HIGHER DEGREES OF DISTRIBUTIVITY IN LATTICES
OF CONTINUOUS FUNCTIONS()

BY
ELLIOT CARL WEINBERG

This work is concerned with lattice distributivity properties expressed by
lattice identities with infinitely many variables. A distributive lattice may be
described as one in which the following equation and its lattice dual hold iden-
tically whenever J and I are finite index sets:

Iicr Zjer ai,; = Zpes? Wier @i 605).

This suggests calling a lattice (e, §8)-distributive when the above equations
are valid for index sets I and J of cardinality o and B respectively.

The first appearance of the notion of («, 3)-distributivity was in a prob-
lem concerning Boolean algebras posed by Erdés and Tarski [3]. More re-
cently, a number of papers dealing with (e, 3)-distributive Boolean algebras
have appeared. These include works by R. S. Pierce [8; 9], D. Scott [11],
E. C. Smith, Jr. [13], and the latter author together with A. Tarski [14].

Among Pierce’s results is the following theorem: if & is an infinite cardinal
and A is an a-complete Boolean algebra, then A4 is (e, «)-distributive if and
only if the lattice of all continuous real-valued functions on the Stone space
of 4 is (a, a)-distributive. Our work is motivated by this theorem. Among the
results obtained is a generalization of Pierce’s theorem which omits the
hypotheses that 4 is a-complete and a=4.

The major step requires a translation of the statement that the lattice
C(X) of all real-valued continuous functions on the topological space X is
(o, B)-distributive into topological properties of the underlying space. Using
this translation we then prove that C(X) is (a, a)-distributive whenever it is
(e, 2)-distributive, a result already known for Boolean algebras. The validity
of this implication is apparently unsettled for the more general case of an
arbitrary lattice or even for archimedean lattice-ordered groups..

In the last section we present some examples and generalize another theo-
rem of Pierce: if C(X) is (@, a)-distributive when « is the first infinite cardinal,
then every continuous real-valued function defined on X is locally constant
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on a dense set. In another paper we will prove that if C(X) is (e, a)-distribu-
tive, then it may be embedded as a regular sublattice of a C(Y) which is
a-complete and (a, a)-distributive.

1. Notation and terminology. Each cardinal will be identified with the
smallest ordinal of that power. For example, the first infinite cardinal will be
denoted wo. Under this convention each cardinal « is a totally-ordered set.
Moreover, 1Ca is equivalent to 2 <a. If @ and B are cardinals, the symbols
of and aXB will denote, respectively, the set of all functions from the set 8
into the set « and the Cartesian product of the sets « and 8. An a-sequence
is a set indexed by the cardinal a. The set of positive integers will be denoted
by N.

All topological spaces considered in this paper are Hausdorff and com-
pletely regular. Recall that a Hausdorff space is completely regular provided
that for each closed set H and each point p not in H, there exists a continuous
function from X into the space R of real numbers which assumes the values 0
at p and 1 at each point of H. A subset Z of the space X is called a zeroset if
there exists a real-valued continuous function fon X such that Z = {x: flx)= 0} .
A subset of X is called a cozeroset if it is the complement of a zeroset. Each
cozeroset U is the positive set of a continuous real-valued function f; that is,
U=pos f={x:f(x)>0}. Observe that a Hausdorff space X is completely
regular precisely when the lattice U(X) of all cozerosets of X is a base for the
topology of X. If the Boolean algebra B(X) of all subsets of X which are
both open and closed in X forms a base for the topology of X, then we say
that X is zerodimensional.

The closure (respectively interior) of a set H in the space X will be de-
noted cl H or clxH (respectively int H or intxH). If f is a function defined
on X, then f [ H will denote the restriction of f to H. For general topological
background the reader should refer to [4].

Let L be a lattice. Least upper bounds (greatest lower bounds) in L will
be denoted by Z or \/ (Il or A). The lattice L is called a-complete if each
bounded a-sequence of elements of L has a least upper bound and a greatest
lower bound. A lattice homomorphism { of one lattice into another is called
a-complete if Z,., a;=a implies Z;c, fa;=7a. A lattice (or lattice homomor-
phism) is called complete if it is a-complete for every cardinal . If L is a
sublattice of M, then it is called a regular sublattice if the injection map is a
complete isomorphism.

An [-group G is a group with a relation < such that (G, =) is a lattice
in which group translations are lattice automorphisms: for each gE€G,
(x—g)V(y—g) =(x\Vy)—g for all x, yEG. Let 0 denote the identity of the
group. The set {gEG; 0= g} of positive elements of G will be denoted G*.
An element #EG is called a weak order unit if # Ax=0 implies x=0. If
gEQG, then |g| =gV (—g). A subgroup H of G is called convex if hEH and
0=g=<h implies g&H. A subgroup is called absolutely convex if it is a
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convex sub-/-group. An /-group is called archimedean if, for each g>0, the
set {ng:n=1,2, - - - } has no upper bound in G.

By an l-algebra 4, we mean an I-group which is an algebra over the real
field R in which the product of positive elements is positive and the product
of a positive element with a positive real number is positive. We will be con-
cerned with a special class of l-algebras called ®-algebras. A $-algebra is an
archimedean l-algebra which has a multiplicative identity 1 that is a weak
order unit. If 4 is a ®-algebra, then the set 4*={aEA4:|a| <r-1 for some
rER} of bounded elements of 4 is also a ®-algebra. The ®-algebra A4 is
called bounded if 4 =4%*, An Il-ideal of a ®-algebra is a ring ideal which is
absolutely convex.

The algebra C(X) of all continuous real-valued functions on the topo-
logical space X with the operations defined pointwise is clearly a ®-algebra.
When discussing C(X) we will use the same symbol to denote the real number
r and the constant function which assumes only the value 7. A subset 4 of
C(X) is uniformly dense if for each f& C(X) and for each #E N, there exists
a€A4 such that |f—a| £1/n.

1.1. PROPOSITION. If A is a uniformly dense sub-®-algebra of C(X), then
A is a regular sublattice of C(X).

Proof. Suppose that a, ;€4 ((E€I), fEC(X), and a;<f<a for all iE€1.
There exists #E N such that a A(f41/#) <a. We can find bEA such that
f—1/2n<b=f+1/2n. Then fSb+1/2n=f+1/n, so a;<(b+1/2n)Na<a
for all 2&€1. Since (b+1/2n) AaE A4, a is not the least upper bound in 4 of
the set {a:: i€ I},

If the ®-algebra A4 is bounded, it can actually be represented as a uni-
formly dense sub-®-algebra of C(X) for some compact space X. The space in
question has for its points the family M(A) of maximal I-ideals of A. A basic
open set is of the form {ME M(4): f&Em} for some fEA. For a more thor-
ough discussion and a proof of the following proposition, see [6].

1.2, PROPOSITION. Let A be a $-algebra. The space M(A) of maximal I-
ideals of A is a compact Hausdorff space. Moreover, A* is isomorphic to a uni-
formly dense sub-®-algebra of C(M(4)).

In case 4 = C(X), M(A) is the familiar Stone-Cech compactification of X
(here denoted by $X), and C(M(4)) is isomorphic to C*(X).

Brief use of the following notions will be made in §§3 and 4. A complete
discussion and a proof of 1.4 will appear elsewhere. Let X and Y be topologi-
cal spaces, and let ¢ be a continuous map of X into Y. Let f be the homomor-
phism of C(Y) into C(X) induced by ¢: (if)(x) =f(¢(x)).

1.3. DEFINITION. Let o be an infinite cardinal. The map t is a-complete if
int Nica t71(U5) is empty whenever { U,: i<a} is an a-sequence of open sets in
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Y such that int Nic, U; s empty. The map ¢ is complete if it is a-complete for
every cardinal a. (For example, open continuous maps are complete.)

1.4, PROPOSITION. Let ¢ be a continuous function from X into Y. If t is
a-complete, then t is a-complete.

2. (o, B)-distributivity. 2.1. DEFINITION. 4 lattice L is (e, B)-distributive if
both (a) and (b) are satisfied:

(a) Mica Zj<p fr.i = Zoep Mica fio0)
whenever {f;:1<a, j<B} CL and all the indicated suprema and infima exist.

(b) Zica Wjcp fi; = Myepe Zica fioti)

whenever {fi;:i<a, j<B} CL and all the indicated suprema and infima exist.

2.2. REMARKS. (a) Every regular sublattice of an (a, 8)-distributive lat-
tice is (a, B)-distributive. (b) A lattice is distributive iff it is (m, n)-distributive
for all finite cardinals m and #. (c) If L is (a, B8)-distributive, 1 <o’ <a, and
1<p' <B, then L is (o, §')-distributive. (d) In an I-group, 2.1(a) is true iff
2.1(b) is true. (e) If {fi;:i<a, j<B} is contained in the lattice L, then
Mica Zjcp fi;=Zsepe Hica fioy whenever all the indicated suprema and
infima exist.

2.3. DEFINITION. A lattice L is infinitely distributive if a, a;&L (EI) and
Zier a; exists implies Zier a /\a; exists and equals a NZier a;.

2.4. PROPOSITION. Every l-group is infinitely distributive. (See [1, p. 231].)

2.5. CoRrOLLARY. Let G be an l-group. For each finite n and for each o, G is
(n, a)-distributive.

2.6. THEOREM. In any l-group G, the following conditions are equivalent:

(@) If {fijii<a, j<B} is a subset of G for which Zjs fi,; for all i<a,
ica Zj<s fijy and Wica figiy for each ¢EL* all exist, then Zycp Mica fioo00)
exists and equals Il;<q Zi<p fi.5

(b) The l-group G is (o, B)-distributive.

(¢) If {fis:i<a, j<B} is a subset of G+ for which there exists f>0 such that
Zj<s fs.;=Ff for each i <a, then there exists & * such that I;<q fi6¢y =0 is false.

Proof. It is clear that (a) implies (b), which implies (c). Let
{f;,,-: i<a,j<B} beafamily of elements as described in (a). Let f =;<a Zj<s .
If f is not equal to Zyep= Ilicq fi,9(s), then there exists g in G such that
II.-<af,-,¢(,-> Sg<f for all &=, Let h; ;= (f;,j/\f) —g for each i <e, j<B. Ap-
plying the infinite distributive law (2.4) and the fact that group translations
are lattice automorphisms, we can calculate:

Sicghii=(NZisfii)) —g=f—g>0 forall i < a,
and
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Mica kipy = (f A\ ica frp) — &
= (ica fisiy) — =0 for all ¢ € B=.
Hence,
g (BijV0)=f—g>0 foralli< a,
while
Mica (Bipy V 0) = 0V Iica Bipiy = 0 for all ¢ € B~

Thus we see that (c) is false when (a) is false.

The equivalences of Theorem 2.6 were established for Boolean algebras by
D. Scott [14]. Condition (c) is the easiest to verify and will be referred to
frequently. We will have occasion to refer to the following proposition as
well. For a proof see [8].

2.7. PROPOSITION. In a Boolean algebra A, the following conditions are
equivalent.

(@) The Boolean algebra A is (a, B)-distributive.

) If {a;,,-: i<a, j<B} CA and Zics a;,;=1 for each i <a, then there is a
subset S of A such that Z,c5 s=1 and for each s&S there exists &= such that
S §(1«,‘,¢(.‘) fOf all i<a.

2.8. PrROPOSITION. If the l-group G is (a, 2)-distributive, then it is (o, n)-
distributive for all finite n.

Proof. The proof is by induction. Suppose that G is («, n)-distributive for
some finite n=2. Let f, fi,; (¢<a, j<n41) be members of G* satisfying
Zicnt1 fij=f>0 for all <. Let

gi,0 = f,',,., and let

gi1 = Zj<n fij-
By Theorem 2.6, there exist $&2* and g& G such that 0 <g=g; 4(;). For each
j<n,let

hij = fin N\ g = g if ¢(3) =0,

= fi; N\ g if (i) = 1.
For each 1 <a, Zj<, ki;=g>0. By the induction hypothesis there exist Yy &n=
and AEG satisfying 0<h=h; ¢ for each i<a. Define & (n+1)= by 6(7)

=y(2) if $(4) =1, and 0(:) =n if () =0. We now have 0 <k =h; yi) <fi0ci for
all 1<a. Thus G is (a, n+1)-distributive,

2.9. PROPOSITION. Let G be an l-group with a weak order unit u, and let H
be a regular, convex, sub-l-group of G which contains u. Then H is (a, 8)-dis-
tributive if and only if G is (a, B)-distributive.

Proof. If {f;:i<a, j<B} is a family of members of G* such that =, f;,;
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=f>0 for each 7 <e, although Il;<. fi ¢» =0 for all $&EB2, then ;s (fi,;/\%)
=fAu>0 for all :<a, while Ilica (fi,on Au) =0 for all &= Thus H fails
to be (a, B)-distributive along with G. The converse is a corollary to 2.2(a).

2.10. CorROLLARY. (a) Let A be a ®-algebra. Then A is (a, B)-distributive if
and only if A* is (a, B)-distributive.

(b) Let X be a topological space. Then C(X) is (o, B)-distributive if and
only if C*(X) s (a, B)-distributive.

2.11. THEOREM. Let A be a P-algebra and let M(A) be the space of maximal
l-ideals of A. Then A is («, B)-distributive if and only if C(M(A)) is (e, B)-
distributive,

Proof. Recall that A* is isomorphic to a uniformly dense sub-®-algebra
B of C(M(A4)) (1.2); moreover, B is a regular sublattice of C(M(4)) (1.1).
Thus B, 4*, and, by 2.10(a), 4 are («, 8)-distributive whenever C(M(4)) is.

Conversely, suppose that 4, and hence B, is (e, B)-distributive. Let f,
fis 1<ea, j<B) be a family of members of C(M(A))* satisfying Z;<p fi s
=f>0 for each 1<a. Since B is uniformly dense in C(M(4)), there exists
bEB such that 0<b<f. Then Z;«s (0 Afs.;) =0/Af=0b for all :<ca. There is a
positive integer # such that ¢=0\/(b—1/n)>0. For each pair 1<e, j<8,
we can find b; ;E B satisfying 0\ [(f:,;/Ab) —1/n] <b;,;<f:.;Ab/Ac. Observe
that 2 OV [(fi.jAD) —1/n]) =c. Hence, if, for fixed i <a, d2b; ; for all
j<B,thend=c;s0Zjcp b;,;=c for all i <a. Since B is (e, B)-distributive, there
exist €S> and dE B such that 0<d=£b; 4 for all 1 <a. We have d =f; 400,
so C(M(4)) is (e, B)-distributive.

The significance of 2.11 is clear. If we want to establish that a result on
infinite distributive laws holds in all ®-algebras, we need only show that it
holds for C(X) whenever X is compact.

3. Lattices of continuous functions. In this section we begin the discus-
sion of (a, B)-distributivity in the lattice C(X) of all continuous real-valued
functions on a topological space X. Our major goal is to achieve a topological
characterization of this lattice property in terms of topological properties of
the underlying space. The symbol X will always denote a completely regular
space.

3.1. ProrositION. If C(X) is (a, B)-distributive, and U is an open subset of
X, then C(U) is (a, B)-distributive.

Proof. Suppose that C(U) is not (a, B)-distributive. Then we can find
f, fi.i€CU)* (i<a, j<B) such that T f;;=f>0 for each 7<e, while
<o fis=0 for all pEB=. There exists g& C(X)* such that g vanishes on a
neighborhood V of X — U and agrees with f at some point in the positive set
of f. For each pair ¢<a, j<@, define k; ; to agree with g on X — U and with
fi.i/\g on U. Define k to agree with g on X — U and with fAg on U. Each of



340 E. C. WEINBERG [August

the new functions is continuous on both ¥V and U; hence they are all con-
tinuous on X.

Let €8~ If 0=kESC(X) and k=< h; 4 for all i <a, then kl UZfie for
all i <e, so k| U=0. Since each k;,; is zero on X — U, we have k=0, i.e.,
H¢<a h,‘,¢(,') =0 fOI‘ each ¢€ﬁa.

Certainly k;,;<h for each 1 <a, j<B. Suppose, for fixed 7, that k€ C(X)*
and k;,; <k for each j<f. Then f;,,-/\(g] U) =h,~,,~| Uékl U. But & is zero out-
side of U, so h<k. Hence h=2Z;<s h;,;>0 for each 7 <a. This completes the
proof that C(X) is not (e, B)-distributive whenever C(U) is not («, B)-dis-
tributive.

3.2. CoroLLARY. If C(X) is («, B)-distributive, Y is contained in X, and
int Y is dense in Y, then C(Y) is («, B)-distributive.

Proof. By 1.4, C(Y) may be embedded as a regular sublattice of C(int Y),
which is («, 8)-distributive by Proposition 3.1.

3.3. CorOLLARY. If X=cl User Us, where U; is open in X and C(U,) is
(o, B)-distributive for each 1€ 1, then C(X) is (e, B)-distributive.

Proof. Suppose that this is not the case. Then for some f, f;;EC(X)
(1<a,j<B), Zjcs fi,;=f>0 for each i <a, although Ilic4 fi .45 =0 for all &=,
There exists REI such that V= UiMpos f is not empty. By 1.4, the map
é: C(X)—C(V) induced by the injection map e of V into X is a complete
homomorphism. Hence Z ;< (fi,;| V) =f| V>0foralli<a,whilell;ca (f;,¢(;>| V)
=0 for all ¢&B=. This tells us that C(V) and, by 3.1, C(Uy) are not (e, B)-
distributive.

3.4, DEFINITION. An almost-cover of a topological space X is a family of
cozerosets of X whose union is dense in X. An almost-B-cover is an almost-cover
of cardinality B.

Pierce [8] calls a cover of a Boolean algebra any family of elements whose
least upper bound is 1. A B-cover is a cover of cardinality 8. Proposition 2.7,
expressed in these terms, says that the following condition is necessary and
sufficient for the Boolean algebra 4 to be («, B)-distributive: if @;is a 3-cover
of A for each 7 <a, then there is a cover of 4 which refines each @;. (Recall
that a family S of elements of a partially-ordered set refines the family T if
for each s in S there exists ¢ in T such that s £¢.) We will prove a similar theo-
rem for C(X) by using the notion of almost-cover. The topological char-
acterization of (, B)-distributivity which is obtained can be used to general-
ize results concerning Boolean algebras and in some places to simplify the
proofs. We particularly call the reader’s attention to Theorem 3.9 which was
first proved for compact X with C(X) a-complete and a=f by Pierce [8]
using the Stone-Weierstrass Theorem. The proof given below is set theoretic.

Perhaps we should point out the device used to replace the operation of
complementation. Although the lattice U(X) of cozerosets of X is not a




1962] DISTRIBUTIVITY IN LATTICES OF CONTINUOUS FUNCTIONS 341

complemented lattice, for each UE U(X) there exists a sequence { Unin <wo}
contained in U(X) such that:

(a) UV U,=X for all n<wy, and

(b) if VEU(X) and VCU, for all n<wo, then VNU is empty. This
follows from the observation that X — U is a zeroset and hence is the inter-
section of a countable family of cozerosets.

3.5. THEOREM. The following conditions are equivalent.

(@) C(X) is (a, B)-distributive.

(b) If ;s an almost-B-cover of X for each i <c, then there exists an almost-
cover U of X which refines each ;.

Proof. It is clear that both statements are true for finite «, so we will as-
sume that « is infinite.

Suppose that C(X) is(e, B)-distributive, and let { Uijij <B} be an almost-
B-cover of X for each i <a. We will begin the proof by showing that there
exists ¢ & B2 such that int N;c, U 4 is not empty. Suppose first that = a.
Since U,,; is a cozeroset, for each pair <a, j<p, there exists a sequence
{Ui,j,k: k<wo} in U(X) such that Nicw, Us,jo=X — Us,;. For each triplet
1<a, j<B, and k<wy, let

V.‘,,‘,k,o = U, and let

Viika = Uijp.
For r=0, 1, pick fijr in C(X)* such that posfi;jk.= Vijxr Clearly
Z(fijk0 V fijra) is empty, so the multiplicative inverse g;;i of
(fiik,0Vfiik1) exists for each triplet i<ea, j<B, and k<w, Let hi ;.
=(g:,;.6) (fs,j..r). Then hiieoVhi;e1=1 for each triplet ¢ <a, j<B, E<w,.
The cardinality of aXBXw, is e, so, by the distributivity hypothesis, there

exist & 2°%FX% and h& C(X) such that 0 <k =Zh; ;60,40 for all i<a, 1<B,
k <wo. Now,

& # pos b C Nica,j<pt<as POS ki jkb (i k)

Fix 1 <a. There must be j=y(z) <B and A(z) <wo such that ¢(z, ¥(3), N\(5)) =0,
for otherwise

pos & C Njcs i<wo POS Bi i1 = Nicpii<wp POS firjk1
= Njcgrcu, Uik = Nics (X — Usy),
which has empty interior. We have & #pos &k CNica Usyes.

Now suppose that 8 exceeds a. For each pair i <a, j <f, there exists a se-
quence of zerosets {Zi,j,k: k<w0} such that U;,j=Ui<u, Zi ;. For each i<a,
J<B, k<wo, pick fi ;i in C(X) satisfying:

0=fijx =1,
X = Ui; CZ(fije)y, and  Z(1 — fijn) = Zijpe
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Then, Z;<g.k<w, fi..6 =1 for each 7 <a since
cl UjcprcarZiire = clUjep Uiy = X.

By the distributivity hypothesis, there exist functions Yy Ew], ¢EB%, and
g€ C(X) such that 0<g=f: 40y for each i <a. Hence

& # pos g C Nica pos frsrmwey C Nica Uiy

If Visa nonempty open subset of X, then { VN\U;;: j <6} is an almost-g-
cover of V for each 7 <a. By Proposition 3.1, C(V) is (e, B)-distributive, so
the result of the previous paragraphs tells us that there exists & 8= such that
inty Nica (VN Ui 40) = VN intx Nica Us 0 # &. Hence, Ugepaint Nica Us oy
isdense in X. If 4 isa family of cozerosets of X such that UF,=int N;<, Us,4(s),
then U{F,: B} is an almost-cover of X which refines U; for each i <e.
This completes the proof that (a) implies (b).

Assume that (b) holds. Suppose that f, fi;€EC(X)*t(:<a, j<B) satisfy
0<f=2Z;«s fi; for all i<a. Let r be a positive real number such that f(y)=r
for some y in X. Consider the cozerosets

Us; = {x € X: f(x) < fii(x) + r/3}.

Since Z;< fi,;=f, it follows that U;cs U;,; is dense in X for each i1<a. In
other words, { U;.j: j<B} is an almost-B-cover for each i <a. The hypothesis
implies that Ugege int Nica Ui gy is dense. Let W= {x: r/2<f(x)}. There
exists ¢ B* such that V= WNint Nice U; 4y = . For xEV, r/6=7r/2—7/3
<f(x) —r/3 <fi o0 (x) for all 1 <a. Hence Il;<q fi,6¢: =0 is false. By Theorem
2.6, C(X) is (e, B)-distributive.

It should be remarked that condition (b) of Theorem 3.5 can be weakened
as follows. Define a B-cover of X to be an almost-B8-cover whose union is X.
Now (b) holds if and only if whenever U; is a B-cover for 7 <a, there exists an
almost-cover which refines each U;. (We will neither prove nor use this condi-
tion.) The one point compactification of the integers may be used as an exam-
ple to show that almost-cover in the previous sentence cannot be replaced by
cover.

3.6. THEOREM. C(X) is (o, a)-distributive if and only if it is (e, 2)-dis-
tributive.

Proof. Suppose that C(X) is (a, 2)-distributive. We may assume that a is
infinite. For each i <a, let { U;;: <a} be an almost-a-cover of X. For each
pair 1, j<a, there exists a sequence of cozerosets { Ui jx: k<wo} such that
ﬂk<‘,° U.',,',k=X— U, Let Vi iko=U,; and let V; ;r1=U; ;i There exists,
by hypothesis, an almost-cover W which refines the almost-2-cover
{ Vijes:r<2} for each triplet i <a, j <a, k <wo. As in the proof of 3.5 it can
be shown that W refines each almost-a-cover {U;,,-: j<al}. Thus C(X) is
(a, @)-distributive. The converse is obvious.
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3.7. CorOLLARY. Let A be a ®-algebra. Then A is (a, a)-distributive if
and only if it is (e, 2)-distributive.

Proof. Theorems 2.11 and 3.6.
The following proposition of Pierce [8], Smith, and Tarski [14] suggested
Theorem 3.6.

3.8. ProposITION. Each (e, 2)-distributive Boolean algebra is (o, a)-
distributive.

3.9. THEOREM. Let X be a compact zerodimensional space. Then C(X) is
(e, B)-distributive if and only if the Boolean algebra B(X) of open and closed
subsets of X is (a, B)-distributive.

Proof. By 3.6 and 3.8, it suffices to assume that a and 8 are both infinite.

The lattice of idempotents of C(X) is a regular sublattice which is lattice
isomorphic to B(X). By 2.2(a), B(X) is (a, 8)-distributive whenever C(X) is.
Conversely, let { U;,;: j<6} be an almost-B-cover of X for each 1 <a. Each
U,,; is an open F,; hence, for each pair 7<a, j<f, there exists a sequence
{H;,j,k: k<wo} of open and closed subsets of X such that U; ;=Ui<w, Hi .
Observe that the least upper bound of a family of elements of B(X) is the
closure of their union. For each i <a, cl Uj<g,k<w, Hs,j.s = X. By Proposition 2.7,
there is a family § C B(X) such that UF is dense in X and & refines
{H;_,-,k: i<B, k<wo} for each 1<a. Then § is an almost-cover which refines
each of the given almost-8-covers.

3.10. CoroOLLARY. If BX is zerodimensional, then C(X) is (a, B)-distribu-
tive if and only if B(X) s (a, B)-distributive.

Proof. Observe that B(X) (resp. C*(X)) is isomorphic to B(8X) (resp.
C(BX)).

The hypothesis of 3.10 is called for by the fact that there exist zerodimen-
sional spaces whose Stone-Cech compactifications are not zerodimensional
[2; 7). We do not known if the hypothesis can be replaced by the weaker re-
quirement that X be zerodimensional.

4. Examples.

4.1. PROPOSITION. Let o be an infinite cardinal. If X has a dense set P of
points with the property that for each p in P the intersection of any o-sequence
of neighborhoods of p has nonempty interior, then C(X) is (a, a)-distributive.

Proof. Let {{U;:j<2}:4i<a} be an a-sequence of almost-2-covers of
X. Let V be a nonempty open subset of X, and pick a point pE PN V. Since
X —(U;, 0 JU;,) is a G; set with empty interior for each 7<a, there exists
p(k) < a such that p € U,,i. By hypothesis, & # int Nica (VNU, i)
Cint Nica Us ps). Thus Ugese int Nicq Us g(q) is dense in X. By Theorems 3.5
and 3.6, C(X) is (a, a)-distributive.
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There are a number of spaces which satisfy the hypothesis of 4.1. A space
with a dense set of isolated points has this property for every cardinal c.
The spaces BN— N and BR*—R* have no isolated points and satisfy this
property for a=w, [10]. (R* is the space of nonnegative real numbers.)
Moreover, BR*— R+ is connected. This suggests the problem: given an infinite
cardinal «, does there exist a connected space X such that C(X) is (a, a)-
distributive? The answer is yes. Hausdorff [5, p. 182] has guaranteed the
existence of a totally ordered set T which is dense-in-itself and satisfies: if
{ai:i<a} and {bi:i<a} are subsets of T such that a;<b; for all 4, j<e,
then there exists ¢ in T such that a;<c <b; for all 7, j <a. Let X be the Dede-
kind completion of T provided with the order topology. Then X is connected
and satisfies the hypothesis of 4.1.

This proposition is related, as most of these results are, to a theorem con-
cerning Boolean algebras. A field of sets is called a-complete-in-the-wider sense
if, whenever 2 <, a; exists, Zic, a;=U <, a;. Certainly every Boolean algebra
which is isomorphic to a field of sets which is a-complete-in-the-wider sense
is (e, a)-distributive. Sikorski has proved [12] that a Boolean algebra is iso-
morphic to such a field of sets precisely when its space of dual prime ideals
satisfies the hypothesis of 4.1.

4.2. PROPOSITION. Suppose that X has an open subspace U with the prop-
erty: U has a dense subset {d;:i<a} of nonisolated points such that, for each
1<a, d; has a neighborhood basis of cardinality not exceeding 3. Then C(X) is
not (o, B)-distributive.

Proof. By Proposition 3.1, we need only show that C(U) is not (e, )-
distributive. Let { U, ;: j<13} be a family of cozerosets of U which form a
base for the neighborhoods of d.. For i <ea, j <, pick a cozeroset V;; of U
such that d; & V;,; while V; ;\J U, ;= U. Since d; is not isolated, { Vi,j:j<6}
is an almost-B-cover of U for each 7 <a. However, if the open set V is con-
tained in Ni<q Vi,gc) for some ¢EB%, then VN {di:i<a} = . Hence V= 4.
By 3.5, C(U) is not (a, B)-distributive.

4.3. COROLLARY. Let X be a space with a countable base. Then C(X) is
(wo, 2)-distributive if and only if X has a dense set of isolated points.

4.4, CoroLLARY. C(X) is (a, a)-distributive for every cardinal o if and only
if X has a dense set of isolated points.

4.5. CorOLLARY. If X is a space without isolated points, such that X has a
dense subset of cardinality at most o, then C(X) is not (o, 2¢)-distributive.

A Boolean analogue to 4.4 is found in Tarski’s theorem: a Boolean algebra
is atomistic if and only if it is (e, )-distributive for every cardinal a [14].
(Corollary 4.5 was pointed out by the referee.)
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4.6. ProrositiON. If C(X) is (e, B)-distributive and t is a y-complete map
of X onto Y, where y=max (a, B8), then C(Y) is (e, B)-distributive.

Proof. By 1.4, ¢ induces a y-complete isomorphism of C(Y) into C(X).
Let f, f:,;€C(Y) (i<a, j<B) be such that T« fi;=f>0 for each 7 <a and
<o fiey =0 for each ¢ B> Then ;s i(fs,;) =i(f) >0 for each i<, al-
though I, #(fi4() =0 for each ¢E B,

4.7. CoroLLARY. (a) If X s the topological product of spaces X;, 1€ 1, and
C(X) is (o, B)-distributive, then each C(X;) is (e, B)-distributive.

(b) If X is homeomorphic to an open subspace of a product of real lines, then
C(X) is not (w, 2)-distributive.

We say that a function f on X is locally constant on the subset T of X if
each point of T has a neighborhood on which f is constant.

4.8. THEOREM. If C(X) is (wo, wo)-distributive, then every continuous func-
tion from X to a separable metric space is locally constant on a dense set.

Proof. Let f be a continuous function from X to the metric space T with
countable dense set S. For ¢ in S and # in N (the set of positive integers), let

Upe= {x € X:d(f(x), q) < l/n}.

For each nE€ N, Uges U,.,=X. Since each U, is a cozeroset, Theorem 3.5
says that Uges? int N,enUn¢m is dense in X. Moreover, for each
xENenUn,otmy, {¢>(n)} converges to f(x). Thus int Nyexy Uan,¢() is a set of
constancy of f.

Theorem 4.8 was first formulated in [8] by Pierce in case X is compact
and C(X) is wp-complete. These hypotheses play a strong role in Pierce’s
proof. Pierce also proved the converse to this theorem under the same re-
strictions, but for this case his proof will work provided BX is zerodimensional.
If it could be shown that this hypothesis is not necessary, we would have an
interesting characterization of (wo, wo)-distributivity.
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