ON SOME CLASSES OF ANALYTIC FUNCTIONS
OF SEVERAL VARIABLES(Y)

BY
ADAM KORANYI

1. Introduction. In a recent paper [6] of B. Sz.-Nagy and the author a
new unified treatment was given to some classical results of function theory
centering around the Pick-Nevanlinna interpolation problem and Loewner's

theorems on monotone matrix functions. In the present paper we wish to
" generalize these investigations to functions of several complex variables with
the help of the Hilbert space method developed in [6].

The main objects of study in [6] are the class H of functions analytic and
having a non-negative real part in the unit disk, and the class N of functions
fanalytic in the upper half-plane, having there a non-negative imaginary part
and such that f(z)/z is bounded in every angular domain

C(¢) = {z]| ¢ Sargz < 7 — ¢} (0<¢§—'21).

Normalizing the functions f in H by the condition Im f(0) =0 and extend-
ing their definition to the outside of the unit circle by the relation f(z~?!)
= —J(2)(?) we have the Riesz-Herglotz formula,

2t1+ w
o) 1) = [ T am(o

where m is a bounded positive measure on the unit circle. From this formula
it is easy to see that the Taylor coefficients of f around the origin are the
positive trigonometric moments of m. In other words this means that the
part of f inside the unit circle is the complex Fourier transform of the restric-
tion to positive integers of a positive definite function on the additive group I
of integers. Similarly, the part of f outside the circle is the Fourier transform
of the “negative half” of the same positive definite function.

The class N has similar properties. Extending fEN to the lower half-
plane by f(2) =f(z) we have the formula due to R. Nevanlinna:

® z
® i@ = [ am()
o 1 — Az
with m a bounded positive measure on the real line. Using (2) one can show
that f admits an asymptotic development around 0 whose coefficients are the
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positive moments of m. It is also easy to see that f can be obtained from a
positive definite function on the real line R by taking the complex Fourier
transform of its restrictions to the positive and negative half-axis.

In the Pick-Nevanlinna problem we are given a set S in the interior of the
unit disk or the upper half-plane, and a function f defined on S. The question
is under what conditions can f be extended to a function of the class H resp.
N. It turns out that a necessary and sufficient condition for the class H is
that the function ky defined on SX.S by

fGs) + 1)

@ (s, ) = =

be positive definite. In the case of N we assume that for some 0<¢ <7/2
there is a sequence {¢,} tending to 0 in SNC(¢); a necessary and sufficient
condition then is that f(¢,)/o. be bounded and the function

J(s) = J@

s—1

4) kn(s, 1) =

be positive definite. (As usual, given any set X, we say that £ defined on
X XX is positive definite if

2 2 E(%my %n)atmn = 0

holds for any finite set of points x1, - - +, x» in X and any complex numbers
o, o)

In [6] we used the following well-known lemma, which will also be used
in the present paper.

LEMMA 1. Every positive definite function k defined on the set X X X can be
represented as an inner product

k(x, y) = (&, &),

where the ex (xE X) are vectors in a Hilbert space . It can be assumed that the
vectors €; (xEX) span .

With the help of Lemma 1 the proof of the above results is based on a
Hilbert space argument, the main point being the simple fact that every
isometric operator in $ can be dilated to a unitary operator in an enlarged
space.

A limiting case of the Pick-Nevanlinna problem is the following. Let S be
the interval (—1, 1) and f a real-valued function on S. Under what conditions
can f be extended continuously to a function in N? K. Loewner [4] proved
that a necessary and sufficient condition is f&€ C! and the positive definiteness
of (4). In [3] and [6] this was also proved in a simple way by our Hilbert
space method. The main interest of this theorem is that, as Loewner has
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shown [4; 5], this class of real-valued functions on (—1, 1) is just the class of
monotone matrix functions, i.e., such that for any two Hermitian operators
A, B with spectrum in (—1, 1) the relation 4 = B implies f(4) Zf(B).

All the above considerations admit generalizations to functions of 7 vari-
ables. In order to avoid great notational complications we consider only the
case of two variables; this will already reveal all the essential features and
the generalizations to any number of variables will be apparent.

We define the generalized class H as follows:

DEFINITION 1. The class H, is the class of functions f of two complex vari-
ables z1, z, defined and holomorphic for all Izll, |z2| #1 (including «) and
satisfying the conditions

(@) fGY, 27Y) =f(21, 22) for all Iz,| , |z2| #1,

(b) S, 20) —f (&, 2) —f(a, 557+, 250) 20 for | ], | =] <1,

(c) f(z1, 0)+f(z, ©) =0, f(0, 2) +f( =, 35) =0 for all || %1 and | 20| #1.

Condition (c) here is only a normalizing condition; (a) and (b) determine
H, up to the addition of functions depending on only one of the variables. It
turns out as a by-product of our investigations (Theorem 1), and it is also
easy to show directly that every function f in H, admits the integral repre-
sentation (14) generalizing the Riesz-Herglotz formula. f is now defined on
four disconnected domains, and from (14) it follows that the Taylor coeffi-
cients of fat (0, 0), (0, «), (0, 0) and (e, ») are the double trigonometric
moments of m. Hence the four pieces of f are the complex Fourier transforms
of the restrictions of a positive definite function on I X I to the four quadrants
of IXI.

The analogue of the class N is defined as follows.

DEFINITION 2. The class N, is the class of functions f of two complex vari-
ables 21, 25, defined and holomorphic for all Im z,, Im 2,70, and satisfying the
conditions

(a) f(ﬁl, 22) =’_7(21, Zz) f07’ all Im 21, Im Z2¢0,

(b) f(z1, 22) —f(&1, 22) —f(z1, %) +f(Er, 2) =2 Re[f(z1, 22) —f (31, 2)] S0 for
Im 2;, Im 2,>0,

(c) forallp (0<¢=m/2) there exists a constant M(¢) such that | f(z1,20)/ Z]Zzl
S M(@) for all z1, 22 1n C().

We show (Theorem 2) that every function f in N, admits the integral
representation (30) generalizing (2). From (30) it follows again that f has
an asymptotic expansion whose coefficients are the double moments of a
bounded positive measure on the plane, and it also follows in full analogy
to the case of N and H, that f can be obtained by Fourier transformation
from a positive definite function on RXR.

The classes H, and N, can be defined analogously as H, and N,; all our
results generalize to these. It would also be possible to consider mixed classes,
i.e., classes of functions obtained in the above way by Fourier transformation
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from positive definite functions defined on the direct product of several copies
of I and R.

In Theorems 1 and 2 we solve the analogue of the Pick-Nevanlinna prob-
lem for H, and N,. As usual in this type of problem, the natural approach
now is to assume that we are given a set S of points and a set of analytic func-
tions of one variable z, f(z, s) (s&S), and we look for conditions that this
function be extendable to a function in H;, or N,. Similarly, for H, and N, we
would assume f to be given on a set of (#—1)-dimensional hyperplanes.

The method of proof is similar to that in [6]; there is however an addi-
tional difficulty. We need some facts about the existence of commutative
unitary dilations of commutative isometric operators and commutative self-
adjoint dilations of formally commuting symmetric operators; these are
proved in Lemmas 2, 3, and 4. These results may have some independent
interest, and it seems that they can not be essentially improved since it was
recently announced in [12] that an example of two formally commuting sym-
metric operators has been found which do not have commutative selfadjoint
dilations.

In Theorem 3 we generalize Loewner’s theorem (Theorem C in [6]) to
two variables. In Theorem 4 we show that the functions considered here are
precisely the monotone matrix functions of two variables, in complete analogy
to the one-variable case.

Theorems 5, 6, and 7 are generalizations of the preceding results to func-
tions whose values are bounded operators in a Hilbert space. These theorems
turn out to be in close connection with some investigations initiated by
B. Sz.-Nagy in the theory of dilations of Hilbert space operators [7]. In
the last section we show that two theorems due to B. Sz.-Nagy [7] and S.
Brehmer [1] can be derived from our Theorem 5. Using Theorem 7 we also
give a generalization to double moments of a theorem of B. Sz.-Nagy [7] on
a moment problem for selfadjoint operators.

2. Lemmas on dilations of operators.

LEMMA 2. Let { U, },er be a unitary representation of a group T in the Hilbert
space O, and let V: TN be a mapping of a subspace D of O onto a subspace NR.
There exists a unitary dilation { U,} of the re[)resentatwn { U,} and a umtary
dilation V of V in some enlarged Hilbert space .@D@ such that U, V= VU
for all y&ET, if and only if

) [UVa+ VUS| =[x+ 5]
holds for all xED, yEU;'T, yCT.

Proof. The necessity of the condition is trivial. To prove its sufficiency,
first define the mapping 17 for finite sums f= 3, ¢, fy (f,E U,%) by

(6) V=2 ¢, U VUTY,.
b
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We show that V' is isometric, this will also show that it is uniquely deter-
mined. We have

(7) ”.f“2 = E‘ cvaﬁ(f‘n f‘))
(8) Vfll2 = X erés(UsVUTY,, UsVUTY).
7.8 N

Using (5) we obtain
Il + I91l* + 2 Re(=, 3) = ||z + 5]|* = || UsV= + VU2
= [|U, Va2 + [[VU|* + 2 Re(U,Vz, VUy)
= |||z + lI9l|* + 2 Re(U,V, VU,y),
hence Re(x, y) =Re(U,Vx, VU,y). Repeating this with 4x instead of x, we
have
©) (%,9) = (UyVz, VU3) @ED,yEU; D, yED.

With the aid of (9) we can show that the corresponding terms in (7) and (8)
are equal:

(UVUTYy UsVUYs) = (UXULVUTYy, VUFY)
= (UFUVx, VUFUy) = (UsiyVz, VUsp)
with x=U; Y, €D, y=U;:E U; UsD = U,~D, which by (9) is equal to
(%, 9) = (UsYv UsYs) = (fn f3)

thus proving the isometry of V",
Let V be the closure of V’; it is defined on the subspace €= { U-,i)}»,er
which reduces all U, (y&ETI'). We show that

(10) U-,Vf = I_/U'yf CA=RY)

for all fE2. By continuity, it suffices to consider elements of the form
f= Zv crfy (fy€ U4D). Now,

UﬁVf = E UsUyVUTYy = E ey UsyVUyify,
v
Usf = E ey Usfy
v

where Usf, € UsUyD = UsyD. So, by definition of V,
VUsf = X ey UnVUsiUsfy = 2 cUsyVUrafy,
4

which proves (10).
Let =72 By (10) ¥ also reduces each U, (yET'). Denoting the projec-
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tion of  onto £ by P, and the projection onto & by P/, P and P’ will com-
mute with each U, (YyET'). From (10) we also have

UV Yy =Ty

for all g€®, yET.
These remarks show that the operators

U, 0 . VP 1-P
(5 2) e )
0o U, 1—-P V1P
acting on § ® 9, the Hilbert space of pairs {f, g} (f, g€9), commute for

each v in . Imbedding the space  into § ® § by the identification f~{f, 0 )
it is a trivial matter to verify that U,, V are just the required dilations.

CoRroLLARY. Let Uy, - - -, Ui be commuting unitary operators in 9, and
V: DR an isometric mapping of the subspace D onto the subspace N. For
the existence of commuting unitary dilations Uy, - - -, U, V in an enlarged
Hilbert space D9, it is necessary and sufficient that

(1) lU3 - U Va 4+ VO - U] =[x+
holds for all x&D, yc Ur™ - - - Ui™D, and all natural numbers ny, - - -, ny.

Proof. The corollary is obvious if we show that (11) is necessarily fulfilled
even if some (or all) of the #, are negative. For this it is sufficient to see that
for an arbitrary unitary U, |UVa+ VUy|| =||x+| for all zED, yEU-'D
implies ||U-1Vx+VU-1Y| =|/x+y| for all xED, yEUD. The latter fact,
however, is evident.

REMARK. In the case of only one unitary operator U condition (11) re-
duces to || UrVa+ VU = || +3|| x*ED, yE U=D), for all natural numbers
n. One might ask whether it is sufficient to assume this for #=1 only. The
answer is negative even for a finite-dimensional §, as can be shown by simple
examples.

LeEMMA 3. Let U: N be an isometric mapping of the Hilbert space  onto
a subspace N. Let V: DR be an isometric mapping of a subspace D of O onto
another subspace R. Suppose UDCD, and UVf=VUf for all vectors f in D.
Then there exist commuting unitary dilations U, V of U and V in an enlarged
Hilbert space $29.

Proof. We may assume that U is unitary, since if it is not, we can dilate
it to a unitary operator without changing the assumptions. So, by the corol-
lary of Lemma 2, we only have to show that

(12) |0V + VUS| =[x + 4
holds for all xED, yc UD, n>0.
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DD UD implies U*DDOD. Hence any element y in U™D can be written

as y=y'+y" with y€D, 9" LD. We have UrVy'= VU, and hence
[0V + VU = [UVe + VU + ") = [UV(=+ 5) + VU

This expression must be shown to be equal to ||x+3’+5"||. Since x+y'ED,
this reduces to proving (12) with the additional assunrption y 1®. This is
done as follows.

y1lD implies Ury LUD, whence VU LVUD=U*VD=U"R. On the
" other hand we have U*Vx& U»R. Therefore

- Nwvet+ vom|r = o + (Vo] = s]* + (5]l
holds. By y LD we also have ||x+y||2=||x||2+]|#||?, which completes the proof
of our assertion. Lemma 3 is thereby proved.

LEMMA 4. Let M be a dense linear manifold in the Hilbert space ©. Let A,
By be two symmetric operators defined on M; A and B their closures. Let A be
selfadjoint, and let B be equal to the closure of its restriction to the manifold
(A +iI)M. Suppose that the domain of both products AB and BA contains M,
and ABf=BAf holds for all f in M. Then in an enlarged Hilbert space $2©
there exist commuting selfadjoint dilations A, B of A and B.

Proof. Let U=(4 —iI)(A+<I)"', V=(B—1:I)(B+:I)"! be the Cayley-
transforms of 4 and B. Since 4 is selfadjoint, U is unitary. V is an isometric
mapping of the subspace

D = (B+i)Dp = (Bo+ )M

onto a subspace 9. (Dp denotes the domain of B.)

We want to prove that UVf= VUf for all fin D. It suffices to show this for
fin N. For fEN, g=(B+i)fE(A+iI)IM. Since A +iI and B—1+I commute
on M, we have

(B —iD(4 +iD)7'g = (4 +iD)7Y(B — il)g,
and hence

UVf= (A —i)(A+ i) (B —il)(B+ i)Y

= (4 — iI)(B — i)(A + i)7 (B + )7Y.

By the commutativity of 4 and B on It we have further

UVf= (B—i)(A —i)(B+i)~ (4 +i)7Y.
Now, h= (4 +1I)"'fE(B+1I)M; therefore,

(A4 —i)(B+i)"h = (B+ )74 — i)h,

and so, finally,
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UVf = (B — iI)(B + il)~N(A — il)(4 + i)"Y = VUJ,

proving the assertion.
Next we show that UDCD. Again it suffices to prove UNRCD; this how-
ever is evident:

UN=(A—-iDD(A+I) A+ DB+ M= (4 —i)(B+i)M
=B+ id)(4A—-iDMS (B+iNDp = D.

By Lemma 3 there exist commuting unitary dilations O, V of U, Vin a
larger space $ 2 9. We show that U, ¥ can be chosen so that neither of them
has 1 as a proper value. In fact, U, V themselves do not have 1 as a proper
value, since they are the Cayley transforms of densely defined operators.
Now assume Vk=h. Then for every f=(I—V)g (2E$) we have

(h f) = (b, g) — (h, Vg) = (Vh, Vg) — b, Vg) = — (I — V)h, Vg) = 0;

hence % is orthogonal to the range of I— ¥, and then also to the range of
I—V,i.e., to the domain of B, and hence to §. So the subspace H of all tE$
with Vh =41 is orthogonal to 9.

Vh=h implies V*h=h, therefore H reduces V. For k in H we have
Oh=0Vh=VUh, hence UhEH. Similarly U*hEH, so H reduces U.

Now we can split off the subspace H from §, and we are left with two
commuting unitary dilations U, V' of U, V such that 7’ does not have the
proper value 1. Repeating the above procedure with U in place of V, finally
we obtain the dilations with the desired property.

The inverse of the Cayley transform now carries U and ¥ into selfadjoint
dilations of 4 and B, and these dilations will commute in the sense of the
usual definition of commutativity for unbounded selfadjoint operators.

3. The main theorems.

THEOREM 1. Let S be a set of points in the interior of the unit disk, and for
every s in S let f, be a function defined and holomorphic for all | z| #1 (including
). For the existence of a function F such that F(z1, 22) =g(21, 22) +h(z1) +k(22),
for all Izll, |22| #=1, where gE H,, h is holomorphic and h(z!) = —h(z), and
where f,(z) = F(z, s) for all s&S, ]z] #1, 1t 15 necessary and sufficient that the
function k defined for all stCS; |z|, |w| #1, by

(f:(3) = fu@™) + fu(w) — fu(z™)
(1 — zw)(1 — i)

—2f! (2) — =&z
1 — st

(w # z7Y),
(13) k(z, s;w, 1) =

(w =5

be positive definite.
Lvery function g in H. can be represented in the form
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2% 2r 1 1¢ 1 iy
(14) o) = [ [ T 0,
0 0

1 — 216" 1 — geet¥

where m is a bounded positive measure on the torus.

REMARK. The functions of one variable, # and & do not play an essential
role here. By putting some normalizing conditions on the fidnctions f, we can
make kh(z1) =k(z:) =0, i.e., FEH, E.g., if 0ES, these conditions are fo(z!)
= —fo(2) for all Iz] #1 and f,(®) = —£,(0) for all s€S.

" Proof. To prove the necessity of the condition, let F(z1, 22) =g(z1, 2)
+h(z1) +k(2,), gEH,, k analytic and k(z!) = k(z,) for all ;1. Let sy, - - -+,
sy be points in the interior of the unit disk, 21, - - -, 2y any points not on the
unit circle. We apply to g the Cauchy-Poisson formulas for two variables:
If 0<r<1, we have for Izll, |z2| <r,

1
g(z, 29) = P lg(z1, 0) + glz1, ) + (0, 22) + g(0, 25)]

1
vy [¢(0, 0) + g(0, =) + g(, 0) + g(=, =)]

1 ¥ ¥ re 42 re¥ 42
+ — f f - 2p(re“, rei)dody
4r?Jo Jo

re® — z; retV — 25

with p(wi, w)=g(wi, wy)—g(@i", wy) —g(wy, wi')+g(Wi?, #r')20. Since
gE H, the sum of the terms preceding the integral on the right-hand side is
zero. Similarly, for Izll >1/r, ]Zzl <r, the representation

1 w2 ogib L gz re 4 3 o
g(z1, 22) = — f f - : p(re®, rev)dedy
dr2d oy Jo

et — 1z reV — gz

holds, and there are analogous formulas for the domains |z1| <r, Izzl >1/r
and |z, |z >1/r.

In the case where 2, - - -, gy are all inside the unit disk, we choose 7 such
that |s:], | 2| <r<1 for all k=1, - - -, N. Then, for any complex numbers
a, - -+, ay we have

'3)3 F(2m, 5m) = F(87%, 5n) + F(an, 5») — F(an ', 51) i,

('2 - z,,.Z,.) (1’2 - sms'n)

l 2r 2r
=)

and letting 7 tend to 1 we obtain
(15) D 2 k(Zmy S %y Sn)am@n Z 0,

m n

= o, re¥)dody =
A": (re* — zn)(re — sm) plre, re¥)dédy 2 0,
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which is the required result,

If some of the z; are situated outside the unit circle, we choose r such that
all si, 2z (=1, - - -, N) are either inside the circle of radius r or outside the
circle of radius 1/r. A similar computation as before shows that (15) holds
even in this general case for any ay, - - -, ay.

In the proof of the sufficiency we shall use the more symmetric notation
f(z, s) =f.(2). First we consider the case where 0ES. ’

Let © be the Hilbert space of Lemma 1, spanned by the vectors
€2 (|2| #1, s&S) and such that -

(16) k(z, s; w, £) = (€zsy €wt).

€, is here a strongly continuous function of 2, since for w—3z, by the analytic-
ity of f(z, s) in z we have

”€u - ewt”2 = k(z) S5 2, S) - k(z7 S w, S) - k(w’ 5 2, s) + k(w7 S5 w, S) — 0.

For 270, » we define

, 1
(17) €z = — (eu - Eo,).
2

Then an easy computation based on (13), (16), and (17) shows that for
2, w#0,, and all s, tES,

(ein elwt) = (€say €wt).

By continuity, this holds also if z=1"1, since for z, w0, ® e, —e¢, implies
€hy—Els.

Hence the operator U, defined by
(18) Us ), Cp€apsy = > c,,e',p,,
»

on the manifold M of all finite complex linear combinations of the e, (| 2| =1,
SES; 270, ») is well defined and isometric. By the strong continuity of e.,,
M is dense in P, hence the closure U of Uy is an everywhere defined isometric
operator.

Now we define

1
(19) e’t,c = _s" (eu - 5:0)

for all |z] %1, s€S, s50.
For s#0, t%0 another simple computation yields

Y]
(f,n, fwt) = (fzu ewt)-
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Hence the operator V, defined on the manifold D, of finite linear combina-
tions of the ¢, (|z| #1, s€S, s=0) by

"
VoD Cobapsy = D Cofure,
?

is isometric. Its closure, V, defined on the subspace D=9, is therefore also
isometric.

By the definition of U we have UDyC Dy, hence also UDCSD.

We show that UVf= VUf holds for all f in D. Note that DoMNIM, which
consists of all finite linear combinations of the ¢, with |z| #1, sES; 270,
z# o, 570, is dense in ® by the continuity of ¢,. Hence it is sufficient to
show UVf=VUf for fED,MNM. By linearity, then it is even sufficient to
consider f=¢, (z=0,® ; s#0) only. But, in this case, we have

1 1
UVeza =U — (én - e10) = (en — €0 — €30 + e00)
S 28

(20) )
=V — (s — €0s) = VUey,
2

proving the assertion.
We have shown that for U, V all conditions of Lemma 3 are satisfied.

Therefore, in a properly enlarged Hilbert space @2@, U and V have com-
muting unitary dilations U, V.
By (17) and (19) we have

(I - ZU)(I b SV)E“ = €00

for all |z| #1, s€S. This relation remains true for U, V instead of U, V,
and hence

(21) €z = (I - ZU)_I(I - SV)_léoo

holds. Using the fq\ct that (I+4:20) (f—zU)“=2(I—zU)“—I and the analo-
gous relation for V, we obtain from (21) the equality

1<I+zU I+sV )
4

= €00, €00

I — 30 I—sV
1
= (€m€00) — E) (€20, €00) — > (€0sy €00) + y (€00, €00),
or, by (16) and (13),

(22) f(z, 5) = g(z, 5) + h(z) + k(s),
with
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1 /1 + 20 1+sP
@ 09 = (o7 o )
1
(24) h(z) = > [f(z, 0) + f(z1, 0)],
1
(25) k®=7U&9+ﬂm»—Rmnm—mﬂ%®L

Now, the definition of g can be éxtended by the same formula to any value of
the arguments not on the unit circle,

l(I+leI+zgl7 )

26 2y, %2) = — — €00, €
(26) 8 s = T T—af
(In order not to crowd notations we use the same letter g for the extended
function.) It is clear that, since U, V are unitary, the function (26) is defined
and analytic for all |z, | 2| =1.

We show that g& H,, With the abbreviated notation

vo =t
for U unitary and || 1, we have the simple relations
@7) UEY = - UG,
(28) U@ -UEY =~ |50~ 0 =) 20

for |z| <1. By (27) we have
gz, 25Y) = (UGT)V(ETeon, €00) = (T (21)*V (22)*e00, €00) = g(z1, 22)

for all lz,,, 25| #1, which is property (a) in Definition 1.
By (33), and since the product of two commuting positive operators is
positive, we have for |z, | 2| <1,

g(z1, 22) — g(&TY, 22) — g(=y, 257%) + g7, 277Y)
= ((O(z1) — UGE))(V(22) — V(EY))eoo, €00) 2 0,

which is property (b). Property (c) of Definition 1 is trivially satisfied.

We have established that g&H, From (24) we see at once that & is
analytic and k(z!) = (z,). Thus the sufficiency of the condition of Theorem 1
is proved in the special case where 0&S.

Our considerations also prove the Remark; the conditions there just make
sure that &(z;) =k(2,) =0, as is immediately shown by (24) and (25).

The case where 0& S can be reduced to the former one. We pick an arbi-
trary point so in S, and consider the mapping s—¢ defined by
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S — S

o=1(s) =

1 — 55

which carries the unit disk into itself, and so into 0. An easy computation
shows that the function ¢ defined by ¢(z, o) =f(z, s) for all |z| #1, c€U(S),
satisfies the condition of the theorem. Since 0EI(S), the function ¢ possesses
an extension ® of the desired kind. But then the function F defined for all
Izl|, |z2| #1 by F(z1, 2,) =®(21, I(22)) is an extension of F and a trivial com-
- putation, based on the identity /(2s') =I(2,)~! shows that it fulfills the re-
quirements of the theorem.

So the sufficiency of the condition is fully proved. Remains to prove the
integral representation (14). To prove this, we note that by what we have
proved until now, every function g in H,; admits a representation (26) with
some commutative unitary operators U, V in some Hilbert space @ Let the
spectral resolutions of these operators be U= [¢"e#dE,, V= [3"e¥dF,. The
spectral families E; and Fy commute, and hence by elementary spectral

th
eory or or 1+ zlei¢ 1+ 228‘.«'
g(z1, 29) = f f am($, ¥),
0 0

1— 218“’ 1— dew

with m(e, ¥) = (1/4) (E4Fye€oo, €00), which in fact determines a bounded posi-
tive measure on the torus,

THEOREM 2. Let S be a subset of the upper half-plane such that for some
0<¢p=7/2, 0 is an accumulation point of SIC(¢). For each s in S let f, be an
analytic function of z for all nonreal z. For the existence of a function g in N,
such that f,(z) =g(z. s) for all s€S, Im 25£0, it is necessary and sufficient that
(a) the function k defined for all Im 2z, Im w0, s, tE.S by
fi(2) — fu(@) +jt(w) —7¢(E)

(z — @)(s — ?)
HORSHE)

s—1

(z # ),
(29) k(Z, S5 w, t) =

be positive definite, and (b) for at least one sequence {cr,, }, 0.0, 6. ESNC(9),
| fo(2) /za,.] < M kold for all z in C(¢p) with a constant M independent of n.
Every function g in N, can be represented in the form

(30) (o1, 22) = f_ f_ t P imo ),

1 — Az 1 — uz

with a bounded positive measure m on the plane.

Proof. To prove the necessity of the conditions let g& N,. Consider the
mapping z—¢{ defined by { =a(z) = (2—1)/(247) which carries the upper half-
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plane onto the unit disk, and its inverse, z2=50({) = —4(¢+1)/({—1). On the
basis of the relation b(§~!) =5(¢) it is easily seen that the function G defined by
G({l’ .(2) = - E(b(i'l), b(fz))

satisfies conditions (a) and (b) in Definition 1, hence up to addition of func-
tions of one variable, belongs to H,.
We have the relation

1
”y (4 )(w + (s + )0+ Dk(z, 55, 0) = b, 059, 7)

with {=a(2); n=a(w), 0 =a(s), r=a(t), and
G(g-y 0') - G(ﬁ-l7 0') + E(’l’ T) - a(?h‘r T)

h(,oim,7) =
A (1 =)~ o?)
which is positive definite by Theorem 1. Hence for any points sy, + « -, sy
in the upper-half plane, 2, - - -, 2y not on the real line, and any complex
numbers a4, - - -, ay we have
Z Z E(2m,y Sm; Bny Sn)Cmltn = E Z h(Emy Om; $ny ‘Tn)ﬁmgn =20
m n m n

with
2(1,'
=
(z; + (s + 9)
which proves the necessity of the positive definiteness of (29). The necessity
of condition (b) is evident.

To prove the sufficiency of the conditions, let § be the Hilbert space con-
structed by Lemma 1 in which

(31) k(z, 53w, 1) = (€, €wr).

In the following we use the notation f(z, s) =f,(z). Let tES, and let {w.},
w,—0 be a sequence of points contained in some C(¢) (¢ >0). Then, by (b),
we have f(w,, £)—0, and

§i = a(z)), o; = a(s;), B;

Re[f(wn, ) = f@n )] M
2Imw-Im¢ " sing- | Im¢|

“fw,.t 2= k(Wny t; woyt) = —

Now, for every Im 250, sES,
f(Z, S) - f(wny S) +.7(wm t) - .7(2; l) _)f(Z, S) - .7(27 t)
(z — w)(s = 1) 2(s = 1)

and since the ¢, (Im 20, s&S) span 9, it follows that the sequence e, con-
verges weakly. Its limit will be denoted by €. We have

(€zs) ewut) =
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f(Z, S) _f(z) t) .
z(s — 1)

Now let w (Im w=0) be fixed, and {o.} be the sequence mentioned in
condition (b). Again by (b) we have f(w, ¢,)—0, and

Re[f(w) o) — f(wy Un)] g‘ M

2Imw-Im o, " |Imw]| sing .

(32) (€20 €0) =

wavn = k(w, on;w,0,) = —

Thus for every z (Im 2#0), s€ES,
f(z7 S) —f(u_’v S) +.f(w) a'n) —7(2) ‘7") _')f(z) S) ‘—'f('lf}, S) .

(3 — @)(s — &a) (z — )s

(€20 e,,,") =

(This is correct even if z=1, interpreting it as a differential quotient.) This
shows that e.,, converges weakly to a limit, which we shall denote by euo,
and we have

(33) (€205 €00) = M
(z — )s

(and (en; €0) = (l/s)f’(z, 5)).

Finally let {a.} be the sequence (b) and {2z} 2,—0 some sequence con-
tained in C(¢). By (b) we have f(zm, 0.)—0 for m, n—«, and
_ Re[f(zmy oa) = f(Zm, U'n)]< M

2Im 2,-Im o, = sin2¢.

(34) |

€rn0n||2 = k(Zmy On} Zmy 00) =

Therefore, for all Im 20, sES,
f(Z, 5) _f(z'm 5) +j(zm) on) — ?(2) o) __)f(z’ 5)

(2 — Zm)(s — Gn) 25

(ezs, ez,,,cr,,) =

and so €,,,, converges weakly to a vector €y such that for (z, s0),

[z, 9)

z2s

(35) (€zey €00) =

We now show that for any fixed s in S, €, (Im 25%0) is a weakly continuous
function of z. In fact, for w—z, “ €20 — e.,,.,” t=Fk(z,5;2,5) —k(z,5;w,5)—k(w,s;3,5)
+k(w, s; w, s)—0 by the analyticity of f, and so even strong continuity holds.

We also show that ep,—€o0 and e, 0—¢€00 (3.—0, 2,E C(¢p), $>0) in the
weak sense. In fact, by (34) we have

M

sin? ¢

2,”52,,,0”2 é

||€0¢" )

and by (32) and (33)
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(fxs, e041,,) - (ezu e00))
(Eu, éz,,.o) i (fzc) 600)’

for all Im 20, sES.
Now, for all Im 270, s&S, we define

, 1
(36) €z = — (fn - e(h)-
2
For Im w0, zw, {&.S we have by (29),

' 1 1
(‘u, ftpl) = : (fn — €0y ewb) = —z_ [k(z, S w, ) - k(O; 5w, t).'

4 2 w w

11 (f(z, ) _JED _Jws) | fe 1))

z—w s—1 )
Interchanging z, s with w, ¢ in this formula changes its value to its complex
conjugate. This proves without further computation the relation

(e;ay ewt) = (Gu, ft:al)-

This is true by continuity also for z=1%; we have to note only that like e, €, is
also a continuous function of z.

Let M be the manifold of all finite complex linear combinations
=2, Cp€eps, (Im 2,0, 5,&S5). Define

, '
¢ = E Cp€zps,e
v 4

Then, taking any other element y of I,
¥y = E dqewqiq) V= Z dqe""q‘q’
q q
we have
(¢, ¥) = Z Z cpd-q(eieam ewqt,,) = Z Z fqu(ez,,n,,, f;qtq) = (¢, ¥).
p q P q
M being dense in H this shows that ¢ =0 implies (¢’, ¥) =0 for all y &M, and
hence ¢’ =0. So the operator 4, defined by
(37) Ap = ¢’
is uniquely determined and symmetric. Let A be its closure.

We note that

lim Ade,., = lim — (€z, — €0s,) = — (€20 — €00)
o, —0 g, =0 2 F
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holds in the weak sense. Hence
1
(38) Aé,o = : (é;o - Goo).

Next we show that 4 is selfadjoint. We have to show only that the range
of A+14I and 4 —1I is dense in . Now, for 20, 7, —i;sES it follows im-
mediately from (36) and (37) that

(A + I) €25 — 1€is (A I) 2€2¢ + ié_,'.
= i) /2 = (4 — i) /2.
e 1+ s P

Since the €, (Im 2540, SES, 271, —1) span P, the assertion is proved.
Now define

1
(39) €rn = — (€26 — €20)
)

for Im 250, s€.S. A computation based on (29) shows analogously as before
that
(o €wt) = (€zey €ne)-

Similarly as in the case of (37) we can show that the operator By defined
on I by

(40) BO Z Cp€zpe, = Z Cpez,,::,,
¥4 »

is well defined and symmetric. Let B denote its closure.
We note that for any s&.S and 2,—0 (2, E C(¢), ¢>0),

1
lim Be,, = lim — (e;,s — €:,0) = — (€0s — €00).
z,—0 z,—0 § A}

Hence, B being a closed operator,
1

(41) Béo. = (50: - 600).
s

Now we show that B is equal to the closure of its restriction to (4 +4I)I.
We have seen that (4 +4I)IM contains all ¢, with z%7 (Im 20, s&S).
But €;,=lim..; €, and

1
lim Be,, = lim — (e;, — €:0) = — (e;, — €0) = Bei,.
z—1 z—i S k)

Hence the closure of the restriction of B to (4 +4I)I contains the closure
of its restriction to I, and so must be equal to B.
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For every ¢, (Im 20, s€S) we have

1 1
ABeyy = A — (€20 — €20) = — (€26 — €00 — €20 + €00)
S pA)

1
= B — (ezs — €0,) = BAe.y
2

which by linearity implies A B¢ =BA¢ for all ¢ in IN,

By these considerations we have verified that the conditions of Lemma 4
are satisfied for 4 and B. Therefore, 4, B have commuting selfadjoint dila-
tions in an enlarged Hilbert space §29, which we denote by 4, B.

Now we note that by the definition of 4, B we have

€0 = (I — 24)(I — sB)e,,

for all Im 250, s€.S. This relation remains true with 4, B instead of 4, B,
and then, since the resolvent of a selfadjoint operator is defined for any non-
real number, we obtain

€z = (I - Z/i)_l(l b Sﬁ)_leoo.
Substituting this into (40) the result is
f(3, 5) = 25(€ss, €00) = 25((] — ZA)_I(I - SB‘)—‘GOO, €00).

It is clear now, that the definition of f can be extended to that of a func-
tion g defined and analytic for any nonreal value of its arguments by the rela-
tion

(42) g(z1, 22) = 2:25((I — 2. A)" (I — 32B)eao, €00).
We show that g& N,. For this purpose we introduce the notation
ey, = (I — 214)"Y(I — 25B)eqo.
Then we have
g(z1, 22) = 286(Msyzyy (I — 214)(I — 22B)1s,,)
aital|na,a [ = 22| 21 [*(0esny Anein)
— 21| 22| 2(sregy Bnassy) + | 2132|212y ABniyay),

Il

and hence,
Re[g(-‘zl; 22) - g(zh 22)] = - ”ﬂz,z2“2 Im 2;-Im 22,

which yields (b) in Definition 2. The relation g(2;, %) =g(21, 2:) is obvious.
Finally for 2, 2, in C(¢) (0 <¢ =m/2) we also have
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8(21, Zz) — I ((I _ zlA)"‘(I — 223)—1600’ éoo)l
2122
_ B} o2
= | = 27T = 22B)~|Jlend|? = ==
sin? ¢
because of the elementary inequality o
1
(43) 10— sy £ 7t
: | sin arg 2|

valid for any selfadjoint 4 and nonreal z.

This finishes the proof of the sufficiency of our conditions. Remains to
prove the integral representation (30).

By what we have already proved, any function g in H, can be represented
in the form (42) with commuting selfadjoint operators A, B in some Hilbert
space §. Let the spectral resolutions of 4, B be

4= f ME, B= f udF,.

E, and F, commute for all \, u, hence by spectral theory we have

(21, ) fwfw o ®__ im(\, w)
21, %) = m(\,
gla, 2 o o 1 — X211 — uze s

with m(\, ) = (ExFu€00, €00), Which is a positive bounded measure on the
plane.

Conversely, it is also immediate that a function admitting such a repre-
sentation belongs to N,.

In the proof of Theorem 3 we shall need the following lemma.

LEMMA 5. Let A be a symmetric operator in the Hilbert space O, and let
{@,} yer be a family of subspaces of O spanning O, with each ., invariant under
A. If the restriction A, of A to O is densely defined and bounded for ally in T,
then the closure A of A is selfadjoint. If A is bounded by the same number M for
all y in T, then we also have | 4|| < M.

Proof. Since 4 is densely defined and bounded, its closure is selfadjoint
in §,. Hence, as is well known, the range R} of 4,44 (and of 4,—1l) is
dense in 9, for all yET'. Now, the range R* of 4+ and R~ of A —+I are
linear manifolds in §, containing all %,. Any vector orthogonal to R+ or R~
must be orthogonal to each ®,, hence orthogonal to each $,, and hence equal
to zero. So f+ and R~ are dense in P, which implies that the closure of 4 is
selfadjoint.

Now assume ||4,|| < M for all yET, and let 4= [ \dE, be the spectral
resolution of 4. Let A= [A;, \;] be any interval, disjoint from [— M, M].
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With E(A) = E,,— E,, we have E(A)f,=0 for all f in any one of the spaces 9,.
Since such f, span $, E(A) =0 follows, and hence we have ||4|| < M as stated.

THEOREM 3. Let f be a real-valued function of two real variables xy, x5 in the
interval (—1, 1). In order that f can be extended to a function g& N,, defined for
all Im 2, Im 2,50 and continuous at the points x1, x5 in (—1, 1), it is necessary
and sufficient that () f(x1, 0) =£(0, x;) =0, (B) the first partial derivatives and
the mixed second partial derivative of f exist and be continuous, (y) the function k
defined for all x1, x5, y1, y2 in (—1, 1) by
Sy, 23) = f(x1, y2) — f(y1, %2) + f(y, ¥2)

(21 — yl)(x2 - yz)
be positive definite. For x,=1, or x,=", or both, k here is interpreted as a differ-
ential quotient. The function g can be represented in the form

1 1 21 %9
(45) glan, 22) = f f dm(\, u)
—1v 1 1 - )\Z] 1 - M22

with a positive bounded measure m on the square [—1, 1]X[—1, 1].

(44) k.(xl, X35 Y1, Y2) =

Proof. To prove the necessity of the conditions assume that f possesses
a continuous extension g in N,. Then f is necessarily analytic, and hence
infinitely differentiable. By Theorem 2 we have

2 sm) (zn sm) + 2(z Sn) (Zm S,.)
D S Y.
m (Zm - zn) (sm - sn)
for any 21, + + -, z5; 1, - - -, sy in the upper half-plane, and any numbers
ay, * + +, ay. Letting these points converge to the real points xq, + - -, xn;
uy, - -+, uyin (—1, 1) we obtain

3 2 k(%my thm; En, Un)Am@n 2 O,
m n

which proves the necessity of (y). The necessity of (a) is trivial.
To prove the sufficiency of the conditions, we construct by Lemma 1 the
Hilbert space 9, spanned by the vectors €z, (x1, x:&(—1, 1)) and such that

k(xl; X2;5 Y1, 3’2) = (52122’ ‘um)-
We define
1
(47) e;;zg = - (ezlzz - eOzz)

X1

for x;5%0. Then, for x;,y#0, x1 %y, x27y,, a simple computation based on
(44) gives

(48) (fslv.zzy fvm) = (‘zm» e;m)-



540 ADAM KORANYI [December

To show that this holds also if x; =y, or x;=7y, we point out that €, is a
strongly continuous function of the two variables x;, x,. In fact, by (44), we
have

f(x1, x2) — f(21, ¥2) — f(y1, 2) + f(31, y2)
(%1 — 1) (%2~ ¥2)

”eznzz - evwzuz = féllzz(xl» %) — 2

+ f;izz(yl: y2) ]

. which tends to zero by (8) if y,—x1 and y,—x,.
Let M, be the manifold of all finite linear combinations of the €;,z, (x17%0).
I, is dense in .
Let
¢ = 2 Cpn,®z®, V= Z d ey, @y,
q

P

be two elements of M. Writing
’ !
¢ = D Cpr @z, YV = 2 deey 04,0
q

4

we obtain

(o, ¥) = E E c,,tiq(eilm),,m, €, @y, @)

P g

= Z E Cplp(€z, @2y, e,:lw,,,(q)) = (¢, ¢¥').
D q

If $=0, hence we have (¢, ¥) =0 for all ¢ in IM;, and M, being dense in H,
¢ =0.
From the above it follows that the operator 4, defined by

Awp = ¢’

is uniquely defined and symmetric. We denote its closure by 4,.

For fixed x.&(—1, 1) let $., denote the subspace of $ which is spanned
by all €5, With x;in (—1, 1). By the definition of 4,, every 9., is invariant
under 4,. By the continuity of €., we see that MNP, is dense in H.,. Now,
9., is exactly the Hilbert space corresponding to the function of one variable
F(x) =f.,(x, x2) in the sense of Theorem C [6]. In fact, the inner product of
two Vectors €z,z,, €z, N g, 1S

Fe) = F) |

Y1 — NN

(53112’ flnrz) = k(xlr Y23 Y1, xz) =

A, the restriction of 4, to 9.,, is the operator constructed in the proof of
Theorem C [8]. Hence, by this theorem, ||4.,/| <1 for all x,in (—1, 1). Since
the subspaces 9., (x:&(—1, 1)) span , we can apply Lemma 5, and obtain
that A4, is selfadjoint and || 4.]| <1.
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Having a complete symmetry with respect to the variables x; and x,, we
can define an operator A, first by setting

1
(49) A2€zlzg = (ezlzg - 6310)

X2

for x,70, then extending its definition to the manifold MM, of all finite linear
combinations of such €.,z by linearity, and taking closure. In the same way as
above, it follows that 4, is selfadjoint and || 44| =<1.

For x,,x,7%0 we have by (47) and (49)

A1Asezzy = A2A 1€z,

Hence 4, and 4, commute on the manifold of finite linear combinations of the
€2,2, (%1,%270), i.e., on MNIM,. This manifold is dense in ; therefore, 4,
and 4, commute everywhere in 9.

By (47) and (49) we have

(I — %24 — %141 €n5; = (I — %242)€025 = €00.
Since || 44|, ||[44]| <1, the operators (I —x141)~1, (I —x,45)~" exist for all xy, %,
in (—1, 1). Therefore
€z, = ([ — 2 40)7H (I — x,4,) e0s,
and, for x;, x,70,
f(x1, x2)

X1X2

= k(x1, %2;0,0) = (2,25 €00) = ((I — 2141)7* (I — x243) €00, €00).

Hence for any x, x; in (—1, 1),

(50) flxy, 22) = x122((I — 2141)7 (L — x242) €00, €00).

This representation essentially finishes the proof. Clearly the function
g(21, 29) = 212:((I — 2141)7Y(I — 2242) €00, €00)

defined for all nonreal z;, 2, is an analytic continuation of f, and in the proof
of Theorem 2 we have seen that it belongs to N..

Using the spectral resolutions 4;= 1 \dE,, A;=[1,udF,, we obtain the
integral representation (45) with m(\, u) = (E\F.€0, €00), which is in fact a
bounded positive measure on the square [—1, 1]X[—1, 1].

4. Monotone matrix functions of two variables. In this section we show
that the class of functions of two real variables considered in Theorem 3 is
identical with the class of monotone functions of two matrix variables, in
analogy to the one-variable case. In order to avoid lengthy computations
which are of no interest for the main course of our investigation, we are going
to assume throughout some differentiability conditions about the functions
we are going to consider.
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Let f be a real-valued function of two real variables x, » in (—1, 1). Let
4 be a selfadjoint operator in a Hilbert space § with spectrum contained in
(—1, 1); let A =1 xdE, be its spectral resolution. Similarly, let B= [ udF,
be a selfadjoint operator in another Hilbert space . Then E.® F, determines
a two-parameter spectral family in the tensor product space Q8. By f(4, B)
we understand the operator

14,8 = [ [ fs, waE. ® ap.

1 —1

acting on the space P®K. If, in particular, § and & are of finite dimension
m and n respectively, and 4, B are given by diagonal matrices with the proper
values x1, - - -, xmand u, - - -, u,, then f(4, B) is determined by the matrix
diag { Sf(x1, w1), f(x2, 1),  + «, f(%m, u,.)} in the Kronecker product space.

We shall say that f is a monotone matrix function, if for any $ and &,
and for any selfadjoint operators 4, 4’ in §, B, B’ in & whose spectrum is
contained in (—1, 1) and for which 4’= A4, B’ = B holds, we have

f(4', B') — f(4', B) — f(4, B) + f(4, B) 2 0.

THEOREM 4. Let f be a real-valued function of the two real variables x, u in
(=1, 1). Assume that (@) f(x, 0) =£(0, u) =0 for all x, u, and (B) the first partial
derivatives and the mixed second partial derivative of f exist and are continuous.
Then, f is a monotone matrix function of two variables if and only if it is analytic,
and can be continued analytically for all nonreal values of the two variables to a
function belonging to N,.

REMARK. Since the addition of functions of one variable to f does not
change its monotone character, the condition (a) is merely an unessential
normalizing condition. It will also be clear from the proof, that we could study
monotone matrix functions defined on any rectangle of the plane without any
essential change.

Proof. Assume f is a monotone matrix function. We take an arbitrary
finite sequence of numbers such that %, <x{ <x,<xy < - - - <xw<xm By a
theorem of Loewner [5, Theorem 5], cf. also [4], there exist real symmetric
m-by-m matrices 4 =diag(xi, - - -, x») and A’'=S*diag(x{, - - -, xw)S, S
real orthogonal, satisfying the relation 4’>A4. S=(6u)7s=, can be chosen so
that

“/."‘Yk .
(i k=1,---,m)

(51) Ok =

x! — x

with some positive numbers v;, v! (=1, - - -, m).
Taking another arbitrary sequence of the form u, <u{ < - -« <wu,<u,
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we similarly have B’ > B with real symmetric matrices B =diag(u, - + - , %),
B'=T* diag(u{, - - -, ud)T. T=(7)};-1 is such that
58,

u/

(52) it = Ghi=1,-++,n)

— u

and the §;, 8/ (j=1, - - -, n) are all positive.
Now, by the monotonicity of f, the matrix

D = f(4', B) — f(4', B) — f(4, B') + f(4, B)
= (S ® D)*diag(f(x{, i), - + -, f(#m , #a))(S & T)
= (S ® D*diag(f(xf, 1), - - -, f(xm , 4a))(S ® 1)
— (I ® T)*diag(f(z1, uf), -+ * -, f(&m, %a))(I ® T)
+ diag(f(xy, %1), + - -, f(%my %n))

is non-negative definite. Hence its determinant is non-negative, and, also
making use of (51), (52), we have

det D = det(S ® T)D
= det[diag(f(x{, u{), - - - )S ® T)
— (I ® T) diag(f(x{, us), - - - )(S ® I)
— (S ® D) diag(f(xs, ), - - - )I ® T)
+ (S ® T) diag(f(x1, w1), - - - )]
= det[(f(x!, u})ouri — Tif(x!, w)on— cuf(xe, u) )it curif (ew) i e
J@l,uf) — fal, w) — floe, uf) + flo,w) ,
v 78 &1
(x! — x)(uf — wi)

= 0.

1.5k

= det

Dividing the last inequality by the positive numbers v/, v, 8/, §;, we obtain

P!y — f(x! — !
det f(xt ) Us ) f(jf‘ ) %) {(xk’ Uj ) +f(xk: %) > 0.
(%! — %) (uj — w) ik,
Now let us make x/ tend to x; for each ¢=1, - - -, m and each «/ tend to
u; (j=1, - - -, m). By the differentiability conditions on f, our expression
will have a limit, and
X, ) — f(xi, w)) — f(xe, w;) + f(xe, u
(53) det f( J) f( l) f( k J) f ky l) 0
(x; — x) (w5 — wi) $gik,l

will hold. (The elements of (53) for x;=x; or u;=u; are differential quotients.)
Next we note that since the system xi, - - -, Xp; 2%y, + + +, u, could be
chosen arbitrarily, (53) holds for any subsystem of the fixed system under
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consideration. From this it follows by the usual algebraic reasoning (diago-
nalization and Sylvester’s inertia theorem) that the matrix

(f (s, u;) — fxiy ) — f(e, u;) + f(a, u;))
.7k,

(% — xk)(ui - )

is non-negative definite. e

Since the system x1, - - -, X} %1, * * *, % can be chosen arbitrarily, this
means that for f the conditions of Theorem 3 are satisfied, and so the necessity
- of the condition follows from Theorem 3.

To prove the converse, we use Theorem 3 again, and obtain the repre-
sentation

(59 fo = [ [ e dmo,w

for f, with a bounded positive measure m.

We note that the function f,(x) =x/(1 —\x) is a monotone matrix function
of one variable in (—1, 1) for any fixed value of the parameter X such that
l)\| =<1. Hence, the product of two functions of this type

(55) S, #) = fu(@)fu(u)
is monotone in two variables. In fact, A’= 4, B’ 2B implies
fw(4’, B') — fu(4’, B) — fiu(4, B') + fiu(4, B)
= (AH(4") — A(4)) ® (fu(B') — fu(B)) Z 0.

Now we make the obvious remarks that positive linear combinations of
monotone matrix functions are also monotone, and that the uniform limit of
a sequence of monotone matrix functions again has the same property. A
function representable in the form (54), however, is on every compact sub-
set the uniform limit of positive linear combinations of functions of the type
(55), whence the statement of the theorem follows.

5. Operator-valued functions. In this section we show that Theorems
1, 2, 3 can be generalized to functions whose values are bounded operators
in a Hilbert space $. The emphasis now will be laid on the generalizations of
the integral representation of the classes H,, N, which seems to be the most
interesting feature here. We also restrict ourselves to a slightly less general
situation than in the case of numerical functions.

We'use the concepts of strong and weak positive definiteness, which were
defined in [6] as follows. The operator-valued function K defined on a set
X XX is called strongly positive definite if for any finite system of points
%1, + -+, xy in X and any vectors ky, -+ -+, hy in  the inequality

2 2 (K(tmy %n)ltm, ka) 2 0
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holds. K(x, y) is called weakly positive definite if this condition is required only

for systems of vectors kn=a.h (n=1, - - -, N) with fixed # and arbitrary
complex numbers ay, - - -, an; in other words if

E Z K(xm; xn)aman = 0

m n

in the operator sense. Strong positive definiteness implies weak positive
definiteness; the converse is in general not true.

We use the following notation which was introduced in [7]: Let § be a sub-
space of the Hilbert space $. We say that the operator T in § is a projection
of the operator T in .‘5, denoted T=pr T, if for every hin ©, Th is the orthog-
onal projection of T onto 9.

LEMMA 6. Let X be any set, F a function on X whose values are bounded
operators in a Hilbert space . Assume that for every vector h& D and every x
in X a representation

(56) ()b, ) = f fs w(x, s, dm(s, t; h)
/ 8SXT

holds, where S, T are real intervals, u is a continuous function of s and t in
SXT, and m is a bounded positive measure on SX T, which is uniquely deter-
mined by h. Assume further that

(57 (h, k) =f \ dm(s, t; h)
X T

for all b in . Then there exist commutative selfadjoint operators A, B in a larger

Hilbert space 92D such that their spectrum lies in S, T respectively, and
F(x) = pru(x, 4, B)

for all x in X.

Proof. Let %, &’ be two elements of $. From (56) by polarization we have
(58) @) = [ [ s, s, damts, 1,10,
SXT
with
1
m(s, t; b, ') = T [m(s,t; B + B) — m(s, t; b — I)

+ im(s, t; b + i) — im(s, t; b — ik')].

m(s, t; k, k') is a function of bounded variation of the two variables s, 1.
Normalizing it, say, by continuity from the left and by setting it equal to 0
in a corner of the rectangle SX T, it is uniquely determined by &, &’
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It follows that for any fixed s, t in SXT, m(s, ¢; h, k') is a bilinear form in
h, €9, and by (57)

m(s, t; b h) = m(s,t; ) < f dm(s, t; b) = (b, h).
sxT

Therefore, we have a representation .
m(s, t; h, b') = (D(s, t)h, k')

for all k, b’ in © with a selfadjoint operator D(s, ¢) bounded by 1.

Since the measure determined by m(s, ¢; h) = (D(s, )k, k) is positive for all
fixed & in §, D(s, ¢) is a generalized spectral family in the sense of Naimark,
and hence, by Naimark’s theorem there exists an ordinary spectral family
E(s, t) in an enlarged Hilbert space such that

D(s, f) = pr E(s, 9)

for all s, ¢.

Now denoting the right endpoint of S and T by s, resp. to, E,=E(s, t),
F,=E(s, t) are one-parameter spectral families, and E,, F; commute for all
s, t. Furthermore, we have E(s, {) =E,F, for all s, ¢. Defining the operators

A, B by
A= f sdE, B= f 1dF.,
s T

(F(x)h, k') = ff u(x, s, )d(EFhy ') = (u(s, A, B)h, 1),
SXT

we have, by (58),

from which the equality
F(x) = pru(x, 4, B)
follows, finishing the proof of the lemma.

THEOREM 5. Let S be a set of points in the unit disk, containing 0 and having
an accumulation point inside the unit disk. For every fixed s in S let F(z, s) be
a function whose values are bounded operators in a Hilbert space § and which s
defined and analytic in z for all Izl #Z1. F(z, s) admits a representation

142U 14sV

1—23U 1—-sV

(59) F(z,5) = pr

with commuting unitary operators U, V in an enlarged Hilbert space 623{3, if
and only if (&) F(0,0) =1, (8)F(z™},0) = — F(z, 0)* for all |z| %1, (v) F(,s)
= —F(0, s) for all sC.S, and (8) the function K defined for all lz[ ,"wl #1,
5, tES by
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F(z,5) — F(w™',s) + F(w, )* — F(z™, )*
(60) K(z,s,w, ’) - (1 —Z‘li})(l-—si) b

is weakly positive definite.

Proof. To prove the necessity of the conditions we assume that F(z, s)
is of the form (59). Making use of the simple relation

1 [U+4ad U+ wl
[ ] = 2U* — W)U — )
U—d U*—ul |

1 — 2w

and the analogous relation for V, we obtain

2>

2 2 (K (Zmy Sm Zny Sa)hmy 1) = 4| 2 (U = 30I)™ NV = $ul)~"hm
for any |z,,.| #1, snC€S, k€9 (m=1, .- - -, N), which shows the positive
definiteness of K even in the strong sense. The necessity of the other condi-
tions is obvious.

To prove the sufficiency of our conditions we note that for every fixed &
in O the function (F(z, s)k, k) satisfies the conditions of Theorem 1 and of the
Remark after Theorem 1. Hence we have a representation

o 2w g N | W
Feomn = [ [ T e, v
0 0

1 — ze® 1 — se¥

with a bounded positive measure m (¢, ¥; k). We also have
2x 2r
) = #,00m 0 = [ [ dmo, v b
0 0

for all hE 9.

Since S has an accumulation point inside the unit disk, the holomorphic
extension of (F(z, s)h, k) is uniquely determined for any fixed k. This function
then admits a Taylor expansion

(F(z,8)h, b) = Z Cpg2Ps?
.9
with
2r 2r
tre = f f Eime, $i k) (g =1,2 ).
0 0

Now, the function determines its Taylor coefficients ¢, uniquely, the ¢y, in
turn being the double trigonometric moments of a bounded measure, deter-
mine the measure m(¢, ¢¥; k) uniquely.

So Lemma 6 can be applied. If 4, B are commuting selfadjoint operators,
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U=¢i4, V=¢'F are commuting unitary operators, and hence by Lemma 6 we
obtain
I43U I+sV

I —3U I—sV

which was to be proved. .

F(z,5) = pr

CoOROLLARY. The operator-valued function F(z,, z,), defined and analytic for
Lall |2, | 3| #1, can be represented in the form

I+ 22U I+ 3V
I —2U1I— 2V

F(Zl, Zz) = pr

with commuting unitary operators U, V in some enlarged Hilbert space D9,
if and only if (a) F(0,0) =1, F(21, 0) 4+ F(z1, ©)=F(0, 2;) + F(, 25) =0 for all
|21], 22| =1, (B) FGrY, 27) = F(z1, 22)* for all | 21|, | 25| #1, (v) the operator

M (21, 20) = F(21, 22) — F(37), 22) — F(zy, 27Y) + F(z1Y, 257Y)
is positive for all ||, |2| <1.

Proof. The conditions imply that the function fi(z1, 22) = (F(21, 22)k, k) be-
longs to the class H, for all fixed £in $. By Theorem 1 the function k,(3, s; w, £)
constructed from f; according to (13) is positive definite for all | z|, | w| #1and
all s,t in the unit disk. However, we have ki(z, s; w, t) =(K(z, s; w, t)h, k),
hence K is weakly positive definite. The conclusion now follows from Theo-
rem 5.

The converse can be verified immediately.

For the sake of completeness we mention here the following theorem.

THEOREM 5. If K is strongly positive definite, then Theorem 5 holds even if
S does not have an accumulation point in the unit disk.

We have seen that the condition of strong positive definiteness is neces-
sary. The sufficiency of this condition can be proved by an analogous con-
struction as in the proof of Theorem A** in [6]. The steps of the proof then
follow the proof of our Theorem 1. On the basis of these remarks the proof is
obvious and is omitted.

THEOREM 6. Let S be a subset of the upper half-plane, such that for some
0<¢p=m/2, SNC(p) has 0 as an accumulation point. Assume further that S
hkas an accumulation point interior to the upper half-plane. For all sES let
F(z, s) be a function whose values are bounded operators in a Hilbert space 9,
and which is defined and analytic for all Im z720. F(z, s) admits a representation

(61) F(z,5) = prz(I — z24)"'s(I — sB)™!

with commuting selfadjoint operators A, B in a W Hilbert space é;@ if
and only if (a) the function K defined by
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F(z,s) — F(w,s) + F(w, 8)* — F(, 1)*
(2 —w)(s — )
F'(3,5) — F'(3, )*

s—1

(z # ),
(62) K(z, s;w, 1) =

(s = )

is weakly positive definite, and (B) there is at least one sequence {aa}, d.—0,
anESNC(P) (0<p=7/2), such that F(z., 04)/2.0,—1 in the sense of weak con-
vergence for every sequence {24}, 2.0, 2.EC(9).

Proof. Assume that F(z, s) is of the form (61). By the relation

- : = [s(I — 24)' — D(I — wA)!] = (I — wA)'(T — 34)!

valid for all nonreal 2, w, and from the analogous relation for B, we obtain

2
20,

D (I = snd)YI — zuB)~

m

Z Z (K(Z,,,, S,..; Z,,, sn)hmy hn) =
which shows that K is positive definite even in the strong sense. This proves
the necessity of (). (B) follows immediately from the identity

(I —324)'I —sB)' — I = 3sA(I — g4A)"'B(I — sB)™!
+ 24(I — 24)™' + sB(I — sB)~L.

To prove the sufficiency of the conditions we note that the function
(F(z, s)h, h) satisfies the conditions of Theorem 2 for all » in $. So we have

(F(z, $)h, h) = f f T——-E P dm(\, u; k)

for all h&E 9, with a bounded positive measure m(\, u; k). We also have

(b, B) = Tim o125 (F(zn, on)h, B) = f f dm(n, w; B)

n— o

by the dominated convergence theorem of Lebesgue.

Since S is assumed to have an accumulation point inside the upper half-
plane, the analytic extension of the function (F(z, s)k, k) is uniquely deter-
mined by k. This analytic function, in turn, determines uniquely the measure
m{\, u; h) by the inversion formula of Stieltjes which is easily seen to hold
also for functions of two variables.

Lemma 6 now yields the representation (61).

REMARKS. 1. Similarly as in the corollary of Theorem 5, we see that the
class of operator-valued functions defined for all Tm 2, Im s#0 and repre-
sentable in the form (61 is the exact analogue of the class N,, and can also
be defined in a similar way.
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2. In analogy to Theorem 5’ we can prove that Theorem 6 holds even
without assuming that S has an accumulation point inside the upper half-
plane, if K is strongly positive definite. The proof of this statement can be
carried out analogously to that of Theorem B** in [6], by following the steps
of our proof of Theorem 2.

THEOREM 7. Let F(x,, x,) be a fum:twn deﬁned for all xy, x4 in (—1, 1)
whose values are bounded selfadjoint operators in a Hilbert space Q F(xy, x9)
admits a representation

(63) F(x1, 22) = prai( — 214:) " %2(I — x24,)7?
with commutative selfadjoint opérators Ay, A, bounded by 1 in a larger Hilbert
space D29, if and only if (a) the first weak partial derivatives and the mixed

second weak partial derivative of F exist and are cantinuous, (B) F:.-,(0, 0) =1,
F(x1, 0) = F(0, x3) =0 for all x,, x:, (v) the function

F(x1, 22) — F(x1, y2) — F(y, 23) + F(y, y9)
(@1 — y1)(x3 — ¥2)

(64)  K(x1, 22591, 2) =

defined for xy, xs, Y1, ¥2 in (—1, 1) is weakly positive definite.

Proof. Assuming that F is of the form (63) conditions (a) and (B8) are
obviously satisfied. To prove (y) we use the identity -

1
[x(I — 24)™' — y(I — y4)7] = (I — y4)7'(I — z4)™!
zx—y .
valid for any selfadjoint 4, “A“ <landallx,yin(—1,1). Foranyxy, - « -, %n;
wy, -, uxin (=1, 1), by, - - -, by in O we have

2

DI = 20 A1) — UmA2)"ha| Z 0,

30 X (K (%my W Fony ten) oy n) =

which proves that K is positive definite even in the strong sense.

To prove the sufficiency of the conditions, we note that the function
(F(x1, x2)h, h) satisfies the conditions of Theorem 3 for every fixed & in §.
Hence the integral representation

Lt g %2
(s, )b, B) = f f dmOh, u; By
-1 _11—-)\x11—pxg

holds with a bounded positive measure m(X, u; k). ThlS function has the
convergent Taylor development

(F(x1, xo)ky b) = S f f N utdmOn uy b,
~1

m, n=0
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The Taylor coefficients are uniquely determined by the function; being the
double Hausdorff moments of the measure m(\, u; k), they determine this
measure uniquely.

We also note that
1

, 1
(hy B = (Felss(0, O), &) = f dm(\, u; B)
1

-1V
holds for all # in . Applying Lemma 6, we obtain the representation (63)
with the commuting selfadjoint operators 4;, A, whose spectrum lies in
[=1, 1], i.e., which are bounded by 1.

6. Applications to dilation problems. Finally we wish to indicate the con-
nections of the results in the preceding section with some previous studies
on dilations of Hilbert space operators. Theorems 8 and 9 are known, we
merely show that they can be derived from our Theorem §. Theorem 10 is a
generalization of a result of B. Sz.-Nagy [7]; it turns out that it is a conse-

quence of our Theorem 7.

THEOREM 8 (B. Sz.-NaGY [7]). Let T, T; be doszly commuting(}) contrac-
tions in a Hilbert space ©. In a larger Hilbert space DO there exist commula-
tive unitary operators Uy, U, such that
(65) TYT: = pr Uy Us
holds for all m, n20.

Proof. For |z| <1 we define

Hi(z) = (I + 2T)( — sT,)! (t=1,2),

which is an analytic function of z. Now we define the function F by the rela-
tions F(z, 22) =Hi(20)H:(2,), F(E, 2z2) = —Hi(z:1)*H,y(22), and F(3!, %)
= F(g1, z)*. Thus F is defined for all |z],|2| 1, is analytic, and clearly
satisfies conditions (a), () of the corollary of Theorem 5. To show that it
satisfies condition (y) too, we have to prove that

(66) M(z1,322) = Hi(21) Ho(22) + Hi(21)*H1(22) + Ho(22)*H\(21) + Ha(z2)*Hy(21)*

is a positive operator for all |z, | 2| <1.
By the double commutativity of T3, T, we have

M(zy, 22) = (Hi(z1) + Ha(20)*)(Ha(z2) + Ha(22)%).

The operators H;(z;) +H(z:)* =2 Re H,(z;) are positive; let in fact, f be any
element of 9, and denote g= (I —32:T;)"!f. Then we have for Iz;l <1,

(3 Le. T\ commutes with both T and Tf.
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(Re Hi(3.)f,f) = Re((I + s T)I ~— &T)7Y, f)
= Re((I + 5T)g, (I — uT)g) = ||gl|* — | s:|Y| Teell” 2 0.
Hence M(z, 25), being the product of two commutative positive operators, is

itself positive if ||, || <1.
Now, by the corollary of Theorem 5 we have
14 2T 14 27T, 14 5U: 14 33U,

F = =pr 1
(a1 2) 1 —2Ty 1 — 27T, P 1 =501 1~ 35U,

with commuting unitary operators Uy, U, in an enlarged Hilbert space $29.
Taking the power series development of both sides of this equation and com-
paring coefficients we obtain the relations (65).

THEOREM 9 (S. BREHMER [1]). Let Ty, Ts be commutative coniractions in o
Hilbert space §, such that || Ty||2+|| T3l|* S 1. Then there exist commutative uni-
tary operators U, U, in a larger Hilbert space .62.6, such that

TiT; = Ui Us
for all mn 20,

Proof. We define F in the same way as in the proof of Theorem 8, The
conditions (a), (8) of the corollary. of Theorem § are again trivial; we have to
use a different argument only to prove that (66) is a positive operator.

We use the abbreviated notations

Si=2T;, I+ Ri=(I—S)" G =1,2).
We have the relations
S:I + R;) = R, Hi(z) = I + 2R..
Now consider the following identities, used also by Brehmer.
M(z1,20) = (I 4+ RN+ R*I + R + Rs) — (I + RF)RIR(F + Ry)
— (I + R¥)R#R:(I + R)) + R¥*R{¥R\R,
=+ R¥NUI+ RNUIT + R)(I + Ry

— (I + RMHUT + RMS¥S(I + R)T + Ry)

— I+ RMHUT 4+ RYS#S:(I + R)(I + R)

+ (I + RNT + RHSHSFS1S:(f + R + Ry).

Hence with 4 = (I—-S,)(/—S,) we have

1
M = n A*M (31, 22) A = I — SISy — S&Se + S&S1*S1Ss,

and therefore, for any fin 9,
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M1, f) = Ifll* = 1Su12 = [1Safl]® + [|S:Sa1]]2 2 o,

whence also M(z, 22) 20.
The positivity of (66) being established, the same argument as in Theo-

rem 8 finishes the proof.

THEOREM 10. Let T, (r, s=0, 1, - - - ) be a double sequence of bounded self-
adjoint operators in a Hilbert space © such that (a) for every real polynomial
P\, w) = 2N _o a\u which is non-negative for all N, p in (—1, 1), the oper-
ator J°¥ _.a,,T,, is non-negative, (8) Too=1.

Then there exist commutative selfadjoint operators A,, A, bounded by 1 in

an enlarged Hilbert space DD such that
(67) T,, = pr ArA: (r,s=10,1,--+).

Proof. The mapping of positive polynomials p(\, u) into the set of bounded
selfadjoint operators defined by T(p) = >N 06T, is by assumption linear
and of positive type. So, by a standard argument, it can be extended, pre-
serving these properties, to all bounded continuous functions f of \, u in
(=1, 1). In particular, if fQ\, B) = 2 _ru0 G N"u is a power series convergent
in an interval properly containing (—1, 1), and having a non-negative sum
everywhere in (—1, 1), then T(f)= X -0 s T+ converges and is a non-
negative operator.

Now we consider the function f, defined by

X X2

= X1X2 i ()\xl)'(l.‘xz)‘

1 — )\xl 1 - ux2 r,8=0

(68) fx,.(xl, xz) =

with fixed N\, u in (=1, 1). f, is of the type considered in Theorem 3, hence

for any finite system of points #,, -+ +, ux; vy, - - -, vy in (—1, 1) and any

complex numbers a;, - -+, ay we have

f)«p(“m; 'i"m) - f)\u(“my vn) - f)\u(um 1'm) + f)‘u(un, vn)
(thm — %) (Vm — )

(69) 0w = £ nin > 0

(which could also be verified directly).

For uj, v;, aj (j=1, - - -, N) fixed, p(\, u) is therefore a positive function
of \, u, admitting a Tavlor development converging in an interval larger than
(—1, 1) as can be seen by substituting the series (68) into (69).

Hence 7°(p) is a non-negative operator. From (68) and (69) however it is
seen that

- F(ttm, ta) = F(thn, tn) — F(thn, vn) + F(thn, v4)
T(p) = 202, — Uiy = 0

moon (ttm — t2) (v — )

with
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0
ras
F(x;, %) = 1122 3, Tritata.
r,0m=0

Since this holds for arbitrary u;, v;, a; (j=1, + - -, N), it follows that the
operator-valued function F satisfies the condition of weak positive definite-
ness in Theorem 7. The other conditions being trivially satisfied, we have by
Theorem 7,

(70) F(21, 22) = pr s1i(I — x141) " ws(] — 2:49)7}

with commutative selfadjoint operators 41, 4,, bounded by 1 in an enlarged
Hilbert space 2 9.
Now developing both sides of (70) into power series

L ©
r+1 s+l v 8 1 ol
E Tox1 %2 = E pr A14sx, 22

r,sm0 r,sm=0
and comparing coefficients we obtain the desired result.
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