition 6.3.

ProPOsITION 6.5. Let U be an even involution of &. Form (6.1) with UE UL.
Let Q, ®, and ¥ be the respective endomorphisms X1, X1, and ¥, X1 of
C*(U). Then Q, ®, and ¥ are automorphisms and

(6.3) cxU) = U/ XU

where U] =QU;, ®U;, or YU/, as the case may be. Furthermore, if VEU, is an
involution, then Q(V)=Vor —V,®(V)=Vor UV and¥(V)=Vor — UV ac-
cording as V is in D(Wy) or not.

In each case the proof is a simplification of the proof of Proposition 6.4.

7. 1l-involutions. In the case where n=rk ® is odd, 1-involutions of ®.
were defined in §5 and the classes &, were enumerated so that they belonged
to &: and for such an involution U

1.1) C*(U) = U X U,

where U&1; and rk U;=1. When # is even, we take an arbitrary involution
U satisfying (7.1) and call it and its conjugates 1-involutions. Then we may
again enumerate the classes so that US ;. This arbitrary way of choosing
1-involutions in @ leaves ambiguous the definition of 1-involutions in quasi-
linear decomposition groups of even rank. Eventually we will define 1-
involutions in these groups. However, in any quasilinear group 9 of rank
m <n, we will designate the involutions of the classes £(9) and f,_1(D) as
extremal involutions.
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ProprosITION 7.1. Let U be a 1-involution in the quasilinear group ® and
suppose that C*(U) possesses the seminormal decomposition (7.1). Let V be an
extremal involution of the quasilinear group Us. Then one of the involutions
+ Vand + UV is a 1-involution V' of &. Furthermore, V' is an extremal in-
volution of a quasilinear decomposition group 13 of rank n—1 belonging to a
seminormal decomposition

(7.2) CXU) =Uu; X Ud.
By refining (7.2), we may obtain a decomposition
(7.3) CXU,V) = X B X B

where tk Wi =1 and VER!. When n is even, V=V or V'=—UV and
Uy =1,

Note that in case rk U, is odd, this proposition implies that the 1-involu-
tion V’ of ® is a 1-involution in U,. Thus 1-involutions in @ are 1-involutions
in U, which is as it should be.

Proof. Because 1 is an extremal involution in U;, we obtain the refinement

(7.4) C*U, V) =U; X W; X W

where rk B, =1. Now — U is the element of order 2 in the center of U,. Hence
either V or — UV belongs to ..

We first dispense with the case that » is even. Choose V’ to be that one
of Vor — UV which belongs to ;. Then relative to the decomposition (7.3),
U and V' are represented by —1X1X1 and 1X —1X1, respectively. Thus
—UV'=1X1X—1 and is in the center of W, and in U,. This means that
— UV’isan (n—2)-involution and that UV’ is a 2-involution. The proposition
will be established for this case by proving the following lemma and setting
UV'=T, U=R,and V'=3S.

LeEmMMA 7.2. Let T be a 2-involution such that T=RS where R and S are
commuting involutions. Suppose, furthermore, that C*(T) has the seminormal
decomposition

(7.3) CHT) =%, X T
with TE X, and the refinement
(7.6) CHT,R) =%/ X T/ XT,

with rk Tf =rk T/’ =1. Then R and S are conjugate by an involution in ;.

Proof. Relative to (7.5), R=RiXR; and S=5;X.S,. Because of the form
of the refinement (7.6) and the fact that REZ(C*(T, R)), it follows that R,
is in Z(%,); that is, R,= +1,. But relative to (7.5), T=T1 X T, with Ty=1,.
Since RS=T, S;=R,. Thus R;S;=T and R, and S; are proper involutions of
the quasilinear group & of rank 2. By Condition A, they are conjugate in ;.
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We now continue with the proof of Proposition 7.1 and treat the remaining
case where 7 is odd. Replacing V by — UV, if necessary, we may assume
that VEB,. Let C*(V) possess the seminormal decomposition (7.7)

(7.7 C*(V) = B1 X B

where V& B,. Next form a decomposition for C*(V, U) by refining (7.7). By
comparison with (7.4), we see that there are but three quasilinear groups in
a decomposition of C*(V, U) =1 XP2XPs; thus we obtain

(7.8) C*V,U) =91 XD X9Ds

where rk §1=rk 9.=1 and rk 9;=n—2 by virtue of Proposition 5.1. There
are four possibilities:

(7.9) 1= and Y, Ys S By,
(7.10) D2, Ps S B, and D1 = By,
(7.11) D1, P € By and Ds = B,
(7.12) D:=B;, and 91, Y. S Bo.

Because 7 is odd, V is a p-involution if rk Bi=p. Thus in (7.9), Visa
1-involution, and we may take V'=7TV and Uy =1, in this case.

In the case (7.10), V is an (n—1)-involution. Hence — V is a 1-involution
and conjugate to U. But — V is represented relative to (7.4) by —1X1X —1
and thus is not in U,. However, —UV=1X1X —1 relative to (7.4) and is
thus in the center of .. But rk Wy =#—2 and hence is odd. Thus — UV is
an odd involution of the quasilinear group U.. Define ¥ to be the automor-
phism defined in Proposition 6.5 and set Uy =¥1l, (here, of course, we inter-
change the roles of U and — U and ; and Uy). Then —V=U(—-UYV)
=¥(—UV)isin Ui because — UV &D(1;) by Proposition 6.3. Furthermore,
upon setting W/’ =¥W, and BW;’ =¥ W,, we obtain

(7.13) C*U, =V) = X W/’ X /W'

in which —VE®{’ and rk WY’ =n—2. But now apply Proposition 6.4 to
the seminormal decomposition 7'(Cu, (— V)) =B{’ X W3’ to obtain a decom-
position T'(Cuy(—V)) =BW{ XBW; where — VEBW! and rk W/ = 1. Then upon
setting V'= —V, we may obtain (7.3).

In the case (7.11), V is a 2-involution. Now U(UV)=V. We may apply
Lemma 7.2 because (7.8) and (7.11) imply (7.6). Thus UV is conjugate to U
and is a 1-involution of ®. On the other hand, V is an odd involution of the
quasilinear group U, and so is not in D(Ul;) by Proposition 6.3. Let ¥ be
defined as in Proposition 6.5 (with an interchange of the roles of U, and Us).
Then if U =¥W,, UV=YV is a l-involution of & which belongs to 1.
Now C*(U, UV) has the decomposition of C*(U, — V) in (7.13) and UV
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&W/’, which has rank 1. Thus we may obtain (7.3) by taking V= UV and
W =W/’ and W =W,’ in (7.13).

In the case (7.12), V isan (z—2)-involution. Then — V isa 2-involution.
Furthermore, — V= U(— UV). As in the previous paragraph, we may apply
Lemma 7.2 to obtain that — UV is conjugate to U and is a 1-involution of ©.
Relative to the decomposition (7.4), — UV is represented by 1X1X —1 and,
therefore, is in the center of B, which has odd rank #» — 2. Proposition 6.3 im-
plies that — UV is not in D(Uy). Thus we may apply Proposition 6.4 to the
decomposition of T'(Cu,(V)) to obtain a decomposition (7.3) where B! =Q%,
and W) =QW,. Here W/ contains @V = — UV in its center. Hence we take
U/ =U; and V'=— UV in this case.

ProrpositioN 7.3. Let U and V' be as in Proposition 7.1. Then UV’ is a
2-involution in ©.

Proof. In proving Proposition 7.1, we chose V/=V when # was even and
showed that UV’= UV is a 2-involution. Therefore, assume that # is odd.
Refer to the decomposition (7.3); here B/ X W/ is a seminormal decomposi-
tion of the involutory centralizer T(Cu, (V’)) in U{. Taking, for the moment,
V’ to be a 1-involution of U; and of ® and using Proposition 7.1, we may find
an involution X in W, which is conjugate to ¥’ in Il and for which we have
the decomposition

(7.149) T(Cuy(V', X)) = W X %1 X %,
where rk ¥1=1 and rk ¥;=7—3 and XE¥,. From (7.14) we have
(7.15) CXU, V', X) = U X B X % X Xo.

Here 1, W/, and %, are the unique groups of order 2 containing the 1-involu-
tions U, V', and X, respectively. Because X is conjugate to V’, it is a 1-
involution. Thus in forming a decomposition of C*(X, UV’) by refining a
decomposition of the involutory centralizer of the 1-involution X, only three
groups appear in the decomposition, one of which must be X;; we obtain

(7.16) C*X,UV') =% X 91 X Do

Now form C*(X, UV’, U)=C*(U, V', X) by refining (7.16). Comparison
with (7.15) shows that only four groups appear in the decomposition given
by this refinement; that is, only one of the decomposition groups in (7.16)
decomposes. We may suppose that this group is §).. Thus we obtain

(7.17) C*X, UV, U) =% X D1 X B1 X Be.

Furthermore, because (7.17) is a refinement of (7.16), it follows that the
involutions in the center of 3, and 8, are not in the center of C*(X, UV").
But —UV’X is an even involution in the center of ¥; in (7.15). By Proposi-
tion 5.1, it is in the center of a decomposition group in (7.17). Since —UV'X
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also belongs to the center of C*(X, UV’), it does not belong to the center of
81 or of B,. Since XE¥%,, —UV’X isin the center of P. Now comparing the
decompositions (7.15) and (7.17), we see that the decomposition groups not
containing — UV’X have rank 1. Thus rk 8:=rk 3;=1 and rk ),=2. Since
the decomposition (7.16) is seminormal, Y, contains —X(—UV'X)=UV".
Therefore, UV’ is a 2-involution; the proposition is proved.

ProrosITION 7.4. Let U be a 2-involution and let
(7.18) C¥U) =U XU,

be a seminormal decomposition with UCW.. Let V be a proper involution of the
group Uy Then V is an extremal involution of & and U is a product of two 1-
involutions, which may be taken to be V.and UV or —V or —UV.

Proof. To prove the proposition, we assume that V is not an extremal in-
volution and arrive at a contradiction. The proposition is trivial when m=2,
and only the last statement need be proved when #=3. Therefore, assume
that >3 to prove the first statement of the proposition. Form the refine-
ment of (7.18)

(7.19) CXU, V) = U X U{ X U,

where VEU/ and rk U =rk W/’ =1. By Lemma 7.2, V and UV are con-
jugate. Form the seminormal decomposition

(7.20) C*(V) = By X Bo.

Since V is not an extremal involution and >3, rk B;>1 and rk 8B;>1. Be-
cause there are but three decomposition groups in (7.19), we obtain only
three decomposition groups in forming C*(V, U) by refining (7.20) and two
of these groups have rank 1. Since rk 8;>1 and rk 8B,>1, these are sub-
groups either of B, or of B.; we may assume that they are subgroups of %B:.
Thus we obtain

(7.21) CXV,U) = B{ X B{' X By

where rk B/ =rk B/’ =1. Replacing V by —V, if necessary, we have that
VESD,; and rk B,=2. Hence V will be a 2-involution.

Now in (7.19), — U is in the center of U;; and in (7.21), — Visin the center
of B,. If n is even, rk Uy=rk By=n—2 is even, and it follows from Proposi-
tion 5.1 that — U is in the center of LB;. This means that — U= — V, which is
impossible.

Thus we may assume that # is odd. Then #=5, and rk U;=rk B,=3. We
choose a 1-involution Win the decomposition group U, of odd rank. Then we
obtain from (7.19) the decomposition

(7.22) CxU,V, W) = U{ X U’ X U X Ug’



500 J. H. WALTER [September

where rk I =1, rk I3’ =#—3 is even, and WE&U;. In forming the decom-
position of C*(V, U, W) by refining (7.21), there is only one possibility by
comparison with (7.22). Thus we obtain

(7.23) CXV, U, W) = B! X B!’ X B X B’

where rk B =1 and rk B;’ =n—3. Proposition 5.1 implies that — UW is in
the center of B3’ as it is in the center of 1j’.

When we form the decomposition C*(U, W) obtained from refining (7.18),
we obtain

(7.24) C*U, W) =t XU XU,

Then the decomposition of C*(W, U) obtained from refining a seminormal
decomposition C*(W)=B; X W, may be taken to be of the form

(7.25) C*w, U) = B X W X B’

Here, by virtue of Proposition 5.1, U and — UW are in the centers of decom-
position groups of rank 2 and n—3, respectively. Since neither of these in-
volutions is in the center of C*(W), U and — UW belong to the centers of
BS and W¢’. Therefore, WS W;, which must have rank 1. Hence Wis a
1-involution in @®.

Next form the decomposition of C*(W, V) by refining a decomposition of
C*(W) to obtain

(7.26) C*(W, V) = By X %1 X %a.

In forming the decomposition of C*(W, V, U) by refining (7.26), we see by
comparison with (7.22) that only one of the decomposition groups in (7.26)
may decompose and we must obtain three decomposition groups of ranks 1
and one of rank #—3. There are two possibilities in (7.26): either one of the
groups has rank 1 and the other has rank #—22=3 or that one has rank 2.
We may suppose that rk ¥1=1 or 2. In the former case, there is only one way
of refining (7.20) so that we may obtain two decomposition groups of rank 1;
namely,

(7.27) C*V, W) = 9{ X D{' X Bs.

But U&C*(V, W) and (7.21) shows that the component of U in %B; relative
to the decomposition (7.20) is in the center of B, Thus in (7.27), U has a
representation U= U{ X U{' X U, where U is in the center of B,. Clearly
U{ and U{’ are in the centers of 9/ and 9){’, respectively. This means that
C¥(V, W)=C*(V, W, U)=C*(U, V, W); comparing (7.27) and (7.22), we
obtain a contradiction. Thus we may assume that rk ¥;=2 in (7.26). Then in
forming a decomposition of C*(V, W) from (7.20), we obtain

(7.28) CYV, W) =B, X9 X9
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where rk 8,=2, rk9; =1 and rk 93’ =n—3. Also V is in the center of By;
hence by Proposition 5.1, Vis in the center of ¥i. Then — VW is in the center
of %.. In refining (7.26) to form C*(W, V, U), we see by comparison with
(7.22) that only one decomposition group decomposes and that this must be
B;. We will then obtain that the only decomposition group of even rank in
this decomposition is )4’. By Proposition 5.1, 93’ and U’ contain the same
element of order 2 in their centers. Thus —UW=—VW and U=V. This is
a contradiction to the assumption that V is not an extremal involution. The
remainder of the proposition follows directly from Lemma 7.2,

PROPOSITION 7.5. Every maximal set M of mutually commuting involutions

is a group of order 2" generated by a subset N of 1-involutions Vi, Vi, - - -, V.
Furthermore,

(7.29) M=C*M) =C*M) =X, XX X -+ - X ¥Xn

is a direct product of involutory quasilinear groups X; of rank 1 which contain,
respectively, the involutions V;, 1=1,2, - - -, n.

Of course, involutory quasilinear groups of rank 1 are groups of order 2.
A set 9 of 1-involutions for which (7.29) holds is always a set of generators
of 9 as an abelian group. We will call such sets complete sets of mutually com-
muting 1-involutions. Later we will show that they are unambiguously deter-
mined by the maximal sets of involutions which they generate.

Proof. We first show that 9% contains a 2-involution. Let W, be a proper
involution in 9% and form the seminormal decomposition C*(W1) = B! X W/’
For one of these groups, say B/, rk W{ =2. If rk W >2, let W, be in M and
form the seminormal decomposition T(Cw(Ws)) =%; X W;’. Again for one
of these groups, say By, rk W, =2. If rk Wy > 2, continue on in this manner.
Clearly after m steps we will arrive at a decomposition T(Cswm,_, (Wn))
=B, X W), where now one of these groups, say B;,, has rank 2. Then W,
is a decomposition group in a decomposition for C*(Wy, Wy, - - -, Wy)
formed by first forming the seminormal decomposition for C*(W;) and then
refining this successively to decompositions of C*(Wy, W), C*(Wy, W,, Ws),

<o, C*(Wy, W, - - -, Wa). Let T be the involution in the center of B,
Then T is in the center of C*(W;, W, - -, Wn). Form by refining
C*(Wh, Wa, - - -, Wp) and using Proposition 4.1

(7.30)  C*OM) = C*(Wy, W, - -+, W, M) = D1 X P2 X+ - - X Doy

where rk );=1. The elements of the groups 9); certainly generate the abelian
group M of order 2" and TEIM.

Next form a seminormal decomposition
(7.31) C¥T) =T X T

where TE ;. Refine (7.31) to a decomposition of C*(9) =C*(T, IM). It is
clear that this decomposition contains quasilinear subgroups of rank 1 of ;.
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Let 11 be the element of order 2 in one of these subgroups. By Proposition
7.4, V1 is an extremal involution in . Then either V; or — Vi is a 1-involu-
tion. But — Vi is also in 9 as —1 certainly is. Therefore, by replacing Vi by
— V4, if necessary, we may suppose that V, is a 1-involution.

Form next a seminormal decomposition

(7.32) C*(Vy) = %1 X D

where V€%, and rk ¥;=1. Then 9 is a quasilinear group of rank n—1.
Forming a decomposition of C*(9M) = C*(V;, M) by refining (7.32), we obtain

(7.33) C*om) =%, X %4 X%/ X -+ - X%/,

where X/,7=2, 3, - - -, n, are linear subgroups of 9 of rank 1. The elements
of order 2 in these groups generated a maximal set M’ of mutually commuting
involutions of §; containing 27! elements. The argument given above for M
now tells us that M’ contains an extremal involution V4 of $:. Proposition
7.1 implies that one of +VJ or + ViV is a 1-involution V; of §; and that
there exists a decomposition

(7.34) C*(Vi, Vo) = %1 X %2 X D2

where rk X,=1 and ¥, contains V,. We may repeat the above process until
we obtain a decomposition group . of rank 2.

Then by Proposition 7.4, V.., or — V., is a 1-involution of @ in §,_1.
Here if the latter case occurs, replace 9.1 by 9/-1=09,_1 where Q is the
automorphism of C*(V1V3) described (f) in Proposition 6.5. Then V.,/_; is not
in the commutator group of the quasilinear group .- of rank 2. Therefore,
as in Proposition 6.5, QV,/_1= —V,/_1=V._1isin Paa. If T,_; is the element
of order 2 in the center of Pu_1, Thoy= Va4V, where V, is an involution in
Dn- which commutes with V,_; and which is a 1-involution in @ by Lemma
7.2, Therefore, T(Cyp,_,(Vaa, Vi))=%..1XZ%, and we may obtain (7.29).
This proves the proposition.

We remark that the involution V; has been chosen so that W;=T1,V;,
1=1,2, ., n,is a 2-involution by virtue of Proposition 7.3.

8. Standard decompositions. Classification of involutions. Let U be a
proper involution of ®. Then U is contained in a maximal set of mutually
commuting involutions, which contains in turn a complete set 9 of mutually
commuting 1-involutions. We may suppose that (7.29) holds. Then relative
to (7.29),

U=U; XUz X+ XU,

By rearranging the components of (7.29), we may suppose that U;= —1;
=V;,1=1,2,- - ,pand U;=1,,1=p+1,p+2, - - - ,n. Then U=V, - - -

(%) Of course, now © must be defined to be the identity on the factors ¥;, 1 <:<n—2, and to
be Q. on Pn_s.
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Veand — U= Vy1Vpia - - - V. If necessary, for the convenience of notation
we replace U by — U in the following considerations so that ¥; is not altered
in the rearrangement of the components of (7.29).

A standard decomposition of C*(U) relative to a complete set N of mutually
commuting 1-involutions which belong to C*(U) is a decomposition C*(U)
=1, XU, in which the elements of 9T belong to U; or U,.

ProprosITION 8.1. Let U be a proper involution and N a complete set of
mutually commuting 1-involutions in C*(U) arranged as above. Then there exists
a standard decomposition C*(U) =Wy XUs where Vi, Vy, « - -, V, are conjugate
extremal involutions of Wy and Vpy, Ve, + - -, Va are conjugate extremal in-
volutions of U,.

Proof. The proof will be developed by presenting several auxiliary proposi-
tions.

(8.1a). Amny two of the involutions V, and V; are conjugate by an involution
Thi which commutes with the other involutions of M. If h, i<p or if h, i>p,
T, E€C*(U). Indeed, we mentioned at the end of the proof of Proposition

7.5 that W;=V1V;,4=2,3, - - -, n, is a 2-involution. Form the seminormal
decomposition
(8.1) C*(W,) = B! X WY

where W;EB/!. Let k#1, 1. Relative to (8.1), we have the representations
Vi=VI XV, Vi=VIXV!, Vi=V{ XV{’. Form the decomposition of
C*(Vx, W) by refining a seminormal decomposition of C*(V}); because Vi
is a 1-involution, this decomposition can have but three factors. The same
is then true for the decomposition of C(W,, Vi) obtained by refining (8.1).
This means that either V{ or ¥}/’ is in the center of the corresponding group
W/ or W’. On the other hand, as we showed in the proof of Lemma 7.2,
V{ and V! are proper involutions of the quasilinear group B/ of rank 2.
Therefore, T(Cw(V{))=91X9. and contains but four involutions in its
center. Suppose that V' is a proper involution in 8/ ; then Vi €T(Cw](V1))
as Vi&C(Vy). Thus V¢ =V{ or V{ =V/!. One may see similarly that V{’
is in the center of W/!’. Hence we obtain that W= V,V} is in the center of
C*(W,). Clearly Wi +1 and Wi W;. But if Wy,= —W;, Vi= —V;, which
is a contradiction because the 1-involution Vi would be conjugate to the
(n—1)-involution — V;, contrary to Proposition 5.6.

Therefore, V¢ must be in the center of ;. But by Lemma 7.2, V; and
V;are conjugate by aninvolution T;in /. Hence relative to (8.1), T;=T{ X1
and T.'Vth_l-—-Vk. Set T1;=T; For h?sl, 1, set Th;=TxT:Ts It may be
verified that V; and V, are conjugate by the involution Tj; and that T
commutes with Vi, k#h, 1.

Finally let &, 1<p. Since U=V,V, - - - V, contains the factors V; and
Vi, TMUT;,;I= Uand T, &€C*(U). If h, i>p, then Thi(— U)T;tl= -U fOI‘ the
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same reason. Hence T3;& C*(— U) =C*(U).
(8.1b). Let

(8.2) C¥U) = U1 X U.

be a seminormal decomposition. Then either the involutions V;, 1<p, or the
involutions —V;, 1< p, are conjugate extremal involutions of one of the decom-
position groups i while either the involutions V;, j>p, or the involutions
—V;, 7>, are conjugate extremal involutions in the other decomposition group
U... We first consider that V152 U. Because V; is a 1-involution, there are but
three decomposition groups in a decomposition of C*(U, V;). By interchang-
ing the decomposition groups U; and U, in (8.2), if necessary, we may suppose
that

(8.3) CHU,Vy) =W XU XU,

is a decomposition of C*(U, Vi) obtained by refining (8.2). Then let V;
=V{ X V{’ be the representation of V; relative to (8.2). As V; is in the
center of C*(U, Vi), it follows from (8.3) that VY’ is in the center of U,.
Thus V{’ = +1,. This means that either + V; is an involution X; in U;. Let
1<p, then T1;&EC*(U). Hence Ty;=T;;X Ty relative to (8.2). This means
that X;=T1;X,Ty'= T, X;T; ! has the representation X; =X/ X1 relative to
(8.2) and isin U;. Furthermore, X;= V; or — V; according as X;=Vior — V..
Also X, and X; are conjugate by an involution Ty in U;. Because of (8.3),
they are extremal involutions of U;.

If Vi=U, we take X,="T,.

A similar argument shows that X;=V; or —Vj;, j>p, is in one of the
decomposition groups U, or U; according as X.=V, or —V, is in the same
decomposition group. Also we may conclude that they are conjugate extremal
involutions of that group. We claim that X, is in U,. Indeed, if this is not the
case, either W,=TV,=(—=V)(—=V,) or —W,=(—=V)V,=Vi(—V,) is in
U,; that is, either W,EU; or W,EU,. In either case we obtain upon refining
8.2)

(8.4) CXU,W,) =Uu{ XU/’ XU or CXU,W,) =U XU Xxu

where U{ or UJ has rank 2 and contains W, in its center. Form now a semi-
normal decomposition of C*(W,, U) by refining a seminormal decomposition
(8.1) of C*(W,) to obtain from Lemma 4.2 and Proposition 5.1

(8.5) C*(Wa, U) = B X D1 X Ds.

From (8.5), the involution U has a component relative to (8.1) which is in
the center of W,/. Furthermore, V; and V, are conjugate by an involution
T, €W, which commutes with the involutions Vi, k#1, n. Since T1,EB®.,
T, also commutes with U. On the other hand, U=V1V, - - - V,and = U
= Vp1Vpss + + + Va. This shows that T, & C*(U), which is a contradiction.
Thus X, is in U, along with X, > .
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Throughout the remainder of the proof, we will preserve our choice of U;
as the decomposition group containing X1, X,, - - -, X, and U, as the decom-
position group containing X1, Xpy2, + + +, Xa.

(8.1c). Let n be even and let U be an odd involution. Then X1, Xs, + - - , X,
are 1-involutions of Wy and X1, Xpyo, « -+, Xa are 1-involutions of U We
need only show the first statement for the involution X;. If U is a 1-involu-
tion, we have taken X,= V= U; so there is nothing more to be shown. As-
sume, therefore, that rk 11;>1. Again refer to (8.3). We may assume that
rk Uf =1. Then rk U{’ is even. Hence either X; or (—1;)X; is in U’ where
—1;isin the center of U;. If the former case holds, then X, is an even involu-
tion in @ as well as in U;. This is impossible as # being even implies that both
Viand — V;are odd involutions. Hence X €1l{ and X, is a 1-involution of the
group U of odd rank.

(8.1d). For the decomposition groups Uy and Uy, rk Wy =p and rk Uy=n—».
Now the group U, contains » mutually commuting conjugate extremal involu-
tions of @. We may take these extremal involutions or their negative in 1;
to be 1-involutions in U;. They generate an abelian group of order 27, for any
relation among these involutions would imply a corresponding relation among
the involutions V1, Vs, - - -, V, in the complete set 9, which is impossible.
But then Proposition 4.1 implies that rk U; = p. Similarly, rk U,=#—p. But
rk Wi+rk Us=n. Hence rk Wi=p and rk Uy=n—p.

Now we are ready to prove the proposition. We first treat the case where
n is odd. Without loss of generality, we may suppose that p=rk 1, is even
and that #—p=rk U, is odd. Then U, contains X1 X, - - - X,=(£1)?U=U.
This implies that X;= V;, j>p, for otherwise U, would contain X1 X0 - - -
Xo=(—1)"?(=U)=U, whichisin U.. If X;=7V;, 1<p, (8.2) is the standard
decomposition which we seek. If X;=—7V;, 1<p, form the decomposition
C*(U) =U{ XU using the automorphism Q of Proposition 6.5. As X; is an
extremal involution in the quasilinear group U; of even rank, it does not be-
long to its commutator subgroup by Proposition 6.3. Then QX;= —X;=V;
isin Uf =QU; for s=1, 2, - - -, p. Thus again we have obtained a standard
decomposition.

Next consider the case where # is even and take U to be an even involu-
tion. Then p and n—p are even. Here 1, contains X1 X, - - - X,=U and U,
contains X,11X 42 + - - Xa= — U. We apply the automorphism © of Proposi-
tion 6.5 to U, if X;= — V;, 2= p and the automorphism 1 XQ; to U,if X,;= — V},
j>p. As above we obtain a standard decomposition.

Secondly take U to be an odd involution and % to be even. Then U; con-
tains + U according as X;=+ V,, 4<p and U, contains — U or U according
as X;=V;or —V;, j>p. As (8.2) is seminormal, either X;=V,, 1<p, and
Xi=V;j>p,or X;=—V,;, i<p,and X;= —V;, j>p. If the former case oc-
curs, then (8.2) is the standard decomposition which we seek. If the latter
case occurs, then we apply the automorphism Q of Proposition 6.4 to obtain
a decomposition C*(U)=1U{ XUJ. By (8.1c), X;, 1<p, and Xj, j>p, are
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1-involutions in U; and U,, respectively. Therefore, they are not in D(U;) or
D(U;) by Proposition 6.3. Then QX;=—-X,=V, €W/ for ¢+<p and QX;
= —X;=V,;&U{ for j>p. Thus we have obtained a standard decomposition
in this final case.

The involution U in Proposition 8.1 is the product of p 1-involutions from
the set 91. Statement (8.1d) shows that UER, or UER._,. When p=1 or
n—1, it is clear that U isa 1-involution or an (z —1)-involution. In general, if
p is even or if # is odd, U is a p-involution. Under these circumstances, p
determines the conjugate class to which U belongs. We will show that this
is true in general.

COROLLARY 8.2. Let M be a maximal set of mutually commuting involutions.
Let 9 be a complete set of mutually commuting 1-involutions in . Then N
contains all the 1-involutions of & in M.

Proof. Let 9 consist of the elements Vi, Vs, - - -, V,. Then any involu-
tion of 9 not in N is a product of p >1 of these involutions and thus belongs
to &, or &—p. Hence U cannot be a 1l-involution unless possibly p=n—1.
But in thiscase, U is an (# —1)-involution since — U will be one of the involu-
tions V;E 9.

PRroPOSITION 8.3. Let N be a complete set of mutually commuting 1-involu-

tions Vy, Vs, + - -, V. which commute with a proper involution U. Let

(8.6) C¥U)=u XU

be a standard decomposition where Vi, V,, - -, V, are in Uy and Vpy,
Veias © + +y Vaarein Ua. Then if N is a second complete set of mutually com-
muting 1-involutions V{, Vi, .-, V. which commute with U, we may ar-
range the elements of this set so that Vi, Vi, -, V; are in W and V5,
Vasa, * = = Vd are in U,

Proof. By the argument of the preceding proposition, we may arrange the
involutions of 9 so that either V/,1<r, or — V!, ¢ <r, are extremal involu-
tions X/ in U;. By (8.1d), r=rk U;=p. We thus obtain the statement of the
proposition for the involutions V!, i<, if X! =V!. f X! =—-V!, i<p, are
extremal involutions in W, then either Vi or (—1,) Vi= UV, is conjugate in
U, to X! =—V/!. But Vyand — V/ cannot be conjugate for V; is a 1-involu-
tion and — V! is an (n—1)-involution. If UV, is conjugate to — V!, then
—UVi=V1iVp1Vpsa + + - Vais a 1-involution in 9. This contradicts Corol-
lary 8.2. Hence X! = V!. A similar argument shows that V/, >, belong to
U, and proves the proposition.

COROLLARY 8.4. Let U be a proper involution and let C*(U) possess the
standard decomposition (8.6). Then (8.6) is a standard. decomposition relative
to any complete set of mutually commuting 1-involutions which commute with U.
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The 1-involutions in C*(U) belong to Uy or Us. The decomposition groups of a
standard decomposition are uniquely determined.

Proof. We need only mention that the 1-involutions in C*(U) belong to
either U; or U; because such involutions can always be included in a maximal
set of mutually commuting involutions of & contained in C*(U) and to this
set we may apply Corollary 8.2 and Proposition 8.3. Also the groups I, and
U, in a standard decomposition are uniquely determined because they are in-
volutory groups which can now be seen to be generated by the 1-involutions
which they must contain.

Because of this corollary, we henceforth speak merely of a standard de-
composition rather than of a standard decomposition relative to a particular
complete set of mutually commuting 1-involutions. Because of the uniqueness
of the decomposition groups in a standard decomposition, we will always
choose the notation U+ and U~ for the decomposition groups of a standard
decomposition with the convention that UEU+ and — UEU~. Such decom-
position groups will be called standard decomposition groups of C*(U) or of U.
In particular, the group Ut will be called the positive decomposition group
and the group U~ the negative decomposition group.

Let U be an involution. Then Proposition 8.3 implies that U is always the
product of a certain number p of involutions from any complete set of
mutually commuting 1-involutions which commute with U. If p=1, n—1,
oriseven, or if #is odd, then we have mentioned that U is actually a p-involu-
tion. In the remaining case, we define U to be a p-tnvolution if it is the product
of p distinct mutually commuting 1-involutions. If § is a standard decom-
position group of odd rank, it is a consequence of (8.1c) that a 1-involution
of & in O is also a 1-involution of . Even in case rk 9 is even, such an in-
volution is always an extremal involution of § by Proposition 8.1. We, there-
fore, distinguish the extremal involutions of § which are 1-involutions as
1-involutions in $; in general, we define a p-involution of a standard decom-
position group P to be an involution in  which is a p-involution of ©.

THEOREM 8.5. Two involutions U and U’ of © are conjugate if and only if
each is the product of the same number of 1-involutions from a complete set of
mutually commuting 1-involutions which contains 1t.

Proof. The necessity is obvious. To prove the sufficiency let 9 be a set of

mutually commuting 1-involutions Vi, Vs, - - -, V, such that U=V, - - -
Vp. Let 9 be a second complete set of mutually commuting 1-involutions
Vi, V4, -, V. such that U=V{V{ .- - V.. By the remarks preceding

this proposition, it follows that U and U’ are in the same class &, when p=1,
n—1, or is even and also when # is odd. Therefore, assume that U is a non-
extremal involution and that p is odd and # is even.

There exists RE® such that RV{R!'=V,. Let U'=RUR™! and V!’
=RV,R-'. It suffices to show that U and U’ are conjugate. Note that
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vi', vi', - - ., V. form a complete set of mutually commuting 1-involu-
tionsand U"=V{'V{' - - - V' Also V{'=V..
Next form the standard decomposition

(8.7 CHVy) = CX(V{') = Vi X V7.

By Proposition 8.3, Va, V3, - - -, Voaswellas V4/, V§’, - - -, V!’ arein B..
Hence ViU=V,V; . Vyand V' U=V V{' - - - V) are (p —1)-involu-
tions of the quasilinear group %, of odd rank #—1. Thus V,U and V{’'U”
= V1 U" are conjugate by an element S in B1. Then SEC*(V,) and U and U”
are conjugate by S also. This proves the theorem.

If  is a standard decomposition group, we may forin standard decom-
positions of the involutory centralizers of involutions in H. In particular, in
forming refinements of standard decompositions, we will choose standard
decompositions for the decompositions of the involutory centralizers of in-
volutions in the components. We will also call such decompositions standard
decompositions or standard refinements. Such decomposition groups will also
be called standard decomposition groups. They are uniquely determined be-
cause of the following proposition.

PROPOSITION 8.6. Let 8 be a set of mutually commuting involutions such that
C*(8) has a standard decomposition

(8.8) C*¥8) =% X %2 X - - - X %4

Let U be the involution in the center of Xi1. Then X, =0, the positive decomposi-
tion group of U.

Proof. We may assume that 8 contains proper involutions so that 0 <rk ¥;
<n.Let M;,1=1,2, - - -, k, be arbitrary complete sets of mutually commut-
ing 1-involutions in the corresponding decomposition groups %;. Then
gt=U¥_, 91, is a complete set of mutually commuting 1-involutions in C*(8).
The product of the involutions in 9;is U and of the involutionsin 9 =U;_, 9;
is —U.

Form the standard decomposition

(8.9) Cx(U) = U+ X U-.

By Corollary 8.4, the elements of 9; and the elements of 9 belong to either
Ut or UI~. But as their product is U and — U, respectively, the elements of
9 belong to U+ and the elements of 9 belong to U~. In particular, since 91,
was chosen arbitrarily, all the 1-involutions of ¥; are contained in Ui+, Hence
the involutory quasilinear group ¥%; is contained in U+,

Now the abelian group generated by the elements of 91 together with the
involution —1 contains the center

(8.10) Z(C*(S)) = Z(%) X Z(%2) X - - - X Z(%x)
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and hence the set § itself. But then C*(8, 9U') = C*(9U’). Similarly C*(U, ')
=C*(9'). Thus we may form C*(9U’) by refining (8.8) and (8.9). In the first
case, the components ¥;, 2> 1, decompose so that we obtain a direct product
of ¥, and quasilinear groups of order 1. In the second case, only the com-
ponent U~ decomposes, and we obtain the direct product of Ut and quasi-
linear groups of rank 1. Using Lemma 4.2 to compare these two refinements,
we see that Ut and ¥, are isomorphic. Since ¥;C U+, they can be seen to be
generated by the same set of involutions and %;=U%, which proves the
proposition.

ProposiTION 8.7. Let U and V be commuting involutions with positive and
negative decomposition groups Ut and Bt. Then the standard decomposition
groups belonging to a standard decomposition of C*(U, V) are the groups
UM B,

Proof. We may assume that U7 V and that U and V are proper involu-
tions. Form the standard decomposition

(8.11) C*U, V) =% X % X % X Xy

Each of the groups ¥, is uniquely determined by the involution in its center
according to Proposition 8.6. Therefore, whether we obtain (8.11) from stand-
ard refinements of C*(U) or of C*(V), we will obtain the same decomposition
groups. This means that the decomposition groups U+, -, B+, and L~ each
contain two of the groups %; and none contains the same two groups. There-
fore, we may suppose that Ut 2%, X,, U="DX;, X;, B+D¥%,, X3, and B~ DX, X,
Then X CUNBH, L CUWNB-, (CSU-NBF, and X, SU-NB-

On the other hand, U*tNB*CC*(U, V). Now if an element X EU+tN B+
has the representation X =X;XX,XX3;XX, relative to (8.11), it follows
that X,=X;=X,=1, for otherwise Xi'X would be a nontrivial element in
U+N B+, which is impossible. Hence X;=UtMPB+; the other equalities are
similarly obtained.

9. Characterization of decomposition groups. Let  be a quasilinear de-
composition group of rank m <n. In §6, we introduced two epimorphisms;
namely ®: §—PTL(m), and A: T—P(T) = PTL(m). We will compare these
epimorphisms in this section. We will use the notation and results developed
in §6.

Considered as transformations(’) of the vector space & on which  acts,
the involutions in the conjugate class which we term p-involutions, K,(Z),
have two complementary eigenspaces U~ and U+t associated with the eigen-
values —1 and 41, respectively, such that dim U~=p and dim Ut=m —p.
This characterizes the involutions of this class. It is not difficult to see that

9.1) CxT) = U+ X U-

(7) The reader is referred to Dieudonné’s treatise [8, Chapter 1], for a more complete dis-
cussion of the involutions of linear groups and their centralizers.
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where 1I* is the subgroup of T consisting of transformations leaving fixed
a+ and 11~ is the subgroup of transformations leaving fixed U~. Then U+ con-
tains U and is isomorphic to TL(p) while T~ contains — T and is isomorphic
to TL(m—p). Also Ui+ and 1~ contain involutions with 1-dimensional nega-
tive eigenspaces. Consequently (9.1) is a standard decomposition.

PROPOSITION 9.1. Let O be a quasilinear decomposition group of rank m,
2<m<n. To each involution UCRKR (D) with standard decomposition groups
U+ and U-, there is determined an unique involution UER,(T) such that
PU=AT, dU+=AU*, and PU-=Al", and conversely. The groups U+ and U~
are involutory linear groups and C*(U) =0+ XU~ is a normal decomposition.

Proof. Let UER,(9). By Proposition 6.1, the involution ®U is in £,. But
the elements of &, are the images of involutions in §,() by the natural
homomorphism; thus ®U=AT for some involution TER,(T). But in the
coset U(Z(T)), there are but two involutions, namely, U and —U. Here
~TUERn-p(%). Thus unless p=m/2, there is only one involution TER,(T)
satisfying ®U=AT. _

Conversely, let UER,(T). Then AU = U*EQ,. On the other hand there
exists VER(D) such that PV EL,. Choose RE D such that (PR)(®@V)(PR)!
= U* and set U=RVR™L. Then ®U=AT. As above, when p#m/2, U is the
only involution of ®,(9) such that ®U=AT.

Now let V be a 1-involution in the positive decomposition group U+ of
an involution U. Then V*=®V&®dU+ commutes with U*=®U. Let U be
such that AU= U*. Then if V is a 1-involution such that AV=V* VUV
= +T. But then V cannot anticommute with T for this would imply that
V and — V were conjugate, which is not the case as m>2. Hence VEC(T).
Thus corresponding to each 1-involution VE&EUt, there is a 1-involution
VEC*(U). Let Ui be the subgroup of C*(T) generated by these 1-involu-
tions. The correspondence between 1-involutions of C*(U) and those of
C*(U) maps commuting involutions onto commuting involutions. Thus if
U=ViV; - -V, with V€U, A(V,1Vy- - - V,)=®U=A(+T) where AV;
=&V, Replacing U by —T, if necessary, we have that V,V, - - - V,=T.
Thus applying the theory of quasilinear groups and, in particular, Corollary
8.4 to T, we see that the involutions V;belong to T+ or 11~. Since their product
is T, they belong to 1I*. This implies that W, CUI*. Also it is clear that
PU+CU* since PU+r=All.. Similarly, ®U-CAU-. However, it is possible to
interchange the roles of § and T in the argument of this paragraph. Thus we
obtain the opposite inequality and that ®UI* =All* and that ®U—-=Al-. Note
that for only one choice of the involutions T or — T are these relations pos-
sible. This proves the first statements of the proposition. The converse may
be obtained by interchanging the roles of § and T.

To prove the last statements, observe first that (9.1) is a normal decom-
position, Since the kernel of A is Z(T), the restriction of A to the groups 1+ or
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{1~ is an isomorphism. Thus if U is a p-involution ®U+=All+ is isomorphic to
TL(p) and ®U~ is isomorphic to TL(m—p). We wish to show that ® induces
an isomorphism of I+ and U~. By the inductive assumption P(Ul*) is iso-
morphic to PTL(p). Hence ® induces an isomorphism of P(ll*) onto P(PU).
This means that the kernel of the restriction of ® to Ut lies in Z(Ut). By
Condition B, Z(D(Ut)) has the same order as Z(D(®U+)). In §3, we showed
that these groups were contained in the centers of the corresponding involu-
tory quasilinear groups I+ and ®U+. Thus the restriction of ® to D(UIt) is an
isomorphism. However, by Proposition 3.1, [U+: D(1*)]=2. Thus the re-
striction to U+ of ® has a kernel of order at most 2. However, no proper in-
volution in $ is mapped onto 1 by ®; therefore, the kernel cannot contain a
proper involution. Since —1&U*, the kernel is trivial. Hence the restriction
of ® to Ut is an isomorphism. A similar statement holds for 11=. This shows
that U+ is isomorphic to the linear group ®U+=AU+ and U~ is isomorphic to
the linear group ®U-. Since the kernel of ®is Z(9), WNZ(H)=U"NZ(D)=1.
Consequently, the standard decomposition of C*(U) is normal.

ProposITION 9.2. Let U be a standard decomposition group of rank at
most n—2. Then 1 s an involutory linear group.

Proof. Let U be in the center of U; then U isin the positive decomposition
group Ut of Uand rk Ur=n—2. Let V be a 1-involution in U~; then -2 U+.
Since rk B->rk U+, B—=U+. Because of Proposition 8.6, Ut is a standard
decomposition group of B~. The result now follows from Proposition 9.1.

III. THE CHARACTERIZATION OF THE QUASILINEAR GROUP &
10. A fundamental lemma.

LEMMA 10.1. Let U be a 1-involution and V a p-involution, 1<p <n-—1.
Then there exists a 1-involution in C*(U, V).

Proof. If @ is an infinite group, it follows from Condition E that there is
an involution S5 +1 in C*(U, V). When ® is a finite group, we shall still
show that this is true(®). Clearly, we may suppose that U and V do not com-
mute. Then D= {U, V} is a dihedral group of order 2k where k is the order
of UV. If k were odd, then Uand V would be conjugate. Hence some power S
of UV is an involution in the center of D. Furthermore, in D, U and US are
conjugate. This means that S +1.

Hence we may form

(10.2) C*S, V) = (@TNBH X (BFNYB) X (G NBH) X (6N B).
There are at least three nontrivial decomposition groups in (10.2) as S= V.
We have that UEC(S). Hence UES&* or UES™; say, UES*. As one of

(#) This result is essentially a consequence of a lemma of Brauer and Fowler [4, Lemma
3A]. The approach we use here was suggested by the referee, and shortens our proof.
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& NB*+ or &MY~ is nontrivial, there exists a 1-involution W in one of
these groups. Then WEC*(U, V) is the involution we seek. Obviously we
can obtain the same conclusion when UE &,

ProrosiTioN 10.2. Let U and V be 1-involutions in ®. Then U and V are
conjugate in T(®).

Proof. If U and V cominute, we may apply statement (8.1a) in the proof
of Proposition 8.1 as U and V belong to a complete set of mutually commut-
ing 1-involutions. :

Hence suppose that UV# VU. Then choose a 1-involution V'&C*(V)
and set W= VV’. Then W is a 2-involution, and by Lemma 10.1 there exists
a l-involution T€C*(U, W). Form

(10.3) CHT, W) =T+ X (T-NBVBH X ENW).

Here TTCW— or ST W+, Also VEB*+as VV'=W.

If T+CW-, then TETHC C*(V) and TEC*(U, V). Hence we have that
U and V are conjugate 1-involutions in the negative decomposition group
T-CT(®). This is our result in this case.

Thus consider that $S*C W+, Then W=T(TW) and T and TW belong to
W+. Furthermore, they are conjugate by Lemma 7.2. In particular, TWis a
1-involution in T-NW+. Then V and TW are conjugate in B+C T'(H), and
TW and U are conjugate in T~-CT(®). Thus Vand U are conjugate in T(®).
This proves the proposition.

11. Congruent involutions. In this section, we lay the foundation for the
construction of a projective geometry on which we will determine P(®) as
a group of automorphisms.

Let W be an arbitrary 1-involution in @ and let =W~ be its negative
decomposition group. Then(®) rk W=m =n—1. By the inductive assumption
of the Principal Theorem, there exists a homomorphism ®m of W onto
PTL(m). Asin §9, we will set T=TL(m) and P(T) =PTL(m). If REC*(W),
R=R*XR~ where R*tCB®B* and R-EB~. Then the inner automorphism I
induced by R on ® leaves T invariant and coincides with the inner automor-
phism Iz- induced by the component R~ of R in T~ on W=LW/W~. We will
term a particularization of W a homomorphism of the form ®glr where Ir
is the inner automorphism induced by an element REC*(W). Then Pwlz
= Joqyz— P Where Iagz-) is the inner automorphism of P(T) induced by
the image ®w(R~) of the component R~ of R in W=W~. If W’ is a second
1-involution in & with negative decomposition group B’ =BW’~, there exists
an inner automorphism Ig of @ induced by an element S&T(®) such that
SWS-1=®W by virtue of Proposition 10.2. Set Pw =Pwls; then Py is an
homomorphism of B’ onto P(T). If S’ is a second element of T(®) such that
I[s(W)=W, then S'=RS=ST where R is in C*(W) and T is in C*(W’).

(?) For the remainder of this paper, m will always represent the integer n—1.
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Then ®gls =dgw Ir. We will call any such homomorphism a particularization
of W'.

Let & be the vector space on which T acts; then & has dimension m=n—1.
Let &g be a particularization of a standard decomposition group T of rank
m. If U is an involution in B, we will conventionally denote by T the unique
involution in T determined in accordance with Proposition 9.1 so that ®gU
=AT. Let U+ and U~ designate the eigenspaces of 11; these are complemen-
tary subspaces of & On the space U~ the standard decomposition group U+
may be considered to act since it leaves U~ invariant and Ut fixed. Cor-
respondingly, I~ acts on U+. If U is a p-involution, so is U and dim U~ =p.
We will make consistent use of these symbolic relationships between an in-
volution UE® and the corresponding involution UET and their standard
decomposition groups. In a discussion where only one particularization is
introduced, we will not further specify these relations.

Now let U and V be 1-involutions in &. Suppose, furthermore, that there
exists a 1-involution W U, V which isin C*(U, V). By Corollary 8.4, U and
V are in the negative decomposition group =W~ of W. Let $gw be a par-
ticularization of W. If U and V have a common 1-dimensional eigenspace
U-= L, then we say that U and V are congruent in . This concept is inde-
pendent of the particularization &g in the sense that if =PIz is a second
particularization with RE®R, U= 1IsxmTwlU has fixed subspaces Rut
and @V has fixed subspaces RV where #gR=AR. Thus $xU and &5V
have the common fixed subspace RU~ = RU~. We will show that the relation
of congruence is independent of the standard decomposition group B deter-
mined by the particular 1-involution W chosen from C*(U, V).

We remark that two involutions U and V commute if and only if their
associated eigenspaces satisfy(!?) Ut=(UtNUVY)B(UTNV") and U
=(UWNVY) (U NV-). If T is a l-involution and TV, then must
U-CU* and V- CU*. In particular, if U and V are commuting 1-involutions
congruent in a standard decomposition group 2, this implies that U=7;
hence U=V,

ProposiTiON 11.1. Let U and V be 1-involutions in & which are congruent
in a standard decomposition group W=W— belonging to a 1-involution
WEC*(U, V). Then there exists a 2-involution P& C*(U, V, W) with standard
decomposition groups B+ and B~ such that U and V are in P+ while WEP—.

A 2-involution P satisfying the conditions in this proposition will be said
to enclose U, V, and W or to enclose U and V.

Proof. We may assume that U, V, and W are distinct. Let T =8~ be the
negative decomposition group of W, and let s be a particularization of B.
Then the eigenspaces Ut and U+ are hyperplanes. Since U~=7U", we may
obtain a direct decomposition

(19) For example, cf. Rickart [9, p. 454], or Dieudonné [7, p. 4].
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(11.1) E=U G UrN X

by choosing a 1-dimensional complement X to U~ @UtNV+. Let P be the
2-involution in T with eigenspaces P~ =U"® L=V~ @ L and E*+=U+rNV+.
Then it may be verified that T and V belong to $+. By Proposition 9.1, there
exists a 2-involution PE® corresponding to P such that U and V belong to
the standard decomposition group B+. As PEBR~, C*(P, W) =P+ XP-NB+
XP-NW-. Hence WEP—. Thus P is the 2-involution we seek.

ProposITION 11.2. Let U and V be congruent 1-involutions in a standard
decomposition group L of rank n—1. Let W' be a second standard decomposition
group of rank n—1 containing U and V. Then U and V are congruent in Ty'.

Proof. We may assume that U# V. Let W and W’ be the 1-involutions
whose negative decomposition groups are L and ', respectively. Then both
W and W’ belong to U"MNPB~. We will show that they are conjugate in
Ny,

First consider the case that #=5 and set m=n—1. Let P and P’ be the
2-involutions enclosing U, V, and W and U, V, and W', respectively. Then
both Q= —P and Q'= — P’ are (m—1)-involutions which are associated with
involutions Q and Q' of TL(m), respectively, by means of a particularization
®y of U, As the eigenspaces @+ and @~ as well as the eigenspaces '+ and
@'~ are complementary and asdim @M@+ =m—2 =2, there exists a 1-dimen-
sional subspace X~ contained in @*MNQ'* but not in §+'—, which has dimen-
sion at most 2. Let %* be an (m —1)-dimensional subspace complementary to
%~ and containing @~+¢~. Let X be the 1-involution in T with the eigen-
spaces X+ and %~. Then both the 1-involutions —(Q and —Q’ commute with
X since £+2Q-+Q'~ while X~ CQ+MN@'+. Let X be the 1-involution in U~
corresponding to X by means of the particularization ®y. Then X is in the
standard decomposition groups Q+ and Q'+ of Q and Q’, respectively, inas-
much as X is in the standard decomposition groups Q+ and Q’+. But Q+
=P~ and Q'+ =P’'~ where P* and P'* are the standard decomposition groups
of the involutions P and P’, respectively. Now since U and V are 1-involu-
tions in P+ and P’+, U-N B~ contains both P~ and P’~. But W and X are
conjugate in P~ and X and W’ are conjugate in B’'~. Hence W and W’ are
conjugate in U=MPB~. This argument suffices for infinite groups as we assume
n=35 in this case.

Suppose that G is finite and that n=4. Assume that W and W’ are not
conjugate in U-MV~, By the argument of Lemma 10.1, there exists an in-
volution X 51 in the center of the group D= { W, W’ } ,and Wand WX are
conjugate in D. Thus X is not a 1-involution as WX cannot be a 2-involution.
Likewise X is not a 3-involution since then — WX = W(—-X) and also WX
itself would be 2-involutions.

Hence take X to be a 2-involution with decomposition groups ¥+ and
X~ But U, V, W,and W’ are all in C*(X). Because U and V do not commute,
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they belong to the same standard decomposition group of X, say ¥~. Now if
WEX~, then either W=U or WU is a 2-involution and WU= —X. Also
either W=V or WV=—X, Certainly WU and WV, and WU=WYV.
Hence WE&X+. Similarly W’ is in X+, Thus again Wand W’ are 1-involutions
in a standard decomposition group X+ of rank 2. Hence they are conjugate in
Xt As U and V are in ¥~, ¥*CU~NB~. This again obtains a contradiction.

Thus we may conclude that W and W’ are conjugate by an element R in
U-NB-CC*(U, V). Thus IeW=W', IrU=U, and IzpV=V. Let &5 be a
particularization of the negative decomposition group =W~ of W and
define a particularization ®g- of the negative decomposition group B’ =B®'~
of W' by g =Pglr. Then g U=PgU and P V=P V. Thus U and V are
congruent in B’ inasmuch as they are congruent in .

Consequently, we will say that two 1-involutions U and V are congruent
if they are congruent in any standard decomposition group of rank #—1 in
which they are contained. It is obvious that this is a symmetric and reflexive
relation defined on the set of 1-involutions.

THEOREM 11.3. The relation of congruence is an equivalence relation.

Proof. We need only show that congruence is a transitive relation. There-
fore, let Uy and Uj; be 1-involutions which are congruent to a 1-involution Us.
We may suppose that Uy, U,, and U; are all distinct. Let P be a 2-involution
enclosing U; and U, and let P’ be a 2-involution enclosing U, and Us;. Then
both Q= —P and Q' = — P’ are (m —1)-involutionsin the negative decomposi-
tion group Ui of U,. Relative to a particularization ®y of U7, there are associ-
ated with Q and Q' (m—1)-involutions Q and {’ in T.

We have seen in the proof of Proposition 11.2 that if =5 and m = 4, there
is determined a 1-involution X with complementary eigenspaces X+ and X~
such that £*+*2DQ*++¢'+ and X~ C§MNg~. Then X commutes with Q and Q'
The corresponding 1-involution X in ® will belong to the decomposition
groups Ui, P~=Q+, and P'~=Q'+. This means that X commutes with
Uy, U, and Us. Thus Uy, Ue, and Uj; are in the negative decomposition group
¥~ of X, and, by Proposition 11.2, U; and U, as well as U, and Us; are con-
gruent in ¥~. Then, if ®x is a particularization of X, ®xU; and $xU; will have
the same 1-dimensional fixed subspace as $xU,. Hence when =5, Uy and Us
are congruent.

We now suppose that #=4. Then it may not be possible to find comple-
mentary subspaces X+t and %~ such that X~ C@ N~ and X+*2Q+4Q'+
because @~ +@'t may contain @M. Indeed, suppose that this is the case.
Then we will replace Q' and hence P’ by different involutions for which this
difficulty does not arise. To do this, let Yi be a 1-dimensional subspace of
@'~ distance from @=N@'~. Let Uit be the subspace (§~MN@'~) ®Q'*. Let ¥, be
the 1-involution in T with eigenspaces Vit and Yi~. Let Y be the subspace
@-N@~ and let Y#=0*+DYi. Let ¥, be the 1-involution with eigenspaces
Yst and Yz. Then
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(11.2) &=Y @ Ys @ (Y1 NYy).

Since Y7 CYit and Yi S Y3, the involutions Y1 and ¥; commute and ¥, Y,
=0

Choose Y/ to be the l-involution with eigenspaces Y¢ = Y= M@~
and Y3t =Q++Yr. Since Yr CYs*+ and Y~ C i, ¥y and ¥4 commute. Let
Y1, Y, and Yy be the involutions in Ui corresponding to Vi, ¥,, and V¢,
respectively, by means of the particularization $y. Then ¥; and Y, commute
with U, and U; because they are in the decomposition group PB’~ of the en-
closing involution P’. Also ¥y commutes with ¥; and U; and is congruent to
Y, We claim that P”=—1Y,YV] is a second 2-involution enclosing U,, Us,
and Yl.

To see this, take a particularization ®g, of the negative decomposition
group Yi of V1. Designate by Ug*, Ui, ¥4 and Y'; the involutions of T cor-
responding to the involutions Us, U;, Y,, and Yy in 9, respectively. Desig-
nate by U7 * and Uz ¥, etc., the eigenspaces of U#, etc. Because ¥{ commutes
with U,, it follows that 9, *Du;*=u;* Because Y/ is congruent to Y5, it
follows that Y3~ *=Y;*C UF*. Therefore, ¥,* and U commute. This implies
that ¥4 commutes with U, Us, and Y; along with P,

Now we study the 2-involution Q"' = — P’ relative to the particulariza-
tion ®u. Then Q”’=7,V/ has eigenspaces @'~ =Yr @Y —=Yr O Yy =09~
and @'*=YitNYs*. But @*CYit=(QMNQ~) ®Q+ since the assumption
QN ~Cor@ Q'+t implies (§NQ ™) Q'+=0+DQ'*. Also we have seen that
Q+*CYs+. Therefore, @"'+=9*+ and hence *+@"’* does not contain §~MNQ"’'~.
In this situation, we may find a 1-involution commuting with P and P’ by
the method we used in the case where # =5 and we may conclude that U; and
U; are congruent. This proves the theorem.

12. Construction of the projective geometry. Let U be a 1-involution in
©. Denote by a=a(U), the equivalence class of 1-involutions congruent to
U. For GEP(O®), define G*a=a(GUG™!) where G is in the coset G*. Let A
be the set of equivalence classes of congruent 1-involutions; we will call its
elements points. We have made @ into a transformation group acting on A.
By showing that A is the set of points in a projective geometry, we will be in
a position to show that P(®) is a projective linear group.

We say that a set of points a= {al, @z, o, a,,} of A is an independent
set if there exists a mutually commuting set of involutions Uy, Us, -« -, U,
such that U;Ea;, ¢=1, 2, - - -, p. If U is an involution in an equivalence
class a © A, we say that U represents a. Also for the above set a, we say that
the p-involution 4 = U U, - - - U, represents o. If a set of points is not inde-
pendent, it is said to be dependent. If a= {a;, as, - - -, a,} is an independent
set of points while {a, b} ={ay, as, - - -, ap, b} is a dependent set, then b is
said to be dependent on the set a.

Let a= {al, as, -, a,,} be an independent set of points. Then the set
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[«] of points b dependent upon a will be called the linear set generated by a.
In this case an involution A4 representing a will also be said to represent the
linear set [a]. The set P of all linear sets formed from the elements of A to-
gether with the set [ ] containing no points will be shown to be a projective
geometry. That is, we will show that P may be made into a complemented
modular lattice of lattice dimension #, all of whose “lines” contain at least
three points. The main difficulty is found in characterizing the linear sets so
that the lattice operations may be defined.

ProposITION 12.1. Let a={ai, as, - - -, an} be an independent set of
points, 1=Sm=n. Then there exists a maximal independent set of n points
a1, Gz, * - -+, Gy containing o. All maximal independent sets of points contain n
elements.

Proof. Let U;Eay, =1, 2, - - -, m be chosen so that Uy, Uy, - - -, Un
form a set of mutually commuting involutions. Then there exists a maximal
set of mutually commuting involutions containing the involutions Uj,
1=1,2, - - -, m. This and every maximal set of mutually commuting involu-
tions contains # elements by virtue of Corollary 8.3.

ProrosiTION 12.2. Let U, and U, be commuting 1-involutions and let U{
be a 1-involution congruent to Uy. Then there exists a 1-involution W such that
both A =U U, and U{ belong to the negative decomposition group BW— of W.

Proof. We may assume that U;# U,. By Lemma 10.1, there exists a 1-in-
volution Win C(A4, U{). Then U{ EB®~, the negative decomposition group
of W, but A may or may not be in ~. We wish to eliminate the latter case.
Therefore, we assume that 4 is not in W~. Under this assumption, WA is
in the center of the standard decomposition group W NA+*CW~-. Form a
particularization ®g of ®~. Then let 4 in T correspond to WA by means of
®m and let @* and G~ be its eigenspaces. As WA is a 1-involution, dim G~ =1
and dim @*=m—1=n—2=2. Let U/* and U/~ be the eigenspaces of the
involution U{ corresponding to U{ by means of ®g. Then dim Uf=m—1
and dim u/tN@+*=m—2=1. If dim U{tMNE@+=2, it is possible to choose a
1-dimensional subspace W'~ CU{*MN A+ and a complementary subspace W'+
containing U/~ @® G~ because if UW~+ @~ DU+ @+, then dim @M (UM@Y)
=dim U{*N@+—1 on the one hand and @~ NU{t*MN@*=0 on the other
hand. The 1-involution W’ with these eigenspaces is in C(U{, 4). Hence the
corresponding involution W&~ is in A~ and also commutes with U{. Thus
we replace W by W’ in this case where @~ +U{~ does not contain U{TNGT.

There still remains the case where dim U{tN@*+*=1 and @~ +U{~D
U/ -Nat. We will eliminate this case by arriving at a contradiction. Since
dim w{+N@*+=1, dim @+=2, Hence m=3 and n=4. Let Y=U{*MNG* and
let % be a 1-dimensional subspace of @+ such that @* = X ® Y. Then

E=xOYDa
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But certainly @~ ®U{~=G @Y since it contains Y. Thus we also have
§=X@U~® @ . Let Ty be the 1-involution in T with eigenspaces U{’'~
=/~ and U/*= XD G . Then the corresponding involution Uy’ in W~ is
congruent to U{. Let W’ be the 1-involution in B~ such that the involution
W given by AW'=®gW’ has the eigenspaces W= and W*+=Y®a-
=U{"~®@~. Then W’ commutes with T{’ and lies in the group ¥~ of trans-
formations commuting with 4 and leaving fixed @. Thus V=WA4, W, and
Uy’ belong to the negative decomposition group B'~ of W".

Let ®m be a particularization of '~. Let W* be the 1-involution in €
corresponding to W by means of ®w ; let W**+ and W*~ be its eigenspaces.
Let A* be the 2-involution with eigenspaces @**+ and @*- that corresponds
to A. Use a similar notation for the involutions corresponding to U, U/’,
and V. Because U;EATCTW'~, UF-C a*~. Since U, and U{’ are congruent,
U/ *—=UF¥C @*". On the other hand, U{’ commutes with W but certainly
U{' #W. Therefore, U{/'*~Ca* NW*+t=0*", This implies that U{’ and
V=WA are congruent. Then they are congruent in the group . This
means that @~ =U/{’~=U{". This contradicts G~+U{~2DU{*+Na*.

LEMMA 12.3. Let A and A’ be the products of distinct mutually commuting
1-involutions: A=UU, - - - Upand A’=U{ U; - - - Uy where U; and U! are
congruent, 1=1,2, - - -, p. Lt A=V 1V, - - - V, be a second representation of
A as a product of distinct mutually commuting 1-involutions. Then there exists
a family of distinct mutually commuting 1-involutions Vi, V¢, - - -, V3 such
that A'=V{,V{, - - -, Vg and V; and V! are congruent, 1=1,2, - - -, p.

Proof. We will first establish the lemma for p=2 and then prove it by
induction for 2<p<n—1. The lemma is trivial if p=1 or if p=mn.

From Proposition 12.2, it follows that there exists a 1-involution W;
€C(4, U}),j=1, 2, such that both U/ and 4 = U,U, belong to the negative
decomposition group W;. Let $; be a particularization of W; and use the
same notation as in the preceding proposition with the exception that now
4 corresponds to 4 under the particularization ®m;. We then obtain that
g=U/~@U/* and that U/—=U7CG~. Let X/ =@ NU/* and Y/ be sub-
spaces such that U/t =/ @Y/. Also for the involutions U;, 1=1, 2, we have
that §=U;r ®U;. Because U;EA*, we have that UF DU ® Q@+ where k51,
Comparing dimensions, we see that Ui =Ur @ Q*. Let 4" be the involution
in Wi such that $w;4”" has the fixed subspaces @'~=@~ and @"*+=1Y/.
Correspondingly let U/’, i=1, 2, be the 1-involutions in ; such that the
corresponding involution U/’ €T has the eigenspaces U/~ =U;7 and U+
=U; @Y/ where k5%4. Then U{’ and Uj’ are congruent to Uy and U, re-
spectively, and 4" =U{' Uj’ = U3’ U{'. In addition, U} EA"'+, the positive
decomposition group of 4",

We claim that it suffices to prove the theorem with Ui, U,, and A re-
placed by U{’, U4’, and A", respectively. To see this, let V1 and V, be dis-
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tinct mutually commuting 1-involutions in A+*CW;. Then @~ =Vr V5
where Ui and Ui are the negative eigenspaces of V; and V,, respectively.
Let V!’ ,i=1, 2, be the 1-involution in BW;j such that V!’ has the eigenspaces
V! -=UV7 and V!'*=0V:® Y/, k5~i. Then V!’ is congruent to V;, 1=1, 2,
and A" =V{'V{'=V{' V{'. Because congruence is a transitive relation, we
may obtain the desired reduction.

This means that by applying the above argument with j=2, we may as-
sume that U{ belongs to A+. Apply the above process with j=1. Then
U EBWi as Wi DA+. The corresponding involution T{ ET has the negative
eigenspace Us. As Ui has the negative eigenspace Ui, 4’=T{ U{ has the
negative eigenspace @'~ =Ur ®U;. But @'—=@ =V7 ®V;. Applying the
argument of the preceding paragraph, we obtain involutions V{ and V{ con-
gruent to V; and V,, respectively, such that 4 =7V{ V{. This proves the
lemma in the case p=2.

Now assume the validity of the lemma for p’-involutions where 2 =<p’
<p<n. Consider the situation stated in the hypothesis of the lemma. Let W
be a 1-involution in ¥~ and W’ a 1-involution in A’~. Then U; and V;,
1=1,2,---,p,arein W~ and U/, 71=1,2, - - -, p, are in W'~. Let g and
&g be particularizations of 8~ and B'~, respectively. Designate by 4, T;,
and V; the involutions of T corresponding to 4, U, and V;, respectively, by
means of $gm: let @%, UF, and VF be their eigenspaces. Likewise designate by
A4’ and T! the involutions of T corresponding to A’ and U/, respectively,
by means of the particularization g ; let 4’* and W’ i be their eigenspaces.

We now introduce new commuting sets of 1-involutions in T~ by defin-
ing appropriate eigenspaces for the corresponding involutions in T. Not every
subspace U7 CUit because §= @7, Ur. Thus we may assume that UrNVi+
=0. Then note that dim UiMNVit =m —2. Therefore, choose 1-dimensional
eigenspaces Ry, &, - * +, Ry SUFNViF and Ry CSUit such that

(12.1) E=WOHU =W DR DR D - DR, DG

In case Ui Vi, we require that ®; or ®s be the subspace (U @VT)NUT
in accordance as

(12.2) (U ® V1) N (U N V1) =0
holds or not. Thus we obtain that Vi CUr D Rs or that
®s = (UT & U7) N Uit

Thus we obtain that U7 € U @& R or Ui € UTr D R;. Let R;, + = 2, 3,
-« +, p, be the 1-involutions of W~ corresponding to the involutions R;ET
by means of &g where R; has eigenspaces ®7 and ®;i*= GB;# Ry DU B GH.
Then we obtain a family of mutually commuting 1-involutions Ui, R,, Rs,
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+--, R, such that B=UiAd=RR; - - - R,=U,U; - - - U, and B'=U{ A’
=U{U{ - - U are (p—1)-involutions. We apply the lemma inductively
to B and B’ to obtain a family R{, R, - - -, R, of mutually commuting
1-involutions which are congruent, respectively, to R,, R3, - - -, R, and for
which B =RJR{ - - - Rj.

Now we specialize to the case where Ui CUr @ ®Rz. Then Vi commutes
with the 2-involution UiR; and U;R,= V1X; where X, is the 1-involution
ViUiR.. Again applying the lemma inductively to the involutions UyR,; and
U! R{, we obtain 1-involutions V{ and X{ which are congruent to V; and
X1, respectively, and for which U{ R{ = V{ X{ is a 2-involution. But then

V{ is in the positive decomposition group of U{ R; while Ry, R{, - - -, Rj
are in the negative decomposition group. Thus V{ commutes with R/,
i=3,4,---,p,and C'=V{A'=X{R{R{ - - - R, is a (p—1)-involution.

But also C=V1i4A=X1R3Ry - - - Rp=V,V; - - - V,. Again apply the lemma
inductively to the involutions C and C’ to obtain the involutions V¢, V3,
- -+, Vg, which together with V{ are the involutions described in the con-
clusion of the lemma.
There still remains the case where Ui C Ui ® ®R;. Note that
A=RyUiRsRs - - - Rpand A'=R; U{ R{R{ - - - R, . Therefore, to treat this
case, we interchange the roles of R; and U, in the preceding argument. Now

(12.3) B=WOHORD DR, — Q.

We have taken UrMNVit=0. Hence VifrNRF=ViNUt=Ryr PR+ D - - -
@R, @ @*. This confirms (12.1) with the roles of R, and U, interchanged.
Also (R ®VT)NRF=V1; hence (R V)N (RFNVi) =0. Thus we have
obtained the counterpart of (12.2). Since this case has already been con-
sidered, we have completed the proof of the lemma.

We will term the involutions 4 and 4’ as described in Lemma 12.3 as
congruent p-tnvolutions. In particular, if g is a particularization of a standard
decomposition group containing 4 and A4’, then the corresponding involutions
4 and 4’ have a common negative eigenspace when 4 and A’ are congruent. It
follows from Theorem 11.3 that this extended definition of congruence is also
an equivalence relation.

PropoOSITION 12.4. Let a,, @2, - -+, @n be @ maximal independent set of
points. Then there is only one maximal set of mutually commuting 1-involutions
Uy, Us, + -« -, Un such that U; represents a;, 1=1,2, - - -, n.

Proof. Let U{, UJ, - - -, Ud be a second set of mutually commuting
1-involutions such that U; and U/{ are congruent. We wish to show that they
are equal; we need only do this for Uy and UY.

Let P be a 2-involution enclosing U; and U{ and let P~ be its negative
decomposition group. Let V3, Vy, - - -, V, be a family of distinct mutually
commuting 1-involutions in B~. Then V3V, .. V,=—P. Set Vo= U,P.
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Then— Ux= UzUs"'Un= V2V3"'V7..AISO— Ul’ = U-;’,U:g, “'Un'.
Therefore, from Lemma 12.3, it follows that —U{ =V{ V{ - - - V,! where the
involutions V{, =2, 3, - - -, m, form a mutually commuting family of 1-
involutions such that V; and V! are congruent.

Now the negative decomposition group U/~ contains P~ and hence
Vi 1=3,4, -, n; it also contains V{, 1=2, 3, - - -, n. Let &y be a par-
ticularization of I{~ and use the usual notation to denote the eigenspaces of
involutions in T corresponding to involutions in U{=. Thus

(12.4) E=Xr®V5r® - DV =V~ OV~ D - VS

where %5 is the eigenspace of the involution X, corresponding to U{ UiV,
=—U{ V3V, - V. Because V; and V! are congruent, Uy =0/", 1=3, 4,
-« +, n. Now if X5=0;", it follows that V=0, ", ¢=3, 4, - - -, n. Hence
Vi=V!and V;=V!,i=3,4, - - -, n. This implies that U, Vo= U{ V{.

Let @ be the negative eigenspace of the involution Q corresponding to
Q= —P by means of ®y. Then dim ~=m —1; indeed, @ =V;"®V,~ D -
@V, We treat the case where X;77U;” by replacing Vs by the subspace
(X7 ®Vs~)MQ™ to obtain a new set of mutually commuting 1-involutions in

B~ =0+, which we will again designate by V3, Vy, - - -, V,. For theinvolutions
Vi 124, VF DU/~ inasmuch as Vi DUV5 @ X7 =V5 ©V;". But this means that
Vi = @jui V5= @ U/ ~=0V;%, =4, 5, .-, n. Hence V{=V,, 1=4, 5,

-, n, which implies that U, V, V3= U{ V{ V.

Now let W be a 1-involution in the negative decomposition group of
A=U1Vy=U{ V4 or B=U,V,V3=U{ V4 V{, as the case may be. Then the
negative decomposition group W- of W contains the 1-involutions Uy, Vs, U{,
etc. Let Pm be a particularization of B~. Relative to this particularization
adopt the usual system of notation for the designation of eigenspaces of in-
volutions. We then obtain that §=@~@® Q&+ or §=B" @ ®* and that G—=
U DV =U{ ~PV;” or B~ =UT DV BV =U{~DV; ~BV;". Since the invo-
lutions U; and U{ and also V; and V! are congruent, it follows that Ui
=/~ and V7 =0{~, 1=2, 3. But in both cases, this implies that T,=TU{ and
finally that U{ = U,. This proves the proposition.

PROPOSITION 12.5. Let a={a1, az, - - - , a,} be an independent set of points
and let b be a point. Then there exist tnvolutions A and B representing a and b
such that AB=BA is a (p—1)-involution or a (p+1)-involution. Furthermore,
{a, b} 1is dependent or independent according as AB is a (p —1)-involution or a
(p+1)-involution.

Proof. Let U/ represent a;, 1=1, 2, - - -, p, so that they form a mutually
commuting set. Set A’=U{U{ - - - Uy. Let B’ represent b. Let W#B’
be a 1-involution in C(4’, B’). Clearly B’E %, the negative decomposition
group of W. If A’€®~, set V! =U!,i=1,2, -, p. On the other hand if
AW, then WEA'~, the negative decomposition group of 4’. In A+,
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there exists a maximal set of mutually commuting 1-involutions V{ =W,
Vi, -+, Vg suchthat A'=V{V] ... V] and WA'=V{V{ .- - V/]. Let
®gw be a particularization of 8~ and use the usual notation to denote the
eigenspaces of involutions in  corresponding to involutions in - by means
of ®w. There are two cases to consider.

The first is that ® ~C @'~. Then set ® = ®'~ and +*=(®tNa~) d @'+
to obtain an involution B&E B~ which is congruent to B’ and which commutes
with 4 =A4’. We then obtain the first part of the proposition for this case.

The second case is that ® ~N@'~=0. Choose subspaces @+ containing
®'~ and ®* containing @'~ which are complementary, respectively, to @~
=@~ and ® = @®'~. Again we obtain commuting involutions 4 and B, and
B is congruent to B’. We also choose 1-involutions V; congruent to V/,
1=1,2, ..., p,as follows. For 122, set Uit =(V/*MNa@~) ® @+ and V7 =0!".
If A’7€W®W-, also set Vif=0/tNa)dat. If A/EGW~ and V{ =W, set
Vi=V{. As U'*M @'~ is the direct sum of the subspaces V}-, j#¢, which are
contained in @', we see that Uy CU;* and V7 CUi+. This means that the
involutions V;, ¢=1, 2, - - - | p, form a mutually commuting family of in-
volutions and A=V1V, -+ - V,. Since A’'=V{V{ - - . Vj=U{U{ --- U/,
using Lemma 12.3 we may find a family of mutually commuting 1-involutions
Uy, Uy, - -+, Upsuch that A=U U, - - - Upand U; and U/ are congruent.
Thus A4 represents a.

Now 4 is a p-involution. If BEA~, AB is a (p+1)-involution since B
will then commute with each involution U;, ¢=1, 2,.---, p and 4B
=U1U; - - - UpB. If BEWU*, then AB is a (p—1)-involution because it is in
the center of AtNB~.

Suppose now that 4B is a (p—1)-involution. Should {a, b} be inde-
pendent, there would exist a family of mutually commuting 1-involutions
U{, U4, - -, Uj,and B’ such that U/ and U; are congruent, s=1, 2, - - -,
p, B and B’ are congruent, and A’'B’=U{ U{ - - - U/ B’ is a (p+1)-involu-
tion. Because 4B is a (p —1)-involution, there exists a mutually commuting
family of 1-involutions V; such that A=V,V, - - - V, with V;=B. Applying
Lemma 12.3, we determine a family of mutually commuting 1-involutions
V{ such that A’=V{V{ - - - V. and V{ and B are congruent. This means
that V{ isin %'+ and is distinct from and commutes with B’E¥’~. Since V{
and B’ are congruent, we obtain a contradiction. Thus {a, b} is a dependent
set. It is obvious that if AB=U,U, - - - U,B is a (p+1)-involution, then
{a, b} is independent. This proves the proposition.

THEOREM 12.6. Two linear sets [o] and [B] are identical if and only if they
are represented by congruent involutions.

Proof. Let B be an involution representing 8 and let 4 be an involution
representing a which is congruent to B. It follows from Lemma 12.3 that 4
also represents 8. Then it is a corollary to Proposition 12.5 that [a]= [8].
The necessity of the theorem is obvious.
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If a linear set [a] is represented by a p-involution, we will write dim [a]
= p.

ProrosiTioN 12.7. Let a= {al, @y v, a,,} be an independent set of
points. Let b and ¢ be points such that {a, b} and {a, c} are independent sets.
Then if ¢cE [a, b], [@, b]=[e, c].

Proof. Let 4 be a p-involution representing a and let B and C be 1-
involutions representing b and ¢, respectively. We may further require that
C commutes with a (p+1)-involution D representing {a, b} and, by replac-
ing A and B by congruent involutions, that D=AB where AB=BA because
of Proposition 12.5 and Theorem 12.6. Then by Proposition 12.5, CD is a
p-involution. Form the standard decomposition

(12.5) C*(D) = D+ X D~

Now D& D+ If CED, the CD is a (p+1)-involution, which is not the case.
Hence CED*. Because AB=D, both 4 and B are in D*. Let W be a 1-
involution in ©~. Let ®m be a particularization of the negative decomposition
group B~. Since 4 and C are in D*CSW~, the eigenspaces @~ and €~ of the
respective involutions 4 and C corresponding to 4 and C by means of ®g are
both contained in the negative eigenspace D of the involution D correspond-
ing to D, One may determine involutions 4’ and C’ in B~ such that the cor-
responding involutions 4’ and C’ in T have the same negative eigenspaces as
do 4 and C, respectively, and A’C’=C'4’ just as we did in the proof of
Proposition 12.5. Then A’ is congruent to 4 and C’ is congruent to C and
A'C'=C'A’. By Proposition 12.5 and Theorem 12.6, A’'C’ is a (p+1)-involu-
tion since it represents an independent set {a, c}. Since the positive decom-
position group D* has rank p-+1 and contains 4’'C’, A’C'=D. Then by
Theorem 12.6, [a, b]=[a, c].

COROLLARY 12.8. Let a={ai, as, - - -, ap} be a set of points. Then any
maximal independent subset determines the same linear set.

This is a direct consequence of Proposition 12.7 obtained by using the
standard argument in the theory of vector spaces. Henceforth, we extend our
notation to designate by [a] the unique linear set determined by a set & of
points, not necessarily independent. Also [a, 8] will denote the linear set de-
termined by the points of @ and 8.

COROLLARY 12.9. Let [a] and [B)] be linear sets. Then if ais a subset of B,
[«] S [B]. In general, [a]M[B] is a linear set.

Proof. If « is a subset of 3, we may choose a maximal independent set o’
from « and extend it to a maximal independent set 8’ of 8. Then if B is an
involution representing 8/, B=AC where 4 is an involution representing ¢«’.
The first statement of the corollary now follows from Proposition 12.5.
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If [«] and [B] are linear sets, choose a maximal independent set vy from
[@]N[B]. From the first statement of this corollary, it follows that [y]< [«]
N [B]. Then it is clear that [a]N[8]= [v] from the fact that v is a maximal
independent set.

We have now defined two operations on the set P of linear sets.

THEOREM 12.10. The set P is a projective geometry over the field K.

Proof. We first show that P is a modular lattice by showing that it is both
upper and lower semimodular. Because P satisfies the chain conditions, we
must show that if [a] and [8] are in P and if [a] and [B] cover [a]N[B],
then [a, 8] covers [a] and [8] to show upper semimodularity. To prove lower
semimodularity, we show the converse (cf. [3, p. 100]).

To show upper semimodularity, let [y]= [a]N[8] and suppose that [a]
=[v, a] and [8]=[v, b] where a&[8] and b& [a]. Then [«, B]=[v, a, b]
= [a, b]=[B, a] by Corollary 12.8. Since b& [a], dim [e, b]=dim [a]+1 and
[@, B] covers [a]. Similarly [«, B8] covers [8]. Thus P is upper semimodular.

To show lower semimodularity, let [e, 8] = [, b:] = [B, a1]. We may clearly
suppose that a,& [a] and 5,&[8]. Using Theorem 12.6, we see that there
exist commuting involutions B and A; representing 8 and ai, respectively,
and commuting involutions 4 and B, representing « and b,, respectively, such
that R=AB;=BA.. Suppose first that Rs< —1; then there exists a 1-involu-
tion WE&R-, the negative decomposition group of R. Hence 4, B, 4., and
B, belong to R~CW~. Let P be a particularization of W~. Use the usual
convention of denoting the eigenspaces of involutions in T corresponding to
involutions in W~ by means of ;. We have R-~=B- @ A7 =4~ ®Bi. Be-
cause b;E [a], Bi is congruent to an involution B{~ which commutes with B,
and BB{ is a (p—1)-involution by Proposition 12.5. This means that Bi
=B{-CB~. Then Br CB-CAit since B and 4, commute. Similarly 4,"CB,.
Hence 41 and B; commute. This means that B and B; commute. Proposition
12.5 implies that BB, is a (p —1)-involution. Likewise 4 and 4; commute and
AA, is a (p—1)-involution. But now R=(BB))B14:=(44:)A1B;. Hence
BA,=AB; represents a linear set [y] contained in both [a] and [8]. Here
Ea%= [y, a:] and [B]=[v, b:]. Hence [y]=[a]N[B8] and [a] and [B8] cover

vl
If R=—1, then A;=—B and B;= —4. In this case, choose W to be a
1-involution in C*(4:, Bi). Then WA, A, WB, By, and RW= — W belong to
W-. We argue with these involutions just as we did with the involutions
A, A1, B, By, and R in the above paragraph to obtain the same result. There-
fore, P is a lower semimodular lattice and thus is modular.

It is clear that P has lattice dimension 7. To see that P is complemented,
note merely that the complement of a linear set [«] represented by an involu-
tion 4 is the linear set [o’] represented by —A. Finally we note that every
linear set [a, b] of dimension 2 contains a point c¢#a, b; indeed, choose ¢ to
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be representeed by a 1-involution in the negative decomposition group of a
2-involution representing [a, ] which is not congruent to the 1-involutions
representing @ and b. This proves that P is a projective geometry (cf. [3,
p. 118)).

To see that P is a projective geometry over K, let U be a 1-involution
with negative decomposition group U-. Let ®u be a particularization of U-.
Then €yU~ is a projective linear group acting on a projective geometry over
K of dimension #—1. This implies that P itself is a projective geometry over
K.

13. Characterization of the group ®. Proof of the Principal Theorem. In
the beginning of §12, we defined P(®) to be a transformation group of the set
A of points of P. Then P(®) may be extended to a transformation group of
P in the obvious manner.

ProrosiTION 13.1. The group © acts effectively on P.

Proof. To show this, we must show that if GUG™! is congruent to U for
all 1-involutions U of ®, then GEZ(H). Consider a maximal independent

set of points a(Uh), a(Us,), - -+, a(U,) determined by a mutually commuting
set of 1-involutions U, =1, 2, - - -, n. Since GU,G™! is congruent to Uj, it
follows from Proposition 12.4 that GU,G'=U;, 1=1, 2, - - -, n. But every

1-involution U in @ belongs to a maximal set of commuting involutions. This
means that GEZ(T(®)) since the 1-involutions generate T(®). Then Condi-
tion D gives our result.

ProprosITION 13.2. The mapping $: G—G* determines a homomorphism of
® into the group PTL(n) of collineations of P. :

Proof. We must show that, for each GEG, G* determines a lattice isomor-
phism of P. Let [@]Z[B] be linear sets. Then there exists a maximal inde-
pendent set of points by, by, - - -, by such that [a]=[b1, b, - - -, bp] and
[8]=[b1, s, - - -, by] with p<q. Let Ui, U,, - - -, U, be a mutually com-
muting set of 1-involutions such that U; represents b,,7=1,2, - - -, g. Then
A=U,U, - - - U, represents [a] and B=U,U, - - - U, represents [8] and
B=AC. Let now V;=GU,G™, ¢=1, 2, - - -, q. Then V; represents G*b;;
hence GAG™! represents G*[a] and GBG~! represents G*[8]. Since GAG!
=VVy .-V, and GBG'=WV, - - - V,, it follows that G*[a]ZG*[8].
This shows that G* is an order preserving homomorphism of P. The same is
true of G*~!. Hence G* is a lattice isomorphism of P.

ProposITION 13.3. T(®) is an involutory quasilinear group.

Proof. We must verify that Conditions A, B, C, D, and E hold for T(®).
First of all, note that P(T(®)) is isomorphic to PTL(n). Indeed, under the
mapping ®: —PI'L(n) determined by ®G =G¥*, the involutions in the class
f,(®) map onto involutions of P with fixed complementary linear sets of
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dimension p and #—p. These are the involutions in PGL(n) which are deter-
mined by p-involutions in GL(n). They generate the group TL(zn). Conse-
quently, P(T(®)) SPTL(n). Conversely, to each involution UGSGL(n), there
corresponds an involution U* in PTL(n) with fixed complementary linear
sets [a] and [’] of dimension p and n—p, respectively. We have seen that
there exists a p-involution 4 in TL(n) such that A represents [a] and —4
represents [a’]. Then ®4 = A * has both [a] and [&/] as its fixed linear sets.
Thus ®4 = U*. This shows that ®T(®) =PTL(n).

Because ® maps ® into PI'L(n), we may apply the argument of Proposi-
tion 6.1 to conclude that #8,C8, and ®R,_,C8R,._,=28, where &, is the con-
jugate class of involutions in PGL(%) consisting of involutions which are the
images of involutions in the classes K ,(§) and K,_,(®) of the group & = GL(n)
under the natural homomorphism A of @ onto P (®) = PGL(n). However, the
classes £,(®) and R,._,(®) are conjugate classes in TL(n) as well as in
GL(n). This may be seen from the fact that there exists an element in GL (%)
with arbitrary determinant commuting with a given involution and the fact
that TL(n) is the subgroup of GL(n) consisting of elements of determinant
+1. Thus &, is a conjugate class of involutions in PTL(n).

This means that if U and V are in &, there exists T& T(®) such that
TUT*=ZV where ZEZ(®). We have seen that this implies that Z= +1.
If Z=1, then U and V are conjugate in T(®). In case Z= —1, we obtain that
Uand — V are conjugate in T(®). This implies that V and — V are conjugate
in ®. Propositions 5.4 and 5.6 imply that p =n/2. Therefore, in a maximal
set of commuting involutions containing V, there exists a complete set of
mutually commuting 1-involutions chosen in accordance with Proposition
8.1 so that V4, V,, - - -, V, lie in the positive decomposition group B+ and
Vot1, Vpia, -+, Va lie in the negative decomposition group B~. By the
argument of the proof of statement (8.1a) of Proposition 8.1, it follows that
there exists in the positive decomposition group of the 2-involution V;V,y,,
1=1, 2, - -+, p, an involution W; such that W,V;W;=V,,;. Certainly the
involutions W;, ¢=1, 2, - - -, p, all commute. Set W=W W, - - - W,; we
have V=VV,--:-V, and — V=V, Vs -+ V. Therefore, WVW!
= — V. Thus in this case we have that U and V are conjugate in T(®). This
shows that there are n+1 classes £, &, - - -, . of conjugate involutions
in T(®).

To verify the remaining part of Condition A for T(®), let UER,. Then
C*(U) =U* XU~ where U+ and U~ are the quasilinear decomposition groups.
But certainly U+=T(U*) and U==T(l") are contained in T(®). Hence as
C*(U) =T(Ce(1)) 2T (Cr@ (1)), T(C*U)), T(Cr@(U))=T(Ce(L))
=U*+XU~, which is as required.

To verify Condition B, the argument of Proposition 3.1 may be applied
to obtain that D(T(®)) =D(®). Then the condition follows directly. Condi-
tions C, D, and E follow immediately from the same conditions on the group
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®. Hence T(®) is a quasilinear group and the proposition is proved. This
enables us to conclude by induction that the involutery subgroup of a quasi-
linear group is quasilinear.

Proof of the Principal Theorem. We have argued that PTL(n) C‘b@
CPI'L(n). We must first show that P& C PGL(n). Suppose that this is not
the case. Then there exists RE® such that R*=3®R is not in PGL(n). Let
U be a 1-involution in @. We claim that we can take REC(U). Indeed, there
exists TE T(®) such that TVT—1= U where V=RUR~! by Proposition 13.3.
Thus TREC(U); replace TR by R.

Now R induces an inner automorphism Iz of & which certamly leaves
C(U) and C*(U) invariant. Because of Corollary 8.4, we have that Jgll-=1"
where U~ is the negative decomposition group of U.

We wish to study the restriction of I to I=. To do this, let C(U) Sl XU,
where W; and U, are quasilinear groups of ranks 1 and n—1, respectively,
determined in accordance with Condition A. Then R= R; X R; where R;&E1;,
i=1, 2. Next note that C*(U)=T(U;) XT(U;). Because U, CZ(1;XUy),
R&Z(W1 X1ly). Hence both R and R, induce the same automorphism of
C*(U). Now because P(1l;) is projective linear, it follows that the automor-
phism induced on P(T(lly)) by the image of R, in P(ll;) is that induced by
an element of PGL(n—1) when P(U.) is identified with a subgroup of
PGL(n—1) containing PTL(r—1). But P(C*(U))=P(T(U,)). Thus it fol-
lows that the automorphism of P(C*(U)) induced by the image of the element
R is also that induced by an element of PGL(n—1) when P(C*(U)) is identi-
fied with PTL(n—1). '

Consider now the normal decomposition

C*U) =u+ X u-.

Then ®: ®—PI'L(n) determines an isomorphism of both U+ and U~. How-
ever, Ut contains only 1 and U. Hence ®C*(U)=dU~. Because ®T(®)
=PTL(n), we may apply the argument of Proposition 9.1 to obtain a 1-involu-
tion UEGL(n) such that ®U=AT and ®U1I- =AU~ where U~ is the negative
decomposition group of T in GL(n). It follows directly from the above para-
graph that the automorphism of ®C*(U)=%U~ induced by the element
®R=R* is such that the automorphism of P(®C*(U)) is that which isin-
duced by an element of PGL(n—1) when P(®C*(U)) is identified with
PTL(n—1).

According to Dieudonné [8, §4], Cr(T) is a subgroup of Uf XUr where
{if and 1i; are the subgroups of I' =I'L(n) which consist of all semilinear trans-
formations leaving fixed, respectively, the positive and negative eigenspaces
of U. Then U3 is isomorphic to T'L(1) and {i; is isomorphic to I'L(n—1).
Every element of Cr(U) has components in the groups of semilinear trans-
formations 11} and {If which are relative to the same automorphism of K;
this characterizes the group Cr(T). Then Cg(T)=1UgX U5 where U=UF NG
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and Ug=1U;r NG. Also T(C5(T)) = U+ XU~ where U+ = T(1) and U= T(115).
Furthermore, as T is a 1-involution in GL(%) and thus not an (n/2)-involu-
tion, it follows that ACr(T) is the centralizer of U*=AT in PT'L(n).

Now R* is in the centralizer of U* but not in PGL(#n). This means that
there is an element RE Cr(T) which is not in Cg(T) for which AR=R*.
Then R=R*R- where R+ and R~ are elements of Uij and 15, respectively,
that may be identified as semilinear transformations in Cr(T) which are rela-
tive to automorphisms of K which are not the identity. Now the automor-
phism of 1~ that is induced by R is the same as that induced by the com-
ponent R-. As R-&1ig, the automorphism of P(11-) induced by R is not in-
duced by an element of PGL(n—1) when P(11-) is identified with PTL(n—1).

Just as with the homomorphism ®, we have that AT(Cg(T)) =All—=%U-
and A is an isomorphism of 1I-. Thus the automorphism of P(ATI~) induced
by AR=R* is not that induced by an element of PGL(n—1) when P(AT-)
is identified with PTL(n—1). This yields a contradiction to our previous con-
clusion concerning this automorphism. Hence we must have ®§ CPGL(%).
This proves that P(@®) is projective linear.

That T(®) is an involutory quasilinear group is Proposition 13.3. In
the proof of this proposition, we also showed that P(7(®)) is isomorphic to
PTL(n). This proves the Principal Theorem.

Proof of Corollary 1. Let & be a finite full quasilinear group of rank n >4.
Then K* is a cyclic group of order ¢g—1 where ¢ is an odd prime power. If
I is a maximal set of commuting involutions in @, it follows from the defini-
tion of a full quasilinear group that C(U) is the direct product of # copies of
K* Let 91 be the set of mutually commuting involutions in & = GL (%) which
is determined in accordance with Proposition 9.1 so that ®IM=A9. It also
follows that C(3n) is the direct product of 7 copies of K*. Now by comparing
the orders of ®C(9M) and AC(IM), we see that PC(IN) =ACEN).

Let U be a 1-involution in 9%. Consider § to act on the vector space §&.
Then C(T) contains in its center the linear transformations of & which leave
invariant the 1-dimensional eigenspace of U and leave fixed the (n—1)-
dimensional eigenspace of U; these elements are also in C(9n). They are called
dilatations (cf. [8, p. 5]); and together with the elements of D(®), they gen-
erate ®. Thus the elements of AC(91) together with the elements of AT(®)
generate A®, which is isomorphic to PGL(n). As ®C(9M) =AC(IN) and ®T(G)
=AT(8), ®®=AE. This proves the corollary.

Proof of Corollary 2. This is a direct consequence of Proposition 9.1 now
that the Principal Theorem has been established for quasilinear groups of
rank n+1.
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