MALCEV ALGEBRAS

BY
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1. Introduction. This paper is an investigation of a class of nonassociative
algebras which generalizes the class of Lie algebras. These algebras satisfy
certain identities that were suggested to Malcev [7] when he used the com-
mutator of two elements as a new multiplicative operation for an alternative
algebra. As a means of establishing some notation for the present paper, a
brief sketch of this development will be given here.

If A is any algebra (associative or not) over a field F, the original product
of two elements will be denoted by juxtaposition, xy, and the following nota-
tion will be adopted for elements x, ¥, 2 of 4:

(1.1) Commutator, zo0y = (x,y) = xy — yx;
1.2 Associator, (%, vy, 2) = (2¥)z — x(y32);
(1.3) Jacobian,  J(x,y,2) = (xy)z + (y2)x + (32)y.

An alternative algebra A is a nonassociative algebra such that for any
elements x1, x2, x3 of A, the associator (x1, s, x3) “alternates”; that is,

(xl) X2, xa) = e(x"n Xiyy xt’;)

for any permutation 4y, 4, 43 of 1, 2, 3 where € is 1 in case the permutation is
even, —1 in case the permutation is odd. If we introduce a new product into
an alternative algebra 4 by means of a commutator x o y, we obtain for any
x,y,z0f A

J(xsya Z)o= (xoy)oz+(y02)0x+(zoy)°x= 6(%3’; Z).

The new algebra thus obtained will be denoted by 4. Using the preceding
identity with the known identities of an alternative algebra [2] and the fact
that the Jacobian is a skew-symmetric function in 4, we see that A satis-
fies the identities

(1.4) x0x =0,
(1.5) (xoy)o(xo02) =((x0y)oz)ox+ ((yoz)ox)ox
4+ ((zox)ox)oy
Presented to the Society, August 31, 1960; received by the editors March 14, 1961.
(1) This is essentially the author’s Ph.D. dissertation written under Professor L. J. Paige
while the author held a National Science Foundation Predoctoral Fellowship at the University

of California, Los Angeles. The author would like to thank Professors A. A. Albert and L. J.
Paige for the use of their unpublished paper on Malcev algebras.

426



MALCEV ALGEBRAS 427

for all x, y, zin A, An algebra A whose multiplication satisfies (1.4) and
(1.5) will be called a Malcev algebra or a Moufang-Lie algebra, so named by
Malcev.

Since any associative algebra is an alternative algebra A4, the Malcev
algebra A is a natural generalization of a Lie algebra. Furthermore the
algebra 4 of a Cayley-Dickson algebra yields a Malcev algebra which is not
a Lie algebra. It is an interesting question, and as yet unsolved, whether or
not all Malcev algebras are subalgebras of A for some alternative algebra
A. The corresponding question for Lie algebras is of course answered in the
affirmative by the Birkhoff-Witt Theorem. '

Throughout this paper the algebras considered are assumed to be finite
dimensional, although it should be clear when this restriction is not necessary.
In §2, many basic identities that are a consequence of (1.4) and (1.5) are
derived. These identities yield the result that the linear subspace, J(4, 4, 4),
spanned by all elements of the form J(x, y, 2) for x, ¥, z2in A4 is an ideal of 4.
As we shall see J(4, 4, 4) is the most important ideal of 4 when 4 is not a
Lie algebra. In further attempts to measure the “Lie-ness” of a Malcev
algebra an extremely useful linear transformation, A(x, y), is given by zA(x, ¥)
=J(z, x, ) for all x, y, 2 in A. The identities show that the linear space,
A(4, A), spanned by all such A(x, ¥)’s is actually a Lie algebra under com-
mutation. §3 is concerned with examples of Malcev algebras. In particular the
Cayley-Dickson algebra A, its associated Malcev algebra 4 and a seven
dimensional simple Malcev algebra A* obtained from 4 are all discussed
in detail. It is conjectured that A* is the only simple Malcev algebra which
is not a simple Lie algebra. In §4 results for Malcev algebras analogous to
those for alternative algebras are discussed. Corresponding to Artin’s Theo-
rem for alternative algebras, namely, the subalgebra generated by two ele-
ments of an alternative algebra is associative, it is shown that any two ele-
ments of a Malcev algebra generate a Lie subalgebra.

§5 is concerned with subspaces of a Malcev algebra which are invariant
under the Lie algebra A(4, 4) or invariant under the Lie transformation alge-
bra £(4) [8]. It is shown that N={xEA4:xA(4, A)=0}, called the J-
nucleus of A4, is an ideal of 4 and furthermore using the definition that a
semi-simple Malcev algebra is a direct sum of simple algebras, it is shown that
A is a semi-simple Malcev algebra if and only if £(4) is completely reducible
in A. In thiscase A=N@®J(4, A, A) where the J-nucleus N is a semi-simple
Lie subalgebra of 4 and J(4, 4, A) is a semi-simple subalgebra of 4 which
is not zero unless 4 is a Lie algebra. A concept similar to that of solvability
in a Lie algebra is defined in §6: an ideal B of a Malcev algebra 4 is called
J-potent if defining J'(B) = J(B, B, B) and J*+!(B) = J(J*(B), J¥(B), J*(B))
there exists an N =2 such that J¥(B)=0. It is shown that a maximal J-
potent ideal, J(4), exists and contains the maximal solvable ideal, S, of a
Malcev algebra 4 when S is not a Lie algebra. Also if 4 is a semi-simple,
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non-Lie, Malcev algebra, then 3(4) =0. To prove the converse, an analogue
to Engel’s Theorem for Lie algebras seems necessary, however, further results
indicate that the converse might not be true,

§7 is concerned with the radical of a Malcev algebra 4 which is defined to
be the minimal ideal  of A such that A/ is zero or semi-simple. To in-
vestigate the radical, more relationships between 4 and £(4) are obtained
and using the results of §5 we prove the important theorem: if 4 is a Malcev
algebra of characteristic zero, then 4 is semi-simple if and only if £(4) is a
semi-simple Lie algebra. From this we obtain that if 4 is a Malcev algebra
of characteristic zero, then %t = A48 where § is the radical of £(4). An interest-
ing result relating many of the preceding concepts is the chain of inclusions
JYS) CTNS(A)) CAoc CA8=N where ¢ is the radical of A(4, 4) and Ag is
an ideal of A. Finally in this section the symmetric bilinear form f(x, y)
=trace (R.R,) is introduced in a Malcev algebra and it is shown that f(x, y)
is actually an invariant form. This result yields the analogue of Dieudonné’s
Theorem for Lie algebras: if A is a Malcev algebra with nondegenerate trace
form, then 4 is semi-simple.

In §8, derivations are discussed and it is shown that the linear transforma-
tion D(x, y)=(R:, R,)+R., is a derivation. Furthermore D is an inner-
derivation [8] of a Malcev algebra A4 if and only if D=R,+ Z; D(x;, v5)
where x;, y; are arbitrary in 4 and # is arbitrary in the J-nucleus N. The
derivations of the seven dimensional Malcev algebra 4* are discussed in de-
tail and it is shown that the derivations of A* form a simple Lie algebra iso-
morphic to the exceptional simple Lie algebra G,. Finally in §9, the holomorph
3¢ of a Malcev algebra is defined similarly to that of a Lie algebra: let D be
the derivation algebra of a Malcev algebra 4. Form =D @4 and define
multiplication * on JC by (D1+a1) * (D2+a2) =(D1, Dz) +a,Ds—asD;+aqa,.
The holomorph of a Malcev algebra is not as useful as that of a Lie algebra
because of the restrictive result: 3¢ is a Malcev algebra if and only if for all
x,9,zin A and D in D, J(x, 5, 2)D=—J(x, ¥, 2D).

2. Fundamental identities. The principal concern of this section will be
the derivation of simple results that follow immediately from the definition
of a Malcev algebra.

DEFINITION. A Malcev algebra A over a field F is a nonassociative algebra,
that is, a vector space over F with a distributive multiplication defined on it
satisfying

(2.1) x? =0, xy = — yx,

(2.2) xy-xz = (xy-2)x + (yz-2)x + (32-2)y

for all x, v, z of 4.
It is not difficult to verify that any Lie algebra is a Malcev algebra; how-
ever, this result is an immediate consequence of the following
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LEMMA 2.3. The identity (2.2) of a Malcev algebra is equivalent to either of
the following identities

(2.9 J(x, 3, x5) = J(x, y, 2)x,
(2.5) J(x, xy, 2) = J(x, y, 2)=.

Proof. Assume (2.2), then J(x, y, xz) =xy-xz+(y-x2)x+ (xz-x)y. Now re-
place xy-xz by the right side of equation (2.2) to obtain J(x, y, x2) = (xy-2)x
+(yz-x)x+ (2% x)y+ (y-x2)x+ (x2-x)y or, J(x, ¥, x2) =(xy-2+yz-x+2x-y)x
=J(x, vy, 2)x. :

Thus (2.2) implies (2.4). The converse merely requires a rearrangement of
terms. Similarly, it can be shown that (2.4) and (2.5) are equivalent.

If the identities (2.4) and (2.5) are combined, we obtain the identity

(2.6) J(x, zy, 2) = J(x, y, x2)
for any Malcev algebra. However, Malcev [7] has shown that (2.6) does not
imply (2.2).

The linearized form of (2.4) is obtained by replacing x by x+w in (2.4)
to obtain J(x+w, y, (x+w)3z) = J(x+w, y, 2) (x+w) or, J(x, y, x3) + J (%, y, wz)
+J(w, y, x3) +J(w, y, wz) =J(x, y, D)x+ I (x, 3, 2)w+ J(w, y, 2)x+ J(w, ¥, 5)w
by repeated application of the linearity of J(a, b, ¢) in each argument. Two
applications of (2.4) then yield

(27) J(x, Y wz) + J(wy Y xz) = J(x’ Y, Z)w + J(w) Y, Z)x

for all x, ¥, 2, w of A.
A similar linearization process for equations (2.5) and (2.6) yields

(28) J(xa wy, z) + J(w’ xy, Z) = J(x> Y, z)w + J(wr Y, z)x;
(2'9) ](xy wy, z) + J(w) XY, Z) = J(xr Y wz) + J(w) Y xz)
for all x, y, 2, w of A.

The linear transformation R,, where x is an arbitrary element of a Malcev
algebra A, is defined by the equations eR,=ax= —xa for all @ in 4. Note
that R,+R,=R.;, because of the distributive law of an algebra. For any

P, ¢, r, s in A, we have J(p, q, r) =p(RR,—R,R,—Ry) and J(p, g, 7)s
=p(RR,R,—R.R,R.—R,R,).

LEMMA 2.10. Let A be a Malcev algebra of characteristic not 2. For elements
x, ¥, 2, w of A, we have the following identities:

(2.11) Riay = (Ry, R.R.) + (R:., R)) + R.R;y — Ry.R. + Ry .,
(2.12) Riayn = (Rz, Ryz) + (Ry, Roz) + (R, sz)’

(2.13) Ry:.: = R.Ryy — R..R, + (RyR,, R,),

(2.14) 2wJ(x,y,2) = J(w, %, y3) + J(w, 3, 2x) + J(w, 3, xy),
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(2° 15) 3J(wx) Y, Z) = J(xy Yy z)w - J(}’, 3, w)x - ZJ(Z’ w, x))’ + 2J(w3 X }’)z
if A is of characteristic not 3,

(2.16) J(J(x,y,2),x,5) = 3xy-J(x, 5, 2) if A is of characteristic not 3,
(2.17) trace(R,Ry.) = trace(R, R.).

Proofs. For (2.11), we begin with the identity wR; (s y,.y =wJ (%, ¥, 2). Now
apply (2.7) to obtain wR;;,»h=J(w, ¥, 2)x—J(w, y, x2)—J(x, y, w2)
= w(RszRz - Rsz - R:Rsz - RyR:u +Ry °zz +thRy+Rszu +RsRsz - RszRy)
=w[(Ry, R.R.)+(R:z:, R,)+R.R;y—R,,R.+R,..;]. Now (2.11) follows im-
mediately.

For (2.12), note that by an appropriate change of symbols in equation
(2.11) the following identities arise:

(2~ 18) RJ(IIJ,I) = (Rt) RzRy) + (Rzy, Rz) + RzRyz - RzzRy + Rl-yz,
(2~19) RJ(z,z,u) = (Rz, RuRs) + (Rzu, R,) + RyRu: - zy-Rz + Rz-zyo

Adding (2.12), (2.18) and (2.19) and using the skew-symmetry of the
Jacobian in a Malcev algebra, we obtain 3R;( 4. =2[(Rs, R.z)+(Ry, R.z)
+(R., Rz) |+ Rysy.o). Since we are assuming that the characteristic of 4 is
not 2, identity (2.12) follows.

For (2.13),add (2.11) and (2.18) to obtain 2R;(z.y,,y = (Ry, R.Rz) + (Rz., Ry)
+ Rszy - -Rysz + Ru-zz + (sz RzRy) + (Ryx, Rz) + RzRyx - R:zRy + Rz B}
= (Rz, Ruz) + (Ryy Rzz) +(R17 Rzy) +Rzy -z +Ryz 'z+Rzz 'u_Rul z T (Rzp Rsz)
+R.R.,— R..R,. Using (2.12) and the fact that Ry ..+ Ry; .2+ Rez .y = Ri(z,y.0),
we obtain 2R .. =2Rsz.y.2) — Ryz -z — (Rzy RyR.)+ R, Ry — R..R, and there-
fore Ry, .= R,Rzy— R..R,+ (R, R., R.) which completes the proof of (2.13).

For (2.14), use identity (2.12) to obtain 2wJ (. y,.) =WRi(z.y.) F WRI (2,2
= 'w[Rzy-z + Ryz-z + Rzz'y + (Rzy Ryz) + (Ry, Rn) ’+‘ (Rn Rzy)]
=w[(Rzr Ruz) —R. -vz+ (Ruv Ru) —R,, st (R,, Rzu) —R, 'zu] =w[(R,, Ruz) —R. -uz]
+ZU[(R”, Ru) _RV'N] +‘ZU[(R,, Rzu) —Rl'ﬂl] = J(w’ x, }’Z) +J(w’ Y, zx)
+J(w, 2, xy).

The proof of (2.15) is similar to that given for (2.14) and will be omitted.

For (2.16), let w=J(x, y, z) and note that we need only show J(«, y, ¥)
=3xy-u. By definition, J(u, x, y)=ux-y+xy-u+yu-x and therefore it
suffices toshow that ux-y+yu -x =2xy-u. We begin with 2xy-u=2xy - J(x,y, 2)
= J(xy, x, y2) +J(xy, ¥, 2x) + J (xy, 2, xy), by applying (2.14). Therefore 2xy-u
= J(xy, x, y2) +J(xy, ¥, zx) or, using (2.4) 2xy-u=J(x, y3, y)x—J(y, 2x, x)y
=J(y, x, y2)x+J(x, 3, 22)y=J(y, %, 2)y-x+J(x, ¥, 2)x - y=yu-x+ux-y.

The identity (2.17) is the analogue for Malcev algebras of the invariant
Killing form for Lie algebras; we shall make use of well-known properties of
the trace function of matrices. Of course for this verification, we must assume
that 4 is a finite dimensional algebra.
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We begin with (2.11), Ryey.n=(Ry R.R.)+(Res Ry)+R.Rsy—RyRo+
Ry.z. If in (2.13) we permute arguments x and y, we obtain R, .,;=R,,R,—
R,R,.+ (Ry, R:R,) and substitution into the previous expression yields Ry (z.y.5)
=(R,, R.R.)+(R.:;, R))+2(R.R.y— Ry:R;)+(R,, R.R,). The trace of any
commutator is zeroso that (2.12) and this expression yield trace (R,Rzy — Ry R.)
=0 or trace R,R,,=trace R,,R,. This completes the proof of Lemma 2.10.

A simple consequence of (2.17) and (2.13) is that trace R,.,,=0 for all
x, 9, 2 of 4; this could also have been seen directly from another easily verified
identity

(2~20) 2Ry: s = (Ry, R..) + (Rn Rty) + (R,,R,, R.) + (Rz: R:-Rt;)-

The nonsymmetric character of the arguments in the defining relations
of a Malcev algebra can be removed by

PRroPOSITION 2.21. An algebra A of characteristic not 2 is a Malcev algebra
if and only if A satisfies xy=—yx and xy-zw=x(wy 2) +w(yz-x) +y(zx-w)
+z(xw-y) for all x, y, 3, win A.

Proof. For the implication in one direction, merely apply (2.13) to an
arbitrary element w in A and rearrange terms. For the converse, set w=x in
the identity of the proposition to obtain (2.2) in the definition of a Malcev
algebra.

There remain a few more useful identities for Malcev algebra which re-
quire the ideas originated in [2; 6] for an alternative algebra and hence we
define a function G(w, x, y, 2) by the equation

(222) J(wx7 Y Z) = xj(w: Y, Z) + J(x) Y z)w + G(w: % Y Z)
for all w, x, v, zin a Malcev algebra 4.

PRroposITION 2.23. In a Malcev algebra of characteristic not 2 or 3 the func-
tion G as defined by (2.22) is a skew-symmetric function satisfying

(2'24) SG(w’ Xy Yy Z) = 2[‘10](1,‘, Y Z) - x]()', 2, w) + )’J(Z, w, x) - z](w, x, )’)],
(2°25) G(w7 % Y, z) = Z[J(wx’ Y, Z) + J(yzr w, x)]‘

Proof. That G is a skew-symmetric function satisfying (2.25) is proved in
[6]. In order to show (2.24), note that (2.22) yields 3G(w, x, y, 2) =3J (wx, ¥, 2)
— 3xJ(w, v, 2) — 3J(x, v, 2)w = 2J(x, 3, w)z + J(x, y, 2w + J(y, w, 2)x
+2J(x, w, 2)y—3J(x, v, 2)w—3xJ(w, y, z) by applying (2.15) to the term
3J(wx, v, z). Combining terms, (2.24) is an immediate consequence.

A simple consequence of (2.22) and (2.25) is
(226) J(wx, Y, z) = wJ(x, y, z) + J(w, Yy 2)x — 2](}'2: w, x).

To measure the “Lie-ness” of a Malcev algebra, the following is of consider-
able importance:
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DEFINITION. For elements x, y of a Malcev algebra 4, set
(2-27) ) A(x, y) = (Rz, Ry) - Rzy.
Some elementary properties of A(x, y) are given in

LEMMA 2.28. Let w, x, y, 2 be any elements of a Malcev algebra A of char-
acteristic not 2 or 3. Then

(2.29) 2A(x, y) = J(z, 2, ¥),

(2.30) —A(x, ) = A(—x%,9) = Ay, ),

(2.31) A(x, x2) = A(x, 2)R. = — R:A(x, 2),

(2.32) 2Rs 2y = A(x, y2) + A(y, 2%) + A(s, xy),

(2.33) Alx, 9™ = (=3)"als, y) RS, E=0,1,2--,
(2.34) (Ruy A(, 2)) = Ruaw.» + 24(yz, w),

(2.35) 2(Ru, A(y, 2)) = — 3A(w, ¥2) + A(y, z2w) + A(z, wy).

Proofs. Equations (2.29) and (2.30) are clear. Equation (2.31) follows from
Lemma 2.3. Equation (2.32) follows from (2.14) and (2.29). Equation (2.33)
follows from (2.16) and induction. For (2.34), let w, x, ¥, 2 be in 4, then using
(2.27) we have —xR,A(y, z) =wsA(y, 2)=J(wx, vy, 2); and, using (2.26),
—xRuA(y, 3) =wJ(x, 3, 2) +J(w, 3, 2)x —2J (y2, w, x) =w-xA(y, 3) —x - wA(Y, 2)
—2xA(yz, w)=x[—A(y, 2)Ro—Ruay.»—2A(y3, w)]. This yields R.A(y, 2)
=A(y, 2)Ro+Ruaw,»y+2A(yz, w) and therefore (2.34). Equation (2.35) fol-
lows from (2.34) and (2.32).

As an application of these identities we prove the following useful

THEOREM 2.36. Let A be a Malcev algebra of characteristic not 2 or 3 and
let A(A, A) be the linear space spanned by all the A(x, y)'s, where x, y are in A.
Then A(A, A) is a Lie algebra under commutation.

Proof. It suffices to show that A(4, A4) is closed under commutation. First
note that for any v, w, y, z in 4, 2(R., A(y, 2)) = —3A(w, yz)+A(y, 2w)
+A(z, wy) is in A(4, A), using (2.35). Secondly note that

4(R., (Ru, A(y) 3))
= — 6(Ry, A(w, y2)) + 2(R,, A(y, 3w)) + 2(R,, A(3, wy))

is again in A(4, 4) by using the preceding sentence. Now (2.37) implies that
((Ry, Ru), A(y, 2)) = (Ro, (Rw, A(3, 2))) — (Ru, (Ry, A(y, 2))) is in A(4, A4).

Now for any A(y, w), A(y, 2) in A(4, 4) we have 4(A(v, w), A(y, 32))
=4((R17v Rw)_RWH A(yr Z))= _4(va’ A(J’» Z)) +4((R'h RW)v A(yr Z)) is in
A(A, A), by the first part of the proof. Using the bilinearity of the commuta-
tor, we have for any S, T in A(4, 4) that (S, T) isin A(4, 4). We shall note
that

(2.37)
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(A(x’ y)’ A(u’ 1))) = A(xA(u) v)y 3') + A(x) yA(uy v)) + 3R.l(z.u.ut)

(2.38) — 6A(xy, uv).

This is easily obtained from (8.13) and Proposition 8.14.

3. Examples and ideals of Malcev algebras. The notation and definitions
given in [1] for any nonassociative algebra 4 will be adopted for our investiga-
tions of Malcev algebras. These are: (1) If h(xi, - - -, x,) is a function of »
indeterminates such that for any n subsets B; of 4 the elements h(by, - - -, b,),
for b;E€B;, are in A, then h(B,, - - -, B,) denotes the linear subspace of 4
spanned by all of the elements k(by, - - -, ba), for b;€B.. (2) If B is a subset
of A and ®.is a set of linear transformations defined on 4, then B® denotes
the linear subspace of 4 spanned by all the elements b8 for b€ B and BE®.
(3) A linear subspace B of 4 is called an ideal of A if BACB and ABCB.
An algebra A is called simple if A2#0 and 4 contains no proper ideals. Also
an algebra A4 is semi-simple if A is the direct sum of ideals which are them-
selves simple algebras. For an algebra 4, set A®=4:4 and A®+D=4®
-A®, The chain ADA®D - - - DA® . . . is called the derived series of
A and if there exists an integer N such that A®™ =0, 4 is called solvable.
An element a of A4 is an absolute divisor of zero if aA =Aa=0. The notation
#or [x]~ is used to denote elements of a quotient space 4 of 4, and Bor [B]-
is used to denote subsets of 4.

ExaMmpLE 3.1. The following is a solvable, non-Lie, Malcev algebra. Let 4
have basis {el, €s, €3, e4} with multiplication table

e 2 e3 €4

e 0 —e —e ey
2 23 0 2eq 0
€3 s —2e 0 0
es | —ey 0 0 0

With a few calculations, one can easily show that 4 is a Malcev algebra.
However, J(e,, e, eies) = 6es= J(e1, €, €3)e; and hence A is not a Lie algebra.
The derived series of A i1s 4D {62, es, e4} D) {64} D0, and 4 is a solvable alge-
bra.

ExaMpPLE 3.2. The A algebra of a Cayley-Dickson algebra A. Every
Cayley-Dickson algebra can be extended to an algebra containing zero divi-
sors by a suitable extension of the base field. We shall assume this extension
has been made and use the Zorn “vector-matrix” form of the Cayley-Dickson
algebra possessing idempotents not the identity.

Briefly, we let the elements of the algebra 4 be of the form

G 3
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where a, b are elements of a field F and , Bare 3-dimensional vectors (a1, a3, ;)
over F,
For addition, we define

(Z a)+(c 7)_(;+c a+7)
b s d \8+0s b+d)

We use the notation * and X for the scalar and vector product of 3-
dimensional vectors and define multiplication by

(; a)(c 'y)_( ac+ a°d a'y+da—ﬁ><6)
8/ \s 4/ \c+b+aXy Bey+bd J

A is an alternative algebra and we define a new multiplication o by
AoB=AB—BA,or

G 9G2)
=( a*d—f-v (a—b)7+(d—c)a-25><a).

(c—ad)B+(®—a)d+2aXy —(@8—-8"7)

The algebra A, with multiplication defined by (3.3), is a Malcev algebra
and we choose as a basis for A the elements

(1 0) (1 0) (o a, o, 0))
€0 = y 6y = ’ €2 = ’
01 0 —1 0 0

0 (0,1,0) _ 0 (0,0,1) _ 0 0
e":(o 0 ) e‘"(o 0 ) “"((1, 0, 0) o)’

“ = ((o, (1), 0) g)’ o ((0, 3, 1) g)'

For all x in A, ¢pox=0 and hence we shall consider the algebra
A*=A4/{e,}. We identify e; in A with the coset e;+ {eo} in A* and de-
noting multiplication by juxtaposition we have the following multiplication
table for fields of characteristic not 2:

3.3)

€1 (2} €3 €4 €5 €s er

e 0 2e0  2es 2eq —2e5 —2e —2e1
ez | —2e 0 2e7 —2e 2 0 0
es | —2e3 —2e; 0 2es 0 e 0
es | —2es  2e6 —2e 0 0 0 ey
es 2es —e 0 0 0 — 2e 2e;
6 2es 0 —e 0 2eq 0 —2e
e7 2e; 0 0 —e —2e 2e; 0
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It is an easy matter to prove A* is a simple algebra. If B is an ideal con-
taining an element ¢= ZZ_, t:e;, where 170, then 4t— (te))e;=4he, is in B
and therefore e, is in B. Consequently, from the above multiplication table,
B=A* An ideal B of A* always contains such an element because if
s= D 1.3 Siei, (Where s;70 for example), then ess = — sye1+-other terms.

ExaMpPLE 3.4. In the theory of Lie algebras, the product of two ideals is
again an ideal. However, the following is an example of a Malcev algebra 4
with ideals B and C which are Lie algebras, yet BC is not an ideal of A. Let
A have basis {ei, e, €3, e, s} with multiplication table

€1 €2 €3 €4 €5
e 0 ez O
€9 0 0 €3
es 0 0
es | —es O 0 0
es 0 —es O 0

Then B={ei, e, &5} and C={es, €3, e} are ideals of 4, yet BC= {e.} is not
an ideal of 4.
We are able to provide a multiplication of ideals of a Malcev algebra with

the following

THEOREM 3.5. If B and C are ideals of a Malcev algebra A of characteristic
not 2 or 3, then J(B, C, A) is an ideal of A.

Proof. By (2.14) we have AJ(B, C, A)CJ(A4, B, CA)+J(4, C, AB)
+J(4, A, BC). Since B and C are ideals of 4, this yields 4J(B, C, A)
CJ(4, B, C)+J(A4, C, By+J(A4, A, BC). Thus to show J(B, C, 4) is an
ideal of 4, it suffices to show J(4, 4, BC)CJ(B, C, 4). So let x, ¥, be in 4,
bin B and ¢ in C. Then by (2.26), J(be, x, y)=bJ(c, %, y) —cJ(b, %, )
—2J(xy,b,c) and therefore using (2.14) we obtain that 2J(bc, x, y) = 2bJ (¢, x,y)
—2cJ(b, x, y) —4J(xy, b, ¢) =J(b, ¢, xy)+J (b, x, yo) +J(b, ¥, cx) — J(c, b, xy)
—J(c, x, yb) — J(c, ¥, bx) —4J(xy, b, ¢) is in J(B, C, A4).

COROLLARY 3.6. If A is a Malcev algebra of characteristic not 2 or 3, then
J(A, A, A) is the minimal ideal of A such that A/J(A, A, A) is a Lie algebra.

4. Lie subalgebras of a Malcev algebra. Bruck and Kleinfeld considered
associative subrings of an alternative ring in [2] and the proofs in this section
are modifications of those in [2]. We shall permit the Malcev algebras in this
section to have arbitrary characteristic because the only previously stated
identities used (except in Theorem 4.1) are (1.3), (2.1), (2.2) and (2.22) none
of which depend on the characteristic.

DEFINITION. A subset B of a Malcev algebra A is a Lie subset of A if
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J(B, B, B)=0. B is a maximal Lie subset of A provided B is a maximal subset
of A such that J(B, B, B)=0.

It is easily shown that B is a maximal Lie subset of 4 provided J(x, B, B)
=0 if and only if x is in B, Also by using Zorn's Lemma, one can easily
verify that every Lie subset is contained in a maximal Lie subset.

THEOREM 4.1. Let A be a Malcev algebra such that 3G(w, x, y, 2) =0 implies
G(w, x, v, 2) =0 for every w, x, ¥, 2 in A. Then every maximal Lie subset B of
A is a subalgebra of A.

Proof. Let w, x, ¥, z be in B, then (2.24) and the hypothesis on 4 yield
G(w, x, ¥, 2) =0. Now by (2.22) we have J(wx, ¥, 2) =0 and since B is a max-
imal Lie subset of 4, wx is in B. By the linearity of the Jacobian, B is also a
subspace of 4.

THEOREM 4.2. Let X, B, C be subsets of a Malcev algebra A such that
(4.3) J(X, X, A) =J(B,B, A) =J(C,C, 4) =J(X, B,C) = 0.
Then the subset D=X\UB\JC is contained in a Lie subalgebra of A.

COROLLARY 4.4. Any two elements a, b of A (or any three elements a, b, ¢ of
A satisfying J(a, b, c) =0) are contained in a Lie subalgebra of A.

Proof. From (4.3) and (2.22), which states that J(wx, y, 2) =xJ(w, ¥, 2)
+J(x, 3, 2)w+G(w, x, ¥, 2), we have

(4.5) G(4, A, X,X) = G(4, A, B, B) = G(4, 4,C, C) = 0.
Let K={k€A: J(D, D, k)=G(X, B, C, k)=0}; that is,
(4.6) J(D, D, K) = G(X, B, C, K) = 0 defines K.

We shall show that DKCK. If d is in D=X\UB\UC, clearly J(D, D, d)=0
by the hypotheses; and by (4.5), G(X, B, C, d)=0. Thus d is in K; that is
D CK. Furthermore, from (4.5) and (4.6), we have

4.7 G(D, D, D, K) = 0.
From (2.22), (4.6) and (4.7) we have
(4.8) J(DD, D, K) = 0,

and for z in D\UDD, we have

(4.9) J(XK,X,2) =J(K, X, )X + KJ(X, X,2) + G(X, K, X,3) = 0

by using (2.22), (4.3), (4.5), (4.6) and (4.7). Thus we have

(4.10) J(XK, X, D) = J(XK, X, DD) = 0.

Hence by (2.22), J(BC, X, XK) = J(C, X, XK)B + CJ(B, X, XK)
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+G(B, C, X, XK), and using (4.10), we have J(BC, X, XK)=G(B, C, X, XK)
=0. Arguing similarly on B and C we obtain

(4.11) G(X, B, C, DK) = 0.

Since D CXK, (2.22) yields
'(4.12) J(DK, D, D) = J(K, D, D)D + KJ(D, D, D) + G(D, K, D, D) = 0,

and hence by (4.6), (4.11) and (4.12) we complete the proof that DK CK.
Let

(4.13) M={m€EK:J(D,mK) =0 and mK C K};
that is, J(D, M, K)=0 and MKCK, where MCK. Let
(4.14) S={sEM:Js M K) =0}

that is, J(S, M, K) =0, where SC M.

Note that by (4.6), D C M and D CS. Clearly S is a subspace of 4 and we
shall show that Sisa Liealgebra. Now since SC M C K we have J(S, S, S) =0.
So we need only show S is closed under multiplication. Also since SCMCK
and MKCK we have, using (2.22), (4.13) and (4.14), that SSCK and
G(M, K, S, S)=0. Furthermore,

(4.15) J(SS,M,K) = J(S, M, K)S + SJ(S, M, K) + G(S, S, M, K) = 0.

From 0=J(S, S, K) we have S-SK+SK-S+K-5S=0, and since SKCK,
we obtain SS-KCK. Now J(SS, M, K)=0 implies, since DCM, that
J(SS, D, K) =0 and therefore by (4.13), SSC M. Hence by (4.13) and (4.14),
SSCS. This completes the proof. The corollary is an immediate consequence.

By Zorn’s Lemma, every Lie subalgebra of a Malcev algebra is contained
in a maximal Lie subalgebra which, we shall now show, is a maximal Lie sub-
set of the Malcev algebra.

THEOREM 4.16. Let B be a Lie subalgebra of a Malcev algebra A and let C
be a subset of A such that J(B, B, C)=J(C, C, A)=0. Then D=B\JC 1s con-
tained in a Lie subalgebra of A.

COROLLARY 4.17. Every maximal Lie subalgebra of A is a maximal Lie
subset of A.

Proof. Let K={k€CA:J(D, D, k)=0}; that is J(D, D, K)=0 defines
KCA. We shall show DKCK. Since J(C, C, A) =0, we have by (2.22)
4.18) 0=J(44,C,C)=J(4,C,C)A + AJ(4,C,C) + G(4,4,C,C)

' = G(4, 4,C, C).
Since BBCBCD, we have 0=J(BB, B, K)=G(B, B, B, K). Therefore
0=J(BB,C,K)=J(B,C,K)B+BJ(B,(C,K)+G(B,B,C,K)=G(B, B, C,K).
Thus
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(4.19) 0 = J(BB, D, K) = G(B, B, D, K).
Using (2.22), (4.18) and (4.19) we obtain
(4.20) G(D, D, D,K) = 0.

Moreover by the hypotheses, D CK and hence J(DK, D, D)=KJ(D, D, D)
+J(K, D, D)D+G(D, K, D, D) =0. Thus by the definition of K, DKCK.
Hence D C M = {m(—:K: J(D, m, K) =0 and mKCK}. If
S= {sEM: J(s, M, K)=0} we see as in Theorem 4.2 that DCS and Sis a
Lie subalgebra. For the corollary, let B be a maximal Lie subalgebra of 4
and let J(c, B, B) =0. To show that ¢ is in B, let C=c in Theorem 4.16. Then
BCB\UcCS, where S is a Lie subalgebra of A. Hence by the maximality of
B, B=B\Uc and c is in B.

5. Invariant subspaces of the Lie algebras A(A, A) and £(4). In this
section we shall consider the Lie transformation algebra, £(4), the Lie
algebra A(4, A) and their invariant subspaces. Schafer [8] has defined the
Lie transformation algebra of an arbitrary nonassociative algebra A as
follows: Let R(4) (L(A)) be the linear space spanned by all right (left)
multiplications R, (L.) for x in A and set M =R(A)+L(A4). Then the Lie
transformation algebra, £(A), of A is the intersection of all Lie algebras con-

taining M. Defining Mi=M, M;=(M;,, M), i=2, 3, - - -, Schafer has
shown that (M;, M;) C M, for 4,7 = 1,2,--- and that £(4) = M,
+ Mt - -

For the remainder of this paper we shall restrict all algebras to have character-
istic not 2 or 3.

THEOREM 5.1. Let A be a Malcev algebra, then £(A)=R+ (R, R) where
R=R(4).

Proof. Since 4 is anti-commutative, M\y=R=R;and M;,=R;=(R;_1, R)).
By (2.20), 2R, ..= (R:, R,.) +(Ry, R..) +((R,, Ry), R.). Using the above nota-
tiOﬂ, RaCRl"l"Rz. Moreover (Rz, Rz) CR4= (Ra, Rl) C(R1+R2, Rl) CR2+R3
CRi+Ry;+R:. Hence Ri+R: is a Lie algebra and therefore by definition
£(4)=R+(R, R).

As an application of the Lie transformation algebra, we have the follow-
ing

THEOREM 5.2. Let B be an ideal of a Malcev algebra A. The subspace
R(B)+(R(B), R(A)) generated by all elements of the form Ry+(Rw, Rs) for
b, b in B,a in A is an ideal of £(4).

COROLLARY 5.3. If A=A A contains no absolute divisors of zero and £(A)
is simple, then A 1s simple.

Proof. From (2.20) we have
(5.4) ((Rz; R), R,) = 2Ryy.. — (Rs, Ry2) — (R, R..).
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If x€B and y, 2€4, then xy-2EB, y2E A4, s2x&B. This and (5.4) imply

(5.5) (R(B), (R(4), R(4))) C R(B) + (R(B), R(4)).
If x, 2€4 and yEB, then xy-2EB, y2EB, 2xE A. This and (5.4) imply
(5.6) ((R(4), R(B)), R(4)) C R(B) + (R(B), R(4)).

From the Jacobi identity for Lie algebras we see that
((R(B), R(4)), (R(4), R(4)))
= — ([R(4), (R(4), R(4))], R(B)) — ([(R(4), R(4)), R(B)], R(4)).

Clearly (R(4), (R(4), R(4))) CR(A)+(R(A), R(A4)), from Theorem 5.1, and
hence using (5.5)

([R(4), (R(4), R(4))], R(B))
C (R(4) + (R(4), R(4)), R(B)) C R(B) + (R(B), R(4)).

We also have ([ (R(4), R(4)), R(B)], R(4)) CR(B)+(R(B), R(4)) from
(5.5) and (5.6), so that ([R(B)+(R(B), R(4))], [R(4)+(R(4), R(4))])
C(R(B), R(4))+(R(B), (R(4), R(4)))+((R(B), R(4)), (R(4), R(4)))
CR(B)+(R(B), R(A)). Hence R(B)+(R(B), R(A)) is an ideal of £(4).

For the corollary note that R(B)+ (R(B), R(4)) is a nonzero ideal of
£(4)=R(A)+(R(A4), R(4)) if B is a nonzero ideal of 4. Thus if £(4) is
simple, R(B)+(R(B), R(A))=R(A4A)+(R(A), R(A)) and therefore R(A4)
CR(B)+4+(R(B), R(A)). Hence A=A4-4A=AR(A) CAR(B)+A(R(B), R(4))
CB.

PROPOSITION 5.8. A(A, A) is an ideal in the Lie transformation algebra and
£(A)=R(A)+A(4, A).

Proof. It suffices to show (R, A(u, v)) and (R, R.),A(u,v)) arein A(4, 4).
But this follows from (2.35) and (2.38). The second part follows from Theo-
rem 5.1 and (2.27).

THEOREM 5.9. If A is a Malcev algebra such that A=J(A, A, A), then
A4, A)y=£(A4).

Proof. We know A(4, 4) C£(4). So let R,+(Ry, R;) be in £(4) where
x,y,zarein A=J(4, A, A). Then by (2.32), R;, R, and R, are in A(4, A)
and since A(4, A) is a Lie algebra under commutation, R.4+(R,, R.) is in
A4, A).

We shall now consider £(4)- and A(A4, A4)-invariant subspaces of a
Malcev algebra. See [5] for basic properties of invariant subspaces.

(5.7

PROPOSITION 5.10. Let A be an arbitrary nonassociative algebra and let B be
a subspace of A. Then B is £(A)-invariant if and only if B is an ideal of A.

Proof. Suppose B is an ideal of 4, then BR(A) CB and BL(4) CB. Thus
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BM;CB for all ¢ and therefore B is £(4)-invariant. Conversely, suppose B is
£(4)-invariant. Then B£(A4) CB and in particular, BR(4) CB and BL(A)
CB. Therefore B is an ideal of 4.

Using this result we shall study most of the properties of £(4)-invariant
subspaces as just properties of ideals of A. However in the case of a Malcev
algebra A, we want to measure the “Lie-ness” of 4 by considering 4 as a
A(4, A)-invariant space. We start by defining a subset of 4 similar to the
nucleus of an alternative algebra defined in [2].

DEFINITION. N= {xE4: xA(4, A) =0} is called the J-nucleus of a Malcev
algebra A; that is, N is the maximal subset of 4 such that J(N, 4, 4)=0.

ProrosiTION 5.11. If A is a Malcev algebra, then NJ(A, A, A) =0.
Proof. By (2.14) we have NJ(4, 4, A)CJ(N, A, AY)CJ(N, 4, A) =0.
LEMMA 5.12. Let a, b&E A be such that J(a, b, A) =0, then ab is in N.

Proof. By (2.26), we have for x, yin 4, 2J(ab, x, y) =xJ(y, 6, b) + J(x, a,b)y
—J(xy, a, b) =0. Therefore by the definition of N, ab isin N.

COROLLARY 5.13. N is an ideal of A.

Proof. Clearly N is a linear subspace of 4 and if nisin N, a in 4, we have
J(n,a, A)=0 and by Lemma 5.12, na is in N.

In the rest of this section we shall assume that the nonassociative algebra
A has no absolute divisors of zero and we can now say that a nonassociative
algebra A is simple if and only if 4 has no proper ideals. This yields 4 is sim-
ple if and only if 4 is £(4)-irreducible. In the case of a Malcev algebra we
have

THEOREM 5.14. Let A be a simple Malcev algebra. Then A = N or
A=J(4, A, A4).

Proof. Since J(4, 4, A) isan ideal of 4, J(4, 4, A)=A or J(4, 4, A) =0.
If J(4, A, A) =0, then by Lemma 5.12 A2CN. But since 4 is simple A2=4.
Thus 4 =N.

An ideal B of a nonassociative algebra 4 is called minimal if B contains
no proper ideals of 4 other than B itself. Thus we have that B is a minimal
ideal of 4 if and only if B is a £(A4)-irreducible subspace of 4.

PRroPOSITION 5.15. Let B be a minimal ideal of a Malcev algebra A. Then
(1) B*CNor J(B,B, A)=B; (2) BACN or J(B, A, A)=B=J(B, B, A).

Proof. (1) Suppose B*(L N, then by Lemma 5.12 J(B, B, A) #0. But by
Theorem 3.5, J(B, B, A) is an ideal of A contained in B and hence
B=J(B, B, A4). The proof of (2) is similar.

Recalling that a semi-simple nonassociative algebra 4 is a direct sum of
simple algebras (that are also ideals of A) and that £(4) is completely re-
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ducible in A4 if and only if 4 is a direct sum of £(A4)-irreducible subspaces
of A, we have A4 is semi-simple if and only if £(4) is completely reducible
in A. For Malcev algebras we have

LEMMA 5.16. Let B be an ideal of a semi-simple Malcev algebra A such that
BN\N=0. Then B=J(B, B, By=J(B, B, A)=J(B, 4, A).

Proof. The proof is similar to (5.14) and (5.15). It uses the fact that
A=A,® - -+ ®Ar where the A4; are simple Malcev algebras such that
A;A;=0if i#j, and furthermore that B=A4,® - - - ®A4,,.

THEOREM S5.17. If A 4is a semi-simple Malcev algebra, then
A=N®J(4, A, 4).

Proof. Since N is an ideal of 4 and A4 is semi-simple, we can write
A =N ® B where B is an ideal of 4 such that BOAN=0. Then by Lemma 5.16,
B=J(B,A,A)CJ(A, A, A). But J(4, A, A)=J(N®B, A, A)CJ(N, A, 4)
+J(B, A, A)=B. Hence B=J(4, 4, 4).

CoOROLLARY 5.18. If B#0 is a Lie algebra which is also an ideal in a semi-
simple Malcev algebra A, then BCN.

Proof. Let A=A4,® -+ - ®Arand B=4:® - - - ®A, where the 4, have
the properties given in the proof of Lemma 5.16. Furthermore, since A{=4;,
we have B?=B. So writing A =B @®C where C is again an ideal such that
CB=B(C=0, we have 0=J(B, B, B)y=J(B, B, A). Therefore by Lemma 5.12,
B=B2CN.

We shall now study the A(4, 4)-invariant subspaces more closely.

LEMMA 5.19. Let B be an ideal of a Malcev algebra A, then A(B, A) is an
ideal of the Lie algebra A(4, A).

Proof. From (2.38) we have 2(A(x, y), A(u, v)) = 2A(xA(u, v), ¥)
+2A(x, YA(u, v)) +6Rs(z,y.un) — 12A(xy, uv) = 2A(xA(u, v), ¥) +2A(x, yA(u, v))
+3A(x, y-uv) +3A(y, uv-x) +3A(uv, xy) — 12A(xy, uv), by (2.32). Therefore if
xEBand y, u, vEA we have (A(x, ¥), A%, v)) EA(B, A) and by the linearity
of the commutator, A(B, A) is an ideal of A(4, 4).

LeEMMA 5.20. If ® is an ideal of A(A, A) and C a A(A, A)-invariant sub-
space of A, then B=C® is a A(A, A)-invariant subspace of A.

Proof. This follows from (®, A(4, 4)) C®.
Analogous to Theorem 3.5 we have

THEOREM 5.21. If B is an ideal of a Malcev algebra A and Cisa A(4, A)-
invariant subspace of A, then J(A, B, C) is a A(A4, A)-invariant subspace of A.

Proof. This follows from the preceding lemmas and from J(4, B, C)
=CA(B, A).
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We shall now consider a A(4, A)-irreducible subspace of a Malcev algebra
A.

THEOREM 5.22. Let B be a A(A, A)-irreductble subspace of a Malcev algebra
A, then BCN or B=J(B, A, A).

Proof. Let C=BA(A4, A). Then CisaA(A4, A)-invariant subspace contained
in B. Therefore C=0 or C=B.

Now in case B is A(4, A)-irreducible and BCN, then dim B=1 over the
base field F. For let B=e;/F® - - - @e,FCN, then the ¢;F are subspaces
which are A(4, A)-invariant. Thus r=1. Now again if BisA(4, 4)-irreducible
and B=J(B, A, A), then B is an ideal of J(4, A, A) which contains no
proper subspaces that are ideals of 4. We use these remarks in

THEOREM 5.23. Let A be a Malcev algebra such that A(A, A) is completely
reducible in A, then A=N®J(A, A, A) where N is completely reduced by
A(A, A) and J(A, A4, A) is a semi-simple ideal of A.

Proof. Since N isa A(4, A)-invariant subspace of 4, write A=N@®B. We
shall show that B=J(4, 4, 4). Now B is completely reduced by A(4, A4),
that is, the subspace B is a direct sum of A(4, A4)-irreducible subspaces,
therefore we may write B=B,® - - - @B, where B; are A(4, A)-irreducible
subspaces of 4 such that B;,A(4, A) =B;, since B/ AN =0. Therefore we have
J(A, A, A)=AA(A, A)=BA(4, A)= 3 :B.A(A, A)= D : B;=B. The rest
of the conclusion follows from the remarks preceding the theorem.

COROLLARY 5.24. If A is a semi-simple Malcev algebra, then A(A, A) is
completely reducible in A.

We shall finally investigate ideals of £(4) and A(4, 4) and the subspaces
of 4 induced by these ideals.

ProposITION 5.25. Let B, C be ideals of a Malcev algebra A, then (C: B) .
={TE€L£(4): BTCC} is an ideal of £(A). Also if B, C are A(A, A)-invariant
subspaces of A, then (C: B)a= {ACA(4, A): BACC} is an ideal of A(4, A).

Proof. This follows easily from the definitions.

COROLLARY 5.26. Let B=AE be an ideal of A, where E is a projection defin-
ing B. Then (B: A)={TE€ £(A): TE=T} =(B: A)LE. Also if B=AE is a
A(A, A)-invariant subspace of A, where E is a projection defining B, then
(B: A)a={AEA(4, A): AE=A} = (B: A),E.

Proof. This also follows from the definitions.

PRrOPOSITION 5.27. Let C be a A(A, A)-invariant subspace of A and let ®
be an ideal of A(A, A), then B=C® is a A(A, A)-invariant subspace of A. Also
if C is an ideal of A and ® is an ideal of £(A), then B is an ideal of A.
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Note that if B is a A(4, A)-invariant subspace of 4, then by (2.32) B is
an ideal of J(4, A, 4). Thus the subspace B in the above proposition is an
ideal of J(4, A4, A).

We shall now investigate the centers of £(4) and A(4, 4). Recall that the
center C of a Lie algebra L is the set of all elements ¢ in L such that [¢L]=0,
where [ab] denotes the multiplication of @ and b in L. Now assume that
A=N@®J(4, A, A) isa Malcev algebra containing no absolute divisors of zero
and that €(A(A4, 4)) is the center of the Lie algebra A(4, A). Let
A=Y i A(x;, ¥)EC(A(4, A)), then for any nEN and x, ¥y, 3€ A we have
(A, Rutsun) =@, R)+@, Riey.n) =@, Rizyn)=0, using {2.32). Thus
by linearity we have for any w€A=N@®J(4, 4, A) that 0=(4, R,), i.e.
AR,=R,A. Now let u,v&E A, then uvA =uR,A =uAR,=uA -vand uvA = —vR,A
=—vAR,=u-vA. Also wA=uv)_; A(x;, y:)) = Z; J(uv, x;, ¥;) and obtain,
using (2.26), that wvA= Y, [uJ(v, x:, ¥:)+J(u, x:;, y)v—2J(xy:, u, v)]
=D [u-vAQxs, y) Ful(xi, vi) -v—2T(xy:, #, v) | =u-vA+ul-v—2J(z, u, v),
where 2= Y _; x;9;. Thus uvA =2uvA—2J(z, u, v), by the preceding remarks,
and therefore uvA=2J(z, u, v).

Case 1. If 2=0, then for all u, vin A, 0=wuvA=uA-v. Now if A#0, then
there exists #& A4 such that #eA0. But for all y& 4 we have 0=uA-v and
since there are no absolute divisors of zero we obtain #yA =0, a contradiction.
Therefore z=0 implies A=0, i.e., A>£0 implies z#0.

Cask 2. If 250, then again since there are no absolute divisors of zero in
A there exists 20& A4 such that a =2205%0. Therefore A =220A =2J(3, 2, 20) =0
and hence a is in the null space of A. Combining these cases we have

LEmMMA 5.28. If A=N@®J(A4, A, A) is a Malcev algebra containing no ab-
solute divisors of zero and if 0ZACS C(A(A, A)), the center of A(A, A), then A is
singular.

Now we may write Ker(A) for the null space of the linear transformation
A and show

LEMMA 5.29. If 0#AE C(A(4, A)) and A=NDJ(A, A, A) has no absolute
divisors of zero, then AA and Ker(A) are proper ideals of A.

Proof. Since A0, z#0 and therefore ¢ =220& Ker(A). Thus AA is a proper
subspace of A. Now for any u€ A4 and vAE AA, we have vA-u=vu-AC AA.
Thus AA is an ideal of A. Since A0, Ker(A) is a proper subspace, by the
preceding lemma. Now for any u&Ker(A) and vE A we have uvA=uA-v=0
and therefore Ker(A) is an ideal of 4.

CoROLLARY 5.30. If 4 1s A(A, A)-irreducible, then C(A(A4, A)) =0.

Proof. On one hand, 4 = N and therefore €(A(A, A)) CA(4, 4) =0. Other-
wise A=J(4, A, A) and N=0 so that A=N&®J(4, A, 4A). But if 0=A
€eC(A(4, 4)), then AA and Ker(A) are proper ideals of 4 and therefore
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proper A(A4, A)-invariant subspaces of 4. Hence we must have C(A(4, 4))
=0.

CoROLLARY 5.31. If A(A4, A) is completely reducible in A, then C(A(4, A))
=0,

Proof. This follows from 4=B:® - - - @B, where B; are A(4, 4)-
irreducible and A(4, 4) = X ;A(Bi, B) and hence €(A(4, A4))
=n.' G(A(B., B.')).

COROLLARY 5.32. If A is a semi-simple Malcev algebra, then €(£(A)), the
center of the Lie transformation algebra, is zero.

Proof. Since A4 is semi-simple, A=N®J(4, A, A) and A has no absolute
divisors of zero. An easy calculation shows £(4)=R(N) ®A(4,4) and
c(e(d))=C(R(N))®eC(A(A4, A)). Now since 4 is semi-simple, A(4, A) is
completely reducible in 4 (Corollary 5.24) and by the preceding corollary
C(A(4, A))=0. Now let R(C)=¢€(R(N)), the center of the Lie algebra
R(N), where CCN. Then 0=(R(C), R(N))=R(CN), since A(N, N)=0.
Therefore since there are no absolute divisors of zero in 4, CN=0. But
AC=NC+J(4, A, A)C=0, since CCN and J(4, A, A)N=0. This implies
C=0.

6. J-potency. In this section we shall consider a concept similar to solva-
bility which is useful in the discussion of the radical of a Malcev algebra.

DEFINITION. Let B be an ideal in a Malcev algebra A.

(0)  Set Jo(B) = J(B, B, B) and Ji (B) = J(J4B), Ji(B), Ji(B)).
(1)  Set Ju(B) = J(B, B, 4) and Ji (B) = J(J%(B), Ji(B), 4).

(2)  Set Jo(B) = J(B, A, 4) and Js (B) = J(Js(B), 4, A).

An ideal B of 4 is called J;-potent, =0, 1, 2, if there exists an integer N =2
such that J¥(B) =0.

REMARKS. (1) The case N=1 is excluded because this case causes some
difficulty with the J-nucleus. (2) For all » we have Jg§(B) CJ{(B) CJ;(B).
(3) For i=0, 1, 2 we have BDJi(B)DJiB)D - - -. (4) A Jo-potent ideal
will simply be called J-potent.

We shall now obtain several conditions for an ideal of a Malcev algebra
to be.J-potent. Thus let B be an ideal of a Malcev algebra A and let A(x, y)
=(R:, R;)— Ry, where zA(x, y)=J(z, x, y) (see (2.27)). Now defining
J°(B)=B,wehave{ € J(B)ifandonlyif { = 3 ; J(B:, bui, bai) = D BilA(bus, ba),
where B, bu, be; are in J°(B); that is, {€J(B) if and only if {EBA(B, B).
Similarly { € J*(B) if and only if {= DY i J(ji, jus, jas), Where ji, jus, jos are in
J(B). Thus

¢ = 2 jidGi j2) = 25 2 BuA(brix, b2a) A(Grs, f2);

Tk
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that is, { € J*(B) if and only if {EBA(B, B)A(J(B), J(B)). By induction, we
obtain {&J*+(B) if and only if {€EBA(B, B) - - - A(J¥B), J¥B)). Thus
Jt1(B) = BII,_0 A(J¥(B), Ji(B)), where this is an ordered product.

Now since the descending chain condition for the subspaces A(J(B), Ji(B))
holds, we can assume that there exists an integer N such that A(J¥(B), J¥(B))
=A(JN*(B), JV*+(B))= - - -. Calling the minimal such integer the index of
B provided that N=1, we have

THEOREM 6.1. An ideal B of a Malcev algebra A is J-potent zf and only if
the index N of B is such that B[, A(J(B), Ji(B)) =0.

COROLLARY 6.2. An ideal B of A is J-potent if the index N of B is such that
every element of A(J¥(B), JV(B)) is associatively nilpotent.

Proof. By the definition of the index of B,

J¥+i(B) = B T] aUX(B), J7¥(B)) = B L1 AUY(B), J7*(B)).

Ym0 =0

By (2.14) and induction we obtain for every integer #, J*(B)J"(B) CJ*(B)
and therefore by (2.38) and the above remark (3), A(J¥(B), J¥(B)) is closed
under commutation. Now using Theorem 1, page 201 of [3] concerning
weakly closed sets, we see that the enveloping algebra of A(J¥(B), J¥(B)) is
an associative nilpotent algebra of linear transformations and hence for large
enough M, [[Xy A(Ji(B), Ji(B)) =0. Thus B is J-potent.

We now consider a concept similar to the maximal solvable ideal of an
algebra.

LeEMMA 6.3. If U, V are J-potent ideals of a Malcev algebra A, then so is
Uu+v.

Proof. First note that for E, F subsets of the ideals U, V and DCA4 we
have J(E, F, D) CUNV. Then JXU+V)CJWU, U+ V, U+ V)
+J(V, U+V, U+V)CJ(U, U, U+V)+J(U, V, U+ V)+J(V, U, U+V)
+J(V, V, U+V)CJ(U, U, U)+J(U, U, )+J(V, V, )+J(V, V, V)
+UNVCI(U)+JY(V)+UNV. Similarly we can show by induction that
for every integer n, J* (U4 V) CJ*(U)+J*(V)+UNYV. Therefore for large
enough N, JY(U+V)CUNVCU and for a larger M, JM(U+V)CJ¥(U)
=0.

We can now define a unique maximal J-potent ideal of 4: 3(4) = Y . U,
where the U, are J-potent ideals of 4. Similarly there exist unique maximal
Ji-potent ideals $1(4) and $a(4) of 4.

ProOPOSITION 6.4. Let J(A) be the maximal J-potent ideal of a Malcev
algebra A. Then (1) J(A/3(A4)) =0; (2) if B is anideal of A such that (A /B)
=0, then J(4) CB or J(3(4))CB.
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Proof. (1) If 3(A4/3(A))#0, then there is an ideal B of A4 such that
B=B+3(4) is a nonzero J-potent ideal of 4/3(A4). But this means J¥(B)
C3(4) for large enough N and hence J¥(B) =0 for a still larger M. Therefore
B C3(A4), contradicting the assumption that B is a nonzero ideal of 4/3(4).
(2) The coset F=3(A4)+B is such that if J(F) 0, i.e., J(3(A4)) @B, then F

is J-potent in A/B and therefore F=0, i.e., 3(4) CB. Similar statements
hold for the maximal J;-potent ideals 1=1, 2.

THEOREM 6.5. Let S be the maximal solvable ideal of a Malcev algebra A.
Then (1) 32(4) CJ(4) CI(4); (2) Ju(A)NS=0 if 31(4) #0; (3) S=0 im-
plies 31(4) =0; (4) SCS(A4) if S is not a Lie algebra.

Proof. (1) From the remark (2) following the definition of J;-potency, we
have that 3¥(B) =0 implies 3¥(B) =0 implies 3¥(B) =0. Thus by the defini-
tion of 3:(4), (1) follows. (2) Let JY+'(B)=J(J¥(B), J¥(B), A) =0, where

=J¥(B)#0 and B is an ideal of A. Then C is an ideal of 4. Certainly
Ji(B)=J(B, B, A) is an ideal of 4 and if we assume Jf(B) is an ideal of 4,
then JX*Y(B) = J(JX(B), J¥(B), A) is an ideal of 4 by Theorem 3.5. Now
J(C, C, A)=0, therefore by Lemma 5.12, C*CN. But also CCJ(4) and
C2CJ(A). Hence by Proposition 5.11, C?-C2*CNJ(4) =0 and C is solvable.
Thus if 3:1(4)#0, 0CCBC81(4) and CCS so therefore CC3(4)NS.
(3) If S=0, then J1(4)MNS=0 and therefore using the contrapositive of (2),
Ji(4) =0. (4) Let B be a non-Lie ideal of 4, then J(B) CB® =B-B#0 and
by induction, JX+}(B) CB&+D.BE+D =BX+) Thus if B is solvable, then
B is J-potent.

THEOREM 6.6. Let A be a semi-simple, non-Lie Malcev algebra, then J(A)
=0.

Proof. Since A is semi-simple write 3(4A)=N:®B;® - - - ®B, where
N1 CN and the B; are simple subalgebras of J(4) such that B;B,;=0 if 1.
Then

J(§(4)) = Zk J(B:, Bj, B) = E J(Bi) = Z B,
1]
and by induction J*(§(4)) = Zk Bi. Since J(4) is J-potent, Ek B,=0. But
then 3(4)=N; and therefore J(8(4)) =0. However by definition we must
have an integer N 22 such that J¥(3(4))=0.

Analogous to J-potent ideals we define a A(4, A4)-invariant subspace
B of A to be J-potent if defining J'(B)=J(B, B, B)=BA(B, B)CB and
JH+1(B) = J¥(B)A(J*(B), J¥(B)) CJ*(B), there exists an integer N=2 such
that J¥(B) =0.

In a manner similar to that for ideals, we obtain a unique maximal J-
potent A(A4, A)-invariant subspace, J(4, 4), of 4.

THEOREM 6.7. If A(A, A) is completely reducible in A, then J(A, A) =0.
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Proof. Similar to Theorem 6.6.

ProPOSITION 6.8. Let B be an ideal of A such that A=A/B is completely
reduced by A(A, A), then J(A, A) CB or J(3(A, A)) CB.

Proof. Using Theorem 6.7, the proof is similar to that of Proposition 6.4.
ProrosITION 6.9. §(4) C3(A, 4).

Proof. 3(A) isa J-potent ideal and therefore a J-potent A(4, 4)-invariant
subspace of 4.

We shall use these results in determining some properties of the radical
of a Malcev algebra.

7. The radical of a Malcev algebra. The radical of an arbitrary finite
dimensional nonassociative algebra A4 is defined by Albert in [1] to be the
minimal ideal N (sometimes denoted by rad(4)) of 4 such that A/MN is
zero or semi-simple, that is, a direct sum of simple subalgebras. Furthermore
in [1] it is shown that if A is homomorphic to a semi-simple algebra, then the
radical, N, exists in the sense that 4/MN is semi-simple and N is contained in
every ideal B of 4 for which 4/B is semi-simple. We shall now investigate
the relationships between the Lie transformation algebra, £(4), and the
radical M of 4. For this we need the following theorem of Jacobson [4]:

THEOREM 7.1. Let L be a Lie algebra of linear transformations in a finite
dimensional vector space M over a field of characteristic zero. Then L is completely
reducible in M if and only if the following conditions hold: (1) L=C&®L,,
where Ly is a semi-simple ideal of L and C the center of L and (2) the elements of
C are semi-simple. An element of C is semi-simple means that its minimum poly-
nomial is a product of distinct irreducible polynomaials.

Again we shall assume for the rest of this section that the nonassociative
algebra A has no absolute divisors of zero. Using Theorem 7.1 we have

THEOREM 7.2. Let A be a nonassociative algebra over a field of characteristic
zero, Then A is semi-simple if and only of £(A) 1s completely reducible in A if
and only if £(4)=C(L(4)) B L£:1(A4) where £,(A) is a semi-simple ideal of
£(A4) and C(£L(A)) is the center of £(A) which consists of semi-simple elements.

COROLLARY 7.3. Let A be a nonassociative algebra over a field of character-
istic zero such that A being semi-simple implies C(L(A)) =0. Then A is sems-
simple if and only if £(A) is a semi-simple Lie algebra. (Note that from Corollary
5.32 a Malcev algebra has this property.)

THEOREM 7.4. Let B be an ideal of a nonassociative algebra A, then£(A/B)
~g£(A)/(B: A)Lwhere (B: A) .= {TEL(A): ATCB} ={T€&(4): TE=T}
and E is a projection defining B=AE.

Proof. It suffices to show thatif T=7(x1, - - -, x.) E£(A4), then the map
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n: T—o1(xy, - -+, %) of £(A4) onto £(A/B),_where #EA/B=4, coincides
with the induced map 7: T—T of £(A4) onto £(4) where TE £(A4) is defined
by ¢-T= [aT]~. For suppose T=7(&, - * -, %), then from Chapter 4, §2 of

[5] we see that the map #: T—T is a homomorphism of £(4) onto £(4/B)
and that the kernel of 7 is (B: A)1. The rest of the theorem now follows.

Now to show T =7(&, -+, &): 6T = [aT]~ = [ar(x1, - - -, %) ]~
=4d1(&, - - -, &), because 7 is a polynomial in R;; and L., and using an ex-
tension of [aR,,|~=d%; and [aL.,|-=a%;. Thus T=17(%, - - -, Za).

CoROLLARY 7.5. If A is a nonassociative algebra and ® is an ideal of £(A4),
then £(A/AR)=(L(A)/®)/((A®: A)L/®).

Proof. From Proposition 5.27, A® is an ideal of 4. The isomorphism fol-
lows from the second isomorphism theorem noting that ® C(4A®: A4) ;.

THEOREM 7.6. Let A be a nonassociative algebra over a field of characteristic
zero such that A is properly homomorphic to a semi-simple algebra. Assume if
B is an ideal of A such that A /B is semi-simple, then C(£L(A/B))=0. Then the
radical N of A equals AS where § is the radical of £(4).

Proof. Since 4 is homomorphic to a semi-simple algebra, let B be an ideal
of 4 such that 4/B is semi-simple. Then £(4/B)==2£(A4)/(B: A)L is a semi-
simple Lie algebra and therefore SC (B: A) .. Now since B is an ideal, B=AE
where E is a projection and it is easily seen that (B: A) .= (B: 4)LE. There-
fore ASCA(B: A)L,=A(B: A)LECAE=B. In particular this shows 48 is a
proper ideal of 4 if $#0 and when B=N we obtain ASCN. To obtain the
reverse inclusion note that £(A4/48)=2(£(4)/8)/((A8: A)L/8) and therefore
£(A/AS8) is semi-simple. By Theorem 7.2 with €(£(A4/48)) =0 we obtain
A/AS is semi-simple and hence M C 4S.

CoOROLLARY 7.7. Let A be a Malcev algebra over a field of characteristic zero
and let A be properly homomorphic to a semi-simple algebra, then the radical of
A is AS where S is the radical of the Lie algebra £(A).

Proof. This follows from Theorem 7.6 and Corollary 5.32.

We shall now investigate the subspace Ao, where o is the radical of
A(A4, A), and find relationships between this subspace and the radical 48.
One difficulty that arises is the investigation of A(4, 4) where 4 =A4/B with
B being a A(A4, A)-invariant subspace of 4:A(x, y) is defined on an algebra
and multiplication is involved, but 4 need not be an algebra. To circumvent
this difficulty we shall show that the map A(x, y) induced by A(x, y) on 4
can be identified in a natural way with A(%, 7). To do this first consider
[J(x, v, 5)]~ and J(&, 7, 2) as subsets of A. Since 4 need not be an algebra,
J(%, 9, z) need not be defined in terms of products, but since B isa A(4, A4)-
invariant subspace of 4, J(#, 7, %) can be identified with [J(x, ¥, 2)]-
inA=A/B.For J(%,7,%) =J(x+B,y+B,z+B) CJ(x,y,2)+B=[J(x,9,2) |,
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since B is a A(4, A)-invariant subspace of 4. Now if J(%, 7, 2) = J(4, 9, ©),
then J(%, §, 2) C [J(x, v, w) |- and J(a, #, @) C [J(x, ¥, 2) ]-. Thus the identifi-
cation of J(%, ¥, &) with [J(x, , )]~ in A/B is single-valued. Now let A(x, y)
be the linear transformation induced on 4 =A4/B by A(x, ), i.e., 2A(x, y)
=[2A(x, y)]~ and let A(4, A) be the linear space spanned by these trans-
formations. Furthermore let A(4, 4) be the linear space spanned by the
transformations A (£, 7) defined by zA(%, ) = J(3, %, 7), then we have by the
various definitions, zA(x, y) = [2A(x, y) |- = [J(z, x, ¥) |- = J (3, %, §) =2A(%, 7)
and hence A(x, y) =A(%, 9). By linearity we obtain A(4, 4) = A(A 4). As
an application we have

ProposITION 7.8. Let B be a A(A, A)-invariant subspace of A and A=A/B.
Then A(A, A4) is a Lie algebra and A(A, A)=A(A, A)/(B: A)aas Lie algebras.

Proof. Let 7: A(x, y)—A(x, y) and extend 7 in a linear fashion to a map
T:A(A, A)—>A(A, A). It is easily seen that T is a homomorphism of the Lie
algebra A(4, A) onto the Lie algebra A(4, 4). But A(4, 4)=A(4, 4). Thus
A(4, 4) is a Lie algebra and the kernel of T is clearly (B: 4)a.

COROLLARY 7.9. Let ® be an ideal of the Lie algebra A(A, A) and let B=A®,
then A(A/B, A/B)==(A(A, A)/®)/((B: 4)4/®).

THEOREM 7.10. Let A be a Malcev algebra over a field of characteristic zero,
then A(A, A) is completely reducible in A if and only if A(A, A) is a semi-simple
Lie algebra.

Proof. The proof is similar to that of Corollary 7.3, just noting that
A(A, A) being completely reducible in 4 implies €(A(4, 4)) =0.

We shall now investigate the minimal A(4, A4)-invariant subspace, M,
of A such that A=A/ is completely reduced by A(4, 4). Assume that
there exists a A(4, A)-invariant subspace B of 4 such that 4 =A4/B is com-
pletely reduced by A(4, 4), then by the minimum condition for A(4, 4)-
invariant subspaces of A there exists a minimal such subspace, I, of 4. We
now have

THEOREM 7.11, Let A be a Malcev algebra over a field of characteristic zero
and let B be a proper A(A, A)-invariant subspace of A such that A=A/B is
completely reduced by A(A, A). Then M= Aa where o is the radical of the Lie
algebra A(A4, A4).

Proof. Similar to Theorem 7.6.
We shall eventually show Ao is an ideal of 4, but first we have

LEMMA 7.12. If B is a A(A, A)-invariant subspace of a Malcev algebra A
such that B is properly contained in J(A) and A =A/B is completely reduced by
A(A, A), then a nontrivial multiplication can be defined on A so that it becomes
a Malcev algebra.
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Proof. Since 4 is completely reduced by A(4, 4), A=N & J(4). We shall
first define a multiplication for N= {#=x+B:zA(4, 4)=0}. We have
0=NA(4, A)=J(N, 4, A)=[J(M, A, A)]~ where M is a subset of 4 such
that N=M/B. Thus we have J(M, A, A)CB, i.e., if #&=x+BEN, then
J(x, A, A)=xA(A, A)CB. Now let #, #,EN and set #fiz= [mmn,|~. This is
well defined, for if 7,=,, %is= s, then n;—m;EB and n,—m;&B and there-
fore nyny —minaCneBCneJ(A) =n.R(J(A)) CnA(A, A)CB, by the preceding
remarks where R(J(4)) denotes right multiplication by J(4). Also mn, —mim,
€ B and adding these results we obtain [nn;]~= [mm,]|~. Thus the multipli-
cation is well defined and using J(M, 4, A) CB where N= M/B together
with (2.26) we obtain i, = [mn,]-EN. Thus N is an algebra. Now to define
multiplication between N and J(A) = AA(4, 4). For #€N and jE J(4), set
#ij = [nj]-. This is also well defined, for if #,=1s, j1=Js, then n;—n,EB and
j1—j2EB. Now we can assume j;&J(A4), since BCJ(A4) and j:€J(A4)+B.
Therefore 7171 —n1joEnB CB, as before. Also nyj.—n,j:EBjs CBA(A, A)CB
and adding we obtain [nj1]~= [#27.]~ and the multiplication between N and
J(A) is well defined. Note that #j=[nj]-€[NA(4, A)]-CB=0 and thus
NJ(A)=0. In a similar way we define for ;&€ J(4), jija= [j1je]~. It isclear
that 4 is now a Malcev algebra by extending the multiplication to all of 4
via the distributive laws. The multiplication is nontrivial, for if A2=0 then
we see J(A) CA2=0 and therefore J(4) CB. So B=J(4), contrary to the
hypothesis that B#=J(4).

We shall always consider a quotient space 4 satisfying this theorem as a
Malcev algebra with multiplication d,d;= [alaz]‘ where ¢;EA/B=4. Fur-
thermore it is easily seen that the map n:a—d=a+B is an algebra homo-
morphism of 4 onto the Malcev algebra 4. Let B’ be the kernel of this algebra
homomorphism, then B’ is an ideal of 4 and clearly B’ =B. This proves

THEOREM 7.13. Ii BCJ(A) 1s a A(4, A)-invariant slbspace of a Malcev
algebra A such that A=A/B is completely reduced by A(4, A), then B is an
ideal of A.

Proof. The case B=J(A4) is clear because B is already an ideal.

COROLLARY 7.14. A=A/Ac is a Malcev algebra and Ao is an ideal of A.
Now we investigate relationships between 48 and Ao in the following

THEOREM 7.15. Let A be a Malcev algebra over a field of characteristic zero
and let M=AS, M=Ac where $ (¢) is the radical of the Lie algebra £(A4)
(A(4, A)). Then

(1) N/ is the radical of N where N is the J-nucleus of A=A/M.

(2) There exists an integer k such that N® CIM and NA(A, A) CM.

3) A/M=N/MDA/N where A/N (N/M) is a subalgebra (ideal) of
N/ MDA/ N
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(4) £(N/M) is the radical of the Lie algebra £(A/M).
(5) (8,A(4, 4)) Co.

Proofs. (1). First we note that if BCJ(4) is a A(4, 4)-invariant subspace
of A such that 4=A4/B is completely reduced by A(4, 4), then rad(4)
=rad(N) where N is the J-nucleus of 4. To show this, write the Levi de-
composition N =rad(N) ® M and now write A4 =N & J(4)
=rad(N) @M ®J(A). Now A/rad(N)=M @ J(4) is a semi-simple Malcev
algebra, so by definition rad(4)Crad(N). But since N is an ideal of 4,
rad(N) Crad(4). Thus rad(N) =rad(4). Secondly note that if B is an ideal
of A and BCN =rad(4), then rad(4/B) CN/B. For A/N=(A/B)/(N/B) is
semi-simple therefore by definition rad(4/B) CN/B. Finally to show (1) we
have by the preceding two remarks that rad(¥)=rad(4d) CR/M. Now
rad(N) is an ideal of 4, since rad(N) is an ideal of N and NJ(4)=0. So
rad(N) = W/M=rad(4), where W is an ideal of A containing M. Therefore
A/W=(A/M)/(W/M) =4 /rad(4) is semi-simple and hence N CW. Thus
N/MCW/M=rad(N); this proves (1). (2) Both follow from R/M =rad(N)
C N which is a Lie algebra. (3) As in the proof of (1) write 4/M
=rad(N)OMOJA) =N/ MOMDI(A). (4) Let A=A/ M=N&J(4),
then £(A) = &N & J(4)) = £(N) & £(J(4)) = R(N) & £(J(4))
=R(rad(N)) ®R(M) ® £(J(4)), by the Levi decomposition of N. Thus
£(d) = R(rad(N)) ® £(M) & £(J(A)) = R(rad(N)) & £(M & J(A))
=~ R(rad(N)) ©@ £(4/M). This last statement follows from A/M
=rad(N) @M ®J(4) where rad(N)=rad(4)=N/M and therefore 4/N
>(A/D)/(R/M=M ®J(4). Now £(4/MN) is semi-simple so we have
rad(£(4)) CR(rad(N)) = £(rad(N)) = £(N/M). For the reverse inclusion
note that rad(W) is a solvable ideal of 4 and therefore R(rad(X)) is a solvable
ideal of £(4). Hence £(N/M)=R(rad(N)) Crad(£(A)), since the radical
of a Lie algebra is its maximal solvable ideal. Thus we have shown rad(£(4))
=R(rad(N)) = £(N) where A=4/M, M=N/M and N is the J-nucleus of 4.
(5) (S, A(4, 4)) Crad(£(4))NA(A4, 4) =rad(A(4, 4)) =0.

We shall now investigate invariant forms defined on a Malcev algebra and
their relationships to the radical. Let A be any nonassociative algebra over a
field F. A function f from 4 X4 into F is an invariant form for 4 if (1) fis
bilinear; (2) f(x, ¥) =f(y, x); (3) f(xy, 2) =f(x, y2). An invariant form f is
nondegenerate if f(x, a) =0 for all @ in 4 implies x=0.

THEOREM 7.16. Let A be a Malcev algebra over a field F. The trace form
tr(x, y) =trace(R.R,) is an invariant form for A.

Proof. Clearly (1) and (2) are satisfied. (3) follows from (2.17).
The following lemmas are simple analogues of well-known properties of
Lie algebras and their proofs will be omitted.

LEMMA 7.17. Let B be an ideal of a Malcev algebra A. The restriction of the
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trace form of A to B is identical with the trace form of B considered as a Malcev
algebra.

LeEMMA 7.18. Let B be an ideal of a Malcev algebra A such that B*=0. Then
tr(x, a) =0 for every x in B, a in A.

We also have available Dieudonné’s Theorem for arbitrary nonassociative
algebras.

THEOREM 7.19 (DIEUDONNE). Let A be a finite dimensional algebra with
nondegenerate invariant form f. Assume A has no nonzero ideal B with B=0.
Then A is a direct sum of simple ideals, en each of which f is again non-
degenerate.

Using Lemmas 7.17, 7.18 and Theorem 7.19 we have

THEOREM 7.20. Let A be a Malcev algebra with a nondegenerate trace form,
then A is semi-simple.

Now let N (4) = {xEA:for all @ in 4, tr(x, a)=0}. Then N(A4) is an
ideal of the Malcev algebra A and we have

_CoroLLARY 7.21. If B is an ideal of a Malcev algebra A such that Nw.(A/B)
=0, then rad(4) CB.

Proof. Since N.:(4/B) =0, f(a, b) =tr(R;Ry) is a nondegenerate invariant
form on A/B. Therefore A/B is semi-simple and consequently rad(4) CB.
Note that rad(4) is contained in the minimal ideal B of 4 having the prop-
erty stated in Corollary 7.21.

Combining some of the results of §§6 and 7 we have

THEOREM 7.22. Let A be a Malcev algebra of characteristic zero which is
properly homomorphic to a semi-simple algebra and let S be the maximal solvable
ideal of A. Then (1) SCJ(A)NAS if S is not a Lie algebra. (2) J(S) CJ(3(4))
CJ(G@, A)) CAo CASCB where B is the minimal such ideal of Corollary
7.21. (3) If (A, A) T Ao, then F(A, A)/Aa CN where N is the J-nucleus of
A=A4/Ao.

Proof. (1) follows from Theorem 6.5(4) and the fact that for an arbitrary
algebra A, SCrad(4). (2) follows from Theorem 6.5(4), Proposition 6.9,
Proposition 6.8 and Corollary 7.21. (3) follows from a modification of the
proof of Theorem 6.6.

The preceding sections give fundamental results on the radical of a
Malcev algebra and semi-simple Malcev algebras. However to complete a
basic structure theory the simple non-Lie Malcev algebras must be deter-
mined. Further results by the author indicate that if 4 is a finite dimensional
- simple non-Lie Malcev algebra over an algebraically closed field of character-
istic zero, then A is isomorphic to the algebra 4* discussed in Example 3.2.
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8. Derivations of a Malcev algebra. A derivation of an algebra 4 is a
linear transformation D of 4 satisfying

(8.1) (*y)D = xD-y + x-yD
for all x, y in A. We may write (8.1) in an equivalent form
(8.2) R.p = (R,, D) for all x in 4.

PROPOSITION 8.3. Let A be a Malcev algebra. Then for every x, y in A, the
linear transformation D(x, y) = (R:, R,)+ R.y is a derivation of A.

Proof. Beginning with (2.13), we have for any x, y, zin 4, Ry;y.s=R,R,.
—RyR:+R.R,R,— R,R.Ry, Rsy..=Ry,R;,— Ry:R,+R.RR.— R.R,R,and R, .,
= R,Ry: — RyR. + R.R.R, — RyR,R.. Adding these we obtain R,pg.z
=(R,, D(y, x)). Thus D(x, y) = —D(y, x) is a derivation of A because of (8.2).

A set of elements S of an algebra A4 is characteristic if SD CS for all deriva-
tions D of A.

PRrROPOSITION 8.4, Let A be a Malcev algebra. Then J(A) and N are char-
acteristic ideals of A.

Proof. A simple calculation shows that J(x, y,2) D= J(xD,y,2)+J(x,yD, 2)
+J(x, ¥, 2D). Now the results follow from Theorem 3.5 and the definition of
J-nucleus.

THEOREM 8.5. Let A be a Malcev algebra, then R, is a derivation of A if and
only if x is in N.

Proof. R, is a derivation if and only if ab-x=(ab)R.=aR,-b+a bR,
=ax-b+a-bx, that is, 0=J(a, b, x) for all @, b in 4; that is, if and only if x
isin N.

COROLLARY 8.6. Let A be a simple Malcev algebra, then R,5#0 is a deriva-
tion of A if and only if A=N.

The derivations of a Malcev algebra 4 form a Lie algebra  under com-
mutation which we shall now investigate. Let D be any derivation of a Malcev
algebra 4 and rewrite (8.2) as R:D=R:p+ DR, for any x in A. Then R.R,D
=R;(R,,D +DR,,) =RzRyD +R.p +DR,R,,, or (Rz.Ry, D) =RzRyD +R,DR,. Sim-
ilarly —(RyR., D) = —RypR,— R R.p. Since (Rzy, D) =R(zyyp =R:.yp+R:p .4,
we may add these last three equations to obtain
(8.7 (D(x’ }’), D) = D(xD, y) + D(x, yD)

where D(u, v) is the derivation given in Theorem 8.3. Formula (8.7) can be
iterated to obtain

" n
(8.8) (- (D), D), D), ), D) = 2 CapD(xD"*, yD*).

k=0
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As a consequence of (8.7) we have

THEOREM 8.9. Let D be the derivation algebra of a Malcev algebra A and let
g be the subspace of D gemerated by all derivations of A of the form D(x, y).
Then 8 is an ideal of D.

Schafer [8] has defined a derivation D of an arbitrary nonassociative
algebra A to be inner if D& £(4). We have

THEOREM 8.10. Let A be a Malcev algebra. Then a derivation D of A is inner
if and only if D=R,+ D_: D(x;, y:) for some n& N and x;, y:EA.

Proof. Let D=R.+ 2 _; (R.,, R,,) be a derivation contained in £(4). We
know that Dy= Y ; R,,,+(Rs,, R,,) is a derivation of 4. Hence D—D;=R,
must be a derivation of 4. From Theorem 8.5 we obtainz— Y _; x;y;=nEN.

CoRrOLLARY 8.11. Let A be a Malcev algebra such that for every n& N,
R,=0. Then D is an inner derivation if and only if D= ; D(x:, ¥:).

We shall now consider relationships between A(4, A) and derivations.
The linear transformations A(x, ¥) = (R;R,) — R,,, and the derivations D(x, y)
=(R., R;) + R, yield equations

(812) D(x) y) + A(x, }’) = Z(Rz) Ry);
(8'13) D(x: )’) - A(xr J’) = 2R211°
First we have

PROPOSITION 8.14. Let D be the derivation algebra of a Malcev algebra A.
Then (A(4, 4), D) CA(4, A).

Proof. Let A(x, y) be in A(4, A) and D be a derivation, then (A(x, ¥), D)
=(D(x, y)—2Rz, D)=(D(x, y), D)—2(Rs, D)=D(xD, y)+D(x, yD)
—2R@p=D(xD, y) —2R:p .,+D(x, yD) —2R..,p =A(xD, y)+A(x, yD). By
linearity we obtain (A(4, 4), D) CA(4, 4).

THEOREM 8.15. If A is a simple, non-Lie, Malcev algebra, then A(4, A)
=94@® R(A), where this is a vector space direct sum.

Proof. This follows from (8.13), A =A% is simple and Theorem 8.5.

THEOREM 8.16. Let x;, y: (¢=1, - - -, n) be elements of a Malcev algebra A.
Then A=Y 1 A(xi, y: is a derivation of A if and only if D, xy: is in N.
Proof. This follows from an extension of (8.13) and Theorem 8.5.

COROLLARY 8.17. Let x, y be elements of a simple, non-Lie, Malcev algebra;
then A(x, y) is a derivation of A if and only if xy=0, that is, if and only if
A(x, y) =D(x, ).
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COROLLARY 8.18. Let x, y be elements of a simple Malcev algebra A with
R,,#0; then A(x, v) is a derivation of A if and only if A=N.

COROLLARY 8.19. Let A be a Malcev algebra such that for every x, y in A,
A(x, y) is a derivation. Then J*(A)=0.

We shall conclude this section with a discussion of derivations of the 4*
algebra given in Example 3.2. A somewhat lengthy but straightforward cal-
culation reveals that every derivation of 4* has the matrix form (relative to
the e; basis),

-0 2dy 2 24 —2ds —2d¢ —2d7
ds ds dy d1o 0 dy —ds
ds dn di2 dis —d, 0 d;
(8.200 D= d; duy dg —dg—diy dy —d: 0
—d; 0 —d ds —ds —dn —duy
—d; dy 0 —ds —dy —dip —dis
[ —dy —ds ds 0 —di —dis dz+ di2 |

From the definitions, every derivation of an algebra A4 is a derivation of
A, It follows from the work of Schafer [8] that the derivation Lie algebra
of A* is the exceptional Lie algebra G,. This might certainly be suspected
from the 14 parameter form of D in (8.20). Now using Theorem 8.9 and the
fact that G, is a simple Lie algebra, every derivation of A * is inner and every
D(x, y) has the form (8.20). A somewhat lengthy calculation yields that
A(A4*, A*) is a simple Lie algebra of dimension 21.

If we compute R, for an element x= Y _1_, x.e; of A*, we have

— 0 202 2x3  2x4 —2x5 —2x¢ —2x77]
x5 — 2% 0 0 0 —2x¢ 2x;
X 0 —2x 0 2x4 0 —2x,

(8.21) R, = %7 0 0 —2x —2x3 2x, 0

— %2 0 227 —2x5 21 0 0

—x3 —2x; 0 2x5 0 22, 0

— x4 2xs — 2x5 0 0 0 2%y |

If we let y= D 7_, ¥:¢;, then we may consider R, as (8.21) with x; replaced
by y.. A straightforward computation reveals that D(x, y) has the form
(8.20) as noted above. If we let R(7, j) =x.y;—x;y;, then the parameters for
D(x, y) in (8.20) are
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dy = — 4R(2,1) — 2R(7, 6), dy = 6R(S, 3),
ds = — 4R(3,1) — 2R(S, 7), dio = 6R(S, 4),
di = — 4R(4,1) — 2R(6, 5), du = 6R(6, 2),
ds = 4R(5, 1) + 2R(4, 3), dis = 2R(4,7) + 2R(2, 5) + 4R(6, 3),
ds = 4R(6,1) + 2R(2, 4), dis = 6R(6, 4),
dr = 4R(7,1) + 2R3, 2), du = 6R(7, 2),

ds = 2R(4,7) 4+ 2R(3,6) + 4R(5,‘2), dyw = 6R(7, 3).

As a specific example we take x =e,+2e;-+-¢,+¢5—es and y =3+, and find
~ 0 0 0 0 4 —4 47

-2 2 6 6 0 0 0
2 0 —4 -6 0 0 0
(8.22) D(x,y) =] -2 0 0 2 0 0 0
0 0 2 2 =2 0 0
0 -2 0 2 -6 4 0
0 -2 -2 0 —6 6 —2_|

The root spaces for the derivation (8.22) are

Lo = {e1+ 2e5 — 2e5 + 21}, L, = {62+ea,01—84+65—€cl+ er},
Ls={es—es+enes+etes), Li={es+ es+ es+ e},
L..4= {c.+e.}.

We note that in this example the root spaces are not one-dimensional.
Thus, it appears that the decomposition of a Malcev algebra relative to a
derivation does yot yield a theory analogous to that of Lie algebras. A com-
plete investigation of this possibility has not been carried out.

Finally we note that the invariant form f(x, y) =trace(R.R,) is given by
f(x,y) = 6(4xy1+2x:y5+ 2236+ 2x4y7+ 2252+ 2x6ys + 2x79,). We see that
f(x, ) is nondegenerate on 4* for characteristic not 2 or 3.

9. The holomorph of a Malcev algebra. The kolomorph of a Lie algebra
A is the linear space =4 ® D={a+D:a€A4 and DE D} where D is the
derivation algebra of 4 and multiplication * is defined by

(a+ D) *(b+ D;) = ab+ aD; — D, + (Dy, D).

This now makes 3 into a Lie algebra.

We use similar definitions to form the holomorph of a Malcev algebra A.
However, the following theorem indicates that the concept has limitations in
the study of Malcev algebras.
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THEOREM 9.1. The holomorph of a Malcev algebra is a Malcev algebra if and
only if for all x, v, 2in A and D in D, J(x, y, 2)D = J(x, v, Dz) where we define
Dg= —2zD.

Proof. It is clear that the holomorph of the Malcev algebra 4 will be a
Malcev algebra if and only if the identity

(2°7) J(xa Y wz) + J(w) Y, xz) = J(x, Y z)w + J(w; Y z)x

is satisfied when any or all of the parameters x, ¥, 3, w are replaced by deriva-
tions of the algebra. »

If Rand S are derivations, we note that J(R, S,2)=J(R,y, S)=J(x, R, S)
=0. Also J(R, y, 8)=J(x, R, 2)=J(x, y, R) =0. Thus it is clear that if 2, 3,
or 4 of the parameters x, ¥, 2, w in (2.7) are derivations, the identity is satis-
fied. .

Now we consider the case when only one parameter is a derivation. If
y=R, the identity (2.7) is again satisfied. If x=R, we have

(92) J(w’ Y Rz) = J(w) ¥ Z)R’
and a similar identity holds for w=R. If =R, we have the identity
9.3) J(z, y, wR) + J(w, y, xR) = 0.

Since (9.2) implies (9.3), the proof is complete.

In a manner similar to that for the holomorph, the linear space 4 ®A(4, 4)
can be made into an algebra by defining (4 +4A4)) * (b+A4;) =ab+al,—bA,
+ (A, A;) where a, b in 4, Ay, Ay in A(A, A). Now note that if D is replaced
by 4 in Theorem 9.1 we obtain 4 @4 is a Malcev algebra if and only if

(9'4) J(x: Y, 5)D = J(x’ Y, D3)

for every D in 4 and every x, ¥, 2 in 4. Also note that if 4 =J(4), then
g CA(4, A). We use these facts in the following

THEOREM 9.5. If A isa Malcev algebra such that A = J(A) and if A ®A(A4, 4)
is ¢ Malcev algebra, then A(x, y)2=0 for every x, y in A.

Proof. Suppose A ®A(A4, A) is a Malcev algebra, then by (8.13), (9.4) and
the preceding remarks, we have for all x, y, zin 4

J(x, y, 3)(A(x, y) + 2Ry) = — J(x, 3, 2(A(x, y) + 2Rz));

that is, A(x, ¥)*+2A(xy) Rey= —A(x, ¥)?— 2R A(x, ¥). Thus we have A(x, y)?
= —A(x, ¥)Rey— RsA(x, ). But from (2.33) we have A(x, )= —3A(x,y) Rsy
and therefore 2A(x, y)R. =Rz A(x, y). This identity together with (2.26)
yield 2J(s, x, y) -xy=J(3-xy, x, y) =2J (xy, x, y) + J (2, %, y) -xy — 2T (xy, 2, xy),
and therefore J (2, x,y) -xy=2J(xy,x,¥) =0. Thus0=J(2,x,y) -xy =2A(x, y) Ray
and therefore A(x; y)2=0.
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