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1. Introduction. When a transformation from a function space C(X) to
another C(Y) is given, there is also set up a relation between the subsets of
X and those of Y due to the fact that, when two functions agree on a subset
of X, their images will agree on some subset of Y. Three mappings of the
subsets of Y into those of X corresponding to a transformation T of C(X)
into C(Y) are singled out in this paper, and the first two are studied succes-
sively for arbitrary T, when T is linear, and when its range is finite dimen-
sional. The third mapping is then introduced, and convergence criteria are
obtained for power series in certain classes of transformations. Finally, these
results are used to obtain a representation of certain continuous transforma-
tions of C(X) onto C(Y) in terms of homeomorphisms of ¥ into X.

2. Coincidence of functions. Let X be a topological space and C(X) the
set of continuous, real-valued functions on X. If ¥V is a topological space and
T a single-valued transformation of C(X) into C(Y), we define two mappings
ur and w7 of 2Y into 2X: for DCY,

(1)  wr(D)=U{ACX:¥f,g€CX),Tf =Tg| D=7 = g| 4},
(2 (D) =N{ACX:¥f,g€ECX),f=¢g| 4= Tf = Tg| D},

where f| 4 is the restriction of f to A, f=g| A is short for f| A =g| A,and 4 is
the closure of A. The families of sets on the right sides of (1) and (2) are not
empty, for the empty set & is one of the 4’s in (1), and X is one of the 4’s
in (2). Evidently Tf=Tg|D implies f=g|ur(D), and since ur(D) is maximal
with respect to this property, it, as well as wr(D), is closed. Clearly ur(D)
=pur(D) and 7r(D) =wr(D). A closed subset A4 of X will be called a 7-set
of D relative to T if, for all f, g€C(X), f=g|A implies Tf=Tg|D. Thus
w7(D) is the intersection of the w-sets of D. A few simple properties of ur and
«r may be noted: J is a w-set of &, and ur(&F) =wr(F) =, if T is constant
and DCY, then ur(D) =wr(D)=&; if & isa w-set of Y, then T is constant.

For any fEC(X), we set Z(f) = {xEX:f(x)=0} and note that Z(f) is
closed. Pointwise addition, subtraction, and multiplication of f and g will
be denoted by f+g, f—g, and fg, respectively. We observe that f= g| Z(f—g).
The constant functions with values 0 and 1 will be denoted by 6 and #, re-
spectively.
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LemMMA 1. If D is a subset of Y, then

3) ur(D) = N{Z(f - ¢): Tf = Tg| D},
If Dy, D; are subsets of Y, and D,C Dy, then

4) pr(Dy) Cpr(Dy),  xr(Dy) C xr(Dy).
If X is completely regular, and DCY, then

) ur(D) C »r(D).

If X is normal, and DCY, then the family of w-sets of D relative to T is closed
under finite intersections.

Proof. For any f, g€ C(X) satisfying Tf = Tg| D, we have ur(D) CZ(f—g).
On the other hand, the right side of (3) is one of the A’s in (1), and (3) is
verified. The inclusions in (4) follow immediately from (3) and (2). If 4 isa
r-set of DCY relative to T, and f=g| 4, then Tf=Tg|D, and f=g|ur(D).
Thus Z(f) DA implies Z(f) Dur(D), and if X is completely regular, we have
ADpr(D), which establishes (5). Suppose X is normal, 4 and B are w-sets
of DCY relative to T, and f=g| ANB. We define h(x) =f(x) for x€4 and
h(x) = g(x) for xEB. Since A and B are closed, k is clearly continuous on 4\UB
and can be extended, by the Tietze extension theorem, to an element of
C(X). Then Tf=Th= TgID, and ANB is a w-set of D.

It is easily seen that a necessary and sufficient condition that T: C(X)
—C(Y) be one-to-one is that ur(¥)=X. If X is completely regular, and T is
one-to-one, then (5) implies that 7r(¥)=X. To see what may happen if X
is not completely regular, we take X to be Hewitt’s example [2] of a regular
space with the property that C(X) consists of the constant functions. Then
each point in X is a w-set of any subset D of Y relative to each T mapping
C(X) into C(Y), so that mr(D)=. If Y=X, D, and T is one-to-one,
then ur(D) =X, and (5) does not hold in this case.

LEMMA 2. If X is normal, and T is a nonconstant mapping of C(X) into
C(Y) with the property that Y has at least one compact w-set relative to T, then
mr(Y)= .

Proof. Let @ be the collection of w-sets of Y relative to T, 4y& @ a com-
pact set, and ®= {ANA,: AEG}. We have XE€@, F& @, and @ is closed
under finite intersections. Hence, ® has the finite intersection property, and
m(Y)=N{B: BE®R} = .

It may happen that wr(D) =& for D# Y even when X is compact. If we
choose 4 CX, fo€C(X) satisfying fo=0| A and fo#0, and define Tf=fof,
then rr(4)=¢.

THEOREM 1. Suppose X is normal, DCY, and T is a mapping of C(X) into
C(Y) such that, for each gEC(X), {hEC(X): Tg=Th|D} is closed in the
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topology 3. of uniform convergence on compact subsets for C(X). Then wr(D)
is a w-set of D relative to T.

Proof. Suppose f =g|-n'q-(D), €¢>0, and K is an arbitrary compact subset
of X. Let U be a neighborhood of (D) such that x € U implies | f(x) —g(x)|
<e. If @ is the collection of w-sets of D relative to T, then, as was shown in
Lemma 1, @ is closed under finite intersections. Since the family
{(K— U)NA: AEQR} can not have the finite intersection property, there
is an A€ Q@ satisfying KNACU. We can construct goEC(X) so that
go=0|A, go=u|K—U, and 0Sgo<u. If we set fo=(f—g)go+g, then fo=g| 4,
so that Tf,= Tgl D. In addition,

f U,
| = 5| = 1) = gta)] (1 = san { orr s

0 forre K- U.

Thus x€K implies | f(x)— fo(x)| <e. Since € and K were arbitrary,
{hGC(X): Tg=Th[D} is closed in 3,, and fo belongs to this set, we have
If= Tgl D, and 7r(D) is a w-set of D relative to T.

CoROLLARY. If X is normal, and T is continuous when C(X) is given 3, and
C(Y) a topology 3 which is finer than the topology of pointwise convergence, then
xr(D) is a w-set of D relative to T for any DCY.

Proof. We have only to observe that {gEC(Y):f=g|D} is closed in 3
for each fEC(Y).

THEOREM 2. Let X be completely regular, DC Y, and T a mapping of C(X)
into C(Y) with the property that, for any f, g, hEC(X), Tf="Tg|D implies
T(f+h)=T(g+h)| D and T(fh) = T(gh)| D. Then ur(D) =mr(D).

Proof. Let A =Z(fo—go), where Tf,= Tgo| D, and let U be a neighborhood
of A. Then T(fo — go) = T(go — go) = T0|D. Suppose f, g € C(X) satisfy
UCZ(f—g). If wedefine k(x) = (f(x) —g(x))/(fo(x) —go(x)) for x&€X —A4 and
h(x) =0 for x€ A, then h is evidently continuous at each point of U and of
X —A, so that h€C(X). Hence, T8=T(0h) = T((fo—go)h) = T(f—g)| D, and
Tf=T(f—g+g)=T0O+g) = Tg| D. Thus U is a w-set of D relative to T. Sup-
pose x&pur(D). We infer from (3) that, for some f', g'€C(X), Tf' = Tg’ID
and xZ(f' —g'). Since X is regular, there is a neighborhood U of Z(f —g’)
such that x&U. From the preceding discussion, it follows that x &rr(D).
Hence, ur(D) Dxr(D), and the theorem follows from (5).

COROLLARY. If X is normal, DCY, and T maps C(X) into C(Y), then the
following conditions are equivalent: for any f, g, h€ C(X),

(@) Tf=Tg|D implies T(f+h)=T(g+h)|D and T(fh)=T(gh)|D, and
{REC(X): Tf=Tk| D} is closed in 3.,

(b) For some closed ACX, Tf=Tg|D if, and only if, f=g|4,

(¢) pr(D)=mnr(D), and wr(D) is a w-set of D relative to T.
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Proof. Theorems 1 and 2 show that (a) implies (c). That (c) implies (b)
and (b) implies the first half of (a) is easily seen. That (b) implies the second
half of (a) follows as in the proof of the corollary to Theorem 1.

3. The linear case. If we regard C(X) as a linear space under pointwise
addition and scalar multiplication, then most of the preceding results take
on a somewhat simpler form when T is assumed to be a linear transformation
of C(X) into C(Y). For a linear T, the sets 4 in (1) and (2) can be defined,
respectively, as: for all f&C(X), Tf=0| D implies f=0|A; f=0|4 implies
Tf=6|D. The right side of (3) now reads N{Z(f): Tf=6|D}. We can also
make the obvious modification in the definition of w-set. In Theorem 1, we
need only assume that {hEC(X): Th=6|D} is closed. In Theorem 2,
T(f+h)=T(g+h)|D is automatically satisfied, and T(fk)=T(gh)|D says
that {fEC(X): Tf=6| D} is an ideal in C(X).

LEMMA 3. For any closed subsets A and D of a completely regular space X
with A CD, there is a linear transformation T of C(X) into itself satisfying
ur(D) =wr(D)=A.

Proof. Since M = {fEC(X) :f=0| A} is a linear subspace of C(X), we can
find a Hamel basis {f,: pEP} (over the real field) for C(X) with the property
that, for some QCP, {f,: pEQ} is a Hamel basis for M. We now define
Tf,=0 for pEQ, Tf,=f, for pEP—Q, and extend T linearly to the rest of
C(X). Since Tf,=f,| 4 for all pEP, we have Tf=f| A for all fEC(X). 1f
Tf=0|D, then Tf=8|4, and f=0| A4, whence A Cpr(D). If f=6|4, then
fEM, Tf=0|D, and 4 is a w-set of D relative to T. The result now follows
from (5). We note that if D =X, then the null space of T is precisely M.

Several relevant examples are obtainable from the following construction.
Let X be a topological space, and @ a family of closed subsets of X with the
property that, for any 4, 4:€ @, there is an 43& @ such that 4;CA41MNA4..
Weset M= {fG C(X): Z(f) DA for some AE QG {. Since M is a linear subspace
of C(X), we can find a Hamel basis {f»: PEP} over the real field for C(X)
and a subset Q of P such that {f,: p€Q} is a Hamel basis for M. We now
define Tf,=0 for pEQ, Tf,=f, for p€P—Q, and extend T linearly to a
mapping of C(X) into itself.

LEMMA 4. If X is completely regular, and T is the mapping defined above,
then ur(X) =mr(X)=N{4: A€a}, T-9=M, and T*=T.

Proof. Clearly each AE @ is a w-set of X relative to T, so that wr(X)
CN{4: A€@a} =4, For any fEC(X), if f& M, then f= D per apf,, Where
FCP is finite, and a,#0 is real. Moreover, FN\(P —Q) # &, so that Tf=6.
Since T(M) = {0}, we have T-9= M. We infer from (3) that 4,Cur(X),
and from (5) that ur(X) =mr(X) = A,. Since T?*f,=Tf, for all p&P, we have
12=T.

ExaMpPLE 1. We will exhibit a linear mapping T of C(X) into itself with
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the property that w7(X) is not a w-set of X relative to T. Suppose X is com-
pletely regular, and there is a g€ C(X) such that F#Z(g) #X, and Z(g) is
not open. Let @ be the family of closed neighborhoods of Z(g), and T the
mapping defined above. From the complete regularity of X and Lemma 4,
we have 77(X)=N{4: A€Ea} =2Z(g), but g& M, so that mp(X) is not a
w-set of X relative to 7.

4. Finite dimensional ranges. We now turn to the properties of ur and
xr when T is linear and its range ®(T) is finite-dimensional. It is, of course,
true of any linear transformation T of C(X) into C(Y) (or of one linear space
into another) that ®(7) is finite-dimensional if, and only if, Tf= D ., Li(f)g:
for all fEC(X), where L; is a linear functional on C(X), and the g;&C(Y)
are linearly independent.

THEOREM 3. If X is normal, and T is a linear transformation of C(X) into
C(Y), then the following are equivalent:

(a) wr(Y) is finite and a w-set of Y relative to T,

(b) wr(Y) is finite, and T80 is closed in 3,

(¢) Tf= D" .f(x:)g:, where the x;EX and g;EC(Y) are fixed.
These conditions imply that ®R(T) is finite-dimensional.

Proof. We first show that (a) implies (c). If 7r(Y) =, then T(C(X))
= {0}, and (c) holds with the g;=60. Suppose 7r(Y)= {xl, cee, x,.}. For
each 4, j(1 £4, j <n), choose f;€ C(X) such that fi(x;) = 8;; (the Kronecker d),
and set g;=T¥:. If fEC(X), then X.», f(x)fi=f|7r(Y), and Tf= D f(x))g..
We next show that (c) implies (b). Clearly {xl, -+, %} is a m-set of Y rela-
tive to T. The mapping a—ag; from E, into C(Y) is evidently continuous in
J.. Since addition in C(Y) is continuous in 3,, the mapping (ay, - -+, an)
— Y% a.g; from E, into C(Y) is also continuous. Finally, the mapping
f—f(x;) from C(X) with topology 3. into E, is continuous. Since Tf= > f(x)g.,
T is continuous, and T is closed in 3,. That (b) implies (a) follows from
Theorem 1. The last statement of the theorem is obvious.

COROLLARY. If X is normal, and T satisfies (c) above, then the dimension of
®(T) does not exceed the cardinality of wr(Y).

Proof. Suppose x;&Err(Y) for some j, 1 £j<n. Then there is a 7-set 4
of Y relative to T such that x;&A. Since {xi, - - -, x.} is a 7-set of Y,
AN{xy, - - -, x,.} =B is also one. From f,~=0|B we infer that 0=Tf;=g;,
and the inequality follows immediately.

LEMMA 5. If X is completely regular, and T 1s a linear transformation of
C(X) into C(Y) whose range has dimension n< , then ur(Y) has at most n
points.

Proof. Suppose that ur(¥)D lxl, «++, %us1}. Choose fi, - - -, fan€C(X)
satisfying fi(x;) = 8;; (14, jSn+1), and set g;= Tf;. Then there will be real
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numbers a;, not all 0, such that > 3} a.g;=0. Setting f= D 1 a.f;, we have
Tf=0, whence f =0|m'( Y). But f(x;) =a;, a contradiction. Hence, ur(Y) has
at most n points.

ExaMPLE 2. We will exhibit a mapping T of C(X) into itself such that
®(T) is finite dimensional, and #r(X) is infinite. Suppose X is a completely
regular space with a base { U,: pER} having the following properties:

(1) For every finite F C R, there is a ¢ &€ F such that U,
qU{U,: pEF-{q}},

(ii) For each pER, there is an f,EC(X) satisfying Z(f,) =X —U,. We
may, for example, take X = E, and { U,} to be the set of open n-balls. To see
that (i) is satisfied, let IT be a hyperplane of support for U{ U,: pEF}. Then
for some pEF, I is tangent to U, at a point x. Let U,, ¢EF, be the ball of
largest radius which is tangent to II at x. There is clearly no difficulty in
satisfying (ii) in this case. Returning to the general case, {f,:pER} is
linearly independent. For if FCR is finite, and Y_,er a,f, =0 for real a, %0,
then

6= 2 anfs = aufe| Us = U{Up:pEF — {g}},

pEF

and a,=0, which is a contradiction.

Let A4 # & be a subset of X which is the closure of its interior,
M={fEC(X):f=6| A}, and Ry={pER: U,CA}. The above reasoning
shows that the linear subspace spanned by {f,: pER,} intersects M in {6}.
Hence, we can find a Hamel basis { It pEP} for C(X) such that R,CP
and, for some QCP—Ry, {f,: pEQ} is a Hamel basis for M. We choose fo
from {f,: pERy} and define Tf,=f, for pEP—Q, Tf,=0 for pEQ, extend-
ing T linearly to C(X). If DDA is a fixed closed subset of X, then 4 is evi-
dently a w-set of D relative to T. If B is a w-set of D relative to T, and 4 — B
# , then we can find pE R, satisfying U,CA4 — B, so that f,=0|B and TYf,
=0| D. But Tf,=f,, which is a contradiction. Hence, BDA4, and nr(D) = 4.
We will also show that ur(D) = &. Suppose xSur(D). Then for each pEP —Q,
we have Tf,=Tf,, whence f,(x)=fo(x). We can evidently find ¢€E R, such
that x€X — U,, so that fo(x) =f,(x) =0. From (5), xE A4, and f,(x) =0 for
all pEP. But this is impossible, since {f,: pEP} spans C(X). Therefore,
pr(D)=d.

The range of T is, of course, one-dimensional. Thus we see that #7(X) can
be infinite while ®(7) is finite dimensional, the dimension can be greater
than the cardinality of ur(X), and the converse of Theorem 3 is not valid.

ExaMmpLE 3. The above construction can be extended to give an example
of a mapping S of C(X) ontoitself such that s({x}) =X and us({x}) = for
each x€X. Let X=E,, {x,: pEJ} be a dense subset of E,, where J is the
set of positive integers, and, for each p, ¢g&J, Uy, the open ball with center
x, and radius 1/q. Clearly { U,.: p, ¢€J } satisfies (i), and we can easily find
freEC(X) satisfying Z(fpq) =X — Upq, so that (ii) is also realized. We now
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define Sf,q=1fq, for each p, g€ J. Since {fpq: p, g€ J} is linearly independent,
it can be extended to a Hamel basis for C(X). We make S leave each of these
additional basis elements fixed and extend S to a linear mapping of C(X)
onto itself which is, in fact, an involution. Let x be a point of X and 4 #X
a closed subset of X. Choose y&X — A, an open ball U with center at y and
radius e satisfying UCX — A4, and k€ J such that 2/k <e. Then we can find
an m=k for which Ix,,.—y} <1/k. Since {U,,,:q;m} is a covering of X,
there is an r2m satisfying x€ U,m. From r=% we infer that U, CUCX
—A, and A CZ(fmy). But Sfm:(x) =f.m(x) 70, so that 4 is not a w-set of [x}
relative to S. Hence, rs({x})=X. If we set A= {z} , for some zEX, in the
above construction, then Sfm(2) =fmr(2) =0, and f,m(x) #0. Thus x Eps( { z} ),
and ps({z})=g.

ExXAMPLE 4. It was observed in §2 that if X is completely regular, and
T: C(X)—C(Y) is one-to-one, then np(¥)=X. To show that the converse
does not hold in general, we set A =D =X in Example 2. Then 7r(X) =X,
Q=d, and Tf,=f, for all pEP, so that T is not one-to-one.

ExampLE 5. We will show that there are mappings T of C(X) into itself
for which mr(X) =& and ®(T) is not finite dimensional. Let X =E,, @ be
the family of closed subsets of X with relatively compact complements, and
T be defined as in the construction preceding Lemma 4. From Lemma 4,
mr(X)=N{4: A€a}=F. We will show that P—Q is infinite. Suppose
{fo: pEP—Q}={fi, - - -, fa}, and set gi(x)=x% for 1<i<n. For any
fEC(X), we have f= ) {auf,: pEF}, where FCP is finite, and a, is real.
For each pEQ, Z(f,) contains some 4,EG. If we set B=N{4,: pPEFNQ},
then BEQ, and f= Z{a,f,: pEFN(P—-0Q) %B. Consequently, we can find
A€ @ and real a;;, not all 0, such that g;= ) }.; a.~,f,~| A, for 1 215 n. Since
the gZ;LA are linearly independent for any 4 €@, there are real §;; such that
fi= 2% Bisgi| Ao, where Ao=N7_, A; and 1<j<n. Let go#6 be a bounded
element of C(X). Since go= Z'ijjl B, for some B,E @, we have go= Z&.-g;l B,
for some By;& @, which is impossible. Hence, P—Q is infinite, and ®(T) is
not finite dimensional. We see from this example that the condition in Theo-
rem 3 (a) that mr(¥) is a w-set of ¥ relative to T cannot be dropped.

5. Comparison of maximum values. To avoid treating special cases when
taking the supremum of the empty set in the following sections, we introduce
the following notation. If A and B are sets of non-negative real numbers, we
define

sup {#:x € 4} if 4%,
S : Af =
uplx: # € 4] {0 if 4 = @,
where sup denotes the ordinary operation. The following relations are easily
checked:
A C B implies Sup{x: =€ 4} < Sup{x:x € B},

Sup{ﬁx:xe A} =BSup{x:x€A}, g =0,
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Sup{x + y:x € 4,y € B} < Sup{x:x € 4} + Sup{y: y € B},

Sup{xy: x4,y B} = Sup{x: x € A} Sup{y:y S B}.

Let X and Y be topological spaces, T an arbitrary mapping of C(X) into
C(Y), K a compact subset of ¥, and 8 a real number 0. In this section we
will assume that Y is a Hausdorff space. We define @ to be the family of
closed subsets of AX with the property that, for all f, g€ C(X),

(6) B Sup{|f(x) — g()| : x € 4} 2 Sup{| Tf(y) — Te(»)| : ¥ € K}.
If @ is not empty, we set '

pr(K) = N{4: 4 € a};
otherwise, we leave p%(K) undefined. The members of @ will be called p-sets
of K relative to T and B. Since any closed set containing a p-set of K is also
a p-set of K, it follows that p%(K) is defined if, and only if, X is a p-set of K.
Since Sup{ | f(x)] : xEF} =0, & is a p-set of J relative to any T and B, and
07(B)=. If T is a constant mapping, then & is a p-set of K relative to T
and any B, and p%(K)=&.

LEMMA 6. If T maps C(X) into C(Y), and p%(K) is defined for some compact
KCY and B=0, then the w-sets of K relative to T coincide with the p-sets of K

relative to T and B, and pf(K) =mp(K).

Proof. Clearly every p-set of K relative to T and B is a 7-set of K relative
to T. Let B be a m-set of K. For any f, g&EC(X), we set m =Sup{ |f(x) —-g(x)| :
xEBY} and fi=(g—mu)\/ ((g+mu) \f); if m= o, we let fi=f. Then fi=f| B,
Tfi=Tf| K, | fi—g| Smu, and

BSup{ | f(x) — g(x)| : x € B} = BSup{ | /i(x) — ¢(x)| : s € X}
= Sup{ | TH(y») — Tg() | : y € K} = Sup{ | Tf(y) — Tg(y) | : y € K}.
Hence, B is a p-set of K, and the families of r-sets and p-sets coincide.

LeEMMA 7. If X is normal, K a compact subset of Y, and T 1s a mapping of
C(X) into C(Y) with the property that, for some =0, K has at least one compact
p-set relative to T and B, then wr(K) is a w-set of K relative to T.

Proof. Let @ be the family of p-sets of K relative to T and 8, and 4,€@Q
a compact set. If 4=, then nr(K) =, and the conclusion is certainly
valid, so we will assume that 4, . Since 4, is a w-set of K relative to T,
the mapping T’ from {f|4.:fEC(X)} into {g|K:gEC(Y)} defined by
T’'(f| Ao) = Tf| K is single-valued. From the compactness of 4, we infer that
{f| Ao:fEC(X)} =C(A,); thus T” maps C(4,) into C(K). Since nr(K) is the
intersection of a family of sets which includes 4,, we have nr (K) =wr(K).
Now if 7r(K) is empty, we conclude from Lemma 2, with X =4¢and Y =K,
that T is constant. Hence, & is a w-set of K relative to 77, and thus also
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relative to T, and Lemma 7 is verified in this case. We now assume 7r(K) # .
Let®= {A NAg: AE a} . Since the 7-sets and p-sets of K coincide, ® is closed
under finite intersections. Suppose f, g& C(X) satisfy

y = BSup{ | f(x) — g(x) | : x € x2(K)}
< Sup{| Tf(y) — Tg(y)| :y E K} = 5.

Then we can find a neighborhood U of wr(K) such that x&U implies
ﬁlf(x)—g(x)| <(y+8)/2. Since 7r(K) =ﬂ{B: BE(B}, and the members of ®
are compact, there is a By&® satisfying BoC U. But then

BSup{ If(x) - g(x)[ :x € Bo} <3,

which is impossible. We conclude, therefore, that 77(K) is a p-set of K rela-
tive to T and B and, hence, a 7-set of K relative to T.

We turn now to the case where T is a linear transformation of C(X) into
C(Y) and observe that (6) can now be written as

0 B Sup{|f®)|:x € 4} = Sup{| Tf(y)| : y € K}.

ExaMPLE 6. We will exhibit a T mapping C(X) into itself with the prop-
erty that p%(K) is not defined for any compact K& and any 8=0. Let
X =E,, R be the set of positive integers, and { U,: pER} the family of open
n-balls with radius 7, a positive rational number and center x, having rational
coordinates. For each pE R, we define
1—|x-—-x,,|/rp for|x—x,|§r,,

fola) = {

0 for | — x,| 2 7,

Using the reasoning in Example 4, we see that { U,: pC R} satisfies (i) and
(ii), and {f,: pE R} is linearly independent. Hence, the latter can be extended
to a Hamel basis {f,: pE P} for C(X), where RCP. We now define Tf,=pf,
for pER, and Tf,=f, for p&P—R, extending T linearly to C(X). To show
that pf(K) is not defined for any compact K & and any 820 is evidently
equivalent to showing that, for each x€ X, X is not a p-set of {x} relative to
T and any B=0. If x and B are given, we can find p, g R satisfying 1+8=<p
<¢, r,=1, and |x,—x| <1/p. Then

| Tfu(®) | = gfo(®) > g(1 — 1/p) Z p(1 — 1/p) 2 8 = BSup{ | fe(») ]| : ¥ € X},

and our assertion is proved. Therefore, p5(K) is undefined unless K = .

6. Power series. Suppose X is a topological space, and Ty, - - -, Txmap
C(X) into itself. We will set mp,=m; and pf,=pf for i=1, - - -, k. By taking
all possible compositions of the m; with any finite number of factors, we ob-
tain a semigroup ¥(my, - - -, mx) of mappings of 2% into itself. For any DCX,
we define
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o(D) = (U {¥(D):¢¥ € ¥(xy, - - -, m)})-,

where the bar at the right denotes closure.

For each integer m21, let Pu(t, - - -, &) be a homogeneous polynomial
of degree m with real coefficients in the indeterminates #,, - - -, &, where
k=1 is fixed, the ¢; are not assumed to commute, and terms with the same
factors in different orders are counted as distinct. We denote by ¢, the sum of
the absolute values of the coefficients of P,.

We recall that a k-space [3, p. 230] is a topological space with the property
that if any subset A intersects each closed, compact subset in a closed set,
then A is closed. Among the k-spaces are all Hausdorff spaces which are
either first countable or locally compact.

THEOREM 4. Let X be a Hausdor[f k-space,and Ty, - - -, Ty map C(X) into
itself in such a waythat T;0=0,i=1, - - -, k. Suppose that, for each compact
KCX and each i, 1 Si 2k, my(K) is a w-set of K relative to T, there is a real B,
0=<B<1, such that p¥(K) is defined, and o(K) is compact. Finally, suppose P
as defined above has the property that 2:_, Cmt™ converges for |t| <1. Then
Y om i Pu(Ty, - - -, Ti)f converges in the topology 3. to an element of C(X) for
each fE C(X).

Proof. Let K CX be compact. Since ¢(K) is compact, each p?(K) is de-
fined for some B = B, and each p?(¢(K)) for some B = v, If we set
Bo=sup{Bl, c o, B v, e}, then pf(K) and pf(s(K)) are defined for
B=pus<1. We will show by induction on m that if T, - - - T, consists of m
factors from among T4, - - -, T}, then

8) Sup{| T, Tf()|:y € K} <8 Sup{ | /()| : x € o(K)}, f E C(X).

If m=1, we infer from Lemma 6 that 7,(K) is a p-set of K relative to T, and
Bo, and since T,0=0, (7) holds with T=T,, B=P, and A =n,(K). Then
75(K) Co(K) implies

Sup{ | f(#) | : * € 7p(K)} = Sup{|f(x)| : = € a(K)},

and (8) is verified in this case. Suppose (8) is valid for some m, and
T, - - - T,T, consists of m+1 factors. Then

Sup{| T, - - - T,Tf(3) | : y € K} < 85 Sup{ | T.f() | : y € o(K)}

< 87 'sup{ | f() | 1 2 € m(e(KN} S 60" Sup{ | f(®)| : 2 € o(K)},
since ,(¢0(K)) C ¢(K). Hence, (8) holds for all m = 1. If we set S,
= 2:,_, P.(T,, - - -, Ty), then for any x&EK and any integers ¢=p =1,

1S/ = Sf@| £ 3 el Supl | /@) | 12 € oK)}, fE CX).

mm=pt 1
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Hence, {S,. f(x): n=1} is a Cauchy sequence with limit g(x), and {Saf} con-
verges to g uniformly on K. It follows (cf. [3, p. 231]) that g€C(X).

ExaMpPLE 7. The next theorem concerns a class of mappings T of C(X)
into itself of which examples are easily constructed when X =E,. Let £ be
an (n—1)-sphere in E, with center x, and radius 7, and ¢ a continuous, real
valued function defined on {¢:¢20} with the property that ¢(0)=1. For
any fE C(E,), we define

_ ff® for |& — x| <1,
T = {f(xl)-cb(lx-— x1|) for |& — x| Z 7,

where x, is the intersection of the radial line through xo and x with Z. Clearly
- TfEC(E.), znd T is linear. If we let A be the closed ball bounded by 2,
then Tf= f| A. Now 4 is a w-set of E, relative to T, and T?=T. Moreover,
A Cur(E,), and from (5), pr(E.) =wr(E.) =A. Since ¢(|x-—x1| ) =Tu(x) for
|x—xo| 27, it follows that if D is a closed subset of E,, and D CZ(Tu), then
& is a w-set of D relative to T. In addition, if DCE,—(4\JZ(Tw)), then
wr(D) is simply the radial projection of D on Z. For an arbitrary closed subset
D of E,, mr(D) consists of DA together with the radial projection of
(D—(A\UZ(Tu)))~ on Z. Let K be a compact subset of E,—4 and

vy = Sup{ | Tu(x)l x € K}.
If K, is the radial projection of K on Z, and f& C(E,), we have

Sup{ITf(x)l :xEK} =Sup{|f(x1)| -|¢(|x—x;|)| :xEK}
< v Sup{ | f») | : y € Ki}.

Hence, K, is a p-set of K relative to T and v, and p}(K) is defined. Thus if
|¢(t)| <1 for t=0, and K CE, is compact, then 4 is a p-set of K relative to
T and 1, and p7(K) is defined.

For each integer m 21, we define

9) Qm(th cee, ) = Z biliy * * * Liy

where k=2 is fixed, and the sum is extended over all m-tuples (31, - - -, m)
chosen from 1, - - -, k with the property that ¢;#4;1 for j=1, - - -, m—1.

THEOREM 5. Let X be a Hausdorff k-space, and T, - - -, Ti map C(X) into
stself in such a way that T;0=0 for i=1, - - -, k. Suppose that, for each compact
KCX and each i, 1 i<k, mi(K) is a w-set of K relative to T, pf(K) is defined
for some 820, o0(K) is compact, and K Cwi(X) implies that p%(K) is defined for
some B<1/(k—1) whenever j#i. Finally, suppose there is a closed subset A;
of xi(X) with the property that fE C(X) implies Tf=f|4; for i=1,- - -, k.
Then Y oy (—1)™1Qu(Ty, - - -, Ti)f=Tf converges in the topology 3. to an
element of C(X) for each fEC(X), and Tf=f| U, A..
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Proof. Let K CX be compact. Then m(K) Cmi(X), and ¢(K) CUL; m:(X).
For each i#j, pf(c(K)Nri(X)) is defined for some B=a;;/(k—1), where

0=<a;;<1. We set a=sup{a;j: i, j=1,---,k, i;éj}. Since pf(K) is defined
for some B=;, it follows that p’(K) is defined for B=sup{B;: 1Si<k} =B
We will show by induction on m thatif T, - - - Tyisatermin Qu(Ty, - - -, T%)

as defined in (9), and m =1, then

Sup{| T, - - - Tf(3) | : y € K}
(10) < Bwm?

s Gopmset @z Enne®),  rEC.

The case m=1 follows by definition. Suppose (10) is valid for some m21,
and Tp - - - T T,isa termin Quii(Th, « - -, T%). Then g#r, m (wo(X)Na(K))
Cr(X)No(K), m(X)Na(K) is compact, and w,(m(X)No(K)) is a p-set
of m(X)Na(K) relative to T, and a/(k—1). Hence,

Sup{| T, - - - T,Tf(3) | : y € K}

< (—kg%)_‘m: Sup{ | T/G) | : 9 € 7(X) N o(K)}

Boa™ .
G Sup{ | f(®) | : # € =(X) N a(K)},

and (10) is established for all m=1. We infer immediately from (10) that

) spf| T, Tt | sy € K} 5 G2 supl 11| s 2 € o).

Since there are k(k—1)™1 terms in Qu(T}, - - -, Ti), we have
Sup{ | Qn(Ts, - -+, TWf(¥) | : 9 € K} = Boka™ ! Sup{ | f(x) | : x Eo (K)}.

If we set Sa= 2 %, (—1)™'Qu(Ty, - - -, T}), then for any *EK and any
integers g=2p=1,

|SJ@) = Sf@)] = 3 Bokem1Supl | f5)| :5 € 0(K)},  FE C(X).

m=pt1

Since a<1, {S..f: ngl} converges in 3, to a gEC(X), as in the proof of
Theorem 4.

For each i, 1 £:<k, we write Q.= Q},+ R}, where Q, is the sum of those
terms in Q. which have T as their left hand factor, and R, is the sum of the
remaining terms. We will show by induction on n that for n =1,

n—1_¢

(12) Sof =1+ (=1)" Ruf| 4, f € C(X).
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The case n=1 is obviously valid. Suppose (12) holds for some n=1. Since
Tig=g| A;, we have Q.,,f=R.Lf| 4,,.and

Snt1f = Sof + (= 1D)"Qaf
=f+ (=" Raf + (=1)"Quaf + (=1)"Runaf | 45
=f+ ("1)"R:+1fl A
Hence, (12) holds for all »=1. Since there are fewer than k(k—1)"! terms
irlll:f,, it follows from (12) and (11) with K = {x} that if x€4; and fEC(X),

| S:f(8) = f@)| = | Raf@)| < ko™ Sup { | f(5)| : 3 € a({})}.
Therefore, S,f(x) converges to f(x), and the proof is complete.

COROLLARY 1. With the hypotheses of Theorem 5, if X is completely regular,
and A" =7l'.'(X), then 7I'T(X) = U:.l 1l’.'(X).

Proof. Let B; be a w-set of X relative to T for =1, - - - , k, and suppose
f=g| UL, B, for some f, gEC(X). Then Qunf=Qng for all m=1, and Tf=Tg,
whence UL, B; is a 7-set of X relative to T, and 7r(X) CUf, 7:(X) =A. This
relation also holds for the series in Theorem 4. Now suppose B is a 7-set of X
relative to T, and A —B > . Then we can find f, g€ C(X) satisfying f=g| B
and f#gl A, so that Tf=Tg. But since Tf=f|4 and Tg=g|A4, we have
Tf#Tg| A, which is impossible. Hence, BD 4, 77(X) DA, and 7r(X) =A.

COROLLARY 2. With the hypotheses of Theorem S, if X is completely regular,
and A;=m(X) is a w-set of X relative to T for i=1, - - - | k, then T*=T.

Proof. It follows from Corollary 1 and its proof that wr(X) is a w-set of X
relative to T. Since Tf=f | wr(X), we have T?=T. Similarly, we note that
T?=T,for 1<i<k.

The hypotheses of Theorem 5 and its corollaries can easily be satisfied
when X=E,, A,, - - -, A are closed, pairwise disjoint n-balls, and T is
the mapping defined in Example 7 with respect to 4; and ¢; fori=1, - - - , k.
Then we must have

{: | Tw(@)| <1/k— 1D} DU{4:1Sj<kj=i}, 12isk
that is, |¢;(t)| <1/(k—1) for a suitable set of ¢.
7. Continuous transformations. Let X and Y be topological spaces, and

T an arbitrary mapping of C(X) into C(Y). We will assume again in this
section that Y is a Hausdorff space. If K is a compact subset of ¥, we set

(13) r2(K) = inf{g: pr(K) is defined]

whenever the set on the right side of (13) is not empty; otherwise, we leave
7r(K) undefined. The p-sets of K relative to T and each 8 for which p#(K)
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is defined are precisely the w-sets of K relative to T, as shown in Lemma 6.
If A isany such set, then 4 is evidently a p-set of K relative to T'and ¥y =17(K),
so that p}(K) is also defined.

LEMMA 8. Let T map C(X) into C(Y), and
H={y € Y:r2({y}) is defined}.
Then 17 is lower semi-continuous on the points of H with the relative topology
of V.

Proof. Let yEH, y=1r(y), where the latter is short for TT({ y}), >0,
and U ={t€E;:‘y—e<t}. Suppose that, for every neighborhood V of y,
{n-(z):ze V} @ U. From (13) and (6) it follows that there are f, g€ C(X)
satisfying

a = (v — ¢/2) Sup{ | /(=) — g(®) | : 2 € X} < | TfO) — Te() | .
Now let W= {z€Y: a<| Tf(z)— Tg(3)| }. Then W is a neighborhood of v,
and we can find a w€ WNH such that 7r(w) Sy —e. But this implies

a> (v — ¢ Sup{ | f() — g@) | : s € X} 2 | Tf(w) — Te(w)|,

which is a contradiction. Hence, there is a neighborhood V of y with the
property that {-rr(z): zE V} C U, and the proof is complete.

THEOREM 6. Let X be normal, Y locally compact and Hausdorff, and T a
mapping of C(X) onto C(Y) such that each compact K CY has a compact p-set
relative to T and some B, and with the property that, for each f, g, hE€ C(X) and
each yCY,

Tf(y) = Tg(y) implies
T(f+ ) (y) = T(g + h)(y) and T(fh)(y) = T(gh)(y).
Then there is a homeomorphism ¢ mapping Y onto a subset of X and a continu-
ous mapping w of ExX Y (in its product topology) onto E, such that, for each

yey, w| E. X { y} is a homeomorphism onto E, which satisfies a Lipschitz con-
dition. These mappings satisfy the relation

(15) Tf(y) = w(f(¢(»), ), fecx)yyecr.
If T is one-to-one, then ¢(Y) is dense in X.

(14

Proof. From (14) and Theorem 2, we infer that ur(y) =wr(y), where
ur(y) is short for ur({y}) and similarly for wr(y), and from Lemma 7 that
wr(y) is a w-set, as well as a p-set, of { y} relative to T and 7r(y) for all yE Y.
Clearly 7r(y) # &, for otherwise Tf(y) = Tg(y) for all f, g€ C(X), and T would
not be onto. Suppose 7r(y) contains at least two points x; and x,. We con-
struct f;€ C(X) satisfying fi(x,;) =8;; (4, =1, 2). Then the mapping &; of E,
into itself defined by £(\) = T(\f:)(y) is continuous. For we have
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re |2 = N| Sup{| i@ | : 2 € #2()}
(16) = r2(y) Sup{ | Mi(x) — Nfi(®) | : 2 € 72 (9)}
z | TOMIO) = TG | = | &) — &),

and the first term approaches 0 as N tends to N\’, since 7r(y) is compact. If
A=)\, then )\f;#)\'f.-lwr(y), and £(\) #E:(N'), since ur(y) =wr(y). Thus &; is
one-to-one. From £1(0) =£(0), we infer that £(E1)NE(Ey) = &, and this set
must contain more than one point, so that we can find A\, ;€ E, with the
property that A0 and & (A1) =£:(N\2). Then A, f1=)\7f2| mr(y), while Afi(x1)
=\; and Ayf2(x1) =0, which is impossible. Hence, wr(y) consists of exactly
one point which we denote by ¢(y). The correspondence ¢ is one-to-one. For
if 317¢,, we can find f, g€ C(X) satisfying Tf(y1) = Tg(y:) and Tf(yz) = Tg(ys),
whence f(¢(y1)) =g(¢(y1)) and f((y2)) #g(d(32)), so that ¢(y)=¢(yz). Let
f,8ECX), ', ¢ EC(Y), Tf=f', and Tg=g'. Then for all yE ¥, yEZ(f —¢')
if, and only if, ¢(y) EZ(f—g), so that ¢(Z(f'—¢')) =Z(f—g)MN$(Y). Since
{X—Z(f—g):f, gEC(X)} is a base for the topology of X, and the same is
true for Y, it follows that ¢ is a homeomorphism. If (¢(¥))~ =X, then we can
find f, g€ C(X) satisfying f= g| (¢(Y))~ and fs#g, whence Tf=Tg. Conse-
quently, if T is one-to-one, then (¢(Y))—=X.

We now define the mapping w. For each t€E, and y& Y, we construct
an fE C(X) such that f(¢(y)) =t and set w(t, y) = Tf(y). This value is clearly
independent of f as long as f(¢(y)) =¢, and we may take f=tu. If s5¢, then
su(p(y)) #tu(p(y)), and w(s, y) #w(t, ¥). For any tEE,, we can find fE C(X)
satisfying Tf=tu, so that w(s, y) =¢, where s=f(¢(y)). Hence, wIE;X {y}is
a one-to-one mapping onto E;. From w(¢, y) = T(t»)(y), we obtain, by analogy
with (16),

AN 1) s =t =12 [s =t |G| Z [als, ) — wlt, 5) |-

Thus w| E, X { y} satisfies a Lipschitz condition, is continuous and, therefore,
a homeomorphism. In addition, w| {¢} X ¥ is evidently continuous for each
tEE. To show that w is continuous in the product topology, let €>0 and
(t, Y)Y EE, XY be given. Then we can find a neighborhood U of y with the
property that T is compact, and € U implies |w(¢, 2) —w(t, y)| <e/2. By
hypothesis, 7r(T) is defined and satisfies 77(T) 2 77(2) for each g€ U. Clearly
7r(2) >0, for otherwise Tf(3) = T'g(2) for all f, g& C(X). If |s—t| <e/(2mr(T))
and z€ U, then from (17),

| (s, 2) — w(t,9)| S |als,2) —wt,2)| + |l 2) — o) |
< 77(8)e/2rr(T)) + ¢/2 < ¢,

and the continuity of w is established. Finally, (15) is a restatement of the
definition of w and ¢.

COROLLARY 1. With the same hypotheses as in Theorem 6, T is continuous
in the topology 3.
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Proof. If the compaét set KCY, >0, and fE€C(X) are given, then from
7r(K) Sup{ | () — g@) | : = € xr(K)} 2 Sup{ | Tf(s) — Te(»)| : ¥ € K}

we infer that if g lies in a uniform e/7r(K)-neighborhood of f on the compact
set wr(K), then Tg lies in the uniform e-neighborhood of Tf on K.

COROLLARY 2. Suppose X and Y are compact Hausdorff spaces, and T s a
one-to-one mapping of C(X) onto C(Y) satisfying (14) and such that rr(Y) s
defined. Then X and Y are homeomorphic.

Proof. Since 77(Y) is defined, X is a compact p-set of every compact
K C Y relative to T and 7r(Y). From Theorem 6, ¢(Y) is compact and dense
in' X, so that ¢(Y)=X.

The last result is related to a theorem of Stone [4] that if X and Y are
compact, and T is an isometry in the sup norm between C(X) and C(Y),
then X and Y are homeomorphic. The condition that T be an isometry im-
plies, by a theorem of Banach, that T is a linear transformation followed by
a translation, and this is easily seen to imply the first half of (14). For other
related results cf. [1, p. 23].

We recall that a subset 4 of a topological space X is said to be C-embedded
in X if every continuous, real-valued function on 4 has a continuous exten-
sion to X.

THEOREM 7. Let X and Y be arbitrary spaces, ¢ a homeomorphism of Y onto
a C-embedded subset of X, and w a continuous mapping of Ex X Y (in the product
topology) onto E; such that, for each yE Y, w| ExX {y} is a homeomorphism onto
E,. If T is defined as in (15), then T maps C(X) onto C(Y) and satisfies (14).
If §(Y) isdense in X, then T is one-to-one. If X is completely regular, and D is a
closed subset of Y, then pr(D) =wr(D)=(¢(D))~, and (¢(D))~ s a w-set of D
relative to T. If X is Hausdorff, K CY is compact, and there is a B =0 satisfying

(18) Bls—t| 2 |wls, 9 —wt, 9], 5t € By, y €K,
then K has a compact p-set relative to T and B.

Proof. For any f€ C(X), the continuity of Tf on Y follows from that of ¢
and w. If gEC(Y) is given, we define f on ¢(Y) by the relation w(f(¢(y)), ¥)
=g(y). Since w| E,X {y} is a homeomorphism onto E,, f is single-valued on
¢(Y). Suppose f were discontinuous at the point ¢(y). Then we can find €>0
with the property that, for every neighborhood U of y, there is a s€U
satisfying | fl@(2)) — f(¢(y))| =e. In fact, either (i) every neighborhood U of ¥
contains a z satisfying f(¢(z)) —f(¢(y)) ¢, or (ii) every neighborhood con-
tains a z satisfying f(¢(2)) —f(#(y)) £ —e. There is also a neighborhood V of y
with the property that, for each €V, wl E; X {z} is an increasing or decreas-
ing function according as wl EiX {y} is increasing or decreasing. For suppose,
to be definite, that w| E,X {y} is increasing. Choose s, tEE,, s<t, and a
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neighborhood VCY of y such that z&E V implies |w(s, 2) —w(s, y)| <4/2 and
lw(t, z) —w(t, ¥)| <8/2, where §=w(t, ¥) —w(s, y). Then
“’(tr z) - "’(s) Z) = w(t’ Z) - w(t) y) + ""(t, y) - “"’(s) y)
+ w(s,y) —w(s,2) > —8/2+86—8/2=0,

so that w| E; X {z} is increasing. A similar argument applies if w| Ey X {y} is
decreasing. Returning to the continuity of f, we will assume first that case
(i) above holds, and w| E X {y} is increasing. There is then a neighborhood
W of y such that WCV, and s&€ W implies Ig(z) —g(y)l <a/f2 and

(19) o | e(f@) + & 2) — w(f6(5)) + 6 3| < /2,
" where
(20) a=|w(f6)) + & 3 — o(f@H)), 9] .

If we choose 2 so as to satisfy (i) with U= W, then

w(f(¢(3) + 6 3) — w(f(¢(3) + ¢ 2) = w(f($(3)) + & 3) — w(f($(2)), 2)
(21) = w(f(¢(9) + & ) — w(f(#(3)), ) + g(») — &(2
>a—a/2 =af2

which contradicts (19). If lelx {y} is increasing, and (ii) holds instead of
(i), the same reasoning applies if we replace +¢ by —e in (19), (20), (21),
‘reverse the inequality signs in (21), and change the last part to read < —«
+a/2=—a/2. If wl E:X {y} is decreasing, a similar argument leads to con-
tradiction. Hence, f is continuous at ¢(y). Since ¢(Y) is C-embedded in X,
we can extend f to an element of C(X) which T maps into g. Therefore, T is
onto.

It is easily seen that, for every y€ Y and f, g& C(X), f(¢(y)) =g(o(y)) if,
and only if, Tf(y) = Tg(y). Thus from Tf(y)=Tg(y) we obtain (f4+k)(¢(y))
=(g+hn (), (fA)(d()=©r) (1), T(f+h () =T(+h (), T(fh)(y)
=T(gh)(y), and (14) is verified. If ¢(Y) is dense in X, f, gEC(X), and f>~g,
then f>g|¢(Y), and Tf Tg, whence T is one-to-one. For any closed DCY,
we have ur(D) D(¢(D))~, and (¢(D))~ is a w-set of D relative to T. If X is
completely regular, we infer from (5) that ur(D) =nr(D) = (¢(D))~. Finally,
if KCY is compact, (18) is satisfied, and f, g€ C(X), then

B f(e(3) — gsN | = | Tf() — TeB |, y €K,

and ¢(K) is a compact p-set of K relative to 7 and .

One of the simplest examples of the function w is obtained by choosing
fo, ANEC(Y) with Z(f1) = & and setting w(t, y) =fo(y) +¢f1(y). When fo=0 and
fi=u, we have

(22) Tf(y) = f(¢(»), yE€ Y, f€ C(X).
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For this choice of w, T evidently becomes a homomorphism of the ring C(X)
into the ring C(Y). From Theorem 7 we obtain the known results that if
¢(Y) is C-embedded in X, then T is onto, and if ¢(Y) is also dense in X,
then T is an isomorphism. The relation (22) between T and ¢ has itself been
studied, and a strong duality between homomorphisms of C(X) into C(Y) and
continuous mappings of Y into X has been revealed (cf. [1, Chapter 10]).
If we make the additional assumption in Theorem 6 that T is a ring homo-
morphism (which implies (14)), then w(¢, y)=¢ for each t€E, and yEY.
Indeed, from (15) we have

(s + 1,3) = wl(su + w)($O)), 3) = T(sw + m)()
= T(sw)() + TE)G) = s, 3) + wl, ),

and similarly w(st, y) =w(s, y)w(, y). Thus w|E1X {y} is a ring homomor-
phism of E, onto itself which must be the identity mapping. Hence, T satis-
fies (22). This result is related to a known theorem [1, p. 142] that if X is
completely regular, ¥ realcompact [1, p. 114], and T is a homomorphism of
C(X) into C(Y) such that Tu =u, then there is a unique continuous mapping
¢ of Y into X such that (22) is satisfied.
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