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BY
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1. Introduction. Let f(x) be a continuous function on [0, 1] and let P,(x)
be the best least-squares nth degree polynomial approximation to f(x). It
is a well-known fact that P.(x) interpolates the values of f(x) in at least n+1
points. This phenomenon is also present with other than least-squares ap-
proximations. On the other hand a classical method of obtaining polynomial
approximations to f(x) is to interpolate the values of f(x) at a certain set of
n+1 points. A function F(a, x) depending on n parameters is said to be an
interpolating function of f(x) if F(a, x) interpolates f(x) in at least 7 points.
Thus it appears that there is an intimate relation between best approximating
polynomials and interpolating polynomials. This relation has been investi-
gated for L, norms by Motzkin and Walsh for finite point sets [6; 7; 8]
and a closed bounded interval [9].

The purpose of this paper is to investigate the extent of this relation in
more general situations. Thus an answer is sought to the following questions.
What are the properties of the norm and of the approximating functions which
force best approximations to be interpolation functions? How general is this
connection between best approximations and interpolating functions? What
properties of the norm and the interpolating are required in order that an
interpolating function of f(x) also be a “best” approximation to f(x)?

Not all of these questions are completely answered here. Much more suc-
cess is achieved in showing that best approximations are interpolating func-
tions than in the converse, i.e., in showing that interpolating functions are
best approximations. More is accomplished for finite point sets than for the
interval [0, 1].

Three classes—Class 1, Class 2, and Class 3—of norms are considered. A
norm belongs to Class 2, Class 3, or Class 1 according to whether it empha-
sizes values away from zero, at zero or neither. Typical members of these
classes are the L, norm for Class 1, the Tchebycheff norm for Class 2 and the
L, norm, 0<p <1, for Class 3. For detailed definition of these classes see §§2
and 4. Not all norms are included in these three classes.

The approximating functions F(a, x) that are considered are unisolvent
functions of variable degree [12] (called varisolvent functions) and linear
approximating functions, i.e.
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P(a, x) = 2 a*$y(x)
gl

where the ¢.(x) form a Tchebycheff set. The concept of a regular varisolvent
function is introduced in §2 and regularity is an essential element in the
analysis. Roughly speaking, F is regular if

Lim F(a,, ) = F(a*, x)

n— o
implies that the rate of convergence is uniform in x. Linear approximating
functions are regular,

The principal result for the interval [0, 1] is that best approximations in
the Class 1 and Class 2 norms by regular varisolvent functions are interpolat-
ing functions. The exact nature of the interpolation is different for each class
however. For a finite point set the definition of an interpolating function is
slightly modified to allow “interpolation” at points not in the set. It is shown
for finite point sets that best approximations in any monotonic norm by any
varisolvent approximating function are interpolating functions. The nature
of the interpolation is studied for Class 1, Class 2, and Class 3 norms and
regular varisolvent approximating functions.

The relation between best approximations and interpolating functions is
very well defined for linear approximating functions, finite point sets and
weighted L, norms. The principal result states that for any f(x):

1. The set of best approximations in a weighted L, norm, 1<p = is
identical with the set of strongly interpolating functions.

2. The set of best approximations in a weighted L, norm is identical with
the set of weakly interpolating functions.

3. The set of best approximations in a weighted L, norm, 0<p <1, is
identical with the set of exactly interpolating functions.

Much more general results are obtained for the Tchebycheff norm.

The results for linear approximating functions and weighted L, norms on
a finite point set are very similar to the recent results of Motzkin and Walsh.
Most of their results are contained here in the form of special cases. Some of
the results are related to the much older work of D. Jackson [3; 4].

There remain two major areas of open problems. The first and most inter-
esting is that of showing that interpolating functions on the interval [0, 1]
are best approximations. A related problem is to show that interpolating vari-
solvent, or unisolvent [5], functions on a finite point set are best approxima-
tions. The second problem area is for Class 3 norms. Only very meager re-
sults are available for the interval [0, 1] and no results are known for uni-
solvent or varisolvent functions on a finite point set.

Recently Motzkin and Walsh [10] have considered generalizations of
their work for linear approximation functions on the interval [0, 1]. They use
the norm
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7@ = P(a, )| = f (| f@) = Pa, )| Jo(s)dz

where 7(¢) is twice continuously differentiable and w(x) is positive almost
everywhere. The similarity of the results obtained here and in [10] indicates
that there is a strong connection between the class of the norm (as defined
here) and the behavior of 7/(¢) at and near zero.

2. Preliminaries. Euclidean n-dimensional space is denoted by E,; points

in E, are denoted by a, b, - - - and the coordinates of g are a!, a?, - - -, a".
The absolute value of a is defined by |a|2= 31, |af|2 Curly brackets { }
denote a set or sequence and {x| - - - | isread as “the set of x such that - - - ”

The real function F(a, x) is defined for x& [0, 1] and a EP where P is
an arcwise connected subset of E,.. F is continuous in the sense that given
a,EP, x,E[0, 1] and €>0, then there is a §>0 such that aEP, x€]0, 1]
and Iao-—-al +]xo—x| < 6 implies that IF(ao, x0) — F(a, x)l <e. It is assumed
that if a#a* then F(a, x) = F(a*, x) for some x& [0, 1]. f(x) denotes a con-
tinuous function on [0, 1].

This paper is concerned with functions F which are varisolvent functions.
This is a generalization of the concept of unisolvent functions [5], and a
shortened name for functions unisolvent of variable degree [12]. In order to
define varisolvent functions precisely, the following definitions are required.

DEFINITION 2.1. F is solvent of degree m at a*CP 1if given a set
Axi|xi <, j=1,2,---, m x, [0, 1]} and € > 0, then there is a
(a*, € x1, - - -, Xm) >0 such that Iy,-—F(a*, x;)l <8,j=1,2, -, mimplies
that there is a solution a &€ P to

F(a;xi)=yix i=4L2---,m,

with maX.epo,1) lF(a, x) —F(a*, x)l <e.

DEFINITION 2.2. F has property z of degree m at a* S P if a#=a* implies that
F(a*, x) — F(a, x) has at most m—1 zeros in [0, 1].

DEFINITION 2.3. F is unisolvent of degree m at a*C P if F has property z
of degree m at a* and F is solvent of degree m at a*.

If F is unisolvent of degree m(a) for every a ©P then F is said to be a
varisolvent function. The degree of unisolvence (or simply the degree) of F
at a is denoted by m(a).

The first part of this paper is concerned with best approximations in a
general norm. Fejér [2] has defined a monotonic norm for a finite point set
and for approximation by polynomials. This norm is suitable for the study
of approximations on a finite point set. The norm to be defined here may be
considered an extension of the monotonic norm to the interval [0, 1]. The
norm of a function f(x) is denoted by ” f(x)”. The norm is assumed to have the
following properties:

1. It is defined for all piecewise continuous functions on [0, 1].
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2. The norm of f(x) is the same as the norm of |f(x)|.

3. Given g(x) let A={x||g(x)| 2K max.eron |gx)|}, 0<K<1. If
|hx)| =l g(x)| for x&EA and | g(x)| <|h(x)| for xEA then ||g(x)|| >||h(x)]|.

If the sequence { fa(x) | n=1,2, - - - } converges to f(x), the convergence
is said to be regular if the rate of convergence is “uniform” with respect to x.
This is stated more precisely as follows: Let Z be the closure of the set

{2| f(x) = fa(x) for some n};

let €,=maxze(0,1) l f(x) —f,,(x)| and let I be a closed subinterval of [0, 1]
such that INZ is empty. The sequence {f.(r)} is said to converge regularly to
f(x) if
min | fu(x) = f()| 2 Ken
z€l
for some positive K, which may depend on 1.
A varisolvent function is said to be regular if
Lim F(a,, x) = F(a, %)

for each x implies that the convergence is regular.
All approximating functions of the form

n
P(a,x) = 2 aii(x)
=1
are regular. An example is given which shows that regularity is essential for
the conclusions of this paper to be valid.

We introduce two special classes of norms on the interval [0, 1]. The
properties of these norms may be stated intuitively as follows. A Class 2
norm emphasizes values of f(x) away from zero and a Class 1 norm places no
special emphasis on any values of f(x). The typical examples of a Class 2
norm is

@l = f | f2) [

and the typical example of a Class 1 norm is

7@ =j; | f(#) | dx.

In order to define these classes precisely, consider a function g(x) and a
sequence { g.(x) } which converges regularly to g(x). Let r(n) tend to zero as
n tends to infinity and set

R, = {x]| e@®]| = r(m}.
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Assume that 0 <g.(x)/g(x) S1 for x€&R.. Further let Y be a fixed subset of
[0, 1] with following properties: '

(i) 0<ga(x)/g(x) <1 for all » and xE Y,

(ii) Y is the finite union of closed intervals,

(iii) if g(xo) =maxzepo |g(x)| then x, is in the interior of V.

Set
_ gn(x): x€Y,
) = {g(x), 2 € Y,
_ g"(x)’ . . X E RM
w) = {g<x), * & R..

A norm is éaid to be in Class 2 if

Lig =@ = ¢

im =
| we 5@l = [l
for all possibilities described in the preceding paragraph. Make the further

assumption that the measure of the set {x| g(x) =O} is zero; then the norm
" is said to be of Class 1 if

0

Lo, @ — @]

im =
we [[sa@)]| = [le@||
‘Note that in the Class 1 norms the numerator will tend to zero because R,
tends to zero, as well as because { g,,(x)} converges to g(x).

A function g(x) is said to have # strong sign changes on a set X if there
are n+1 points {x,-lj=1, 2, -+ o, n+1;5 x5 <x4; x,EX} such that

g(xl) >0, g(x2) <0, g(xa) >0,---

0.

or
g(xl) < 0) g(xz) > O) g(x3) < O) ]

If the strict inequality signs are weakened to allow equality, then g(x) is
said to have n weak sign changes on X. A zero x, of g(x) is said to be a simple
zero if g(x) changes sign at xo and a double zero if g(x) does not change sign
at xo.

A varisolvent function F(a, x) is said to be a strongly interpolating function
of f(x) if F(a, x) —f(x) has m(a) strong sign changes on [0, 1]. F(a, x) is a
weakly interpolating function of f(x) if F(a, x)—f(x) has m(a) weak sign
changes on [0, 1].

3. Interpolating functions and best approximations on [0, 1]. We begin
by establishing a lemma about varisolvent functions. The proof of this lemma
is only indicated here; for complete details the reader is referred to [11]. We
need
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DEFINITION 3.1. F has property A if given a*CSP, k < m(a¥),
{ijO =xg <% <+ <1 =1} and € with 0 < € < min; (%341 — x3),
j=0,1,+ - kthen

(i) therearea,, a;E P such that forx € [0,1], F(a*, x) — e < F(ay,x) < F(a*, x)
<F(as, x) <F(a* x)+e;

(ii) thereareas, a & P such that | F(as, x) — F(a*,x)| <¢, | F(a4, x) — F(a*,x)|
<efor x€[0, 1] and F(as, x) — F(a*, x), F(a4, x) — F(a*, x) change sign from
x;—eto x;+e j=1,2, - - -, k and have no zeros outside [x;—e¢, x;+¢). Further
F(a., 0)>F(a*, 0) >F(a4, 0)

LEMMA 3.1. If F s a varisolvent function then F has property A.

Proof. It follows from Theorem 7 [11] that F has property NS of degree
m(a) at each point aEP. The proof of Lemma 4 [11] may now be applied
directly to establish this lemma.

It is noted that in many instances in this paper property A is sufficient for
the proofs even though varisolvence has been stated as a hypothesis. Prop-
erty A does not imply varisolvence.

THEOREM 3.1. Let F be a regular varisolvent function and let the norm be of
Class 1. If F(a*, x) is a best approximation of f(x), then either F(a*, x) —f(x)
vanishes identically on a set of positive measure or F(a*, x) —f(x) has m(a*)
sirong sign changes.

Proof. Assume that F(a*, x) —f(x) does not vanish on a set of positive
measure and that F(a*, x) —f(x) has k <m(a*) simple zeros, 0=y, <y, < - - -
<y =1. Since F is varisolvent, F has property A by Lemma 1. In Definition
3.1let e=2"", x;=1y; (if y1=0 take x;,=2"""1, if . =1 take xx =1—2"""1) and
determine a,E P such that |F (@n, x) — F(a*, x)I < 2%, F(an, x) changes sign
in [x;j—2" x;+2-*],j=1,2, - - -, k and has no zeros outside these intervals,
and such that max.ecqo.y; | F(a*, x) —f(x)| > maxseqo,y | F(@n, x) —f(x)|. Let

R, = {x“F(a*) x) _f(x)l = 2_”}'

Since both F and f(x) are continuous, it follows that the measure of R, tends
to zero as n tends to infinity. R, will include points in the neighborhood of
any double zeros of F(a*, x) —f(x). Further let

Y= {xHF(a*, 2 — @]z %‘"g}:fl | F(a*,2) —f(x)l}

and let
F(an, %) — f(2), r€ Y,
() = {F(a*, %) — f(x), 2 & 7,
L(x) = {F(a,,, x) — f(=), x E R,
" F(a*, x) — f(2), % & R..
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Now consider ||F(a*, x) —f(x)|| —|| F(an, x) —f(x)|| which equals
[F(a*, &) — @ = llsa@| + [[sa@)]| = l[sa(2) + ta(x) + f(2) — F(a*, 1)
+ [[sa(®) + ta(®) + f(2) — F(a*, 9)|| = ||F(an, 3) — f()].
Since
| sa(®) + ta(®) + f(&) — F(a*, )| 2 | F(an, #) — f(x) ],
it follows that
[lsa(2) + ta(®) + f(@) = Fla*, a)|| — || F(an, #) — f(@)|| 2 0.
It is seen that
5@l = llsa(®) + tn(x) + f(2) = Fa*, )| | _ | [ta(®) + f(2) — F(a*, 2|
[F(a*, 2) — f@ — lsa@)| 1F@*, %) — f@)| = [lsa(o)l[ I

Since the norm is of Class 1 it follows that the above expression tends to zero
as n tends to infinity. Furthermore, by the definition of a monotonic norm
it follows that

IF(a*, ) = f@)| = s > 05
hence for » sufficiently large
1Fa*, 2) = f@)]| = [|F(an, %) = fa)]| > 0.

This contradicts the fact that F(a*, x) is a best approximation to f(x). Thus
the original assumption of this proof is false and this establishes the theorem.

Let {¢i(x)]i=1,2, - - -, m} form a Tchebycheff set [1, Chapter 2] and
set

n

P(a) x) = E ai¢i(x)

gl
for a€E,. It is clear that P(a, x) is a regular varisolvent function.

COROLLARY 3.1. Let the norm be of Class 1. If P(a*, x) is a best approxima-
tion to f(x) then either P(a*, x) —f(x) vanishes identically on a set of positive
measure or P(a*, x) —f(x) has n strong sign changes.

This corollary should be compared with Theorem 2 of [10].
A very special case of Theorem 3.1 has been established by D. Jackson
[4]. He considered approximation by polynomials in the L, norm:

7@l = f | @) | d.

The L, norm is the best known example of a Class 1 norm which is not
also of Class 2. In the special case of this norm a result stronger than Theo-
rem 3.1 may be established. We define a number p; as follows:
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p(a1, as) = f l| F(a, ) — F(as, x) | dzx / max | F(a1, %) — F(as, %) |
0 ze[0,1]
and
P = inf{ p(ay, a2) | F(ay, x) — F(a,, x) has exactly & zeros} .
We can now state

THEOREM 3.2. Let F be a varisolvent function and let F(a*, x) be a best ap-
proximation to f(x) in the L, norm. If F(a*, x) —f(x) has exactly k strong sign
changes then it must vanish on a subset of [0, 1] of measure greater than pi/2.

Proof. Let F(a,, x) be such that F(a., x) — F(a*, x) vanishes at the simple
zeros of F(a*, x) —f(x) and such that F(a., x) —f(x) has weakly the same sign
as F(a*, x) —f(x) and maX.e(o,y | F(@a, ) — F(a*, x)| S2-=. Set

R = {z|| F(e*, x) — f®)| =27}
and let 9, be the measure of R,. Then Lim,., 5, is the measure of the set
{=||P@a* 2) - f(=)| =0}
Let I, denote the set [0, 1]=R,. Then

[ 1#@ = 1@ ds = [ | Fan 2 - )] do
I, In

= f | F(a*, x) — F(an, x)| dx

= f [ F(a*, x) — F(a,, x) | dx —f | F(a*, x) — F(ay,, x) | dx
0 R,

1
= f | F(a*, %) — F(Gn, )| dx — 9, max I F(a*, x) — F(a,, x)l .
0 ze[o,1]
Also

f l F(an, ) — f(x) I dx
R,

= f | F(a., x) — F(a*, x) l dx +f l F(a,, %) —f(x)l dx
R Ry—Re

< 2y, — 7, max | F(a,, x) — F(a*, x)| .
ze(o,1]

Hence



1961] BEST APPROXIMATIONS AND INTERPOLATING FUNCTIONS 485
1 1
f | F(a*, ) — f(x)| dx — f | F(an 2) — f(2) | dx
0 0

1
gf | F(a*, %) — F(an, %) | dx — 39, — 7, max | F(a* %) — F(an, %) | .
0 ze(0,1]
Since F(a*, x) is a best approximation to f(x), it follows that
1
f | F(a*, x) — F(a,, %) | dx — 39, — 1, max | F(a*, x) — F(a,, x)l <0
0 zel0,1]
or
1
3 — N = f l F(a*, x) — F(a,, x) | dx/ max | F(a*, x) — F(a,, %) |
0 ze[0,1)

This implies that

1
Lim NMn g - Pk

n— o 2

which establishes the theorem.

This theorem is not quite comparable with Theorem 3.1, since regularity
is not involved. Regularity would seem to imply that the p, are positive for
k<m(a*) and Theorem 3.1 would follow for the L; norm. However, for non-
regular functions the p, may all be zero, in which case Theorem 3.2 would
lose its significance. Motzkin and Walsh [9, Theorem 6] have established
Theorem 3.2 for polynomials. In this case the p» may be specifically calcu-
lated.

For Class 2 a theorem very similar to Theorem 3.1 may be established.
Theorem 3.3 has been established for polynomial approximations in the L,
norm 1<p< « by Jackson [3].

THEOREM 3.3. Let F be a regular varisolvent function and let the norm be of
Class 2. If F(a*, x) is the best approximation to f(x) then F(a*, x) is a strongly
interpolating function of f(x).

Proof. Assume that F(a*, x) —f(x) has k <m(a*) strong sign changes and
let 0<y:1<y.< - -+ <% =1 be the simple zeros of F(a* x)—f(x). From
property A and Lemma 1 let e=27", x;=7y; (if =0 take x;=2""1 if y=1
take x,=1—2"""1) and determine ¢.&P such that |F(a,,, x) — F(a*, x)|
<27, F(@., x) — F(a*, x) changes sign in [x;—27", x;42"],j=1,2, -+, k
and has no zeros outside these intervals, and such that max.eo,y |F(a*, x)
—f(x)| >maxzeqo | Fan, x) —f(x)|.
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Set
R, = {z||F(a*, ®) — f()] < 27}

and

v = {ellret, ) - )] 2 5 mex | Pt o) - s }.

With
() = {F(a,., x) — f(x), rE€ VY,
F(a* x) — f(x), &Y,
) = {F(an, %) — f(a), %€ R,
F(a*, z) — f(x), % €& Ra,
consider

IF(a*, ) = f@)| = | Flan, x) — ]
= [F@* %) = f@] = [[sa@]| + llsa@| = [[sn(2) + ta(2) + #(x) = F(a*, )|
+ [[sa(2) + ta(®) + f(2) = F(a*, B)|| = [|F(an, x) — f@).
Since the norm is of Class 2, it follows that
lta(®) + f(&) = F(a* )|
im =

w—a [|F(a% %) = (@) = [|sn@)]

and hence for # sufficiently large
1F(a*, ) = f@)]| = [|F(an, 2) — j@)| > 0.

This is a contradiction and the original assumption that F(a*, x) —f(x) had
k<m(a*) zeros is false.

COROLLARY 3.2. Let the norm be of Class 2. If P(a*, x) is a best approxima-
tion to f(x), then P(a*, x) —f(x) has n strong sign changes.

An example is now given that illustrates the effect of nonregularity. Let
the continuous function ¢(a, x) be defined so that ¢(e, x) =a® in the intervals
[0, 1/2—a?], [1/2+a% 1], ¢(a, 1/2) =a+a®and ¢(a, ) is linear in the remain-
ing intervals. ¢(a, x) is a nonregular unisolvent function of degree 1.

We compute the best approximation to the function |x—1/2| in the least
squares norm. We have

3

2

Clearly the minimum is attained for ¢ =0, and ¢(0, x) is the best approxima-

2

1
=3 + a* — a® — 3a%/4 — 3a° + 62 + 3a'%/2.

1
x—_z"'\ - d)(ll, x)
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tion to Ix— 1/2| . It is seen that Ix— 1/2| —¢(0, x) has only one zero change.
Thus it is seen that a simple nonregular approximating function need not
satisfy Theorem 3.3.

The L, norm is a well-known example of a norm which is of Class 1 but
not of Class 2 and for which Theorem 3.3 is not valid.

4. Interpolation and approximation on finite point sets. Let X denote a
finite set of distinct points {x;|j=1,2, - - -, M} in [0, 1]. The remainder of
this paper is primarily concerned with approximations to f(x) on X. It is
still assumed that all functions are defined on [0, 1], even though in some
cases this is not significant. In particular, the definition of a varisolvent func-
tion is unchanged. It is assumed that f(x) is not identically equal on X to
any approximating function.

The definitions of the classes of norms are somewhat simplified and an-
other class is considered. Given g(x) and a sequence { gx(x) } which converges
regularly to g(x), let

R={x|gx) =0, x € X}.
Assume that 0 <g.(x)/g(x) <1 for x&R. Set

_ gﬂ(x)a x e R,
M@f{%m e
_ gﬂ(x): * € R,
M”"t@, &R

Note that the definition of g(x), { g,.(x)}, {s,,(x)} and {t,.(x)} outside X is
irrelevant since the norm is a function of values on X only.
A norm is of Class 2 if

_ le@ — w@
Lim =
n—e [lg@)]| = [[sa@
for all g(x) and {g,.(x)}. A norm is of Class 1 if
s — @l |
le@|l = sl =

where K may depend on g(x) and {g.(x)}. These definitions are the direct
analogs of those given in §2, and perhaps they show the intuitive nature of
the classes better. If it is assumed that g.(x) #g(x) for all » and some x&R,
then a third class of norms may be defined. A norm is said to be of Class 3 if,
with the above assumption,

@ — @l _
wre (@I = )]
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The typical example of this class is the L, norm, 0 <p <1. This class of norms
can also be defined for the interval [0, 1], but so far no general results have
been obtained for this class. Motzkin and Walsh [9, Theorem 7] have an-
nounced a very specialized result which indicates that the situation for Class
3 norms is quite complex. Even for finite point sets the results are less com-
plete for this class than the other two.

Strongly and weakly interpolating functions for a finite point set are de-
fined in the same way as for the interval [0, 1]. In addition, F(a, x) is said
to be an exactly interpolating function of f(x) on X if F(a, x) —f(x) has
m(a) zeros in X. If F(a, x) is a strongly interpolating function of f(x) on X,
then F(a, x) is said to strongly interpolate f(x) on X. Similar conventions are
used for weakly and exactly interpolating functions.

The analysis begins with a lemma similar to Lemma 3.1. This lemma may
also be stated for the interval [0, 1] and is probably true there, but this has
not been established.

LEmMMA 4.1. Let F be a wvarisolvent function and let a*CP,
{y,-lj=1, 2, -+, k; k<m(a*); y,EX} and €>0 be given. Then there are
a1, a;EP such that (i) F(a*, x) —F(a,, x), F(a*, x) — F(a,, x) change sign at
the y; and have no other sign changes in X, (ii) |F(a*, x) — F(a,, x)| S e
IF(ag, x) —F(a*, x)I <, (iii) either F(a,, x) — F(a*, x) =0, F(a,, x) — F(a*, x)
=0, or

sgn[F(a1, x) — F(a*, %)] = — sgn[F(as, x) — F(a*, x)]
for x€X.

Proof. Let [c, d] be an interval in [0, 1] containing no point of X. If
m(a*) —kisodd, choose m(a*) — 1 distinct points {yj|j=k+l, cooom(a*)—1 }
in the interior of [c, d]. Determine ai, a;EP by Definition 2.1 such that
(1) F(a*, yj)=F(a, y)=F(a, 3i), j=1, -+, m(@*)—1; (2) for some
20EX F(ai, xo) <F(a*, x0) <F(az, x0); (3) maxzepoy | F(a*, x) — F(a,, x)l <e,
maxze[o,1] IF(a*, x) — F(a,, x)] <e

F(a,, x) and F(a,, x) clearly satisfy (ii) and since F(a*, x)—F(a,, %),
F(a*, x) — F(a,, x) can have at most m(a*) —1 zeros, (i) is satisfied. Note that

sgn[F(ai, ¢) — F(a*, ¢)] = sgn[F(a,, d) — F(a*, d)].

It follows from (2) of the construction that (iii) is satisfied.

If m(a*) —k is even and x; # 0, xy # 1 again choose [c, d] and
{y.-|i=k+1, cee m(a*)—2} as above. In addition choose z, such that
20<x: and choose x, such that x» <xo=1. Determine a,, ¢;E P by Definition
2.1 such that (1), (2), and (3) of the preceding construction are satisfied,
except that yi41 is taken as xo. Then F(a,, x) — F(a*, x), F(a,, x) — F(a*, x)
cannot have another sign change in [x, x» ] without two sign changes, which
would contradict property z.
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If ;=0 and xx=1and x:€ {y;}, x»E {y;}, then x,, 20 and [¢, d] may be
chosen as in the preceding paragraph.

If x,=0 and xIGE{ y,~} consider a neighborhood N(a*) of a* such that
aEN(a*) implies that the degree of F is at least m(a*). The existence of such
a neighborhood is given in [11, Theorem 2]. Add the point x,=0 to the set
{y,-} and construct a{, af € N(a*) satisfying the requirements of the lemma
by the construction for m(a*) — & odd, with ereplaced by €¢/2. With the original
set of {y;} and with 2, in the interior of [x;, x;] we may determine @,, a,E P
such that

(1) |F(a1, x)— F(a{, x)| <e/2, [F(az, x)—F(a{, x)l <e/2;

(2) F(a’l) yi)=F(al,v yi); F(dz, yJ) =F(a2,’ yi)rj=1» 2, m(a*)—Z;

(3) F(ay, 2) <F(al, 1) <F(a* 21) <F(as, z1) <F(as, 31);

(4) F(ai, 0) <F(a*, 0) <F(ay 0).

It may be verified that a; and a; satisfy the conditions of the lemma.

The foregoing construction is also valid when xx =1 and xx € {;}. This
concludes the proof of the lemma.

The next theorem may be considered the analog of Theorem 3.1 for Class
1 norms. However, it is seen that no assumption as to the class of the norm
or as to regularity need be made. The theorem can be established for the
interval [0, 1], if Lemma 4.1 can be established for this interval.

THEOREM 4.1. Let F be a varisolvent function and let the norm be monotonic.
If F(a*, x) is a best approximation to f(x) on X, then F(a*, x) is a weakly inter-
polating function of f(x).

Proof. Assume that F(a*, x) —f(x) has k <m(a*) weak sign changes on X.
Let

d= mjin { | F(a*, x;) — f(x)) | |F(a*, %;) — f(x;) = 0}

and determine a,&EP by Lemma 4.1 such that

(i) max,ex |F(al, x) — F(a*, x)| =d/2,

(i) F(a*, x;) —f(x;) =0 implies F(ay, x;) —f(x;) =0,

(ili) F(a1, x) —f(x) has weakly the same sign as F(a*, x) —f(x) for xS X.
Clearly | F(a*, x;) —f(x,-)| > l F(a,, x;) -f(x,-)l if F(a*, x;) —f(x;) #0, and since
the norm is monotonic, ”F(a*, x) —f(x)“ > ”F(al, x) —f(x)”, which is a contra-
diction.

With the additional assumptions of regularity and of a Class 1 norm a
stronger result may be established. This result is comparable to Theorem 3.2
where the number of strong sign changes is related to the measure of the set
{x| F(a*, x) —f(x) =0}. The number u of zeros of F(a*, x) —f(x) required if
F(a*, x) —f(x) has k<m(a*) is not simply defined in this general situation.
For specialized cases, such as polynomials and the L, norm, 4 might be deter-
mined explicitly as a function of k.
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THEOREM 4.2. Let F be a regular varisolvent function and let the norm be of
Class 1. If F(a*, x) is a best approximation to f(x) on X and F(a*, x) —f(x) has
exactly k, k=m(a*), strong sign changes on X, then F(a*, x) —f(x) has at least
i geros in X, where ;. is defined in the proof.

Proof. Let R= {y,-|j= 1,2, - - -, m} be the set of zeros of F(a*, x) —f(x),
and determine a sequence {a.|a.EP} by Lemma 4.1 so that the signs of
F(a,, x) —f(x) and F(a*, x) —f(x) agree weakly and so that | F(Ga,x)—F(a*,x)|
=<2-», Further, a, is determined so that [ F(an, x;) — f(x;)l < | F(a*, x;) —f(x;)]
if x;&ER, x;©X. We may assume that F(a., x;) — F(a*, x;) #0 for all n and
some x;ER; otherwise F(a*, x) would not be a best approximation for f(x).

Define
s (x) — {F(am x) —f(x)’ x G R’
" F(a*, z) — f(), x ER,
_ F(am x) —f(x)’ xeR’
h(®) = {F<a*, %) — f(z), s R

Since the norm is of Class 1 we have
| F(a*, ) — f(2) — ta(a)|
| F(a*, %) = f@)]| = [[su()]

=K.

It is seen that
| F(a*, 2) — f(2) — ta@) | = | sa(#) — Flan, ) + f(z) |

and hence
| F(an, 2) — @] = [[sa()]]

< K.
|F(a*, x) — f@)|| = |[sa@@]|| =

Set
|F(an, %) — f@)|| = ||sa(®)]]

[F(a*, %) — j@)| = [[sa()]
K(f(x), {aa}) is finite for each f(x) and each sequence {a.}. Let K(f(x))
=inf {K( f(x), {a,.})l F(an, x) tends to F(a*, x) as prescribed }. Assume that
{a.} is chosen so that K(f(x), {@.}) is arbitrarily close to K(f(x)). Consider
02 [[F(a*, ) — f@)|| = ||F(an, 2) — f@)|
= [F(a* 2) = @] = [lsa@)| + lsn@| = [|F(an, ) = S
It follows that
1F(a*, %) = f@] = [sn@| = [[F(an, 2) = @] = [[sa()]
< KG@)IF@*, 2) = (@] = [|s@)]]].

=< Kforall n} .

K(f(x), { aa}) = inf {K
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Thus it is seen that if F(a*, x) is a best approximation to f(x) and F(a*, x)
—f(x) has k strong sign changes and m zeros, f(x) must be such that K(f(x))
21. Let

K(, m) = inf{ K(f())}

where the infimum is taken over all f(x) such that F(a*, x) —f(x) has ! strong
sign changes on X and m zeros in X. Clearly, if K(I, m) <1, then F(a*, x)
cannot be a best approximation in such a situation. Let

pe = min{m| K(k, m) = 1}

then F(a*, x) —f(x) must have at least u; zeros if F(a*, x) —f(x) has k strong
sign changes in X,

The behavior of u; depends on the particular properties of F and the
norm. Intuitively one feels that u; decreases as a function of k, but this has
not been established. It is easy to see that um* =0 and ue>m(a*)+1.

For Class 2 norms the following direct analog of Theorem 3.3 may be
established.

THEOREM 4.3. Let F be a regular varisolvent function and let the norm be of
Class 2. If F(a*, x) is a best approximation to f(x) then F(a*, x) is a strongly in-
terpolating function of f(x).

Proof. Assume that F(a*, x) —f(x) has k<m(a*) strong sign changes. A

set {y;|i=1, 2, k} is chosen in the following manner. If F(a*, x)—f(x)
changes sign between x; and x;;; choose a point in the interior of [x;, %;11].
If F(a*, x;)—f(x;)=0, j=I, 141, - -, p and F(a*, x)—f(x) changes sign

from x;_; to x,41 choose a point in the interior of [x;_y, Xps1].

The proof of this theorem may be completed along the lines of the proof
of Theorem 3.3.

Theorems as strong as Theorems 4.3 and 4.2 have not been established
for Class 3 norms. Of course Theorem 4.1 is applicable to Class 3 norms.
F(a*, x) is said to be a local best approximation to f(x) if there is a neighbor-
hood N(a*) of a* in P such that a N(a*) implies

[F(a* 2) — f@) <[|F(a, x) = f@).

THEOREM 4.4. Let F be a regular varisolvent function and let the norm be of
Class 3. Then if F(a*, x) is an exactly interpolating function of f(x) on X,
F(a*, x) 1s a local best approximation to f(x).

Proof. Assume that F(a*, x) exactly interpolates f(x) on X, and let
R= {x,~| |F(a*, ;) —f(x;) | =0} and set

d = min { IF(a*, x;)) — f(x;) I Ix,» & R}.

Let the neighborhood N(a*) be such that e N(a*) implies
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| F(a*, ;) — F(a, %) | <d/2, j=1,2,---,M.

Assume that there exists a sequence {a,.l a,EN(a*) } such that Lim,., @
=a* and

[|F(a*, #) — f@)]| 2 [[F(an, 2) = 1.
Set

{F(am x) - f(x)r x Q R)

s,.(x) =
- \F(a*, x) — f(x), x E R;

then
| F(a*, ) — f@)|| = ||F(an, ) — f(@)|| = ||F(a*, %) — f@)|| = [|sa(®)]|
+ [|sa@)l| = [|F(an, 2) — f@)].

It is clear that Hsn(x)” —”F(an, x) —f(x)” <0 since |s,.(x)| =< [ F(a,, x) —f(x)|
and the inequality holds for some points in R. If F(a,, x) = F(a*, x) in R, then
a*=a,, since R contains at least m(a*) points. Since the norm is of Class 3 it
follows that

IF(a*, %) = f@)|| = l[s: ()]
im =
n—a [|F(an, 2) = f@]| — [|sn@)]
This implies that for n sufficiently large that
[F@@*, ) — f@)]| = |[F(am ) — f@)]| <0

which contradicts the original assumption on the sequence {a.}.

Theorem 4.4 is of a completely different nature from the theorems proved
up to this point. Instead of the assumption of best approximation implying
interpolation, we have an assumption of interpolation implying a local best
approximation. The natural companion of Theorems 4.2 and 4.3 would be:
Let F be a regular varisolvent function and let the norm be of Class 3. If F(a*, x)
is a best approximation to f(x), then F(a*, x) —f(x) has at least m(a*) geros in X.
It is not known if this is a true statement.

On the other hand one would like to prove the converse theorems of Theo-
rem 4.2 and Theorem 4.3. This has not been done.

5. The L, norms. The remainder of this paper is concerned with ap-
proximations in weighted L, norms by linear approximating functions on
finite point sets. Motzkin and Walsh [8] have developed an extensive theory
for weighted L, norms and polynomials on finite point sets. The main points
of this theory are extended to approximations by linear unisolvent functions
in this section. For the Tchebycheff norm the results are extended to vari-
solvent functions and to the interval [0, 1].

Let X and
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m

P(a) x) = Z a‘¢0’(x)

1=1

be as previously defined where the ¢;(x) form a Tchebycheff set.
For any finite point set X define a function ¢..i(x) such that

{¢.~(x)|i= 1,2,---, n+1} forms a Tchebycheff set on X. ¢.41(x) need not
be defined except in X.
Let Y= {y.~|i=1, 2, -, n+1} be a subset of X. Define 41 functions
of the form
wk(y) = P(ak’ y)/ck + ¢n+l(y)’ y € Y’
such that
) J#Ek,
P(ar, ¥5) + crpnia(y;) = { (= 1), b=
Let {e,-lj =1,2,---, n+1; Iejl = 1} be such that ecy > 0. Since

{¢,~(x) | 1=1,2, -, n} is a Tchebycheff set the ¢; are all nonzero.

LEMMA 5.1. The functions T(x) =¢ui1(x) +P(a, x) which weakly interpolate
zero on Y are exactly the functions
n+l1 n+1

(1) T(x) = 2 Mewi(®), N20, 2N\ =1

j=1 J=1
Those which strongly interpolate zero on Y are of the same form except ;> 0.

Proof. Clearly every function of the form (1) with A\;>0 has » strong sign
changes on V. Those with \;=0 are limiting cases of A\;>0 and hence have 7
weak sign changes.

Assume that T'(x) has n strong sign changes. Then T'(x) changes sign from
y; to ¥;+1 and on Y we have

n+l1
T(x) = Z )\;e.-w;(x)
fe=1 ‘
where \;=+ |c;T(y.~)| #0. All the \; have the same sign and since T'(x)
=¢n1(x) +P(a, x) we have D *+!\;=1 which implies \;>0. The T'(x) with
weak sign changes are limiting cases of those with strong sign changes, and
hence X\; 0.

LEMMA 5.2. If ¢pupi(x) +P(a*, x) weakly interpolates zero on Y, then there
are positive weights { u.~| 1=1,2,- -, n+1} such that ¢n1(x) +P(a*, x) mini-
mizes the weighted L, norm with these weights on Y.

Proof. If ¢.1(x) +P(a*, x) has n weak sign changes on V, then by Lemma
5.1
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n+1 n+1
P(a*, %) + ¢opa(x) = 2 Newi(x), Z N=1, A 20.
sm1 j=1

If N\;j5£0, set ;= Ic,~| and if N\;=0, set )\,-=2| c,-l . Consider

n+1 n+l1

p(P(a*, %)) = 2 ui| P(a* 9) + dnt1(3) | = 2 mi| Miewi(9)) |
tm1 =1 -
n+1

=D ud/ || =1

=1 .

Clearly a* minimizes u(P(a, x)), and P(a*, x) is a best approximation to
~¢n1(x) on Y in the weighted L; norm.

With these two lemmas a special case of the converse of Theorem 4.1 may
be proved.

THEOREM 5.1. If P(a*, x) weakly interpolates f(x) on X, then there are posi-
tive weights {p;} such that P(a*, x) is a best approximation to f(x) in the weighted
L, norm.

Proof. If P(a*, x) —f(x) has n weak sign changes on X, then.it is simple
to show that every point of X belongs to a subset ¥ of #n+1 points such that
P(a*, x) —f(x) has n weak sign changes on Y.

On any such Y one may determine ¢; P and K such that on ¥V

P(a*’ x) - f(x) = K[P(ah x) + ¢n+l(x)]'

It follows from Lemma 5.2 that since P(a;, x)+¢na(x) has n weak sign
changes, there are positive weights {u;} such that P(ay, x) is a best approxi-
mation on ¥ to —¢.41(x) in the weighted L, norm. Hence P(a*, x) —f(x)
minimizes the same norm on Y.

If P(a*, x) is a best approximation to f(x) on ¥, with weights {u;} and
a best approximation to f(x) on ¥, with weights {a;}, then P(a*, x) is a
best approximation to f(x) on YUY, with weights { p;} determined as fol-
lows:In Ylf\ Yz, pi= (0’.‘+#;), in Yl— Ylf\ Yz, Pi= Ms and in Yz— Ylf\ Yz, Pi=0;.
X has a finite number of subsets of #+1 points, and therefore P(a*, x) is a
best approximation to f(x) on X in some weighted L; norm,

A similar approach may be used to establish a converse of Theorem 4.3
for L, norms, 1<p < and linear approximating functions. The following
lemma may be easily established [7].

LEMMA 5.3. Let )\,’%0, me_l k,'=l, and [l()\,’)= E;’:.I[t")\f; pi>0, P>l
The minimum of u(\;) is given by
1/(1-p) — 1/(1-p)
i=w 2 "
J=1
For the next lemma Y, as usual, denotes a subset of X containing n+1
distinct points.
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LEMMA 5.4. Let p>1 be given. If P(a*, x)+dns1(x) strongly interpolates
zero on Y, then there are positive weights such that P(a*, x) +¢ny1(x) minimizes
a weighted L, norm.

Proof. From Lemma 5.1 it is seen that P(a*, x) +¢.41(x) is the form

n+1 n+1

$nr1(®) + P(a*, 2) = 2 Newi(x),  N>0, =1,
=1 t=1
for x€Y. Set u;=N"?|c;|?. Then it follows from Lemma 5.3 that the \;
minimize »

n
e/ |el’,

tmm]
which concludes the proof of the lemma.

THEOREM 5.2. If P(a*, x) strongly interpolates f(x) on X, then for any p > 1
there is a set of positive weights such that P(a*, x) is a best approximation to f(x)
in the weighted L, norm.

Proof. Set E= {x”P(a*, x) —f(x)[ >0, xEX}. Every point of E belongs
to a subset ¥ such that P(a*, x) —f(x) has n strong sign changes on Y. For
any such subset Y there are ¢;& P and K such that

P(a*, x) — f(x) = K[P(a1, %) + dnsa(x)].

It follows from Lemma 5.4 that there are positive weights such that P(a*, x)
is a best approximation to f(x) in a weighted L, norm.

The argument of the proof of Theorem 5.1 shows that there are positive
weights such that P(a*, x) is a best approximation to f(x) on E in a weighted
L, norm. On the points of X not in E the weights may be assigned arbitrarily
and P(a*, x) is a best approximation to f(x) on X.

For L, norm, 0<p <1, Motzkin, Walsh, and Dvoretzky [6, Theorem 6]
have established the following theorem,

THEOREM 5.3. If P(a*, x) is a best approximation to f(x) in a weighted L,
norm, 0<p <1, then P(a*, x) —f(x) has at least n zeros on X.

This theorem is analogous to Theorem 4.3, and one could conjecture that
this theorem extends to varisolvent functions. The proof of Theorem 5.3 is
of a different nature than those of this paper and apparently does not extend
to varisolvent, or even unisolvent, functions without essential modification.

The analysis for L, norms, 0 <p <1, follows the same pattern as for p =1.
The following lemma is easily established.

LEMMA 5.5. Let \;>0, > Ni=1 and set

g = X ki, pi>00<p <1,

t=1
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The minimum of u(\;) s given by
0, if g > min gy,
]
A= . .
Py if pi = minp,,
]

~

where p;#0 for only one value of 1.

LEMMA 5.6. The function of the form T(x) =P(a, x) +dns1(x) which mini-
mizes :

ntl
2wl T, wi>00<p<1,5EVY,
fom]
is given by T(x) = D_iH!' Niewi(x) where \;=0 except at the point yi. (or a point
Yi) at which p.k/l Ck| ?=min; ;l.'/l C.‘I ? where \y=1. '

Proof. It is seen that
n+1

n+1
Zﬂ&l T(ys) |p = Z“i)‘"/l "i"
fu=]

fmm]
and the proof follows directly from Lemma 35.5.

THEOREM 5.4. If P(a*, x) exactly interpolates f(x) on X, then for any p,
0<p<1, there is a set of positive weights such that P(a*, x) s a best approxima-
tion to f(x) in the weighted L, norm.

Proof. Select a subset ¥={y;[i=1,2, -+ ., n+1} such that P(a*, x)
—f(x) has n zeros in Y. In ¥ we have

P(a* 2) — f(x) = K[P(ay, %) + ¢nt1(2)],

and hence P(a,, x) +¢n41(x) has n zeros in V. Set pi = ICk‘ ? at the point of ¥V
where P(ai, x) +@n1(x) #0. At each of the other points of ¥ determine u; so
that u;/ | c;| »>1. ThenbyLemma 5.6, P(a*, x) +¢ns1(x) minimizes the weighted
L, norm with these weights. Hence P(a*, x) is a best approximation to f(x)
on Y.

Every point of X belongs to a subset ¥ of the above type. By the argu-
ment previously employed it follows that P(a*, x) is a best approximation to
f(x) on X,

For the L, or Tchebycheff norm

l7@I] = max | 1)

the analysis is considerably simpler and extends immediately in several direc-
tions. We have
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THEOREM 5.5. If P(a*, x) strongly interpolates f(x) on X, then there is a set
of positive weights such that P(a*, x) is a best approximation to f(x) in the
weighted Tchebycheff norm.

Proof. Choose a set Y= {y;} of n+1 points such that P(a*, x) —f(x) has n
strong sign changes on Y. In Y determine {u|i=1,2, - -, n+1} by

I‘ilP(a‘*,yi)—f(yi)l =1, t=1,2,---,n+ 1
For x;€E Y determine u; so that
ui| Pa*, z) — flz)| < 1.

It follows from [1, Chapter 2] that P(a*, ) is a best approximation to f(x)
in the weighted Tchebycheff norm with weights { u,~| j=1,2,--- M }
The same proof may be used to establish the following corollary.

CoROLLARY 5.1. If P(a*, x) —f(x) has n strong sign changes in [0, 1], then
there is a positive continuous weight function u(x) such that P(a*, x)—f(x)
minimizes

max u(x) | P(a*, %) — f() | .
z€[0,1]

The next corollaries follow directly from the proof of Theorem 5.5 and
[12].

COROLLARY 5.2, Let F be a varisolvent function. If F(a*, x) —f(x) has m(a*)
strong sign changes in [0, 1], then there is a positive continuous weight function
such that F(a*, x) is the best approximation to f(x) in the weighted Tchebycheff
norm.

COROLLARY 5.3. Let F be a varisolvent function and let f(x) be given. Then
the following subsets of P are identical:

{al F(a, x) —f(x) has m(a) strong sign changes in [0, 1]}

{a] F(a, x) is the best approximation to f(x) in a weighted L., norm}.

The main conclusions of this section are summarized by the following
theorem,

THEOREM 5.6. Let P(a, x) = 3 ", a':(x), X, 0<q<1<p=< » and f(x) be
given. Then we have three pairs of identical sets: :

{a| P(a, x) — f(x) minimizes a weighted L, norm}.

M { a[ P(a, x) sirongly interpolates f(x) on X } .

@ {a| P(a, x) — f(x) minimizes a weighted L, norm}.
{a] P’(a, x) weakly interpolates f(x) on X } .

@) { a| P(a, x) — f(x) minimizes a weighted L, norm}.

{ al P(a, %) exactly interpolates f(x) on X}.
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Proof. The equivalence for the first pair follows from Theorem 4.3, Theo-
rem 5.2, Theorem 5.5 and [1, Chapter 2]. The equivalence of the second pair
follows from Theorem 4.1 and Theorem 5.1, the third pair from Theorem 5.3
and Theorem 5.4.

We have as a corollary

COROLLARY 5.4. Let P(a, x), X and f(x) be given. Then for any p, ¢; 1<p<gq
< «, the following sets are identical:

{al P(a, x) — f(x) minimizes a weighted L, norm} .

{a| P(a, x) — f(x) minimizes a weighted L, norm} .
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