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In [4] the representation theory of finite solvable groups was studied, and
under the assumption of solvability, it was shown that several conjectures of
R. Brauer arising from modular representation theory were true. These con-
jectures are presumably true without the assumption of solvability. In this
paper I should like to describe some properties of modular representations of
solvable groups which are not shared in common by all finite groups. Solvable
groups can be characterized by the existence of Sylow p-complements and
by the special structure of their principal series; both these features will be
exploited. Since one rational prime number p will be fixed for modular
representation theory, we shall consider the more general class of p-solvable
groups, where a group is p-solvable if it has a composition series all of whose
composition factor groups are either p-groups or p’-groups.

The main results concern the principal indecomposable representations
(the indecomposable projective modules in the language of modules). Sup-
pose ® is a group of order g=p°g, where (p, go) =1. Let @ be a normal alge-
braic number field containing the gth roots of unity, and p a fixed prime
ideal divisor of p. The residue class field Q* determined by p is then large
enough to write the principal absolutely indecomposable representations of .
If U is such a representation, it is well-known that p* divides the degree u
of U. For a p-solvable group, we shall see that u=p%, where (p, v)=1 and
v is the p’-part of the degree f of the unique irreducible quotient representa-
tion § of 1. Moreover, the representation U is the induced representation of
® by a suitable irreducible representation from a Sylow p-complement $ of
@®. One consequence of this is that algebraic conjugates of principal inde-
composable characters of @ (these are complex-valued functions) are again
principal indecomposable characters.

The proofs of the above results are based on the reduction methods of
[4]. In §1, where the reduction will be briefly described, we shall draw some
facts left unformulated in [4]. These are in the nature of relations between
the block and group structures of a p-solvable group. For example, a question
of N. Ito’s [7] as to necessary and sufficient conditions when all blocks of a
solvable group have full defect is answered. §2 contains the results on the
principal indecomposable representations.,
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NoTATION. ® is always a finite group of order g=p°g,, where (p, go)=1.
For any subset % of &, N(A) and C(A) are the normalizer and centralizer of
A in @. Set n(A) =(N(A): 1). If A is a one element set {A }, we write N(4)
for N(A). An element G of @ is p-regular if its order is prime to p, p-singular
if its order is divisible by p. Let » be the exponential valuation of the rational
field determined by p, normalized so that v(p) =1. The defect »(G) of an ele-
ment G in @ is v(n(G)); a defect group of G is a Sylow p-subgroup of N(G).

Let © be a normal algebraic number field containing the gth roots of
unity. The condition of normality is not essential, but it simplifies later con-
siderations. The ordinary absolutely irreducible representations of @ can be
written with coefficients in Q. x1, X2, * - * , X& will denote the characters of the
distinct nonequivalent ones. In Q let p be a fixed prime ideal divisor of p,
with o as ring of local integers and o/p=Q* as the residue class field. Denote
the image of an element « in o under the mapping 0—Q* by a*. The abso-
lutely irreducible modular representations of & can be written in Q*,
1, T2, - ¢, Tm will denote the different nonequivalent ones, and ¢y, @, - - -,
¢n their corresponding characters defined with respect to the mapping 0—Q*
(see [1]). The principal indecomposable representations of & can also.be
written in Q* Uy, Uy, - - -, U, will denote the different nonequivalent ones,
and ®,, &, - - -, P, their corresponding characters, defined also with respect
to p. The arrangement is such that {; is the unique irreducible quotient
representation of U;. Unless the word “modular” is used, a character without
any other qualifiers will always be one of a complex-valued representation.

If » is a rational integer, it can be factored into two parts, such that one
is a power of p and the other is relatively prime to p. These we call respec-
tively the p-part and the p’-part of n. A p’-group is a group of order prime
to p.

1. We assume known the basic notions from modular representation
theory as developed in [1; 2]. Let ® be a p-solvable group, and B, a block of
® with D as defect group and d as defect. If N is a normal p’-subgroup of §,
a decomposition of the characters in B, is induced by N. The details of this
decomposition are essential to our proofs. First B, determines a class @ of
irreducible characters 6, of ; namely, the restriction of any (irreducible,
irreducible modular, or principal indecomposable) character in B, to R has
the form

m 2.

[/}
8 in C g

where m is an integer depending on the character. € is then a complete class
of characters of M conjugate in ®. By this we mean that given any two char-
acters 0, and 6, in @, there exists a G in ® such that

6,(G1XG) = 0,(X) for all X in N,

and @ contains all irreducible characters of 9 related in this manner to a fixed
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character in @€. We shall say that the block B, and the class @ are associated.
It may happen that other blocks of ® are associated to €; denote the set of
all blocks of & associated to € by 3. The block B, in 3 has maximal defect
among all blocks in 3 if and only if there is a p-regular element V in N having
D as defect group such that w.(V) 0, where w, is the linear character of the
center of the group algebra of @ over Q* corresponding to B,. For any irre-
ducible character 6, of R, define the inertial group of 6, in @ as

{G in ®: 6,(G1XG) = 6,(X) for all X in n}.

Then it is also true that the block B, in J has maximal defect among all blocks
in 3 if and only if D is a Sylow p-subgroup of the inertial group of a suitable
character in €.

The following is the second step in the decomposition of the characters
in B,. There is some irreducible character 6, in € such that its inertial group
T in © has the following properties: T has a block B/ with D as defect group
and d as defect. The complete class of characters of 9 conjugate in T and
associated to B/ consists of 6, alone. Furthermore, there is a 1-1 correspond-
ence x,<>Xs between the irreducible characters x, in B, and the irreducible
characters x,/ in B/, such that x, is the character induced by x,.. Similarly,
there are 1-1 correspondences between the irreducible modular characters
¢., 7 of B., B/, and between the principal indecomposable characters .,
®/ of B,, B/, such that ¢, is induced by ¢, and ®, is induced by ®/. Finally,
B, and B/ have the same matrices of decomposition numbers and the same
matrices of Cartan invariants (the matrices being arranged according to the
correspondences).

The third step of the decomposition is within the subgroup ¥. Because
the block B/ is associated to a one element class {6,}, it determines a factor
set € of T in the sense of projective representation theory. e may be assumed
to consist of sth roots of unity, where (p, s) =1, but not of ¢th roots of unity
for t<s. Every irreducible character x,/ in B/ can be expressed as the product
X =, XB of two projective characters, where a, is the character of an irre-
ducible projective representation of /9 with factor set ¢, and 8 is the char-
acter of an irreducible projective representation of T with factor set ¢!, the
restriction of B to N being 6,. Similarly, every irreducible modular character
¢, in B/ can be expressed as the product ¢, =+, Xy, where 7, is the character
of an irreducible projective modular representation of T/MN with factor set
e* and ¥ is the character of an irreducible projective modular representation
of T with factor set (¢*)~, the restriction of ¥ to N being 6,. By a well-known
construction of Schur there is a group $ with a cyclic subgroup € of order s
in its center and $/E~T/N, having the following properties: each irreducible
projective representation of &/ with factor set € is induced(?) by an irre-

(?) We have used the word “induced” in two senses so far; the exact meaning will always
be clear from context.



1962] SOLVABLE GROUPS AND MODULAR REPRESENTATION THEORY 487

ducible representation of §; each irreducible projective modular representa-
tion of T/N with factor set e* is induced by an irreducible modular repre-
sentation of . Let x,/’ be the character of the representation of $ inducing
the projective representation with character «,. Similarly, let ¢/’ be the
modular character of the representation of § inducing the projective modular
representation with character v,. $ then has a block B/’ with defect group
isomorphic to D and defect d such that the irreducible characters in B/’ are
precisely the x,/’ and the irreducible modular characters in B/’ are precisely
the ¢/’. The correspondences x, <»x,/’ and ¢/ <>¢/’ are 1-1, and B/ and
B/’ have the same matrices of decomposition numbers and the same matrices
of Cartan invariants. We shall call § the representation group of B, ($ de-
pends on N); O is a p-solvable group if @ is p-solvable.

The above facts are proved in [4] §2, except for the assertion that ®/
induces ®,, which follows easily, for example, from the fact that ¢/ induces
¢, and the Cartan invariants of B] and B, are the same.

LemMMA (1A). Let @ be a p-solvable group and N its maximal normal p'-
subgroup. Let B, be a block of & and C the class of irreducible characters of N
associated to B.. If ® is the inertial group of a character in C, then the repre-
sentation group O of B, has the following structure:

(i) ©/€ has no normal p'-subgroups greater than (1).

(ii) O has a normal p-subgroup greater than (1).

(iii) Every block of © has full defect a.

(iv) All irreducible characters of © which induce(®) the same linear character
of € constitute the irreducible characters in a block of ©. There are thus s blocks
of O, where s=(€:1).

Proof. Since $/E~F/N, (i) is obvious. Let £/E be the maximal normal
p-subgroup of $/€. By [5, Lemma 1.2.3], the centralizer of /€ in $/C is
contained in /€. € has order coprime to (2: €) so that by a theorem of Schur,
L=DGE, where D is a p-group of order (2: €) and DE=(1). Since € is con-
tained in the center of §, we have in fact =D XE, and therefore D, being
characteristic in &, is normal in . If V is a p-regular element in § which
centralizes D, then VE centralizes /€ and consequently V belongs to €. If
B is a defect group of some block of 9, then DT P. Thus the only p-regular
elements of § centralizing P are the elements of €, and it follows that all
blocks of $ have defect a. This proves (ii) and (iii). The proof of (iv) follows
from the definition of blocks and [1, (6F)]. This completes the proof.

An irreducible character x, of ® is defined to be imprimitive if it can be
induced from a proper subgroup. Huppert [6, Satz 7] has shown that in a
solvable group an irreducible modular character of degree divisible by p is
imprimitive. Without the word “modular,” this is no longer true as it stands.

(3) A third sense of the word “induced.” The restriction of an irreducible character of $
to € is of course a multiple of a linear character.
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For example, in the split extension of the quaternion group by an automor-
phism of order 3, there are irreducible characters of degree 2 which are not
induced.

LEMMA (1B). Let @ be a p-solvable group, and x, an irreducible character
of ®. If x, is in a p-block of less than full defect a, then x, is imprimitive.

Proof. Let x, be in the block B,. If 0 is the maximal normal p’-subgroup of
@®, and € is the class of irreducible characters of M which is associated to B;,
then by (1A) ® can be the inertial group of a character in @ only if B, has
defect a. Therefore by the remarks at the beginning of this section, x, is
imprimitive.

CoRrOLLARY (1C). Let ® be a p-solvable group with abelian Sylow p-sub-
groups. If x. is an irreducible character of ® of degree divisible by p, then x, is
imprimitive.

Proof. By [4, (3E)] x, must be in a block of less than full defect.

For the rest of this section, we shall use the following notation: If ® is
a p-solvable group, denote by 9N the maximal normal p’-subgroup of ® and
by PB/N the maximal normal p-subgroup of &/N. 1CNCP are thus the
first three terms of the ascending p-series of @ in the terminology of Hall-
Higman [5].

LEmMMA (1D). Let @ be a p-solvable group, B, a block of ®, and @ the class
of irreducible characters of M associated to B,. If ® is the inertial group of a
character in @, then B, is the only block of © associated to C.

Proof. Let O be the representation group of B,. If B, were another block
of ©, different from B, but associated to €, then § would also be the repre-
sentation group of B,. If B/’ and B/’ are then the blocks of § corresponding
to B, and B, respectively, the irreducible characters of § in B/’ and B/’
would induce the same linear character of €, which is impossible by (1A).
Therefore B, is the only block of ® associated to €.

THEOREM (1E). Let 1CNCB be the first three terms of the ascending p-
series of the p-solvable group ®. Let B. be a block of ® with defect group D, and
@ the class of irreducible characters of N associated to B,. If DNDB, then B, is
the only block of © associated to C.

Proof. Let T be the inertial group of a fixed character 6, in €; we may
assume TOD. If T=0, the result follows from (1D). We may then assume
T CG. Let B! be the block of € which corresponds to B,. Since TON and
TDOD, it follows that TDP, and by [5, Lemma 1.2.3, Corollary 2], R is also
the maximal normal p’-subgroup of &. The block B/ of ¥ is associated to the
class {0,; } consisting of 6, alone, and thus by (1D) B/ is the only block of &
associated to {,}. Suppose B, were another block of ®, different from B,
associated to €. Then there would be a block B/ of £ such that the relation
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between B, and B/ is exactly like that between B, and B/. But in &, B/
would be associated to the class {6,}, which is impossible. Therefore B, is the
only block of ® associated to €.

CoroLLARY (1F). Let ® be a p-solvable group, and B, a block of full defect a.
If @ is the class of irreducible characters of N associated to B,, then © is associ-
ated to no other blocks of ® other than B,.

Proof. For a defect group of B, is a Sylow p-subgroup & of &, and SN2 P.
REMARK. The irreducible characters in a block B, satisfying the conditions
of (1E) are therefore characterized by their restrictions to N.

TrEOREM (1G). Let ® be a p-solvable group and N the maximal normal p'-
subgroup of ©.

(i) Every block of ® is of full defect a if and only if every element in N has
defect a.

(ii) Every block of © has defect a or defect 0 if and only if every element in N
has defect a or defect 0.

Proof. Let @, @, - -+, €, be the distinct classes of irreducible characters
of M conjugate in O, and for1=1, 2, - - -, r, let §; be a representative of @,.
If among these, 6y, 6, - - -, 0, (¢=r) are the ones whose inertial groups con-

tain a Sylow p-subgroup of @, then by (1F) and the remarks at the beginning
of this section, ¢ is also the number of blocks of & of defect a. Let Vy, Vo, - - -,
V. be representatives of the conjugate classes of & contained in N; r is the
same number as the number of classes €;. If V is a p-regular element of ®
which centralizes a Sylow p-subgroup of ®, V must belong to 9% by |5,
Lemma 1.2.3]. Thus all p-regular elements of ® of defect a belong to RN.
Since there are ¢ such classes by [2, Theorem 2], we may suppose Vi, Vs, - - -,
V: are the representatives from these classes. Every block of @ has defect a
if and only if r=¢. But then every element in 9 has defect ¢ if and only if
r=t¢. This proves (i).

Suppose every element in M has defect a or defect 0, and that there are
blocks of @ of defect d, where 0 =<d <a. Choose a block B, with largest pos-
sible defect less than a. Then by the remarks at the beginning of this section
and (1F), a defect group of B, must necessarily be a defect group of some ele-
ment in N. Thus B, must have defect 0 and every block of & has defect a or
defect 0. Conversely, suppose every block of @ has defect a or defect 0. By
[1, (3C)], there exist irreducible characters xi, X2, * * * , X» of ® such that

¢y det(x«(V,) # 0 (mod ).

No two of the x; have restrictions to i which are proportional, and therefore
exactly r —¢ of the characters x; belong to blocks of defect 0. These characters,
which we suppose to be x4, * + ¢, Xy, take values divisible by p on elements
of positive defect [1, (2.3)]. In the matrix (x;(V;)), the submatrix consisting
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of the last r—¢ rows and the first ¢ columns is the zero matrix modulo j.
Thus from (1) it follows that det(x;(V})) #0 (mod p) for=¢+1, j=¢+1, and
hence Vi, + - -, V, have defect 0. This proves (ii).

2. If U; is a principal indecomposable representation of a group ©, de-
note its degree by u;=p%,, and the degree of the unique irreducible quotient
representation §; of U; by f.

LEMMA (2A). Let D be a normal p-subgroup of the group ®, (D: 1) =p~. If
s is the principal indecomposable representation of @ = /D having F; (as a
representation of ®) as its irreducible quotient representation, and #; is the
degree of U, then u;= pri,.

Proof. Let R be the regular representation of D, and & the trivial repre-
sentation of /D (over the field 2*). Consider the restrictions 11.-| D=mR
and ﬁ;|©/®=ﬁ8‘, where m and # are certain positive integers. By the
Nakayama formulas [2, (83), (84)] m is the multiplicity of §; in the repre-
sentation of @ induced by & (as a representation of D), and 7 is the multi-
plicity of §: (as a representation of @) in the representation of @ induced by
&. Thus m =1, and since the degree of R is p*, it follows that u;=p"m = pni,.

THEOREM (2B). Let U; be a principal indecomposable representation of the
p-solvable group ®. If u;=p%; is the degree of U, then (p, v;) =1 and v; is the
p'-part of the degree f; of Fs.

Proof. The proof is by double induction on ¢ and g=(®: 1). We assume
that the theorem is true for all p-solvable groups having order divisible by
at most 2! and for all p-solvable groups of order p°m, where (p, m) =1 and
pem <g.

Let U; be in the block B, and € the class of irreducible characters of
associated to B,, where 9 is the maximal normal p’-subgroup of ®. Suppose
T is the inertial group of some fixed character in €. If $C, let B/ be the
block of & corresponding to B, and U} and §/ the principal indecomposable
and irreducible representations in B; which induce U; and §; respectively.
If (T:1)=7p, where (p, r)=1, and u/ and f! are the degrees of U} and F/,
then by induction, we have «! =p%/, where v! is the p’-part of f!. Since
ui=(®: T)u! and f;=(O: T)f!, it then follows that u;= (§: T)pbv! =p! go/r
and v;=9/g,/r is the p’-part of f;. We may then suppose T=©. Let § be
the representation group of B,, and B/’ the block of § corresponding to B,.
In B/’ let §!’ be the irreducible modular representation of $ corresponding
to §:, and U}’ the principal indecomposable representation of $ having !’
as quotient representation. By (1A) $ has a normal p-subgroup D, say of
order pn> 1. It follows then from (2A) that u{’ =p"#;, where u/’ is the degree
of 11/’ and 4; is the degree of the principal indecomposable representation of
©/D having F!’ as quotient representation. Since p*{(9: D) we have by in-
duction that #;=p%"v!’, where v}’ is the p’-part of the degree f!’ of §!’,
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and therefore u!’ =p%!’. But fi=tf!’, u;=tul’ for some p’-number ¢, and
hence u;=tu!’ =p°tv!’ = p°v,, since v;=tv!’. This completes the proof.

CoroLLARY (2C). Let & be a p-solvable group of order g=psg, where
(p, go)=1. For each irreducible modular representation §; of ©, let v; be the
p'-part of the degree f; of §i. If M is a Sylow p-complement of ®, then the regular
representation of M over Q* is equivalent to the restriction to M of the direct
sum D v;§i. In particular, go= D ; vifs.

Proof. The character of the regular representation of © is Y ;u;
=% ; vipi. The restriction of Y_;v.¢; to M is therefore the character of the
regular representation of M, and since pf(M: 1), the result follows.

REMARK. (2B) is not true in general. The alternating group on 5 letters
has for p=3, a principal indecomposable representation of degree 9 whose
corresponding irreducible representation has degree 4.

THEOREM (2D). Let ® be a p-solvable group of order g= p°go, where (p, go)
=1, If ®, is a principal indecomposable character of ®, then there exists a
p'-subgroup MM of ® and an irreducible character 0 of M such that ®, is the char-
acter of ® induced by 0.

Proof. The proof is by double induction on ¢ and g. We assume that the
theorem is true for all p-solvable groups having order divisible by at most
71, and for all p-solvable groups of order pom, where (m, p) =1 and p*m <g.
Let ®, be in the block B, of @ and € the class of irreducible characters of N
associated to B,, where N is as usual the maximal normal p’-subgroup of ®.
Suppose T is the inertial group of some fixed character in @, and B/ the block
of $ corresponding to B,. If £C® and ®, is the principal indecomposable
character in B/ which induces ®,, then by induction there exists a p’-sub-
group M of T and an irreducible character § of M such that 6 induces ¥, .
Since inducing characters is a transitive operation, it follows that &, is the
character of @ induced by 6.

We may then suppose T=@. Let § be the representation group of B,
and B/’ the block of § corresponding to B,. We shall prove the result for the
principal indecomposable characters of § and show how this implies the
theorem for ®. By (1A) § has a normal p-subgroup ®. Let §,’ be an irre-
ducible modular representation of 9, ¢,;” and &, the characters of §,/’ as a
representation of § and §/D respectively. If &, is the principal indecomposa-
ble character of /D corresponding to ¢,, then by induction, there exists a
p'-subgroup R/D of H/D and an irreducible character § of R/D such that §
induces ®,. Now % =&, where S~R/D and SND= (1), since (D: 1) and
(R: D) are coprime. Let 0" be the irreducible character of & defined by setting
0" (S) =08(SD) for Sin &. We claim that ®,/ is the character of § induced by
0”. For if w' =®!’(1), and @ = &,(1), then by (2A), u”’ = (D:1)a
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=(D: 1)(9: N)I(1)=(H: ©)0" (1), so that the degrees check. It will then
suffice to check that as a principal indecomposable character of &, 6" induces
a character of § which includes ®,’ with multiplicity m >0. But this multi-
plicity m, by the Nakayama formulas, is also the multiplicity which 8", as an
irreducible modular character of &, appears in the restriction of ¢,/ to &.
Since the multiplicity of 6" in ¢’ | S is the same as the multiplicity of § in
6,] R/D, m is positive and therefore 6" induces ®,”.

We can now prove the theorem for . By the remarks at the beginning of
§1, each irreducible modular character ¢, in B, can be expressed as the
product of two projective characters ¢,=+, Xy, where v, and ¥ have factor
sets € and e ! respectively. Each ¢,/ in B/’ induces the projective character
~,, and since &}’ = Y c,.p.’, where the c,, are the Cartan invariants of B/’ it
follows that ®,;’ induces a projective character of /€ with factor set e. The
p'-subgroup & of 9 must contain €, for if E is in €, but not in &, then
®)' (E) =0, whereas ®;’ (E) ={¢u’, for some sth root of unity {. Therefore 6
also induces an irreducible projective character £ of &/€ with factor set e.
In the given isomorphism §/E~F/N, let &S/C~M/N. M is then a p’-sub-
group of @. £ (as a character of M) and ¢| I are irreducible projective char-
acters of I with factor sets e and ¢! respectively. Define the irreducible char-
acter 8 of M by the equation §= EX(lPI M). We claim ¥, is induced by 6. For
w,=u"" XY(1)=(9: ©)0" ()Y (1) =(&: M)£(1)Y (1), so that the degrees check.
As before it will be sufficient by the Nakayama formulas to show that the
restriction of ¢, to M contains @ with positive multiplicity. Consider first the
restriction of ¢,/ to &. By the Nakayama formulas

4’| &= 0" + X asl’

where the irreducible modular characters 8!” of & are different from 6"’. Each
6!’ induces an irreducible projective character £; of &/€ with factor set ¢,
and thus

7| ©/€ = £+ 2 ok

As before it follows that 6;= E.-X(tlzl M) defines an irreducible modular char-
acter of I, and the characters 6, 6y, 0z, - - - are dist.nct by [3, Theorem 5].
Finally then, since ¢,=7,X¥{,
o M= (v, | /) X | T) = (v,| &/6) X ¢| W)
=@+ 2at) X @M =04 3 ad..
Therefore 0 induces ®,.

CoROLLARY (2E). Let ® be a p-solvable group and M a Sylow p-complement
of ®. For each principal indecomposable representation U; of ®, there exists an
irreducible modular representation 3; of M such that N, is induced by 3;.
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Proof. If ®; is the character of U;, then there exists a p’-subgroup & of ®
and an irreducible character 6 of & which induces ®;. Since p{(S: 1) we may
assume by replacing & by a suitable conjugate that & CIt. If 3, is the repre-
sentation of I induced by the representation of & whose character is 8, then
8. is a principal indecomposable representation of It which induces Ul;. Since
p1(M: 1), B;isin fact irreducible. This completes the proof.

If ¢ is a function of a group ® with values in Q, and « is an automorphism
of Q, the algebraic conjugate {* of { under « is defined by {*(G) = ({(G))=.
If the automorphism a is in the decomposition group of p, then a will of course
permute the principal indecomposable characters of ®. If « is not in the de-
composition group of p, then this is no longer necessarily true. However, for
p-solvable groups, we have

THEOREM (2F). Let ® be a p-solvable group and N the group of automor-
phisms of Q. Then

(1) the algebraic conjugates under N of principal indecomposable characters
are principal indecomposable characters;

(ii) the algebraic conjugates under U of irreducible modular characters are
irreducible modular characters.

Proof. Let ®,, ®,, - - -, ®,, be the principal indecomposable characters of
©®, arranged so that deg ®;=deg .= - - - <deg ®,.. We take ®, as the char-
acter corresponding to the 1-character. ®, is then the character of @ induced
by the 1-character of a Sylow p-complement, and thus assumes rational
values, so that the theorem is true for ®;. We apply induction and assume the
theorem is true for ®;, ®,, - - - , ®,_;. By (2D) ¥, is induced by an irreducible
modular character 6 of some p’-subgroup M. If o is any automorphism in ¥,
then &7 is induced by 8= But since It is a p'-group, 6 is also a principal in-
decomposable character and thus & must be a sum of principal indecomposa-
ble characters of ®

(2 @, = > ad,,

where the a; are positive integers. If some ®; appearing in (2) has degree
equal to deg ®,, then we have the case =%, and we are done. If not, then
the ®; appearing in (2) are necessarily from the set {®;, ®,, - - -, <I>,_1}, and
applying a1 to (2), we would have ®, expressed as a sum of &, ®,, - - -, P,_;.
This is impossible by the linear independence of the ®,. This proves (i). The
proof of (ii) is immediate, for in the vector space over  of functions from the
p-regular classes of @ into Q, the subspace generated by ¢, ¢s, - - -, ¢n has
a unique dual basis under the inner product

1
” 2 fG)h(G™),
namely, {®,, &, - - -, ®a}, [2, 20)].
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