POINT TRANSITIVE TRANSFORMATION GROUPS(})

BY
ROBERT ELLIS

Let (X, T) be a point transitive transformation group (i.e. one in which
there exists x©X with cls xT'=X) with compact phase space X and phase
group T. Then by [2b] X is a quotient of (8T, T) where BT is the Stone-Cech
compactification of the discrete group 7. This means that @(X) is isomorphic
to a T-subalgebra (Definition 1) of €(8T). Moreover, (X, T) may be repre-
sented as a transformation group of T-homomorphisms of €(X) into €(8T).
This suggests the problem of characterizing algebraically various properties
of (X, T). For example, it is shown (Proposition 3) that (X, T) is minimal if
and only if ker =0 for all the aforementioned homomorphisms ¢. Other
concepts such as almost periodicity, the enveloping semigroup and the equi-
continuous structure relation, relevant to the study of transformation groups
are discussed from the algebraic point of view.

When (X, T) is 0-dimensional, €(87) may be replaced by ®T, the Boolean
algebra of subsets of T, and €(X) by a Boolean T-subalgebra @(X) of ®(T).
In this case the above proposition takes the form (X, T) is minimal if and
only if every element of @(X) is syndetic.

The purpose of this paper is then to show that the collection of point
transitive transformation groups may be studied by algebraic and set theo-
retic methods. It is hoped that this approach will shed some light on old
problems and introduce some interesting new ones.

The paper is divided into two sections. §1 deals with the general case and
§2 with the case when X is 0-dimensional.

Unless specified otherwise, all the transformation groups are assumed to
be point transitive with compact phase spaces.

1. Let T be a discrete group, BT its Stone-Cech compactification and €
the space of real-valued continuous functions on 8T provided with the topol-
ogy of uniform convergence. Then [2b] (8T, T) is a point transitive transfor-
mation group. For t&T, fEe let [fR.][fL.] denote that element of € such
that [x(fR) = (x)f][x(JL) = ()f](x € BT). Then RiR, = Ry and Li.L,
=Lu(t, Se T)

DEFINITION 1. Let @ be a subalgebra of €, I an ideal in @. Then [@][I]
is a [T-subalgebra] [T-ideal] if [fR,E@][fR.€I] for all [fE@][fEI] and
t&ET. Let @, ® be two T-subalgebras of € and ¢ a homomorphism of @ into ®.
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Then ¢ is a T-homomorphism if Rp=¢R,(t&T). Let @ be a T-subalgebra of
€. Then | (il will denote the set of all T-homomorphisms of @ into €. (Note:
I assume 1€ @ for all subalgebras @ of € and that 1¢=1 for all homomor-
phisms ¢.)

REMARK 1. For all t&T, R, and L, are homomorphisms € into €. More-
over L,&|e|.

REMARK 2. Let @ be a T-subalgebra of €. Then because every homomor-
phism is uniformly continuous, cls @ is a T-subalgebra and [ a| = Icls G| .

Each x€BT determines a homomorphism [3] of BT into BT namely
y—xy(yEPT). Let L, be the map of €into € determined by x. Then L.E l GI .
In fact

LeEmMMA 1. Let ¢ | C|. Then there exists a unique xCBT such that ¢=L..

Proof. The map f—e(f$) is a homomorphism of € into R. Hence there
exists xEBT such that xf=0 if and only if e(f¢$)=0. This implies that
e(fL:)=e(fp)(fee). Then «(fL;)=e(fL:R.)=e(fR:L.)=e(fRip)=e(fPR))
=t(fp)(fEe, t&T). Since fL, and f¢ are continuous and T is dense in 8T,
fL.=f¢(fEe), i.e. L,=¢. The point x is unique since L,=L, if and only if
X=7.

LEMMA 2. Let @ be a T-subalgebra of ©, € | @|. Then there exists ¢ S| €|
with y/Q=¢.

Proof. By Remark 2 we may assume that @ is uniformly closed. Let
9= [f/fEQ, e(f¢p)=0]. Then 4 is a maximal ideal in @ and so there exists a
maximal ideal 9 in € with § C91. Let xEB7 such that M= [g/gC e, xg=0].
Set ¢ =L,. Then the two homomorphisms f—e(f¢) and f—e(fY) (fE @) deter-
mine the same maximal ideal 4. Hence e(f¢) =e(f¥) (fE @) and so fo =Y (fE Q)
as in Lemma 1 since @ is a I-subalgebra of €.

DEFINITION 2. The transformation group (| G|, T). Let @ be a T-subalge-
bra of €, ¢€| GI tET. Let pt=¢L,. Then pe=¢, (pt)s=o¢(ts)(¢, s&T);ie. T
acts on | @|. The set | @| can be made into a topological space in several
ways. Let [3][$] be the smallest topology on | @G| making the maps ¢—a(f¢)
of |a| into & continuous for all [¢ET] [a€BT]and fE@. Finally let U be
the smallest topology on ] (il making the maps ¢—f¢ of | a] into € continu-
ous (fE@). Then 3CSCU. Unless specified otherwise |(1| will be assumed
provided with the topology 3.

PROPOSITION 1. Let @ be a T-subalgebra of C. Then

(1) The maps ¢p—¢t of I (i| into I a] are continuous for all tC T when l (il
is provided with any one of the topologies 3, 8, U.

(2) Assume (iq&C(i(qSEi (il) Then

(@) The maps ¢p—yo of | @| into | @| are continuous for all \I/C—:I @[ when
| (i| is provided with any one of the topologies 3, 8, or U.
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(b) The maps ¢—¢Y of | G| into | G| are continuous for all Y€ | @| when
| @| is provided with either § or .

(3) The topology 3 is compact Hausdorff.

(4) The transformation group (| a], T) is point transitive.

Proof. (1) and (2) follow immediately from the definitions of the terms
involved. For (3) consider first the case @ = €. Then L,,—L,(3) if and only
if x,—x in BT. Hence |€| is homeomorphic to BT. Now the map
o—¢/ (i(¢€| e|) of |(‘3| onto | @| is a homomorphism onto. Hence Ial is
compact and ( G| , T) is point transitive. Thus (4) is proved. To see that
| a| is Hausdorff observe that if t(f¢) =t(H)(tET, FEQR) where ¢, ¢€| Gl ,
then by continuity x(f¢) =x(f)(xEBT, fER) and so p=4.

COROLLARY 1. The proof of 3 shows that | @| is isomorphic to BT.

LeMMA 3. Let @ be a uniformly closed T-subalgebra of €, fEC— Q. Then
there exist ¢, Y€ C such that ¢| @=y| @ but fo=f.

Proof. Let ® be the uniformly closed subalgebra of € generated by @ and
f. Set ®&(@) = [(x, )/x, yEBT, xg=yg(¢€@)] and R(®) = [(x, y)/x, yEBT,
xg=yg(gE®)]. Then ®R(®) is a closed equivalence relation on BT and
®=C(BT/R(®)). Now @ is a uniformly closed proper subalgebra of ®.
Hence by the Stone-Weierstrass theorem ®(@)s ®(®). Thus there exist
x, yEPRT with xg=yg(gE Q) but xf#yf. Set ¢=L,, ¢y =L,.

ProPOSITION 2. Let G, ® be two uniformly closed T-subalgebras of @, let
a€|a|. Then

1) If GaC ®, @ induces a homomorphism a: | ®| ——>| al v13. ¢-—>a¢(¢€| (BI ).
Conversely, if w: | ®| —| @| is @ homomorphism; then there exists a €| @| with
CaC ® and a=m.

(2) Let GaC ®. Then o is [one-one] [onto] [an isomorphism] if and only
if @ is [onto] [one-one] [an isomorphism].

Proof. (1) One verifies directly that @ is indeed a homomorphism of
|®| into | @|. Now let 7 be a homomorphism of |®| into |@| and let
p: | @] = |®| be the homomorphism of |€| into |®| such that ¢p
=¢/(B(¢€| e|). Set a=epm where € is the identity on €. Let oc| GI , (tp) =a
net on T with efs—¢. Then adp=lim atz=1im epmtg=1im etgpm = Ppm.

Now let f&€ @ and suppose fa were not in @. Then by Lemma 3 there would
be ¢, ¢€| e| with ¢p=yp and fag #foaf. This would, however, contradict the
fact that fag =fopr =filpr =fonf. Hence RaC ® and m=a. (Notice that « is
just the image under 7 of the identity element of | (B| J)

(2) Suppose « is one-one. Then D=QaC® is a T-subalgebra of @& and
there exists ¢€| e| such that ffe=f(f€ D) and gay =g(g&E @). This implies
that (¢| A)a=e¢, the identity on | @|. Since T is dense in | @/, | ®| =] @|.

Conversely suppose & is onto. Let f& @ with fa=0. Then 0=fa¢ =f(¢pa)
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~(¢E| (BI) whence f¢=0(¢/€| a|). Let x&BT. Then 0=e(fL,) =xf. Hence
f=0.

Let a be onto, ¢, YE| (BI with ¢a=ya. Then fap=fof(fE@). Hence
gp=g¥(¢E®) and so p=y.

Let & be one-one. If there were f&E® and not in Ga there would be
¢, ¥&|e| with ¢| Ra=y| @a and f¢=fp. This would mean that (¢l ®)a&
= (¢| ®)a& but d>| ®=y| ®, a contradiction. The proof is completed.

LeEMMA 4. Let (X, T), (Y, T) be point transitive transformation groups, = a
homomorphism of X into Y, and p, 1 homomorphisms of BT into X and V
respectively. Then there exists a homomorphism : BT—BT such that pw =y,

Proof. Let ep=x&X and un=xr for some uEBT. Set wy=uv [2b]
(v&€BT). Then  is a homomorphism of BT into BT. Moreover epr =xm=uy
=eyn by definition and so tpr=#n(tET) since all the maps involved are
homomorphisms. Finally pr =y by continuity and the fact that Tis dense
in BT.

ProposiTION 3. Let (X, T), (Y, T) be compact point transitive transforma-
tion groups, m a homomorphism of X into Y. Then there exist T-subalgebras
@, ® of ©, isomorphisms p, 1 of | @| onto X and | ®| onto ¥ and a T-homomaor-
phism a: ®— Q@ such that pw =an where ¢6z=a¢(¢€| al ).

Proof. By Corollary 1 to Proposition 1 and [2b] there exist homomor-
phisms v, 8 of | €| into X and Y respectively. These maps induce homomor-
phisms 7, § of C(X) and C(Y) into €, satisfying the equations (fy)¢= (Dv)f
and (g8)¢ = ($0)g(fEC(X), gEC(Y), $E€|€|). Let @=im ¥, B=im 5. Then
@ and ® are T-subalgebras of €.

Let ¢1, $:€| €|. Then ¢ry=eyy if and only if (¢ry)f = ($e7)f(fEC(X)) if
and only if gd=gp.(gE Q). L.e., pry =0y iff $;/@=¢y/@. Thus 'y/| a| is an
isomorphism onto. Similarly §/| ®| is an isomorphism. Call these isomor-
phisms p and 75 respectively.

By Lemma 4 there exists a homomorphism ¥:|e€|—|e| such that
yr=y4. Let ¢, ¢2€[ GI with ¢1/@=¢:/@. Then ¢ry=¢»y whence ¢é
=¢ud and so ¢/ B =¥/ ®. Thusy induces a homomorphism 6 of | a| —>| ®|
such that pmr=6006. By Proposition 2 there exists aE, (BI with ®aC @ such
that 8 =a. The proof is completed.

In order to extend the results of this paper to more general transformation
groups observe that if (X, T) is a transformation group with phase group T'
and completely regular phase space X, then the Stone-Cech compactification
BX of X may be made into a transformation group with phase group T in a
natural fashion, viz., let {& T, then the map x—xT of X into 8X is continuous
whence ¢ determines a continuous map u—ut(uSBX) of X into BX. This
map will be a homeomorphism onto its inverse being the map determined
by ¢t~1. The canonical map of (X, T) into (8X, T) is then an isomorphism into.
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DeFINITION 3. Let (X, T) be a transformation group with phase group T
and completely regular phase space X. Then (X, T) is minimal if cls xT
=X(xEX). A point xEX is an almost periodic point if given any neighbor-
hood U of X there exists a syndetic subset 4 of T (i.e. a subset 4 such that
AF=T for some finite subset 4 of T) with x4 CU.

ProrosITION 4. Let (X, T) be a point transitive transformation group with
completely regular phase space X. Then

(1) Tkhe transformation group (8X, T) is point transitive.

(2) The transformation group (BX, T) is minimal if and only if there exists
*CX such that clsx xT=X and x is an almost periodic point of (X, T).

Proof. (1) Let x€X with cls, xT=X. Then clssx xT=8X.

(2) If (8X, T) is minimal, then every point of 8X is an almost periodic
point of (8X, T), whence every point of X has the desired property.

Conversely, suppose x is an almost periodic point of (X, T) with clsx xT
=X.Letu&BX. If cls uT#BX, then x&cls #T. Hence there exists a compact
neighborhood U of x in 8X such that UNuT=Z&. Now UNX is a neighbor-
hood of x in X. Let A be a syndetic subset of T with xA CU. Then uE8X
=cls xT=cls xAFCUF since xAF CUF which is compact. But this contra-
dicts the fact that UNuT = .

CorOLLARY 1. Let (X, T) be a transformation group with a completely regu-
lar phase space X, let x be an almost periodic point of X. Then (cls xT, T) is
minimal.

DEFINITION 4. Let [3][$’] be the smallest topology on @ making the
functions f—rf of € into R continuous for all [rET][rEBT]. Then ¥ and §’
are both Hausdorff topologies on € with 3’ C8'.

For fce, t&T set ft=fL,. Then (ft)s=f(ts)(t, s€T), and (€, T) is a
transformation group when @ is provided with either of the topologies 3’ or §'.

LEMMA 5. Let fE €. Then clsg fT is compact in (€, F').

Proof. Let (x,) be a net in 8T. Then x,—x&Eg7T if and only if fL, —fL,
modulo ¥ (f&e). Since T is dense in BT, this means that clsg fT
=[fL.|*€BT] and that the map x—fL. of BT onto cls;;' fT is a homomor-
phism onto.

LEMMA 6. Let @ be a T-subalgebra of C, ¢, IPEI @|. Then oCclsy YT if and
only if ker ¢y Cker ¢.

Proof. Let ¢Cclsg ¢ T, fE@ with fiy =0. Then there exists a net () on T
such that iYL, —tf¢(tET). But tfifL,, = (t.t)fy =0. Hence f¢=0.

Now suppose ker ¢ Cker ¢. By Remark 2 we may assume @ uniformly
closed. Then by the Stone-Weierstrass theorem C(| @|) is the collection of
functions ¢—tfo(tE T, fE @). Thus if ¢ were not in clsg ¢ T there would be
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teT, fE @ with tfyL,=0(sET) and tf¢#0. This would mean that f =0 but
f¢7=0, which contradicts the assumption that ker ¢ Cker ¢.

COROLLARY 1. Let @ be a T-subalgebra of €, ¢E€| @|. Then ¢ is an almost
periodic point of l al if and only if ker ¢ is a maximal proper t-ideal of Q.

Proof. Let ¢ be an almost periodic point of | a| and let 4 be a proper T-
ideal of @ with ker ¢ C9. We may assume that 4 is a maximal such ideal. Then
there exists a maximal proper T-ideal 9 of € with MMNE =4 and 176[ GI
with ker n=9M. Sety = nl @. Then ker ¢ Cd =ker ¢, whence Y Sclsy ¢T. Since
clsg ¢ T is minimal ¢Eclsy ¢ T. Thus 9 =ker ¢ Cker ¢.

Conversely, suppose ker ¢ is a maximal proper T-ideal of @. LetyEclsz¢T.
Then ker ¢ Cker . Since ker ¢ is a proper T-ideal of @, this means that
ker ¢ =ker . Hence ¢p&clsg ¢ T. The proof is completed.

PROPOSITION 5. Let @ be a T-subalgebra of €. Then the following statements
are equivalent:

(1) ker $=0(¢E€| al).

) |Ct| is minimal.

(3) f is an almost periodic point of (€, J') for all fEQ.

(4) Let fE @ with f#0. Then there exists F, a finite subset of T such that
BT =U,er [x|xtf=0].

(5) @ has no proper nonzero T-ideals.

Proof. (1) implies (2). This is true by Lemma 6. (2) implies (3). Let fE @,
F a finite subset of T, and €>0. Then (f, F, €)= [g/|tf—tg| <e(t€F)] is a
typical neighborhood of f in the topology ¥'. Let w be the identity element of
| GI. Then (w, fF, €)= [¢/q§€| a[ , |tf¢—tf| <e(tEF) is a neighborhood of w.
Hence there exists a syndetic subset 4 of T with wsC(w, fF, €)(s€4). Then
It(fs) —tfl <e (tEF, s€A4), i.e. fis an almost periodic point of €.

(3) implies (4). Let fE @ with f50. Then there exists t& T with ¢f =c#0.
We may suppose ¢>0. Then there exists a syndetic subset A of T with
FAC(f, ¢, ¢/3). Let T=AH where H is a finite subset of T. If a©4 then
|t(fa) —tf| <c/3 and so atf=c/3. Now set F=H"'t, E(s) = [%|xsf=c/3] and
E=U[E(s)| s€F]. Then E is a closed subset of 8T Let r&T. Then r=ah for
some REH. Then s=h"%CEF and rsf=ahh tf=atf Z¢/3. Hence TCE and
so E=fT.

(4) implies (5). Let 9 be a nonzero T-ideal of @. If 9 were proper there
would be xEBT such that xf=0 (fE9). Let fE d with f#0. Since fR,&E9 (t€7),
0=x(fR,) =xtf (€ T). But this contradicts (4).

(5) implies (1). This is true because ker ¢ is a proper T-ideal for all
¢€| @|. The proof is completed.

PROPOSITION 6. Let fE @. Then f is an almost periodic point of (C, 3') if
and only if given €| C| there exists Y& | €| with foy=f.
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Proof. Let f be an almost periodic point of €, ¢&|€|. Then clsy fT.
Hence there exists a net f, of elements of T with f¢t,—f (modulo 3'). Let
vPGI e| with L, —¢ (modulo 3). Then ¢t.—y whence fgy =f.

Let f€ € and suppose that given &€ | €| there exists ¢ € | e| with fgg =f.
Let g&clsy fT. Then g=f¢ for some ¢€| e|.Letye| GI with f¢¢ =f and ¢,
a net of elements of T with L, —y. Then f¢t.—f, i.e. fEclsy gT. The proof is
completed.

COROLLARY 1. Let f be an almost periodic point of (@, 3'), Q the uniformly
closed T-subalgebra of © generated by f. Then | (tI is minimal.

Proof. Let ¢€| el . By Proposition 3 and Lemma 2 it suffices to show that
ker ¢/@=0. There exists ¢€|G| with fg¢=f. Let D=[g/gE€C, gd¥=¢g].
Then D is a uniformly closed T-subalgebra of € containing f. Hence QC D
and the proof is completed.

DEFINITION 5. Let X, Y be point transitive transformation groups, let
x€X with cls(xT)=X. Then (X, x) covers YV if given y& Y there exists a
homomorphism w: X—Y with xr=y. Let @, ® be T-subalgebras of €. Then
| @] covers | ®| if (| @], ) covers | ®| where wis the identity element of | @|.

REMARK 3. Let X be a point transitive transformation group, E its en-
veloping semigroup, and e the identity element of E. Then (E, ¢) covers E.

REMARK 4. Let X, ¥V, Z be point transitive transformation groups such
that (X, x) covers Y and (Y, y) covers Z. Then (X, x) covers Z.

LEMMA 7. Let X be a point transitive transformation group such that (X, x)
covers X. Then (X, x) covers the enveloping semigroup E of X.

Proof. Let p, g€ E with xp=xq, let yEX and r a homomorphism of X
into X with xr=y. Then yp=xwp=xpr=xgr =x7wq=7yq. Hence p=¢. Thus
the map of p—xp of E into X is an isomorphism. Let 7 denote the inverse
map, and let pEE. The map L,: E—E such that ¢L,=pJ (¢EE) is a homo-
morphism of E into E which maps e into p. Then 9L, is a homomorphism of
X into E mapping x onto p.

LeEMMA 8. Let X, Y be point transitive transformation groups, = a homomor-
phism of X onto Y, E(X), E(Y) the enveloping semigroups of X and Y. Then
(E(X), e) covers E(Y).

Proof. By [3] there exists a homomorphism 8: E(X)—E(Y) onto such
that ef=e. Let p€E(Y). Then 0L,: E(X)—E(Y) is a homomorphism such
that efL,=p.

COROLLARY 1. Let X, Y be point transitive transformation groups, let (X, x)
cover X and Y. Then (X, x) covers the enveloping semigroup E(Y) of V.

Proof. By Lemma 7 (X, x) covers the enveloping semigroup E(X) of X.
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Now (E(X), e) covers E(Y) by Lemma 8. Hence (X, x) covers E(Y) by
Remark 4.

LEMMA 9. Let @, ® be uniformly closed T-subalgebras of @. Then | G| covers
| ®| if and only if ®pC a(PE| B|).

Proof. Let | @| cover | ®|, ¢€|®|, 7: | @| —| ®| a homomorphism such
that wr=¢. Then as in the proof of Proposition 2, 7= g, i.e. ¢/1r=¢¢(¢€| a| ).
Then ®¢ C @ by Proposition 2.

Now let ®C @(¢E | ®|). Then § is a homomorphism of | @| into | @]
such that wp=¢.

PROPOSITION 7. Let @ be a wuniformly closed T-subalgebra of €, ®
=U [G¢| ¢€| GI |, and D the uniformly closed T-subalgebra of @ generated by ®.
Then

(1) ®=Ulclsy fT/fEQ];

2) I fD| 1s the enveloping semigroup of | al .

Proof. (1) Let ¢€| al , XEBT with ¢=L,‘A, (t.) a net on T with f,—x.
Then ft.—f$(3)(fEQ) and so féCclsy /T (fEQ, ¢&|@|). Thus clsy fT
=[re/0<| | ].

(2) Let €| @|. Then @pC®C D and so | D| covers | @|. Let yE| D|,
fE®. Then f=g¢ for some g& @ and ¢6| al. Then G C D implies that
WE| al. Hence fY =gy € D. Thus BY C D and so DY C D. Consequently
| | covers | D|. Now let & be a uniformly closed T-subalgebra of € with
| &] isomorphic to the enveloping semigroup of | @|. Then | D| covers |&|
and so §C D. Moreover |8| covers |(2|, thus G¢C8(¢€|a|). Ie. ®CE8
whence DCE.

COROLLARY 1. Let @ be a uniformly closed T-subalgebra of ©. Then the
following statements are equivalent.

(1) | @| covers | a|,

2) I @| is the enveloping semigroup of | G.I ,

3) csy fTCa(fea).

REMARK 5. Let @ be a uniformly closed T-subalgebra of €, ®
=[f/fE@, clsg [fR,/tET] compact], D= [f/fE @, cls [fR,/tE T] compact].
Then ® and D are uniformly closed T-subalgebras of @G.

REMARK 6. The algebras ® and D are the weakly almost periodic functions
and almost periodic functions respectively of @.

ProPoSITION 8. Let @ be a uniformly closed T-subalgebra of ©, & the T-
subalgebra corresponding to the enveloping semigroup of | a| . Then the following
siatements are equivalent.

(1) cls [fR/tET] is compact (fE Q).
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(2) (| @|, T) is almost periodic [4].

(3) cls [fR/tET] is compact (fE8).

(4) (] 8| , T) is almost periodic.

(5) |&| is a compact topological group.

(6) (|&|, T) is minimal and clsg’ [ fR./tET] is compact (fE8).
(1) (| @|, T) is minimal and clsg’ [fR/tET] is compact (fE Q).

Proof. Statements (1), (2), (3) are equivalent as are statements (3), (4)
(5) by [2a]. Now (3) clearly implies (1). Assume (1). Let D=[f/fE8&
cls [fR,/tET] is compact]. Then D is a uniformly closed T-subalgebra of &
such that D¢ C D(PE| D). Since @C D this means that @ C D(E| @|)
whence | D| covers @ and consequently | D| covers | &|. This means that
ECD. Hence the first five statements are equivalent.

Clearly (4) implies (6) because E is point transitive; also (6) implies (7).
Finally (7) implies (2) [2a].

COROLLARY 1. Let @ be a uniformly closed T-subalgebra of @, S the equi-
continuous structure relation on | @| [3]. Then | @|/S=| ®| where ® = [f/fEa,
cls fT is compact].

COROLLARY 2. Let @ be a uniformly closed T-subalgebra of @, & the algebra
corresponding to the enveloping semigroup of @, G the structure group of @ [3].
Then G=| ®| where ®=[f/f€ 8, cls fT is compact).

REMARK 7. Let @ = [f/fE €, cls T is compact]. Then | @| is the Bohr com-
pactification of T.

REMARK 8. Let @=[f/fEe@, clsg’ fT is compact]. Then | a] is the weakly
almost periodic compactification of T [1].

REMARK 9. Let @ be a uniformly closed T-subalgebra of €, F the collec-
tion of finite subsets of @. For FES let @Q(F) be the uniformly closed T-
subalgebra of € generated by F. If F, HES with FCH then &(F) CQ(H)
and there is a natural homomorphism of | @(H)| onto | @(F)|. Thus the
family (l &(F)I/F €9) forms an inverse system of transformation groups.
Also | G,I = inverse limit (| G(F)|/FEJ) the isomorphism being given by the
map ¢—(¢/a(F)/FEF) (€| a/).

2. In this section the transformation groups (X, T) considered are as-
sumed to be compact point transitive and zero dimensional. Since the topology
of X is completely determined by the Boolean algebra of its open-closed sub-
sets, the algebras in this section will be algebras over the two element ring Z,
rather than the reals. Thus @ will denote the algebra of continuous Z, valued
functions on BT. Then all the notions and proofs of §1, except those involving
the general completely regular transformation groups, may be carried over
practically verbatim if one substitutes Z, for R and adds the assumption that
all transformation groups are zero dimensional. For a general reference see
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[5]. Let us identify BT with the set of all ultrafilters on 7. For fE€ set
ch(f) = [t/tET, tf=1]. Then ck is a bijective map of € onto ®T, the collection
of all subsets of T. The inverse map is the one which sends 4 C®T into that
element f of € such that uf=0if A€« and uf=1if ACu.

REMARK 10. In Definition 4 two topologies 3’ and 8’ were defined. The
definition of these topologies may be carried over to the present situation by
substituting Z; for R in Definition 4. There are thus three topologies on € or
®T, the topology of uniform convergence, 3" and §’. The topology of uniform
convergence is discrete and 3’ is the cartesian product topology Zj. Thus
(e, 3’) is compact.

Let f€e. Then (f, F)=[g/g€e, tf=1g(t€F)] is a typical neighborhood
of fin [3'][s’] where F is a finite subset of [T][8T]. When this notion is
carried over to ®T by means of ck, the following results. Let A CT. Then a
typical neighborhood of 4 in ¥’ is of the form (4, F)=[B/BCT, t€A if and
only if tEA (!€F)] where F is a finite subset of T and a typical neighborhood
of A in 8 is of the form (4, F)=[4/BCT, A€u if and only if BEu(uEF)]
where now F is a finite subset of BT

DEFINITION 6. Let AC®T. Then @ is a subalgebra of ®T if FEQ,
AEQ@ implies A’EQ, and A, BEQ imply that AAUBE Q. @ is a T-subalgebra
if in addition At€EQ(4EQ, tET).

Let ¢: @—@®T. Then ¢ is a homomorphism if o=, (4A¢)' =A'¢(4E€Q),
and (AU B)p = A¢\J Bé(4, B € @). It is a T-homomorphism if (At)p
=(4d¢)(A €@, tET).

The group T acts on | @| the collection of all T-homomorphisms of @ into
®T as follows: let t©€T, $€|@| then ¢t denotes that element of | @| such
that A(¢t) =(t14)¢p(4 € Q).

The proof of the following lemma is straightforward.

LemMa 10. (1) ch(fR) =ch(f )t (fE @, tET).

(2) ch(fL) =t"'ch(f)(fE@C, tET).

(3) The map G—ch(@) is a bijective map of the set of T-subalgebras of @
onlo the set of T-subalgebras of ®T.

(4) Let G be a T-subalgebra of C. For ¢€| a| set A kh(¢) =ch((ch—'4)¢)
-(AEch(@R)). Then kh(d)E [ ch(a)l and the mapping kh is bijective and kh(pt)
=kh(¢)t(¢€| (i|, tET). Thus the maps ch, kh may be used to state all the
relevant results of §1 in terms of ®T rather than C.

ProposiTION 9. For uE&BT let 4 be that map of ®T into ®T such that
Aa=[t/At"'Eu). Then aC€|®T| and the map u—a(uEPT) is an isomor-
phism.

Proof. By Proposition 1 suitably modified the map u—L,(«EBT) is an
isomorphism of 87 onto |G| . The proof will be completed by showing that
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Eh(L,)=#. Let ACT, f=ch—1A. Then Akh(L.) =ch(fL.), and tEch(fL.) iff
(if and only if) #fL.=1iff (uf)f=1iff ACutiff Ar'Cu;ie. ARIL,)=A4.

ProposITION 10. Let @ be a T-subalgebra of ®T. Then | @| is minimal iff A
is syndetic (T #=AEQ).

Proof. In the present context Proposition 3 Statements (1) and (2) read
| @| is minimal iff 4¢p= implies 4 = F(AE€ @, ¢€|a|).

Thus suppose 4 syndetic and ¢ | @|. Then there exists F a finite subset
of T with AF=T. Hence T=T¢=A¢F whence Ao .

Conversely suppose | @| minimal and &= A€ Q. If A were not syndetic,
the collection F=[A’t/tET] would have the finite intersection property.
Then if uEBT with FCu, A’4=T and A% = & contradicting the minimality
of |a|.

ProPOSITION 11. Let @ be a T-subalgebra of ®T. Then the following state-
ments are equivalent.

(1) (| @], T) is almost periodic.

(2) For each AEC Q there exists a finite subset F of T such that given tET
there is S€ F with At=As.

(3) For each AEQ there exists a syndetic subgroup H, a finite subset K
of T, such that rHK = A and rHE A. Actually H= [t/tr'A=r"14].

Proof. Since the topology of uniform convergence is discrete, Statement 2
is a restatement of Statement 1 of Proposition 6. Hence (1) and (2) are
equivalent.

Assume (3). Let N=index of H and p =cardinal of K. Then there are only
C. .. possibilities for the collection At for t&T. Hence (3) implies (2).

Assume (2). We may also assume that e€ F. Let Fi be a maximal subset
of F with respect to the properties e€F; and B=[A4s/s€EF|# &. Then
BNAt= or BCAt(tET). Also & #BEQ and | a| minimal implies that
B is syndetic by Proposition 9.

There are two cases to consider e B and e& B. Let us assume first that
e¢eEB. Then BCAs(s€F,) implies that sT'€A(s€ Fy). Let t&B, s€F.. Then
BNAst#= &, whence BCAst. Thus t!EAs(s€EFy), i.e. B'CB.

Let H=[t/tA=A], let t€H. Since s'EA(SEF), tEAs(SEFy); i.e.
tEB. Now let bEB, a€EA. Then BNAa~'b7 & ; therefore BC Aa~'h and so
b~'a€A. Thus b4 CA(bEB). Since B~ CB, this means that b4 = 4 (b& B).
Consequently B=H.

Since H is syndetic there exists L finite with HL="T. Set K =[1/1EL,
HiNA# ). Then of course A CHK. Let kEK, h€H. Then there exists
mEH with mk €A. Then hk=hm—'mk&cHA CA. Hence A =HK.

Finally if e B, set C=b"'4 where b€ B. Then the above argument may
be applied verbatim to Cand D instead of B and 4 to show that C= [t/tD=D]
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is a syndetic subgroup of T with D =CK for some finite set K. Then 4 =bCk
and C=[t/th=*A =b14]. The proof is completed.

In general H need not be in @&. However, H always belongs to & the T-
subalgebra of ®T with I SI the enveloping semigroup of | al .
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