HAUSDORFF SUMMABILITY METHODS

BY
B. E. RHOADES

1. Introduction. In order to make this paper somewhat self-contained,
and, because there appears to be very little agreement on notation by authors
in this field, I shall define most of the terminology used, and give specific
references to concepts which are used but not defined herein.

The first grouping of statements is applicable to infinite matrices in gen-
eral. Let x denote a sequence, 4 an infinite matrix for which 4.(x) = Dt G
is defined. The convergence domain of a matrix A, denoted by (4), consists
of the set of sequences x such that {A.(x)} is convergent. Two matrices are
said to be eguivalent if they both have the same convergence domain. A
matrix A is called conservative if (i) ar = lim, a. exists for each &,
(i) ¢ =lim, Y i @u exists, and (iii) 4 has finite norm, where “AH
=supn 2 & |4n|. A matrix 4 is said to be regular if A is limit preserving;
i.e., for every convergent sequence x with limit /, 4,(x)—J. Necessary and
sufficient conditions on a matrix 4 for regularity are: (i) a;=0 for each &,
(ii) t=1, and (iii) 4 has finite norm. A matrix 4 is said to be totally regular,
if 4 is regular, and if, for every sequence x such that x,—+ ©, 4,(x)—>+ «.
If a matrix A possesses a two-sided inverse, the statement B t.s. 4 is equiv-
alent to the statement that BA~!is totally regular. For two matrix methods
A and B, B is said to be totally stronger than A, written B t.s. 4, if for each
sequence x for which A4.(x)—!, B.(x)—l, |l| S . B is not totally stronger
than A, written B n.t.s. 4, if 4.(x)—/ implies B,(x)—/!, ! finite, but there
exists a sequence x for which A.(x) >+ © and B,(x)+ 4 «. Two matrices
are said to be totally equivalent if A t.s. B and B t.s. A. A matrix 4 is called
triangular if all the elements above the main diagonal are zero.

Let p denote a sequence. Define a linear difference operator A, operating
on p, by Ame=pe—prs1, A=A ") = 22 (—1)iCpjutirj. A Hausdorff
matrix H = (hnt) is a triangular matrix defined by hn = Cy sA**u. Hence u is
called the generating sequence. A sequence u is called totally monotone if all
of the successive differences are non-negative;i.e., A", 20; k,7=0,1,2, - - -,
It should be noted that the row and column indexing for Hausdorff matrices
starts with 0 instead of 1.

A Hausdorff matrix has finite norm if and only if the generating sequence
can be expressed as the difference of two totally monotone sequences. Every
Hausdorff matrix with finite norm is conservative and enjoys the additional
properties that Y k.. =uo for each n, hence ¢=puo, lim, kn. =0 for each posi-
tive k, and ho=Ilim, A, o exists. Thus the regularity conditions for a Hausdorff
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matrix can be described by (i) Ay=0, (ii) uo=1, and (iii) H has finite norm.
A Hausdorff matrix is totally regular if and only if it is regular, and the
moment generating sequence is totally monotone.

In speaking of a Hausdorff matrix H generated by a sequence u, I shall de-
note the matrix by H,, the method by H~y, and the convergence domain
of H, by (H, u), except that I shall denote the convergence domain of the
Cesiro matrix of order 1 by (C, 1). For other basic properties of a Hausdorff
matrix see [6]. The identity matrix shall be denoted by I.

It is a well-known result [1, p. 452] that two regular Hausdorff methods
with nonvanishing moment sequences cannot be totally equivalent unless
they are identical. Hence the concept of totally stronger serves as a partial
ordering of equivalent Hausdorff methods.

Basu in [1] compares totally the Cesiro matrices, usually denoted by C=
or C., and the Holder matrices denoted by H= or H,. In [4] he compares
totally the H* and I'j matrices, where I';, called the Gamma matrix, has
[a/(n+a)]= as a generating sequence, a, @>0. In [11] the author compares
totally the Gamma and Cesiro methods, using the results of [1; 4] to obtain
the following facts.

Let 0<a, @’ <1, b>1. Then,

R() for 0<a=(a+1)/2<14+a=<a’'<1,T; ts. H, t.s. TY t.s. C, t.s. I,
but not conversely.

R(i) for0<a=(a+1)/2<1,TSt.s. C, t.s. H, t.s. 'y, but not conversely;
and

R(ii) for a>1, 2b=za+1, I t.s. H, t.s. C, t.s. 'y, but not conversely.

Basu in [2] compares totally the hypergeometric and Cesiro methods.
In §3 of this paper the hypergeometric method is compared totally with the
Gamma method, taking advantage of the above facts and the results of [2].
The proofs employ a technique believed to be new. The basic properties of
this technique are developed in §2.

In §4 the C, and T’} methods are compared totally with three methods
defined and discussed by Greenberg and Wall (hereafter referred to as G and
W) in [5, pp. 780-783].

In §5, the equivalence is established of certain Hausdorff methods for
complex sequences, whose analogues for the corresponding real sequences
are well known.

In §6 a Hausdorff method of summability is defined. This method of sum-
mability, involving two parameters, is shown to be equivalent to C* for non-
negative «, and reduces to the Hoélder or Gamma methods of order «, for
proper choice of parameters.

In §7 this method is compared totally with the Cesaro, Holder, and
Gamma methods.

§8 generalizes some results of [13].
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2. Products of Hausdorff matrices.

THEOREM 2.1. Let p={u.} be a totally monotone sequence with at least two
nonzero elements. Then p.7#0 for any n. .

Proof. Assume there exists an integer k such that u;_;70 and u; =0. Then,
either u,=0 for all #=k or else there exists at least one integer m >k such
that u,.>0. However, the latter condition implies u is not totally monotone.
Hence, u,=0 for all n=k. Then A'uy=m for r=0,1, 2, - - -, and the asso-
ciated Hausdorff matrix H,= (k) has the property that lim,., s = «, and
hence H is not conservative. But u totally monotone implies H, is conserva-
tive. Therefore u is not totally monotone.

Theorem 1 cannot be weakened, since the sequence {l, 0,0,--- } is
totally monotone.
However, sequences of the form {c, 0,0--- }, ¢ a constant, form the

set of co-null (see [14, p. 61] for the definition of co-null) Hausdorff matrices,
which are not regular. Hence it is true that every totally regular Hausdorff
method has a nonvanishing moment sequence.

A triangular matrix is called a triangle if there are no zero elements on the
main diagonal. The discussion following Theorem 2.1 implies that every
totally regular Hausdorff matrix H is a triangle. Hence, H! always exists,
which leads to the following theorem, true for triangles in general.

THEOREM 2.2. Let A and B be triangles. If A t.s. B and B is totally regular,
then A 1s totally regular.

Proof. A t.s. B iff AB~!is totally regular. (AB—1)(B) = A. Therefore 4 is
totally regular, since it is the product of two totally regular methods.

Since the product of two totally regular sequences is also totally regular
(see, e.g. [3, p. 393, Lemma 4]), a feasible problem is to compare the total
strength of the product with respect to the total strength of either.

THEOREM 2.3. Let H~uy, H~u, be totally regular Hausdorff methods. Then
HN[tu.Lz t.s. HNul, HN/.Lz.

The proof is trivial since Hy,u,/ Hy,=H,;, j, k=1, 2, j#k, which is totally
regular.

This theorem enables us to give new proofs of known results. For example,
it can be used to prove Hj t.s. H, for f>a>0. Let uy,=(k+1)"6G2, pu,,
= (k+1)~2. Then uyu,,=(k+1)~#, and the result follows by Theorem 2.3.

Similarly, we can show that for 0 <a <8, I'® t.s. I'®.

However, Theorem 2.3 has other uses, which will soon be demonstrated.

THEOREM 2.4. Let H~uy, H~p, be two Hausdorff methods with nonvanish-
ing moment sequences. Then H~u, t.s. H~py>H~ui! t.s. H~puil

Proof. Let A =p1,/pa, = (u2,) 7Y/ (1) 72 Q.E.D., since A is given to be totally
regular.
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THEOREM 2.5. Let H~u;, H~\; be Hausdorff methods such that H~yu; t.s.
H~N\;, \; nonvanishing i=1, 2. Then H~pyu, t.s. H~\N,.

Proof. Let a; =”'11J“2k/ Ahe, = (I-llk/ )\1,‘) . (Hz,‘/xh). Therefore H~a is totally
regular, since it is the product of two totally regular methods.

THEOREM 2.6. Let || <1. Then C;' t.s. C—a.

Proof. For @20, an outline of a proof is contained in [10], and will be
omitted here. For @ <0, use the result of [10] in conjunction with Theorem
24. :

Note that Theorem 2.6 together with Theorem 2.2 states that C;' is
totally regular for —1 <y <0.

COROLLARY 2.1. Let 0<y<1. Then H_, t.s. C;\.
Proof. From R(ii), C, t.s. H,. From Theorem 2.4 H;y'=H_, t.s. C;.
COROLLARY 2.2. For 0<1—a<y<1, C2} t.s. 7.

Proof. By (i), I';” ts. C_, for 0<1—y=<a<1,ie, 1>y21—-a>0. Use
Theorem 2.4.

COROLLARY 2.3. For 0<y=<1-2a<1,T] ts. CZ}.

The proof is the same as that of Corollary 2.2 and will be omitted.

Theorem 2.4 together with Theorem 2.6 is very useful in comparing the
relative strength of Cesiro-Holder type methods as a changes from positive
to negative values, |a| <l1.

For example, from (ii), C, t.s. H, for 0<a<1. From Theorem 2.4 (H,)™!
=H_, t.s. C;'. But, from Theorem 2.6 C;! t.s. C—,. Thus H, t.s. C, for
v = —a, yielding a new proof of [1, Theorem 1 (i)].

Theorem 1 of [2, pp. 229-233] states that, for «, 8, a+8> —1,

B() CoCp t.s. Cayp, a > 0,
B(ii) Cayp t.5. CaCp, af < 0.

Assuming the truth of B(i) it is possible to give an independent proof of
B(ii). Consider C;'C5'Cays, af<0. Then either —1 <a<0 or —1<8<0.
Since the above expression is symmetric in « and B, it will be sufficient to
prove the result for —1 <a<0.

Since a8 <0, B>0, we have two possibilities. Either a4820 or a+£<0.

Cask 1. Assume a+8=0.

By Theorems 2.5 and 2.6, Ci'Ci'Cays t.s. C_oaCi'Caqps. From B(i),
C_aCaip t.s. C_gparp=Cs. Using Theorem 2.5 C_,C5'Coqs t.s. CsC5'=1. But
I is totally regular. Therefore, from Theorem 2.2 C;'C5'Cayys is totally regu-
lar; i.e., Cayp t.s. C.Cp.

Cask II. Assume a+8<0. Then 0<B<1. From Theorems 2.5 and 2.6,
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CilCi Casp t.s. CitC_gCoyp. From B(i), C_sCays t.s. C_pras+s= Ca. Hence, by
Theorem 2.5, Ci'Ci'Coys t.s. Ca'Ca=1. I is totally regular. Hence, by
Theorem 2.2, C;'Ci'Cayp is totally regular.

3. Comparison of the hypergeometric method with the I'; method. For
the sec}luence which defines the hypergeometric method (H, e, 8, v), see (2,
p. 227].

As Basu [2] points out, the hypergeometric method becomes more work-
able when it is expressed in terms of its Cesiro equivalent; i.e. (H, «, B8, v)
= C;EIC;_llC-,_l.

THEOREM 3.1. For 0<a, Bél,'/3<1+"y§1 orasS1+ys1,(H B, v+1)
ts. Iy, b>1.

Proof. Let H=C;1,C;},C,I;". Since BS1+7, C, t.s. Cpr;ice., C,C5ly is
totally regular. But C;!, and I';” are also totally regular, Therefore H is
totally regular. It is clear that the roles of @ and B are interchangeable in the
above argument.

THEOREM 3.2. For a, B8, 0> 1, 0 Sy Sa—-—10or 0Sy=<p8—-1,
Fg t.s. (Hv «a, B: 7+1)°

Proof. Let H=C,_1C3_1C;T]. Since a—127, Co1C;! is totally regular.
So also are I'] and Cs-1. Therefore H is totally regular. As before, @ and 8 are
interchangeable.

THEOREM 3.3. For 0=, B8, v<1,as1—-v=a<l, (H, o, B,v+1) ts. I

Proof. Let H = C;!,C;1,CI;" = C.1,CLC,I;"CZyC-,. From (i)
I';” t.s. C_,. By Theorem 2.4, CZ} t.s. T'}; i.e., CZ)T'; " is totally regular. Since
1—y=2a, C_,C; is totally regular. So also are C, and Cg,. Therefore H is
totally regular.

By extremely lengthy calculations it can be shown that, for 02 e, 8, v <1,
27,8, (H, a, B, v+1) ts. I.

Basu [2, p. 228] shows that C, t.s. (H, «, 8, v+1) fora,f21,¥> —1, and
that (H, a, 8, v+1) t.s. C, for 0<a, =1, ¥> —1. Using these results in
conjunction with Theorems 2.6, 3.1-3.3, Corollaries 2.1-2.3, and R(i)-R(iii),
we have the following table. The notation “t.s.” has been replaced by an
arrow pointing to the weaker method.

Let 0<a,a’'<1,b21,0<, 1 =1, oz, B221.

For —1<y <0,
(l) ¥ -1 (2) 11,(2) 3) «

(Hr ay, B, ¥ + 1)__"I‘b"—’HT—’C—1'—’ _*C-y'—’ a

(H) az, B3, v + 1)-
For 0=y <1,
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)3 \(6)
(Hy ay, B,y + 1) (4) ( ) —H— PZ—(—-)-'(H asz, B2,y + 1).

For y>1,
(Hy ay, By, ¥ + 1)

. \ ® O

T,—— H,——C,— Ty ——(H, as, 2, v + 1).

MBb= 1+7<1 orae; £ 1+v=<1. 30<y=<1-2a<1.

2Qo0<14+y=a<, 6)0<1—-d =vy<1.
B 0<aes(x+1/2<1. (MNM0sySaz—lor0sy=p—1.
@ as1—y=Za<l. 8)2b=v+1.

I conclude the discussion of hypergeometric methods with the following
four negative results.

THEOREM 3.4. For —1<v=0, a, <1, ¢>0,I7 n.ts. (H, a, B8, vy+1).
Proof. Consider C,_1Cs_1C;'T"). Then u,=8,N.v,, where
I'(n + 1)T'(e) _ T(n+ 1)r(B)

n = ’ n

I'(n + a) I'(n + B)
F(n+v+1) ¢
I'(n+ DIy + 1) (24 )7
A necessary condition for H, to be conservative is that u be a convergent
sequence. Since I'Y and C, are equivalent for all y> —1, v is a non-null
convergent sequence. Let v=min v,. Since 8., A\, are positive, p, = 8.AV. For

a, <1, 8,— © and \,— «. Therefore u is not convergent and H, is not con-
servative, hence not totally regular.

THEOREM 3.5. For v>0,a, 3>1,0>1, (H, o, 8, y+1) n.ts. I'].

Proof. Let H;'=C;!,C5},C,I';". Then p; ' = 6;'\:'v;! where 8,, A, v, are
defined as in Theorem 3.4 with ¢ =b. As before, v—! is non-null and convergent.
Let v-!=min v;%. Then u;, 128, N\;'v-!L. Sincea, 3> 1, ;!> ¢ and A\, 1> o,
Therefore u~! is not convergent.

THEOREM 3.6. For v20,0<e, 851, ¢>0, T n.ts. (H, o, B, v+1).
Proof. Let u,=0,\,2,, where 8., A, v, are as defined in Theorem 3.4.

T



402 B. E. RHOADES [December

Again v>0, where v=min v,. Then u, 2 8.\,v. But §,— © and \,— =, since
a, B<1. Therefore u is not convergent.

THEOREM 3.7. For y21,0<e,8S1, Hyn.ts. (H, a, 8, v+1).

Proof. Assume H, t.s. (H, «, 8, v+1). From (iii), 'y t.s. H, for 0<a<1.
Hence I'] t.s. (H, a, 8, v+1), contradicting Theorem 3.6.

Theorem 3.7 can also be proved by using a technique similar to that em-
ployed in the proof of Theorem 3.4.

The following are some open questions.

(i) For —1<ys50, 0<a;, 1581, 0>1, Bi>14+y and a>1+y, is
(H, ay, B, v+1) ts. I7?

(ii)) For0<y<1,0<a1, $1S1,0<a<1,a<piora<y,is (H, a4, B, v+1)
t.s. I'7?

For y>1,0<a<1,0<a, f1S1, is

(iii) (H, ay, fr, v+1) t.s. T3?

(iv) (H, ou, B, v+1) t.s. Hy?

4. Total comparison among three Hausdorff methods and the Ci method.
Throughout this section, a, b, ¢ are real positive numbers with ¢ arbitrary,
0<ast,b>1.

Combining the relations (iii) and (iv) of [2, p. 228], or stating Theorem 5
of [11], gives the following result, which is stated here for ready reference.

RS T.ts. Cits. T

The three Hausdorff methods from G and W shall bé denoted by
H~ou(t, k, ¢), H~as(t, r), and H~ay(t, ), where

1 —a(tk,
ai(t, k,c) = -—a-(t—fz , a(t, k, c) = (¢ + o),
C1
k=1,2,3,---,¢>0, ¢c; a constant such that ;(0, &, ¢) =1;
1 -1y !
a:(t, f) = —"'—1— =f u‘d¢z(u), 0<r< 1,
tlog— ’
r
0, 0Susr,
= log u
¢:(u) 1——5——: r<u=s1,
log r
and
1 — '6+1 fl
(7)) = ——m——— = utdos(u 0<r<it
a( r) a0+ 1)(1 __') A d¢l( ): ’
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0, O0fSusr,
G3(u) = Ju—r

First consider oi(t, k, ¢), and observe that it can be written as
et Dk, ¢ (¢t+c)~". Hence c;=k/c.

Since au(t, k, ¢) =k~ D _f., c"(t+c)~r, H~au(t, k, c) is totally regular, since
it is a finite sum of totally regular methods with positive coefficients, and
ai(0, &, ¢)=1.

THEOREM 4.1. H~au(t, &, c) t.s. T} for k=1,2, - - -

Since ordinary equivalence has been established by G and W for
H~a(t, a, ¢) and C;, and since C; and T} are equivalent, Theorem 4.1 is
proved, as are all of the positive results stated here, by showing that the
moment generating sequence is totally monotone, or is a finite product of
totally monotone sequences.

COROLLARY 4.1. H~ay(t, k, a) t.s. Ci.
This result follows from Theorem 4.1 with c=a, and RS.

THEOREM 4.2.

(i) (C 1) (H al(t k C))) )2) 3)
(ii) Cin.t.s. H~ay(t, k, b), k=2, 3, 4,
(iii) H~a(t, k, b) n.t.s. G, k , 3,4, -
(iv) Cits. H~ai(t, 1, b).

Part (i) has been established by G and W.

Part (ii) of Theorem 4.2, and most of the negative results of this section
are proved by showing that the moment generating function is not totally
monotone. A moment generating function is a continuously differentiable
function f(f), whose values on the non-negative integers are the terms of a
corresponding moment sequence u; i.e., f(n) =u.. The sequence u is totally
monotone if and only if (—1)"f®™(¢) =20 for t>0,r2=0,1,2, - - -, and f(0+)
=/1(0).

Let u(t) =au(t, k, b) - (¢+1) = pa(¢) - pa(2), where ps(¢) =t +1, p2() = u(2, k, b)
—E Y, BB D=1, ™) =0, n>1.

(n)

0 =Nk Zr<r+1) co(r+m— Db+ b)),

r=1
n=1,23,--

n

“(n)(t) _ Z (:) n_J[ﬂl(t)] Dg[yg(t)] E (jl) (n— J)(t) #‘5})(1)

j=0 j=n—1
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_ n(_l)n—l k ,(,_|_ 1) . e (,+n _ z)br

(n)
=7z “+ B
(=) +1) & rr+1) - (r+n— 1)br
+ " (¢ + by '
a () __!_ Err+1)---(r+n—2)b (t+1)(r+n—1)_
CHWe=3x (¢t + Brt=t { ¢+ "}’

Let f(¢) =(¢+1)(r+n—1) —n(t+b) = (r—1)t+r—14+n(1+D).

For r=1, f(t) <0 for t=z0,72=1, 2,3, - - -.

For r>1, f({) =(r—1) [t+1—(—1)n/(r—1) ]. Fix t=t,. For n sufficiently
large, f(to) <0. Therefore u(¢) is not totally monotone.

Proof of (iii). Let

il

1
t+11—- [b/¢+D]

1/u(t) =

Dy(1/u(?)) -
b \* 1) kb*
¢+ D[ =84/ + b)) — t[l - (t T b) + Zib))lﬁ-l]

¢+ D1 — 8/ + b)*]?

af(®) ’
¢+ D1 — B4/t + b)H]?

= ¢

(=1)D(1/u(®) =

where

B (k4 1) |
f(t)—(t+b)*{ t+b +1}_1

k
= (l + b)k+1

Since k22 lim;., f(f) = —1. Therefore there exists a value #;>0 such that
f(®) <0 for t>t. Therefore 1/u(t) is not totally monotone.

Proof of (iv). H~a(t, 1, b) =T}. Q.E.D. by RS5.

(kt* + bt +1t+b) — 1.

THEOREM 4.3. H~ay(t, r) n.t.s. TL

Proof. It shall be sufficient to show that A(¢f) is not totally monotone,
where \(¢) = (1 —r9) (¢+c)/t.

Writing r* as (el® )¢, and using the infinite series expansion for e*, we
obtain
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A = — (1_‘_%)% (tlogr)*

k=1 k!
\ > (tlogr)* = (log r)ke-1

- -z 2>

=1 k! k=1 k!
= (tlogr)*(k+ 1+ clogr)
= —clogr— ), .
- (k+ 1!

For ¢ positive and sufficiently small, the sign of A®(¢) will be the same as
that of the coefficient c; of t*. From the above expression for A(f) we see that

_ (_l)k+l(| logrl )k
x4+ 1!

For eachr, 0<r<1, k4+1+clog r>0 for all % sufficiently large. Therefore
¢ is negative for all k sufficiently large, and positive ¢, sufficiently small, and
A(#) is not totally monotone.

B+ 1+ clogr).

Ck

COROLLARY 4.2. H~a,(t, r) n.t.s. Ci.

If H~as(t, r) t.s. C, then, from RS, H~a(t, 7) t.s. T}, contradicting
Theorem 4.3. ’

COROLLARY 4.3. H~ay(t, r) n.t.s. H~a(¢, k, c).

If H~ay(t, ) t.s. H~au(t, k, c), using Theorem 4.1 gives a contradiction
to Theorem 4.3.

THEOREM 4.4. C; t.s. H~a(t, r) is not possible.
From G and W, (H, as(¢, r))2(C, 1).
THEOREM 4.5. H~a;(8, k, ¢) n.t.s. H~ax(t, 7).

Let
c \* 1 1 c \*
1—( ) n log — ¢log— 1—( )
n+c r r n+c
b = kn 1—r % 1—
c

Since lim, .o g, =1 and lim,_., u.=(—c log r) /%, u cannot be totally mono-
tone unless —c log r <k. It is sufficient to show that there exists a positive
integer n such that p, <(—clogr)/k;ie., 1—[c/(n+c) | <1 —rr;ie., rm(n+c)*
<c*. But ¢t is a constant for each k, and r*(n+c)*—0 as n— «. Therefore,
for n sufficiently large, u, <(—c log r)/k and u is not totally monotone.

COROLLARY 4.4. T} n.t.s. H~au(t, 7).
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If T} t.s. H~as(t, 1), then, using Theorem 4.1 leads to a contradictioh of
Theorem 4.5.
THEOREM 4.6. C, t.s. H~as(t, 1).

Let u(®)=(@+1)-(1=r)@¢+1)/QA=r*)=1—1) 2o or“‘“’“ Each dif-
ferentiated series of u(f) is uniformly and absolutely convergent for ¢20.
Differentiating term by term, we obtain

p®@) = (-1 -1 I log rI" D krpktdn),
k=0
Since u(0+4+) =u(0), u(f) is totally monotone.
COROLLARY 4.5. H~a4(t, r) n.t.s. H~a(t, k, ¢), k=2,3, - - -.

If H~ay(¢, r) t.s. H~a(t, k, ), then using Theorem 4.6 leads to a contra-
diction of Theorem 4.2 (ii) and Corollary 4.1. See Theorem 4.8 (ii) for the
case k=1,

COROLLARY 4.6. H~a3(t, r) n.t.s. H~a(t, 7).

If H~ay(t, r) t.s. H~as(t, r), then using Theorem 4.6 gives a contradic-
tion to Theorem 4.4.

THEOREM 4.7. Let ri#r,.
(i) H~as(t, r1) n.t.s. H~ay(t, 73).
(i) H~as(t, r2) n.t.s. H~a(t, r1).

Proof of (i). Let u(f) =as(t, r1)/as(t, r2). Then

(1 —r)(1 — 1)

A — )1 — Yy

Since limg.q p(t) =(1—rs)/(1—r1), u(t) can be totally monotone only if
1—r;<1—r;ie, n<lrs.

u() =

"a (1 —r1) 1o
(D4’ = A== réﬂ)z[ Fa =t )log "

- r;H(l - r1 ) log 3.

Since 1 <r;, rit'<rt! for t> —1. Hence 1—rit'>1—rit! Also log n
<log ra. Therefore (— l)p’(t) <0 for t=0. Therefore u(¢) is not totally mono-
tone.

Proof of (ii). Because of the symmetry of u(f) with respect to 7, and r,,
1/u(?) is not totally monotone.
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THEOREM 4.8. (i) T n.t.s. H~as(t, 7).
(ii) H~ey(t, 7) n.t.s. T

Proof of (i). Let p, =b(n+1)(1 —r) /(n+5)(1 —r*+Y). uo=1 and u,—b(1 —7).

If (1 —7) =1, p is not totally monotone. Assume b(1 —r) <1. If there exists a
value of >0 for which u, <b(1—7), then u is not totally monotone. Assume
wn=b(1—r). Then

b(n + 1)(1 —

(n+ 1A —7) > b1 — 1);

(n+ B)(1 — r) |
ie, n+1Z2(m+b)(1—rt)=n+b—(n+b)r*t; ie., (n+b)r"+1=b—1. But
b—1>0 and (n+b)r+'—0. Therefore, for n sufficiently large, (n-+b)r*+!

<b—1. Hence u is not totally monotone.
To prove (ii) use the same technique as that used in the proof of Theorem

4.3.
THEOREM 4.9. For 1 k<4, H~a(t, k+1, ¢) t.s. H~au(t, &, ¢).
Proof. Let

ar(lb, B+ 1,¢)  (kB+ 1)1 = (@ + ¢)* 1)

al ko E)1 -G+ o

G -’; 1) {t/c:- 1} {(:t//cct-li;:l—— 11}

k t/e
k4 1{1 + (t/c + D[t/c + 1)k — 1]}’
1

m(t) =

k
(4.1) m(l)=k+1 14+ — :
(t/c + 1) IT [(t/c) + 2 sin® (px/E) — isin (2px/B)] |’

where (¢/c+1)*—1 has been written in factored form, the common term of
t/c has been cancelled, and the value of the product is understood to be 1 for
k=1. Then p(t) = (1/2) [14(¢/c+1)71], pa()) = (2/3) [1+@/c+ 1)1 ¢/c+2)7],
and both are totally regular.

In (4.1) let the quantity in braces be represented by 1+48:(f). Since
8:(¢) >0, in order to show that u:(f) is totally regular for 2> 2, it is necessary
and sufficient to show that &:(¢) is totally monotone.

Let yo(t) = (¢/c+1)7Y, v,(t) = (t/c+a,)™!, where ap, = 2 sin? (pr/k)
—i sin (2pn/k), 1=p=<k—1. Note that t/c+a, and t/c+ou_, are complex
conjugates, 1<p <k—1. For convenience restrict p to p>k/2. Then y™(¢)
=(—1)"nlc({t/c+1)"!, and

v @) = (=1)"nle "W/c + ap), n=01,2---.
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Using Leibnitz’s formula, De Moivre’s Theorem, and the identity
> osin (n—27)0=0 for all real §, =0, 1,2, - - -,

(—=1)*a! Y cos (n — 2j)8
OIO) =0
4.2 D _p| =
(4.2 l['Yp Yk p] C"Il/c-i-apl"“

where 0 =arg (t/ct+ay), k/2Sp=<k—1.
Using the additional fact that, for m an integer, » 7, cos (n—27)0
=sin (n+1)0/sin 0 for 6= mm, and is equal to (—1)"(n+1) for 0 =mm,

("l)”nlf(”) A 0)
c(t/c+ 1)""'1| t/e+ ap |2 ’

where f(n, ¢, 0) = [ 27, (t/c-l-l)"l t/c+a,|‘52 sinh (j+1)0]/24 sin 6.

By lengthy calculations it can be shown that f(n, ¢, 0) is positive for
t>0, n=1, 2, 3, - - -, provided k=<4. Since 8;(0+) =05(0), 8;(f) is totally
monotone.

8:(8) =72() - [Yo(®)11(8)73() ]. Since the quantity in brackets is totally
monotone, and v,(f) = (¢/c+2)!, which is totally monotone, 8(f) is totally
monotone.

In order to attempt a proof of Theorem 4.9 for k>4 by this technique,
the only hope lies in trying to show that v1(£)v:(¢)vs(t)v4(t) is totally mono-
tone, or more generally, that [[¥23_; v5(8)v:—_p(¢) is totally monotone. Other-
wise, each new prime integer for k presents a messy, prohibitive calculation,
and does not lead to any sort of inductive formula. It can be shown that
T1%-5 v5(t)¥s-5(¢) is not totally monotone.

Di[vo())vs(dve—p(®)] =

THEOREM 4.10. H~a(t, k, 1) t.s. H~a(t, k, c3), 2>c1>0, k=1, 2.

For k=1 this theorem is a special case of RS. For k=2, a straightforward
differentiation shows that f(f) =au(t, &, c1)/ai(t, k, ¢,) is totally monotone.

If > 2, the above differentiation becomes quite messy. However, I con-
jecture that Theorem 4.10 is true for 2= 3, and that Theorem 4.9 is true for
k5.

The following are open questions.

Is H~ay(t, r) t.s. H~aj3(t, r)?

Is H~ay(t, k, b) t.s. H~ay(t, r)? (From Theorem 4.6 and Corollary 4.1 it
is clear that H~au (¢, k, a) t.s. H~a;(t/7).)

5. Some equivalent methods.

THEOREM 5.1. Let u.=(ak+1)/(bk+1), where a and b are distinct nonzero
complex numbers such that a=* and b~ are not negative integers. Then (H,)
=(I) iff ®(e)>0 and R(d)>0.

The above theorem is stated in Hille [7, p. 422], and hence a proof is
omitted.
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THEOREM 5.2, Let « be real, ®(a) >0. Then (I'S) = (H?).

Because of the symmetry for positive and negative o we need consider
only a20. The proof is trivial for a=0, since the generating sequence is {1}.
For a real, the result is stated in Hardy [6, p. 265].

Let b=a~'. We need to show that (Hy) =(I), where A\, = (bk+1)/(k+1).
For a an integer the proof is trivial because (H5) =/(I).by Theorem 5.1 and
a finite product of such matrices yields a matrix equivalent to I.

Since N\g/Agt'=(k+1)/(bk+1), and using Hardy’s argument [6, p. 264,
Theorem 211], we may assume 0 <a<1.

Let f(z) = (b+(1—b)2)* and C= {z| |z| <1}. Then f(1) =1, and a branch
cut starting at 30=>b/(b—1) can be defined so that f(z) is analytic in C. f has
no zeros in C, since |zo| > 1. Note that 1/f(s) is also analytic and has no zeros
in C. From Hurwitz and Silverman [9, p. 3, Theorem 1], (H) = ().

COROLLARY 5.1, (I'9) = (C?) for all a> —1.
Proof. (C*) = (H*) for all > —1.

COROLLARY 5.2. Let pr=(ak+1)/(bk+1), ®R(a)>0 and ®R(b)>0. Then
(Hy) =(I) for all real a.

Proof. By the symmetry of uf it is evident that we need consider only
a>0. Note that

« (ak+ l)" B+ 1)
M =
(k+ 1)e (bk + 1)«
and each quantity on the right is equivalent to I by Theorem 5.2.

CoRroLLARY 5.3. T' s regular for all 20, ®(a) >0.

Proof. Using the H, of Corollary 5.2 with a=1, b=a"!, I';=H}-H*, and
the product of two regular Hausdorff matrices is regular.

THEOREM 5.3. Let ur(a) = [(k+a)*+b]/d(ck+1)=, where =0, ®(a)>0,
®(c) >0, and d=a*+b. If [(R(a)]“>|b| then (H,)=(I). If a is a positive
integer, then ®(a)> |b| Va maxogr<a | COS [(0+21rr)/a]| 6=arg (—b), implies
(H,)=(I), and this is best possible.

Proof. For a=0, u;(0)=1. Consider a>0. Then ui(a)=0:(c)vs, where
Bi(a) =a=[(k+a)*+b]/d(k+a)?, and vi= (k+a)/a(ck+1).

By Corollary 5.2 (H3) = (I), and Hg=d'[a*I+bHyx], where \i=a/(k+a).
Since Hj is regular for each positive a by Corollary 5.3 Hjp is regular, since
a*+b=d.

It remains to prove Hj! regular. To do this we appeal to Rogosinski,
[12, p. 178] and the statement of



410 B. E. RHOADES [December

P1tr's THEOREM. Let T~¢(t), where ¢(t) is of regular bounded variation on
[0, 1] (see Hille [7, p. 420]). Then |T(s)| 2d>0, R(g) 20, implies that
T-1(2) is a Mellin transform, and thus T is equivalent to I.

T~¢(t) is used to denote a regular Hausdorff method, with ¢(¢) the asso-
ciated mass function; i.e., u.= fgt"d¢(t). The Mellin transforms of ¢(f) are
defined by T'(z) = [ot*dp(t). Hence pn=T(n), and T(z) is called the moment
function of T. Let

[e(z + a)* + 8] _
d(z + a)*

for some ¢(¢) of regular bounded variation (b.v.) on [0, 1]. (See Rogosinski
[12, p. 167, Theorem H.3].) Also T(z) =B.(z),

el
d (z+ a)=
But |(z+a)°‘| = [(x+a)?+(y+b)2]*?, where z=x+iy, a=a,+1b;, and
|z+a| a> | ®R(a) | « since ®(z) =20 and ®(a)>0.

Thus |z+a|—*<[®(e)]* and —|b|-|z+a|-=2=—|b| [®(e)]-=. Hence
| T(z)| = |a=d—| [1—|b] [®(a) ] =] >0, since [®(a) ]*>|b| by hypothesis.

Therefore T-!(z) is a Mellin transform and T is equivalent to I; i.e.,
(Hs,) = (D).

That (Hpg,) =(I) can also be proved using the technique of Hille and
Tamarkin [8, p. 906, Theorem 5].

For « a positive integer,

Buls) = f o), (@@ 2 0),

| T()| = z |adt| |1 |b/G+a)| |.

(k+a)+b= ﬁ {k+a— |b|Vacis [0 + 2rx)/a]},

where 0 = arg (— b). Let M(r) = (k 4+ ¢,)/c, (ck + 1), where ¢, =a
—|b| Ve cis [(6+2rw)/a]. Since (R(a)>|b|1/“-maxos,<., Icos [(0+2nr)/a]|,
®(c,) >0, for 0=r<a. Also ®(c) >0 by hypothesis. Therefore by Theorem
5.1 (H,) =(I) for each r. Since H, = []2¢ Hy¢y, (H,) = (I).

To show that the theorem is best possible for a an integer, let a=1,
a=1+41, b=—1, c=1. Then R(e) = | b[ . Icos 0| , me=(k+1)/i(k+1), and by
Theorem 5.1 (H,) = (I).

6. The method of summability. Let R(a, b, a) denote the matrix and the
matrix method associated with the generating sequence &, =d[(k+a)*+b]-?,
where d=a2+b, [®R(a) ]*>|b].

THEOREM 6.1. For eack 20, R(a, b, a) as defined above, is regular and is
equivalent to C°.

Proof. Trivial for k=0. Assume k£>0. Using the H, of Theorem 5.3 with
c=1, R(a, b, a) = H;'I'f = H;'H2. Therefore R(a, b, a) is regular.
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To prove the equivalence observe that R(ae, b, a)-H*=H,. Thus
(R(a, b, @)) = (H=) =(I'{) =(C*) by Corollary 5.1.

Whenever the method R(a, b, a) is discussed, it will be assumed that a
and b satisfy the conditions stated prior to Theorem 6.1.

COROLLARY 6.1. If 0Sa <, then (R(a, b, a)) C(R(a, b, B)), and with con-
sistency.

Proof. Let u,={d'/[(k+a)P+b]} - {[(R+a)*+b]d—'}. Then m=Neyens,

where

d(k + a)? o= [(® + a) + bla=
k= ’

TPkt af+o] ik + o)

and ».=(a/(k+a))?~=. By Theorem 5.3 and Corollary 5.3, H,, H,, and H,
are regular. Therefore H,, H,, H, = H, is regular. All Hausdorff methods
are consistent. (See Hardy [6, p. 262, footnote].)

k

COROLLARY 6.2. Let 20, a, b, a’, b’ be any numbers satisfying the condi-
tions for regularity of R(a,b,a) and R(a', V', a). Then (R(a, b, a)) = (R(a’, V', a)).

Proof. Note that ur =By, where

_ G ) _ Gty
Grar+s T Ikt

then Hy and H, are equivalent to I by Theorem 5.3.

7. Total comparison involving the R(a, b, o) method. In this section I shall
examine the matrix method R(a, b, a), which was introduced in §6, with
respect to total regularity, and compare its total relative strength with the
Ce, H=, and I'* methods, ¢ > 0. (Theorem 6.4 shows that the R(a, b, @) method
is equivalent to C, and hence to H= and I'{ for positive c.)

In discussing the R(a, b, ) method, it will be understood that =0, a>0,
a=>|b|, b is real, d=a>+b, and p® =d[(k+a)*+b]"", k=0,1,2, - - -.

Also, for convenience, the following notation will be observed. ¢ and f will
denote arbitrary non-negative or positive numbers, ¢’ and f’ arbitrary non-
positive numbers. @ and b will be restricted by 0<a <1, b>1.

THEOREM 7.1. For @20, >0, ¢’ £0, R(f, ¢/, a) is lotally regular.

k

Proof. Trivial for a=0, since ux=1. Assume a>0. Note that R(f, 0, a)
=T%. Assume ¢’<0. Let c=—c. Then u{®=2d[(k+f)=—c]" Let u(®)
=d[(¢t+f)*—c]. It will be sufficient to show that u(t) is totally monotone,

as i is regular by Theorem 6.1.

W) = A+ ) 3 A+ )k = d 3+ e,

k=0 k=0
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and, since f*> |¢;’| , the series for u(t) is uniformly and absolutely convergent
for ¢20. Since each differentiated series is uniformly convergent, we may
differentiate term by term as often as we please and obtain (—1)"u™(¢)
=d-s.(t), where
e *T(ak + a + n)(t + [y~
sa(t) = 2 :

kw0 I'(ak + a)

Since sa(t) consists entirely of non-negative terms, u(t) is a totally monotone

function.
For ¢>0, R(f, ¢, @) is not totally regular.
COUNTER-EXAMPLE. Let a=2,

we = d[(k + )2 + ] = d[(k + f + ic?) (R + f — ic 2,
Let u(t) =d/(t+a) (t+a1), ar=f+icV% Use (4.2) with k=2, ¢c=1, and the
discussion which follows, to obtain
d(—1)"n!2sin (n + 1)6,
| t+&1| I t+a1|"“sin01 ’

W () =

where 6;=arc tan (cV?(t4f)~'). By hypothesis, f>c'/2. Therefore 0<#8,
<w/4. For all t20, and each n such that (2k—1)x <(n+1)6, <2kx for some
integer k, (—1)"u™(¢f) <0. Therefore u(t) is not totally monotone.

THEOREM 7.2. If 220, f>0, ¢ 20, then I'} t.s. R(f, ¢, o).

Proof. Cases for a=c=0 are trivial. Assume @, ¢>0. Let
fal(n + H= + ¢]

T it )e

where N\,=1, B.=f*(n+f)~=. Since \ and B are clearly totally monotone, and
f*+a=d, H~u is totally regular.

THEOREM 7.3. If >0, ¢’ <0, then R(f, ¢/, @) t.s. Iy.

Proof. If ¢’ =0, the methods are identical. Assume ¢’ <0. Then ¢’= —¢
where ¢>0. Let p,=d(n+f)e/fe[(n+f)=—c]. Let

Kn = fad—lx" + Cd—lﬂn,

ait + £ el
= = fred k —ak
w0 ¢+ = c] d kz-o cern

Since the series and each derivative are uniformly and absolutely con-
vergent for 120,
o T'(ak + n)s.(t)

(=D)mu™(t) = fd E Ten
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where sa(f) =c*(t+f)~=*",n=1,2,3, - - - . Therefore u(¢) is totally monotone.
Combining Theorems 7.2 and 7.3, and observing that I't = He, we have
COROLLARY 7.1. Let ¢’ <0,¢>0,a>0. Then R(1, ¢, @) t.s. H* t.s. R(1, ¢, a).
THEOREM 7.4. For ¢; <c! <0, R(f, ¢, &) t.s. R(f, i, a).
Proof. Let ¢f =¢; +96, 6>0, d;=f*+c/,1=1, 2.
”n=f3{(n+f)“+c{}=iz{l+ 8 }
di\(n+fle+cf d, (m+*+ci) -
=7+ (1 = 7)Bs,

where y=d,/d1, Bn=ds/ [(n+f)*+ci ]. Since H~ is totally regular by Theo-
rem 7.1, and 0 <y <1, H~y is totally regular.

THEOREM 7.5. R(fy, ¢/, @) t.s. R(fi, ¢, @) for f1>f2>0.

Proof. Let

_ dln+ )+ o]
dif(n + f2)= + ¢']

where N\, = (n+f1)2/ [(n+f2)*+c'], Ba=(n+f2)2/[(n+f2)*+c']. By Theorem

7.3 H~\ and H~f are totally monotone. N\,8:;'= (n+4f1)2/(n+f2)*. Since

fi>fs, N8~ is totally monotone. To prove that A—8 is totally monotone we
use the following lemma.

Hn = d2dl_l[l + (xn - Bn)])

LEMMA 7.1. Let o, B be real sequences, B0 for all k and such that 8 and
aff~! are totally monotone, with o, Z B for k=0,1,2, - - . . Then a— is totally
monotone.

Proof of Lemma. Let u.=oax—B. For n positive,
A%y — Br) = ABu(auBit — 1)]

= Y Cu A By ;A1 (it — 1)

=0

= A"Bu(eBit = 1) + 2 Co A" Bry ;AN (cuBi™).
j=1
By hypothesis, 8 and af~! are totally monotone and ax = 8. Therefore u
is totally monotone.
Returning to the proof of the theorem it is clear that A\—p, and hence p,
are totally monotone.
For the next three theorems and the lemma, we shall use the following

notation.
Let
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@ _[(k+8)*+ | (a+ HT(E+ 1)
o = irk +a+ 1) ’

o an integer. Then u{®=[b»@+c'v{?]/d, where v®=]]&.8P, BY
—i(k+8)/b(k+), 7O =T(a+DT(+1)/T(k+a+1). Let M= (k-+a)-,
k+a#=0.

LEMMA 7.2, A"'y"" a(l+a) - - - (n—14+a)y @ T NSy k=0, 1, 2,

cin=1, 2,3,
Proof.
@ T+ DI(E+1) T+ DIE+2)
™ TTTltatl)  Thtat2
=7:«){1— kE+1 }
k+14a
-a‘va(;a))\:(;)x

Assume the induction hypothesis.

n+l (c)

~1
A ol da) (= 1+ @A II Mrirt

—all4a) - (n—14+a) [n N A+ II x,iILzAvi"’].

=0 =0
Using the easily established identity
n—1
(@) (@
A ( II ’\k:m) =n H Netitty
=0 0
and this lemma for n=1, we have

u 1 <..) (a) S @ (@) (@)
a™ =all+a)---(n—1+a) [‘Yk n H Aetirr + H Aetir10k M+1]

=0

—a(lda) (n =1+ @)+ an T A,

=0
Lemma 7.2 also holds for complex &, provided 0, —1, =2, - - ..
THEOREM 7.6. For b>1, ¢’ <0, C' t.s. R(b, ¢/, 1) if b=1—¢".

Proof. p® =bv{’/d+c'v{"/d. Noting that ¥ =B can ‘be written as
1/0)+(1=b-)\P, we have
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n 1( 811 — b V)nl cn! n!
Am?)=7 ( ) +k+ln)‘:i)i+1
Ha+H4) =

|
= %—H k&)nl(b - 1)+ ]
=0

Therefore {u"} is totally monotone iff 521—¢'.

THEOREM 7.7, For b>1, /<0, C* ts. R(bc',2) iff b>M, where
M= max{s/z 14+(=c)V2} and M>(2—c)V2,

Proof. u®=b%P/d+c'y®/d. Using the formula for the nth difference
of a product of two sequences, and again writing » in terms of 8 we have

(@) c -7 _(2) 1Y)
A'Vg = E C. :A” BetiA ﬂk

j=0

nl — 2/b —"2 1 —1/b)j! " »
—EC-: /b)(n — 7) ( /b)j +ﬁ:l)A B:’)+B$1Aﬂ,f"

n—J

=t IIG+]+r+%II@+z+D
2n!(1 — 2/0)(1 — 1/b) 2} 2(k/b + 1)(1 — 2/b)n!
=na“ /b)( /)20y+£/4-x /b)n
IO@&+ity = IIG+i+-k+1)
s=0
( "+ 1) (1 = 1/b)n!
k
('+”+011a+1+n
—3ﬂnﬁmw—mw—nw—n+w+wa—»
+ (k+n+ b0 - 1)].
'“ﬂfﬂnﬁﬂW—m@—nm—n+@+ww—n

+u+n+w@—nl
4 (n + 1)'P(3)P(k + l) nl (@)

k4141

d Tk + 3) i=0

=0

+E+n+b)0—1)+(n+1).
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Let
f(n, b, 8) = (n — 1)b2 — 3(n — )b+ 2(n — 1) + b2 + (k — 2)b
—2%k+(t+n)dp+02—(k4+n)—-b+(n+1)
=(n+1)b2+ (2k—2m)b+n—3k—2+c(n+1).

For eachn,and 523/2, f 1 in k. Foreach k,and b214(—¢")V%,f 1 inn.
Therefore, for b2 M, f(n, k, b) T in n and k. Hence f(n, k, b) 2£(0, 0, b)
=b2—2+c. Since p(’)—->2/d {u®} cannot possibly be totally monotone un-
less d>2;i.e., b*+c'>2;i.e., b>(2—¢')'% Therefore f(0, 0, b)) >0, and {u®
is totally monotone. -

To show that the condition is necessary, there are three cases:

Cask 1. Assume M=3/2. For b<3/2, f(1, k, b)=(2b—3)k+2b2—2b~—1
+2¢. If a1=2b2—2b—1+2¢' <0, then Al <0 for k=1,2,3, - - - . If :>0,
Aul® <0 for k= [a1/(3—2b) ] +1.

Cask II. Assume M =1 + (— ¢')V% Then for b < M,

fn,0,0) = (B =26+ 14 c)n+ 02— 24+ (.

Therefore Au® < 0 for n2 [(b*—2+¢")/(b*— 2b+1+c’)]+1
Case III. For M2(2-¢")V?,

E=limu, 2 1.
Therefore u is not totally monotone.
THEOREM 7.8. For b>1, ¢’ <0,
H*ts. R(b, ¢, 2)iff b = 1+ (—c')12,
Let uf) = [(k+5)*+¢|/d(k-+1)*=0(6P)/d+ (v")/d.

ﬂ 1), 2 n- (1) 1)
AB) = 2 CrA Jﬂk+JA’ﬂb

J=0

n—1 n—j
= X Coi(t — 1/8)(n — ) T Mises

J=1 =0

1) 1) n (1) a . »_(1)

X (1 = 1/0 ] D ss + B0 "B + Benle

= nl(1 — 1/b)? II A2 59,

j=1

k+b k+n+b n 1)
! Aeys(1 — 1/0).
+ {b(k+l)+b(n+k+l)}” T2t = 1/0).
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.2 (1) 2 i n—j. (1) )
A" ) = A" = X Casa A

im0

) ()
E Ca.i(n — 5)! H )‘k41~1+'.7'H)‘ ;

J=0 1=0

1) 1)
= n! H M+-'E Met .
1m0 J=0
m
n! H )\k+'

Aw [ b— 1) 2L,
. d -

{k+b k+n+b}
E+1 nt+k+1

-1+ i )\z::],

=0

()
nt IT M

. n—1
(7.1) Au = —"—d_ (6 - 12+ ¢] X My
j=1
(+5)(— 1)+0’+ (k+n+0)(— 1)+6'}
k+1 n+k+1 )

Forbz1+ (=), b —1)?*+c¢ =20.Since(k+n+b)(b—1) + ¢
: >(k+b)(b 1) +c' Zb(b—1)+¢, {u®} is totally monotone if b(b—1) +¢' 20,
which is true for b= (14+(1—4¢")V%)/2. But (1+(1—4c)V2)/2 <1+ (—¢')12
for all ¢’ <0. Therefore {u{®} is totally monotone.

To prove the converse, assume b<14(—c’)!? and fix k. The last two
terms of (7.1) are bounded in n. X 7} \{}), is the sum of the first #—1 terms
of a divergent series. Since (b—1)24¢’ <0, the quantity in brackets will be
negative for all # sufficiently large. Therefore A"u{® <0 for all n sufficiently
large, and {u®} is not totally monotone.

A reasonable conjecture is that for « a positive integer, H* t.s. R(b, ¢/, a)
iff b=14(—c')Ve.

Using Theorems 7.7, 7.8, and 2.3, it is a straightforward computation to
show that, for b>1, ¢/ <0, a a positive integer, H* t.s. R(b, ¢/, a) for b=1
+(—c)e.

Whether the condition on b is best possible, for a@>2, is still an open
question. To use the technique employed in Theorem 7.8 becomes intractible
if continued further because of the complexity of the form of Amu{®.

I shall now construct a table combining this last set of theorems with
R(1)-R(iii). The solid arrow replaces the letters t.s., with the arrow pointing
to the weaker method. The dotted arrows represent unknown implications.
No attempt is made to list unknown implications where partial results are
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available; e.g., Theorem 7.12 leaves open the question as to whether R(1, ¢/, @)
t.s. 'y for d a. This open question, along with others of the same type, has
been omitted to prevent the table from becoming even more unwieldy.

For 0<a<1,0<a<1,b<1, <0, ¢>0,

(l) G cf)

:
R(a, a)——-»l‘aQ»C —H ———-j—'I‘.—’R(z ¢, @)

R(G, G a)

RQ, ¢ a)———-»R(b )
(1) Foras(a+1)/2.
Fora21,0<a<1,b>1, ¢’ <0, c>0,
R'(l, c, a)\\

I \\\
\\

R(a, ¢, a)—T, -———-»H—-r—-)C"—-(—)—-»I‘;, ——R b ¢, a)

\ R(a, G a f«}\\

R(,d, ) R(b, ¢, a)

(1) For b= (a+1)/2.

(2) For a=1, b=1—¢'; for a=2, b= M=max{3/2, 1+(—¢)¥?} and
M>(2—¢)V2 No results for a> 2.

(3) Proved for a an integer, b=14(—c")Ve,

The remainder of this section is taken up with negative results, to show
that the above table is best possible in many instances. The obvious negative
results will be omitted; for example, since I'; t.s. R(b, ¢, a), then clearly
R(@, ¢, a) n.t.s. T from [1, p. 452].

THEOREM 7.9. Let a>0, ¢>0, fo>£1>0. Then R(f,, ¢, @) n.t.s. R(fi, ¢, ).

Proof. Let u.=ds[(n+f)*+c]/dr[(n+f2)=+c], where d;=ff+¢c, i=1, 2.
Since f3> f1, d2>d1. But pa—dz/di> 1. Therefore p is not totally monotone.

This theorem shows us immediately that R(b, ¢, @) n.t.s. R(1, ¢, @) and
that R(1, ¢, @) n.t.s. R(a, ¢, o).

Also, Theorem 7.9 is not a result of Theorem 7.4, since in Theorem 7.4
¢ <0.
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THEOREM 7.10. Let a>0, ¢, f, >0. Then R(f, ¢, &) n.t.s. C* for I'(ae+1)
<fe+cand C* n.t.s. R(f, ¢, a) for fo+c<T(a+1).

Proof. Let p,=dl' (n+a+1)/[(n+f)*+c T (n+1)T (@+1). pa—d/T(e+1).
Hence u is not totally monotone for d 2I'(e+1) and u~! is not totally mono-
tone for dST(a+1).

THEOREM 7.11. Let 0 <a<1,b>1, ¢’ <0. (i) H* n.t.s. R(b, ¢, &) and (ii) for
d>b="1, R(b, ¢/, @) n.t.s. H,

Let p(t) =d[@¢+0)=+¢'1¢+1) |

‘o = i{(‘ + D%+ 8! — [+ 8)* + dlaCt + 1)._1}
! (+ )=
_ @ {t+ 1—(@+0d) —c’(t+b)1‘“}
d (¢ + 1)t + b)-e ’
a (b—14@¢+ b)t—e
(0w = 4 —-
d (t + 1)l+a(t _l_ b)l a

Proof of (i). Since 0 <a <1, ¢’ <0, b—1+4c'(t+8)'—=<0 for all ¢ sufficiently
large. Therefore u(f) is not a totally monotone function.

Proof of (ii). Since (—1)d/dt[1/u(t) ]=w'(¢) [u(t) ]2, 1/u(¥) is not totally
monotone if u’'(¢) <0 for some ¢20. u'(0)=1—b—c'b' u'(0) <0 for b1
—br—¢' <0; ie., b1 <be+ ¢ =d.

THEOREM 7.12. Let 0<a<1. (i) T'$ nts. R(1, ¢, a). (ii) For a<d,
R, ¢, a) n.t.s. T,

Let u(f) =ad'[(t+1)=+c' |(t+a)

W = a_a"{(t +a) — ¢+ D¢+ D=+ c’]}
# d (t + a)+e(t + 1)< ’
aa"{l —a+ ¢+ 1)“"}
d \(t + a)*ro(t + 1)t

Proof of (i). For ¢ sufficiently large, 1 —a+4c'(t+1)!7=<0. Therefore u(f) is
not totally monotone.

Proof of (ii). 1/u(¢) will not be totally monotone if u'(f) <0. u'(0) =1—a+¢’
=d—a <0 by hypothesis.

It is false that R(1, ¢, ) t.s. I'; for d=a.

COUNTER-EXAMPLE. Let a=a=d=1/2, ¢’=—1/2. Then u;'=2n+1)1?
/2m+1)Vi—1]. pit=1, pi'=.947, pr'=.645. But p;'—(2)V%/2=.707.
Therefore u~! is not totally monotone.

COROLLARY 7.2. For 0<a<1, ¢’ <0, C* n.t.s. R(1, ¢, ).

(=Dw'(®) =
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Proof. Assume C* t.s. R(1, ¢/, @). Since I'; t.s. C= by R(i), T3 t.s. R(1,¢, @),
contradicting Theorem 7.12.
CoROLLARY 7.3. For 0<a <1, R(1, ¢, @) n.t.s. R(b, ¢, ).

Proof. Assume R(1, ¢, @) t.s. R(b, ¢, @). H* t.s. R(1, ¢, &) by Corollary 7.1.
Therefore H* t.s. R(b, ¢/, a), contradicting Theorem 7.11.

THEOREM 7.13. Let 0<a <1, b>1,¢c>0.
(i) Ty n.t.s. R(1, ¢, ) for d<b.
(ii) R, ¢, a) n.t.s. T3,

Proof of (i). Using the u(f) of .Theorem 7.12 with a replaced by b, ¢’ re-
placed by ¢,

o @ (1= b+ ot + 1)
(lww‘d{a+wwqu}’
(—1)u’(0) <0 for d<b.

Proof of (ii). For ¢ sufficiently large, u'(f) <0. Therefore 1/u(f) is not totally
monotone.

THEOREM 7.14. Let 0<a <1, 0<a <1, ¢c>0.
(1) R(a, ¢, @) n.t.s. H.
(ii) H= n.t.s. R(a, ¢, @) for d <a=".

Using the u(f) of Theorem 7.11 with b and ¢’ replaced by a and ¢,

iy _ @ a—1+4c¢(t+ o)t
(0w = S )

Proof of (ii). (—1)u’(0) =ad—(a —1+-ca'™%), and is negative for d <a="'.

Proof of (i). For ¢ sufficiently large, 1/u(t) is not totally monotone.
THEOREM 7.15. Let a=1. Then H* n.t.s. R(b, ¢’, &) for d <b>—1,

Proof. Using the u(t) of Theorem 7.11, (—1)u’'(0) =ad'(b*—b>—1+¢’)
=ad~'(d—b>"1) <0. Therefore u(t) is not totally monotone.

THEOREM 7.16. Let a =1, o an integer. Then C* n.t.s. R(b, ¢/, ) for b <b,
where by is the positive root of (a+1)b*—(b+1)*+ac’ =0.
Proof. Let po= [(n+b)*+¢ [T (a+ 1) (n+1)/dT (n+a+1).
A = ”n{ (D +b+ l)“-l-c']}.
(n+a+ )[(n+ b+ ]

Let f(t, b) = ¢ +a+ D[E+b)=+] = ¢+ 1)[¢+d+1)=+]. 50, b)
= (a+1) (b= +e) — (b+1)2—¢' = (aF+1)b*—(b+1)aFac’ = ab*— 3 3-1C, b
—1+4ac'. f(0, b) =0 has one real, positive root. Call it b,. Note that £(0, 0) <0.
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Then for b <by, f(0, b) <0. Therefore Auo <0. Therefore u is not totally mono-
tone.

8. Linear combinations of Hausdorff matrices. Vanderburg in [13]
proves, as two of his results, the following:

(I) At least when they are both defined and are real and regular, the methods
Hetl [Co—T(a+1)H*][1 —T(a+1)]"! are equivalent.

(I1) At least, if ., B, a+B are real and exceed —1, and neither a nor B is
zero, then the summability method

[F(a + 8 + 1)C=C* — T'(a + )T(B + 1)C=+4] 4
[Pl@+B+1) = Ma+ TE + )]

is equivalent to CotP+i,

It is the purpose of this section to employ the principle underlying (I) and
(I1) to a wider class of Hausdorff matrices.

The notation of [13] will be used throughout this section, and the reader
is referred there for definitions of special symbols.

Let K denote any regular Hausdorff matrix. Let % denote the normalizing
factor of K. By normalizing factor is meant the constant part of the generat-
ing sequence which makes puo=1. For example the normalizing factors for the
He, C+, T, and R(c, b, &) matrices are 1, I'(a+1), a*, and d=c*+Db, re-
spectively.

The essential idea in (I) and (II) is the following. Each of two Hausdorff
matrices, equivalent to H¢, is divided by its normalizing factor, and then one
matrix is subtracted from the other. The difference matrix is then divided by
the difference of the normalizing factors, giving rise to a matrix which is
equivalent, under appropriate restrictions, to H**!. A formalization of these
ideas, in one direction, is embodied in the following theorem.

THEOREM 8.1. Let K7, K5 denote any Hausdor[f matrices equivalent to H=,
K$(2) and K3(2) the associated Mellin transforms, and k, and k, the respective
normalizing factors, kv ky. If, for each o with ®(a) > —1, there exists an €,0 <e
<1, such that

Ki(  Ki(2)

k1 k2

*) =c(z+ 1)1 4 0(| s+ 1 l—-a—2)

uniformly on R.= {zl R(z) > —e}, where ¢ is a constant, then
kKT — BiKGlGks — k) D H
Let
—-1_a -1_a a+l
T(z) = [k Ki(2) — k2 Ka(2)](z + 1)

From (*), T(2) is clearly a Mellin transform,
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To give an indication of the applicability of Theorem 8.1, other than to
the proof of one of the inclusions of (I) and (II), the following inclusions are
listed. All of the inclusions are expressed in terms of C*! for uniformity only.
They could have been expressed in terms of any other equivalent Hausdorff
matrix.

Unless otherwise specified, it will be understood that a, b, ¢, and « are
real, that b and ¢ are such that R(a, b, &) is regular, and that the differences
between normalizing factors are not zero.

(@) [a*Ce—T(a+1)T2][a*—T(a+1) 71D C+, at least for a>0, a> —1.

(ii) [a*H*—Tg](a*—1)"1DC=+, at least for a>0, a> —1.

(iii) [dC*—=T(a+1)R(c, b, a)][d—T(a+1)]"1DC=*, at least for a=1.

(iv) [dH*—=R(c, b, a)](d—a=)"1DC=*+!, at least for a=1.

(v) [dT2—a2R(c, b, a)}(d—a%)—*DC=+!, at least for a2 1.

(vi) [deR(c1, b1, @) —d1 R(ca, b, @) |(d2—d1)" 1D Ca+!, at least for a=1.

(vii) [0oT¢ —a°Tg](b*—a=)~1DC=*1, at least for a> —1, a>0.

(viii) [CeCE—~T(a+1)T'(B+ I)H“'”’] [1-T@+ DI+ 1) ] DC++1 ot
least for ., B, 4+B> —1.

(ix) [a*+CeCP—T'(a+1)T(B+1)Te] (a8 =T (@+1)T'(B+1) |1 D Catst,
at least for a, B, a+B> —1,a>0.

(x) [dC2CB—T(a+1)T(B+1)R(c,b,a+P)][d—T(a+1)T(B+1) -1 D C+841,
at least for o, B> —1, a+p21.

Since all of the above are proved similarly, I shall prove (i) only.

Let

rc+1y 1
Fez+a+1) (z+0)"

(8.1) T(z) =

From [13, (1.9)],
1 ala — 1) ey 1 .
TO=rotwrn= ' ol +1[=) z+a)

Casel.az=1.
1 1 . (s
@D T Grae Y {1 (z+a)}

e — 1\~
=G+D a{l—(l—z+a>}
(8.3) =G+ 1)ala— 1)+ o)+ O(I 2+ al‘z).

It is clear that an e can be found so that, on R, the above series expansion
remains valid, and | (z+1)(z+a)“| is uniformly bounded. Substituting (8.3)
into T1(2) then shows that T1(z) satisfies (*) of Theorem 8.1.

Cask II. For 0<a<1, use the Laurent expansion for (8.2) in powers of
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g+1, which will be valid everywhere outside the circle |z+1| =1—a. The
remainder of the proof is the same as Case I.

For a a positive integer, the above results hold also for ®&(a) >0, [®(c)]*
>|b], [®(c)]=>|bi|, i=1, 2.

To prove the opposite inclusion, or the converses, of (i)—(x), it is necessary
and sufficient to show that condition (B) of [13, p. 467] is satisfied; i.e.,
that each Mellin transform does not vanish on R, The converses pose a
much more difficult problem. Some partial results are listed below. For brev-
ity only the restrictions on the parameters are listed.

C(@) Atleastfor a>0,a> —1, a0, o, where oo will be defined in the proof.

C(ii) At least for a>0, a> —1, a#0. For complex a, the converse remains
true for nonzero a> —1, provided G(a) 2 1.

C(iv) At least for «a=0, b>0, &(c) 1.

C(v) At least for 20, a, b, ¢ real, b>0, c2Za.

C(vi) At least for 20, b;, c; real, 1=1, 2, and c; Zc1, by = b1

C(vii) At least for a>0, a, b real, a#b, or ®(a) > R(d), 9(a) > 9(b), or with
the directions of the inequalities reversed.

C(viii) Since the matrix is symmetric in o and f3, there is no loss in assuming
a =B. Under this convention, the converse is true at least for (A) a=1; (B) 0=«
<1,0<B<1;(C) —1<a<0,B=00rB21.

C(ix) With a S8, the converse holds at least for (A) aZap; (B) —1<a<0,
B=0, or B=a; and (C) 0= a<ao, 0<B <a, for the ao of C(i).

Proof of C(i). From (8.1), Ty(z) =0 if and only if Fi(z, @) =1, where

rc+a+1) .
(z+ @)°T'(z + 1)

Fl(z, a) =

Forreal a and z it can be shown, as in [13], that Fi(a+x-1) is a logarith-
mically convex function of . Hence it cannot take on the value 1 more than
twice—once at =0 and again for some positive value a,, depending on a.

For z=x+1y, y#0, ®(a) >0, and using the procedure of [13], we obtain

210g | Fisy )} = 24

=0

z+j+R (a)+1 tht at+z+i+1 2tdit
fz+j+(R(a) P+ (y+9@)? j;+j+1 Pt
For property (a) of [13, p. 469], we observe that
2[log | Fi(z, —x, ——1)] — log | Fy(z, —x)l ]

i{fﬂ'l 2tdt f‘”’“’(ﬂ(")'*'l 2tdt }
ol ety ait®@ 24 (v +9)Y

For a real, property (a) is established by using the following lemma.

LeMMa 8.1. If f(t) is a function defined on (0, ) which is positive, con-
tinuous, and monotone decreasing in (0, =), then for ¢>0 and 0 <x, <x,
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z1t+c 23tz
f jwa— [ swa>o.
z z2
If a is complex, and |y+9(a)| = |y| , then property (a) is still clearly
satisfied. Those values of z for which |y+9(a)| <|y| remain an open ques-
tion.
Next we observe that

9
2 —log I Fi(z, a) |
da
3 i{fﬁ#m(«)’rl 2tdt 2@+x+ji+1) }
Waiee 2+ G0+9@) (@tz+i+ 1)1+

Hence, property (b) is also satisfied.

Finally we observe that d%(log |F1(z, a) | )/0a? is identical to that of the
Fin [2]. Therefore statements (c) and (d) automatically hold.
: ft this point I should like to point out several typographical errors of

13).

On page 469, formula (2.6), the quantity [(s+a+1)/(z+1)] should have
an exponent of —1.

In formula (2.9), the lower limit on the first integral should be x+j41.

Formula (2.11) is the third partial derivative, provided the right-hand
side is multiplied by 2.

In formula (3.7), page 471, the first term in the numerator should read
(a+B+z+j+1).

In formula (4.13), page 473, there should be a plus sign between a/u? and
the summation sign.

Proofs of the other converses are straightforward and will be omitted.

I conjecture that Theorem 8.1 is true for all regular Hausdorff matrices
equivalent to Ce, and possessing different normalizing factors.

Finally, I am indebted to K. Zeller and A. Wilansky for making me
aware of Vanderburg's paper.
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