ON DIFFERENCE METHODS FOR THE SOLUTION OF A
CAUCHY PROBLEM FOR A HYPERBOLIC EQUATION
WITH DATA ON A PARABOLIC LINE (%)

BY
HAJIMU OGAWA

1. Introduction. In this paper we consider the problem of solving the
Cauchy problem for the partial differential equation
?u  du i)

—+ — + a(s, )

0
(1.1) Lu = K(y) —+ — % b, 9) — + ox, y)u = f(z, 9)
ox dy % ay

oz
by finite difference methods. We assume that K is a monotone increasing func-
tion of y with K(0) =0. For y <0, the equation (1.1) is hyperbolic, with char-
acteristics given by the two families

(1.2a) dy/dx = (—K)~12,
(1.2b) dy/dx = — (—K)~12,

Let A and B be two points on the x-axis with x4 <xz. We denote by D
the open domain bounded by the segment AB of the x-axis, the character-
istic 'y of the family (1.2b) passing through A4, and by the characteristic I';
of the family (1.2a) passing through B. We assume that K is of class C3(D),
a and b are of class C}(D) and ¢ is of class C(D). The Cauchy problem which
we investigate is that of finding a solution of (1.1) in D which satisfies the
initial conditions

(1.3) u(, 0) = Ya(s), Z—’y‘ (5, 0) = va(),

on the parabolic segment 4 B.

An approximation U to the solution % of (1.1) is found as the solution
to an initial value problem for a difference equation on a mesh region depend-
ing on the original domain D. If u exists and belongs to class C2(D) and if the
solution of the difference equation satisfies a maximum principle for all
sufficiently small mesh widths, it is shown that U tends uniformly to « as
the mesh size tends to zero. Asin the author’s [1] investigation of the Tricomi
problem, it is found that the conditions for a differential-equation maximum
principle, as found by Weinberger [2] and Protter [3], imply the conditions
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for a difference-equation maximum principle, except near the x-axis where
additional conditions are required.

2. The difference problem. We write the characteristics of (1.1) in the
form

(2.1) x— x = £ G(y)
where
(2.2) 6 = [ "1-K@wan y <0,

Let — H(x) be the inverse function to G(v). Then the relation between H and
K is given by

2.3) H'(2) = [-K(@)]"

at each point (x, y) of the curve y= —H(x). Thus H has four continuous de-
rivatives and H(x) >0, H'(x) >0 and H" (x) <0 for 0<x = (xp—x4)/2.

We divide the segment AB into N equal parts, each of length & and
through each of the points xy,=x4+kk (=1, 2,.-., N—1) on AB we
draw both characteristics. These characteristics, together with the character-
istics I'y and T, intersect at the points

nh
(2.4) (xk+7’ _yn); k=01,---,N—n;n=12,---,N,
with the ordinates satisfying
nh
G(—y,.)=7; n=12---,N.

Let us denote by D, the set of points given by (2.4) together with the points
x, (B=1,2,---, N—1) on AB. If we take yo=0, and associate with each
point (x¢+nh/2, —y.) the pair (k, n) we see that each point of D; may be
uniquely represented by a pair of integers. We take as the boundary I'; of
D the points in the top two rows of Ds; that is, I's consists of the points
(k,0) for k=1,2,---,N—1and (k 1) for k=0,1, - - - , N—1. The interior
region D is the set of points of D, which do not belong to the boundary Ts.

At each point (k, n) of D) we define a difference operator L,, operating
on any function U defined on Dy, by

1 2>\n 2)\11—1
LUy = NP (W Uky1n—2 + m Urn — Ukn—1 — Uig1,011
1 1
(2.5) + akn —};' (Ukt1,n-1 — Ukyn—1) + bic,n m (Uit1m—2 — Ur,n)

+ Ck,n Uk.n,
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where M=y, —yu_1 and Uk ,n=U(xe+nh/2, —y.), trn=a(x+nk/2, —y,),
etc. The difference problem corresponding to the Cauchy problem is that of
finding a solution to

(2.6) LU=f
on D;, which takes on the initial values
(27) Uk,o=llll(xk); k=1, 2,"',N‘—1,

Uk = ¥ulwe) — yida(ai); k=0,1,.--, N —1.

THEOREM 2.1. Let u be of class C*(D). Then at each point of Dy, Lyu—Lu
uniformly as h—0.

Proof. By Taylor’s theorem, we find that at a point (x, —¥,) of Dj,
h? %u h? h

Lu— L < |K(—ya —_—
(2 8) ’ ’ hu‘ h l ( ? ) +4)‘n—l)‘n dx? A1\ ot 2\ -1 62
. .,
+ <1+ - )63+ | ales + | &) es.
n—1

Here the functions denote values at (x, —¥.). The quantities €, €, €3, € and €
are the moduli of continuity of 0%u/dx?, d2u/0xdy, 8%u/dy?, du/dx and du/dy,
respectively.

From estimates obtained in [1], we see that each term on the right side of
(2.8) tends to zero uniformly as A—0.

3. A maximum principle. We denote difference quotients by subscripts,
with unbarred subscripts indicating forward difference quotients and barred
subscripts indicating backward difference quotients, as follows:

1 1

U’k,n = - (Uk-l-l,n - Uk.n)y Uik,,, = - (Uk,n - Uk—].n),
h h

1 1

Uykm = m (Uk+l,n—2 - Ulc,n), Uﬂk.n = m (Uk'n - Uk_l,n.,l.z),
1

U‘Ic.n = (Uk+l,n—1 - Ukm)’ Uik,,. = (Uk.n - Ulc—-l,n+1),
>\n )\n+l
1 ] 1

U‘k.n = (Uk,n—l - Uk,n)) U;k.n = (Uk.n e Uk,n+l)-
)\,. >\n+l

In terms of difference quotients, (2.5) becomes

1
3.1) LyUi,n = Y (Uapes = Ui + Uty ey — Uy, )

+ ak,nUz,,_,,_l + bk.nUyk,,, + Ck,n(]k,n-
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Let (k, n) be any point of Dj, and consider the sum
(3.2 2 o1+ M) LU

Ta
where T} is the set of points of D, which lie in the closed region bounded by
the characteristics passing through (k, #) and the line y = —y,. Substituting
the expression (3.1) into (3.2) we find that the contribution of the terms in
U, and U, is given by

n—1 n
Z (Usigsro + Utirid) — Z (Usgin-ini T Unij)-
tm=1 J=2

The second of the above sums, in turn, may be written

n n—1 1 1
2 ooy + V) = = 20 (_‘ - )(Uk+n—i,j + Uk.;)

=2 =1\ A

1 2
4+ — (Ukgn—1,1 + Ux,1) — — Ugn.
AL A

n

In (3.2), the sum involving U, is first taken over the points in T} for which

y= —9n. For each m with m=2, 3, - - -, n, these sums are of the form
n—m

()\m—l + Am) Z ak+i,mUzk+¢_,,‘_1 = - O\m—l + Am)
[

n—m 1 1
. { Z CtrpsmUktim—1 — 7 @esn-m mUkgn—ms1,m—1 + 7 alc,mUIc,m—-l} .

fo=1
We thus have
2 M1+ M)ai iUz = — 20 (N + Ny)az ;1 Uss
Tx

Ty

1 n—1
+ n 2 g+ N0) (@rtnmsor, 01 Ukin—ss — @,i41Uk.5),
J=1
where T} is the set of points of D, which lie in the closed region bounded by
the characteristics passing through (k+41, #—2) and the line y= —y;. Sim-
ilarly, summing the terms involving U, we find that

2 N1+ MUy = — 20 (Nir + Moy, ;U
Th Ty

n—1 n—1
= > (OrpniiUktniii + beiUes) + 2 beric1,2Urpino

ju1 =1

n—2

+ z bisi1Ukyin + Bkpn—1,1Uk4n—1.1 + 0k, 1Uk,1 — bk nUk,n.

fu=]
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Substituting these expressions into (3.2), we obtain

2 (e + M LUs; = 20 {01 + Mo — O + Mdas, ;4
Tx -

Ty

399

— (1 + N2y, 4 UL

=1 W N h
U011 N
SIS
(3.3) "_'1 7oA
+ 25 MNj=1 + ) (rpn—iniUkineii + 66,iUs5)
j=2

n—1
+ > (Usppino T Utpyio + brgiza,2Usy4,0)

i=1

=1 1

1 2
- (;— — bk,l) Uka+ {‘)‘\’“ = bk + A1+ Na)ern

1 n

In the first sum on the right side of (3.3), we take Ao=0.
For convenience, let us define the sets D/ and Dj by

n=l (] 1 N+ A,'.H
+ 2 {— —— et T Ghpnjerib1 — bk+n—i.j} Ukin—i.i

n—2 1 i
+ E (brpin — MCki,) Ukgsn — ()‘— - bk+n—l,1> Ukin—1.

}Lyk.rw

DI =DiN\D, D¥={( —y)EDs|ln=12---,N—1;.

THEOREM 3.1. Let LyU=0 on D, with

(3.4) Uwo<0, Ui,20, Ui,20; E=1,2, -

Assume that the conditions
(3.5)  c¢ka =0 on Dy,

(3.6) b2=0, k=01, -
3.7 b1 — N1 =0, k=12,
3.8) 1/M—ba20, E=0,1,.

(3.9)  2/An — b + i1+ Aa)ckn > 0 on Dy,
(3.10) 1/A — 1/Aap1+ (A + My Go1,n41/h — bin = 0 on Dy,
(311) 1/)\7. - 1/)\,..;.1 - ()\n + )\n+1)dk,,.+1/h - bk,n =0on Dh*,

, N — 1.
N —1,
-y N — 2,
"N—lr

(312) (>\n—-1 + )\n)ck,n - (>\n + xn+l)a:i;k,,,+1 - ()\n+l + >\n+2)b37k,,. é 0 on Dh’ )

are satisfied. Then the maximum of U is attained on the boundary T's.

Proof. Let us denote the maximum value of U on I'; by M. Then M =0
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by (3.4). Suppose that the maximum is not attained on the boundary. Then
it must be attained at some point Q in the interior D;. If U(Q) >0, then there
is a point P in D, such that U(P) >0 and U=<0 at every point in D, above P.
Solving for Ui,n= U(P) in (3.3) we find that by the hypotheses of the theo-
rem, U(P) =0, which contradicts the assumption that U(P)>0. If U(Q) =0,
then we consider the function Uy= U— M, which satisfies L,U1 20 and the
conditions (3.4). Furthermore, Ui(Q) >0 by hypothesis. Hence there is a
point P in D, such that Ui(P)>0 and U; <0 at every point in Dy above P.
Again, the hypotheses of the theorem lead us to the contradictory result,
U1(P) £0. Therefore the maximum of U must be attained on the boundary.

We next find, in terms of the coefficients of the differential equation (1.1),
sufficient conditions for (3.5) through (3.12) to be satisfied. First of all, it is
clear that if

(3.13) ¢ <0 on D,
(3.14) b<0if —6§ <y =<0on D for some § > 0,

then the conditions (3.5) through (3.9) are satisfied for all % sufficiently small.
THEOREM 3.2. Suppose that

d
(3.15) - [(=K)2) + a — b(—=K)2 < 0

y
for y<0 on D, and
3.16) ya(#, )[—K@)]*—0 as y—0
uniformly on D. Let the function H', defined by (2.3), have the form
3.17) H'(x) = x—=H(x)

near x=0, where 0<a <1 and H is a function having three continuous deriva-
tives with H(x)Zm>0 for x=0. Then the conditions (3.10) and (3.11) are
satisfied for b sufficiently small.

We omit the proof, which is the same as the proof of Theorem 3.5 of [1].
THEOREM 3.3. Let
da db

(3.18) c————x<0
dx dy

on D, Then for each >0, the condition (3.12) is satisfied for h sufficiently small,
provided y, = 0.

Proof. Since a and b are assumed to be continuously differentiable on D,
the difference quotients a; and b; tend uniformly to da/dx and db/dy as h—0.
But for y,=9,



1961} DIFFERENCE METHODS FOR A CAUCHY PROBLEM 401

)\n + >\n+l An+1 + )\n+2
— —1 and ——>1
A1+ An Ar—1+ An
as h—0. This implies that the left side of (3.12) divided by A,—1+A. can be
made uniformly close to the left side of (3.18) for k& small, provided y,=3é.
We note that the conditions (3.13), (3.14), (3.15) and (3.18) are essen-
tially the conditions, obtained by Weinberger [2] and Protter [3], under
which the differential equation has the maximum property. It is also of inter-
est to observe that the restriction (3.16) is precisely the condition which
Protter [4] found guarantees the solvability of the Cauchy problem for the
differential equation (1.1).
4. The existence of the solution to the difference equation.

THEOREM 4.1. Let the conditions (3.5) through (3.12) be satisfied. Then the
difference equation (2.6) with initial conditions (2.7) has a unique solution for
arbitrary values of f, Y1 and ..

Proof. The system (2.6) and (2.7) is a system of P linear algebraic equa-
tions in the P unknown values of U on D;. We first consider a solution V of
the homogeneous system which results when we set f=y1=y.=0. For this
system, the hypotheses of Theorem 3.1 are satisfied by both the functions V
and — V. Therefore the maximum principle implies that V=0 on D;. But
this means that for arbitrary values of f, $1 and ¥, the system has a unique
solution.

5. A priori bounds.

THEOREM 5.1. Let the conditions (3.5) through (3.12) be satisfied for h
sufficiently small. Let U be any function defined on D and let

N = max{ max (l U"-“" |U3k.o|: |U7k.ol)» max thUl}’

1SkSN-1

Y = max | y].
D

Then for k sufficiently small,
(5.1) | U| £ Ne¥
on Dy, for some fixed u>0.
Proof. Choose u so large that =1, and on D
M2—2|b|#—4|0| = 1.
We now define a mesh function E(y) on D, by
EQ0) =1, E(—y5) = (1 4 pA\) E(—Yn-1).
Then E(y) 21 and
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E(—y) = I1(1 + ) = exp( fjm) < or.

j=1 j=1
It is easily seen that E;, ,=E;, ,= —u < —1. Finally,
LiE(~y.) = {L u = (1 L u) B
)\n—l + An )\n—l + )\n
+ (1 + l‘xn)(l + l-'v)\n—l)ck.n} E( - yn—z)-

If we now choose & so small that uN\, =1, we have
LiE(—=y) > p? — 2| bp —4]c| 2 1.

We now consider the functions

V=U-—NE,

W= —U-— NE.
From the definition of N and E it is easily seen that both V and W satisfy
the hypotheses of Theorem 3.1. Therefore, the maxima of V and W are at-
tained on the boundary. Since V=<0 and W =0 on the boundary, the bound

(5.1) holds for U.
6. The convergence theorem.

THEOREM 6.1. Suppose that the differential equation (1.1) has a solution u
satisfying the initial conditions (1.3), such that u is of class C*(D). Assume that
the conditions (3.5) through (3.12) are satisfied for h sufficiently small. Then the
solution of the difference equation (2.6) with initial conditions (2.7) tends uni-
formly to u as h—0.

Proof. Given €>0, by Theorem 2.1 we may choose %y>0 so small that
fOI' 0 <h _S_ho,

| Lu — Liu| < ee¥,

where p and Y are as defined in Theorem 5.1. But since Lu=L,U=f on D,
this estimate may be written

| Li(U — w)| < eeY.
Furthermore,

Uko = thr0 = \l/k(xk),

Ui =¥ (2= 50) + 0= 3)
o & T X — — -
&, 291 1 ] 2 1 2| Xx 2

Us,, = h.p'( +h0>+ ( +h>
Tho = 29 1| 5 o Vol 5 )
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with 0<60;<1, 0<6;<1. On the other hand,

h 6u( h 0>+6u( h 8 )
Ugpo = — —\ 0 — — —\ - = —
£.0 2y: ox k 2 ay, ay & 2 ! 1),

h ou h ou h
Uiy = — 2_}’1 5(% + Py az, 0) + E;(xk + 5’ ﬁzyx),
for some numbers ai, az, B1, B2 between 0 and 1. Therefore we see that
| Usivo — u;,,',,l < e,
| U, — #5,0| < e,

for 0<h=h:,. Applying Theorem 5.1 to the function U—u, we find that
| U—u| <e on Dy, if k<min (ko, k).
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