REGULAR 2-CLASSES IN MEASURE SEMIGROUPS(Y)

BY
H. S. COLLINS AND R. J. KOCH

1. Introduction. In this paper we investigate further a class of compact
semigroups S in which each compact simple subsemigroup is a group. We will
be especially concerned with properties relating such a semigroup with its con-
volution semigroup of measures. It has already been shown in the paper num-
bered [3] that the requirement that each compact simple subsemigroup of S be
a group is equivalent to each of (a) the mapping u — carrier u is one-one on E(S),
the set of idempotents of the measure semigroup S, (b) the carrier of each idem-
potent in S is a group, and (c) the compact groups of S have the Glicksberg
structure (condition (5) of Theorem 1 below). Among the further equivalences
introduced here (in §3) are (d) each regular element of S has a unique inverse,
and (e) there is a mapping + on E - E to S (where E is the set of idempotents
of S) satisfying (i) (ef)* €fSe for each e,fe E, and (ii) et =e for each e€E.
We call such a mapping a quasi-involution on S. If S admits a quasi-involution
we say that S is a quasi-involution semigroup, or that S has q.i. We show (Theorem
4) that S has q.i. if and only if § has q.i. The remainder of §3 is concerned with
some relations between the Z-class structures of S and of S. For example
(Theorem 5) we show that S has q.i. if and only if the carrier mapping is 1-1
modulo s -classes. §4 is devoted to a discussion of some stronger types of in-
volutions motivated by the natural involution of an inverse semigroup.

2. Definitions. Throughout the paper S will be a compact Hausdorff topo-
logical semigroup. The convolution semigroup S of non-negative, regular, nor-
malized, Borel measures on S is known to be a compact Hausdorff topological
semigroup if given the weak-* topology (a net y, in S converges to ue S iff u,(f)
— u(f) for each continuous complex f on S). Further if one defines carrier p
(for ue S) as the least closed set in S with x measure 1, then carrier (uv) = (car-
ier u) - (carrier v) for each u,ve S. For these and related results concerning S,
see [6]. A fact of fundamental importance for us is the following theorem proved
in [4]: The carrier H of an idempotent ue S is a compact simple semigroup
(i.e., H has no proper ideals) and for each continuous complex f on S, the mapping
y— [f(xy)du(x) is constant on each minimal left ideal of H.

An element a of S is regular if a € aSa. An inverse of a is an element b of S
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satisfying aba = a and bab = b. It is known (and easy to verify) that a is regular
if and only if a has an inverse; in fact if a = axa, then xax is an inverse of a.
Further if b is an inverse of a, then both ab and ba are idempotents. Green [7]
defined in S the equivalence relations % and # defined as follows: a. b iff a U Sa
= buSbh; aZb iff auaS = b U bS. He showed that & and £ are permutable
and hence that their relative product 2 is an equivalence relation: a 2 b iff
either (and these are equivalent) (1) there exists ce S such that a%c and ¢ Zb
or (2) there exists d € S such that a%d and d.#b. The intersection of % and Z is
denoted by S#: as#b iff aZb and a£b. For ae S we denote by R,, L,, D,, and
H, the respective #-, #-, Z-, and - classes to which a belongs. If a is regular
then each element of D, is regular. For further information along these lines the
reader is referred to [9]; for general background information on topological
semigroups see [10]. We denote by E the set of idempotents of S, and by E(S)
the set of idempotents of S. We abbreviate carrier u by C(p).

3. Quasi-involution semigroups. In his proof of the existence of Haar measure
on a compact group, Wendel [11] made use of the existence of the involution
() =[f (x"Y) du(x) on S. He used also the fact that the partial order = on
S defined by p = v iff uv = vu = p is directed when restricted to E(S). Rephrasings
of these facts will be found here. Because of the large number of equivalent
conditions encountered we find it expedient to include them in several theorems.
We state first without proof a portion of the main result of [3]. It is emphasized
that S will be henceforth a compact semigroup.

THEOREM 1. The following are equivalent for a compact semigroup S:

(1) C(w) is a group for each idempotent p in S.

(2) No three idempotents of S are collinear.

(3) Each compact simple semigroup of S is a group.

(4) The mapping p— C(u) is one-one on E(S).

(5) Each compact group in § consists of the G-translates of Haar measure
on a compact normal subgroup of some compact group G of S.

THEOREM 2. The following are equivalent:

(1) For any idempotents e and f in S there is an idempotent k such that
{(ef)"} and {(fe)"} converge to k.

(2) Each regular element of S has a unique inverse.

(3) Each compact simple semigroup of S is a group.

(4) The closed semigroup S(e,f) generated by idempotents e and f of S has
a zero.

Proof. (1) implies (2). Let a be a regular element. By [9, Corollary 2] a nec-
essary and sufficient condition for a to have a unique inverse is that L, N E and
R,NE each reduce to a single element. Let e, fe L,NE; then Sa = Se = Sf,
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soef = e and fe = f. Itfollows, using (1), that e = lim(ef)" = k = lim(fe)" =f, so
L,NE is a point. Similarly R,NE is a point and (2) holds.

(2) implies (3). Let H be a compact simple semigroup in S, and let L be a
minimal left ideal of H. If e, fe LNE, then He =Hf, so e =¢f and f=fe. It
follows that f is an inverse for e, so by (2) we conclude that e = f. Hence L has
a unique idempotent, and it follows [2] that there is a unique minimal right
ideal R. Similarly there is a unique minimal left ideal L, and H =LNR is a
group [2].

(3) implies (4). Let I'(x) = {x":n=1}*. It is known that I'(x) has a minimal
ideal K(x) which is a group, that K(x) is the set of cluster points of {x"},
and I'(x) has a unique idempotent [8]. Itis easy to verify that S(e,f) =IT'(e)UT (f)
UT(ef)uT (fe)UT (fef) UT (efe), and that S(e,/)NE = {e,f.g =En I(ef),
h = ENT (fe), fg = hf, eh = ge}. Note further that (ef)"eeS n Sf for each n,
so that g eeS N Sf, and eg = g = gf. Similarly fh = h = he. Let K be the kernel
of S(e,f). By (3), K is a group with unit u and it is easy to see that up =u = pu
for each idempotent p of S(e,f). It is then clear that u is a zero for S(e,f) since
it annihilates the generators e and f.

(4) implies (1). Let e, fe E; we use the notation and facts introduced in the
first part of (3) —»(4), and consider six cases.

Case 1. e =u, the zero of S(e,f). Then (ef)" — e and (fe)" - e.

Case 2. f=u; then (¢f)"— fand (fe)" > f.

Case 3. g =u; then since g is a zero of S(e,f) and g e I'(ef), we have
(¢f)"— g. Hence (fe)" = f(ef)" e - fge = g.

Case 4. h =u. This is similar to Case 3.

Case 5. fg=hf=u. Then g =gg =(g9f)9 =9(fg) =gu =u, and Case 3
applies.

Case 6. eh = ge =u. This is similar to Case 5, and the proof is complete.

Definition. (a) If e,fe E we say that e > f if ef =fe =e, i.e., if ecfSf.

(b) + is a quasi-involution on S if + :E-E— S satisfies e,fe E — (ef)* € fSe
= fSNSe, and et =e for all ee E. If such a function exists, S has q. i.

THEOREM 3. The following are equivalent for a compact semigroup S:

(1) S has q.i.

(2) If e and f are idempotents, and g is the idempotent in I'(ef) then g=e
and g = f.

(3) If e and f are idempotents then there exists an idempotent g such that
(ef)" > g and (fe)'—g.

Proof. (1) implies (2). Let + be a quasi-involution on S, e,feE, and ge EN
I (¢f). Then, as noted in the proof of (3) implies (4) of Theorem 2, eg =g and
gf=g. By (1), g=g*=(eg)*tegSe and g=g* =(gf)*efSg. It follows
that g = ge = fg, and hence that eg = g = ge and gf = g = fg. This establishes (2).
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(2) implies (3). Let e,f€ E; by (2) we have g2 = g € I'(ef) satisfying g = e and
g = f. Since g annihilates both e and f it follows that g is a zero for I'(ef), and
hence that (ef)" — g. Then (fe)" =f(ef)" ' e - fge = g, so (3) holds.

(3) implies (1). Define, for e,f€E, (ef)" =lim(ef)" =lim(fe)". To see that +
is well defined, let ey, f, e,,f, € E be such that e;f; = e,f,. Then for some g € E,
lim(fie,)" = g =lim(e,f,)" =lim(e,f,)". It follows from (3) that g =lim(f,e,)",
and hence that (e,f,)* =(e,f,)", so + is well defined. Now for e,fe E, and
lim(ef)" = g =lim(fe)" it is clear that g €fS N Se. Finally for ecE,e* = (ee)*
=lim (ee)” = ¢, and the proof is complete.

The remainder of this section is devoted to establishing relations between S
and S.

LeEMMA 1. Let G < S be a compact semigroup. Let G’ be the set of all ve §
with C(v) = G. Then G’ (endowed with the relative weak-* topology from §)
is isomorphic with G. It follows that if G is a group with Haar measure u, then
W is a zero for G'.

Proof. The equivalence of G’ and G is well known and easy to verify. The
fact that p is a zero for G’ follows from Wendel [11, p. 925].

THEOREM 4. S has q.i. if and only if § has q.i.

Proof. Suppose S has q.i., and let e,f€ E. Then e,f € E(S) so by Theorem 3
and the fact that S is a closed subsemigroup of S, there exists g € E with (ef)"
— g and (fe)" — g. Thus S has q.i. by Theorem 3. Now suppose S has q.i. and
let u,ve E(S),and {7} = E(S) T (wv). We will show that.7 = p,v. Let 4 = C(n),
B =C(v), and C =C(7). Since n7 =7 =T v we have [6, Lemma 2.1] AC =C
=CB. Notealso that.7 p € E(S) with C(7u) = CA and v E(S) with C(v7)=BC.
It then follows from previous results that CA, A4, B,C, and BC are groups with
Haar measures . u, u,v,7 and v respectively. Now let e,f, and g respectively
be the units of A, C, and B. Then efe AC = C, and since S has q.i. it follows
that (ef)"—f and that f=e. Similarly f=g, so ef =f=fe and gf =f=1g.
For ce C,c = ¢f = c(fe) = (¢f)e = ce and ¢ = fc = (gf)c = g(fc) = gc so e is a right
unit for C and g is a left unit for C. Since C(fe) =fee CA and C(gf) = gfe BC
it follows from Lemma 1 that Jufe =7u and gfvg =vJ . Bya similar argument
(since C(uf) = AC = C and C(fv) = CB = C)it follows that Tuf=S and fr.7 =7 .
Thus Tp =T ufe =(Tuf)e =7e and v =ghT =g(fvg)=97.Now if F isa

continuous complex function on S we have
r

(Te)(F) = | F(xe)d T (x) = JC F(xe)d T(x) = L F(x)d 7 (%)

v

= J F(x)dT(x) = T(F);

ie., Ju=e=7. Similarly v =¢J =9 . Thus  Zpu and J =v and by
Theorem 3, S has q.i. The proof is complete.
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We now consider some relations between the 2-class structures of S and of S.

LEMMA 2. Let ¢ €S be a regular element. Then C(¢) is contained in a single
regular D-class D of S. If further 7 is any inverse of ¢, then carrier 7 < D,
and each element a of C(¢) has an inverse a’ in carrier J . For any such a’,
C(¢)a’ is a minimal left ideal of the compact simple semigroup C(¢pT),
and a’'C(¢) is a minimal right ideal of the compact simple semigroup C(7 ¢).

Proof. Let J be an inverse of ¢, so that ¢ =¢pT ¢ and T =T ¢ . We
show first that each element of C(¢) has an inverse in C(J). If « = ¢.7, then
a2 =a so C(x) is a compact simple semigroup of S. Let ae C(¢) = C(¢.7 @)
= C(x)C(¢p) =C(¢p)C(T) C(¢p). Then a = pdq with pe C(¢), de C(J), and
g€ C(¢). Since pdeC(x), a compact simple semigroup, there exist unique
idempotents e and f in C(x) with pdeeC(a)e and qdefC(x)f and the latter
are maximal groups of C(x). Since a = pdq, ad = pdqd € pd C(x) and hence
adC(x) c pd C(2)2 = pdC(a). Since these are minimal right ideals of C(x)
we conclude that ad C(x) = pd C(«). Then eC(a) = pd C(a) = ad C(x) and sim-
ilarly C(a)f = C(a)qd = C(a)ad, so that ad e C(a)-f neC(x), a maximal group
of C(a) with unit g. Since C(a)f = C(2)-g and eC(a) = g C(«) and a = pdq, it
follows that ga =g. Let (ad)’ denote the inverse of ad in the group gC(x)g.
Then a[d(ad)']a = ad(ad)’'a =ga =a, and d(ad)'a d(ad)’ = d[(ad) ad](ad)’
=d[g(ad)’] = d(ad)’; i.e., d(ad)’ is an inverse of a, and d(ad)’ € C(J)C(x)
=C(T ¢TI )= C(T).

Thus if a e C(¢), there exists an inverse a’ of a in C(J). By Corollary 1 of
[9], each of a,a’ and aa’ lie in D, and also the compact simple semigroup
C(¢J) < D,. By a similar argument be C(¢) implies C(¢7) < D,. Since D,
meets D, we have D, =D,, so C(¢) = D(=D,=D,). Since a’e C(J) has an
inverse a € C(¢) it is clear also that C(J) c D.

To complete the lemma, let a € C(¢) and let a’ be an inverse of a in C(J).
Let « = ¢ and B =7 ¢; both «, Be E(S) so C(x) and C(B) are compact simple
semigroups. Further, C(¢)a’ = C(¢) C(J) = C(x), and if x = pq with pe C(¢),
qeC(7) then xC(¢)a’ = C(¢T p)a’ = C(¢)a’. Hence C(¢)a’ is a left ideal of
C(x). But C(¢)a’ = C(¢)a’aa’ = C(x)aa’ and aa’eC(x) imply that C(¢)a’
= C(«)aa’ by minimality. Similarly a’C(¢) is a minimal right ideal of C(p),
and the proof is complete.

If S (or equivalently S) has q.i., we denote by a’ and ¢’ respectively the (unique
by Theorems 2,3,4) inverses of the regular elements ae S and ¢ e S. Alsoif A= S
and B < § each consist of regular elements, A’ and B’ respectively denote the
set of inverses of the elements of 4 and B. We define carrier B, where B = S to
be the closure in S of U[C(¢): ¢ € B] and use the notation C(B).

LeMMA 3. If ¢ is a regular element of S, and S has q.i. then C(¢)' = C(¢").
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Proof. By Lemma 2, C(¢) = C(¢’)! and C(¢') = C(¢). Thus C(¢)
= [C(¢)] = C(¢") = C(¢), so C(¢) =C(¢")" and C(¢)" = C(¢").

THEOREM 5. The following are equivalent:

(1) S has q.i.

(2) If T is a regular #-class in S then C(T) is contained in a single #-class
of S.

(3) If ¢ and  are regular with C(¢p) = C(), then ¢ #£.

Proof. (1) implies (2). Fix ¢ eI and let « = ¢¢’, f = ¢'¢$. Then by (1) and
Theorems 3 and 2, each of C(a) and C(f) is a group. Let e be the unit of C(x)
and let f be the unit of C(f). By Lemma 3, C(x) = C(¢) C(¢)’ and C(f) = C(¢)’
- C(¢). Now let x e C(¢); then xx'€E nC(a) and x'xe E nC(B), so xeC(¢)
implies xx’ =e and x'x =f. Thus x%#e and xZf, i.e.,, xeR,nL; =H and H
is an s#-class of S. Hence C(¢) = H and since H is closed it follows that C(I') = H.

(2) implies (1). Let p2 = pe S; we will show that C(u) is a group. Since u is
regular, I' = H,, is a regulars#’class [9, p. 275], so by (2), there exists an #-class
H of S with C(I') = H. Hence H nE # [] and it follows [9, p. 275] that H is
a group. Thus C(u) has a single idempotent and is therefore a group.

(1) implies (3). Let ¢ and y be regular elements of S with the same carrier and
let p=¢¢’ and v=¢’¢p. Then C(u) =C($)C(¢p)’ = CHY)CW) = CW)C(HY")
=C@Wy')=C(v). Thus g and v are idempotents with the same carrier and
hence by Theorem 1, p=v, ie., ¢¢' =yy'. Similarly ¢'¢p =y’y. But then
ORPD’, ¢O'BYY’ and Yy’ By imply ¢ZY. Similarly ¢Ly, so Y.

(3) implies (1). Let p and v be two idempotents with the same carrier. We will
show that p =v. By (3), us#v; but #-equivalent idempotents must be equal [9,
p. 275], so u=v.

The final result of this section gives, for q.i. semigroups, a structure theorem
for regular#-classes of S.

THEOREM 6. These are equivalent.

(1) S has q.i.

(2) If T is a regular#-class in § and a, B € E(S) with « B¢ and ¢.£B for all
¢ €T, then there exist compact groups G, H = S such that « is Haar measure
on a compact normal subgroup of G, B is Haar measure on a compact normal
subgroup of H, and T' = G¢ = ¢H for each ¢peT.

Proof. (1) implies (2). Let I', «, and B be as in (2). By [9, Theorem 3], we have
that T =Hy=H,=H, ¢ and I =H, = H,; = ¢§Hp. Since H,and Hy are
compact groups in S, the Glicksberg structure theorem gives compact groups
G and H contained in S and idempotents u and v with y = Haar measure on a
compact subgroup of G, v = Haar measure on a compact subgroup of H, and
H,=pG =Gp and Hy =vH = Hyv. It is easy to verify, using the invariance of
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u and v that a =y and B =v; ie., I' =(Ga)p = G(ag) = G¢ and I' = ¢(fH)
= (¢B)H = ¢H for each ¢ eI'. Thus (2) holds.

(2) implies (1). Let u€ E(S); then I' = H, is a regular#-class of S with ¢ Zu
and ¢.Zu for each ¢ €I'. Take a = pu = f in (2) and we see that u is Haar measure
on some group;in particular, C(u) is a group. By Theorem 1, the proof is complete.

4. Involutions on semigroups. We again restrict our attention to compact
topological semigroups S. If T is a subsemigroup of S, a mapping +:T — T is
called an involution on T provided a, b € T implies (a*)* = a and (ab)* =b*a”.
Certain additional restrictions which may be placed on + are:

(A) + is continuous.

(B) e? =e implies e* =e.

(C) G a compact group, G c T implies G* = G.

(D) G a compact group, G = T implies + |G coincides with inversion in G.

We observe that any involution + satisfying B, and defined on a semigroup
containing E, defines a quasi-involution. Indeed, if one requires only that
(ab)* =b*a* and e* =e for all a, beT and ecE, then e, feE implies
)t =f*e" =feefSe, and e* =e so + is a quasi-involution. Thus, invol-
utions satisfying (B) defined on a semigroup containing E are of particular interest.
One other type of involution is of primary interest here, namely one which is
defined on all regular elements of S.

We first prove several lemmas needed in the sequel. If T = S is a semigroup,
then T is an inverse semigroup if each element of T has a unique inverse in T.
It is known (e.g., see [9, p. 273]) that T is an inverse semigroup if and only if
each element of T is regular, and the idempotents of T commute.

LEMMA 4. Let T be a compact semigroup of S containing all regular elements
of S, and let + be an involution on T. Then et = e for each ecE if and only if
H} < H, for each ec E, where H, is the maximal subgroup of S containing e.
In either case, if a is regular then a’ and a* lie in the same 5 -class of S, and a
regular #-class H contains a self involutory element (b =b*) if and only if
H is a group.

Proof. Let a be a regular element, and D the Z-class containg a. Assume
first that + satisfies B. By [9, Lemma 3], there exist e, fe E n D such that fe R,
and ee L, hence Se =Sa and fS =aS. In particular a =ae and e = xa for
some x€S. But (xf)a =x(fa) =xa =e and xfS = x(fS) = x(aS) = xaS = eS;
in particular, xf Ze, xfe D, and we may assume that xa =e with xeDc T.
Hence a* =(ae)* =e*a" =ea™ and similarly e = e* = (xa)* =a*x*. From
these equalities we obtain a*S =ea*SceS=a*x*S<a®S. Thus a*S =eS
and a* Ze. In a similar way we see that a*Zf, so a* eR, NL,. Now S has a
quasi-involution, so a has a unique inverse a’€ R, n L and hence a*#a’. Now
let x e H,, where e2 = e; then x* and x’ belong to H,, since H, contains an in-
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verse of x. Hence x e H, implies x* € H,, so HS = H,. Conversely if H < H,,
then ee = e implies e"e™ =e* e H,, and the idempotent e* must then be e.

Finally, if an ##-class H is a group, then the idempotent of H is self involutory.
Conversely if a regular #-class H contains an element x with x+ = x, then x
and x’ are in H, so H is a group [9, Corollary 4].

THEOREM 7. Let T be the; closed semigroup of S generated by the maximal
groups of S. The following are equivalent: (1) S has q.i. and the product of
any two idempotents is regular, (2) E is commutative, (3) T is an inverse
semigroup.

Proof. (1) implies (2). We show that E2 < E. It will then follow that if e,fe E,
then fe is an inverse of ef and hence fe = ef. Fix e,fe E. By (1), ef is regular so
there exists ae S such that efaef = ef and aefa = a. Then (multiplying the last
equation on the left by f), fa(ef)fa = faefa = fa. Also, ef (fa)ef = efaef = ef,
i.e., fa is an inverse of ef. By the uniqueness of inverses in S, fa = a. Similarly
a =ae, sO fa =a =ae. But then a2 = (ae)(fa) = aefa =a, ie., acE. Hence
a=a =éef; ie., efeE.

(2) implies (3). It suffices to show that each element of T has an inverse in T.
Let e,feE, pe H,and ge H, and denote by p ~ Yand q ~! the respective inverses
of pand q in H, and H,. Then p4(q 'p~")pq = pfeq = pefg = pq and q " 'p~!
(pg)g 'p '=q 'efp  =q fep ' =q 'p7',ie, q 'p~'is an inverse of pgq,
with ¢"'p ' e T. It follows that each element of the semigroup generated by
the maximal groups of S has an inverse in T. Using the compactness of S, this
property easily extends to the closure.

(3) implies (1). From the theorem quoted prior to Lemma 4, the idempotents
of T commute. Since EcT, E is commutative, and the proof is complete (since
(2) easily implies (1)).

We say that the convergence theorem holds in § if the following are equivalent
for ve §: (1) {¥"} converges, (2) lim sup C(+") = liminf C(+"), (3) C(v) = C(u) where
u® = ueK(v). It was shown in [5, Theorem 1] that the convergence theorem
holds in § when S is a group.

THEOREM 8. The following are equivalent: (1) S is a group, (2) S is an
inverse semigroup and there exists a reqular element of S whose carrier is S,
(3) S is an inverse semigroup, the convergence theorem holds in §, and there
exists ¢ €8 with C(¢p) =S, (4) S has q.i., the convergence theorem holds in S
and there is a regular element of S whose carrier is S.

Proof. (1) implies (2). This is clear, using Haar measure on S as the regular
element. To see (2) implies (1), let ¢ be regular with C(¢) =S. Since S is an
inverse semigroup, both S and S have q.i. Thus ¢ has a unique inverse ¢’, and by
Lemma 3, C(¢’) = C(¢)'. Let a be the idempotent ¢¢’. Then C(a) = C(¢) C(¢)’
=SS’ =SS = S. Then S is simple, and it follows from q.i. that S is a group.
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(1) implies (3). This follows from the fact that the convergence theorem holds
in § when S is a group.

(3) implies (4). It suffices to show that there exists a regular element of S whose
carrier is S. Let C(¢) = S. Then liminf C(¢") = limsup C(¢") = S. Now {¢"}
converges to u = pu? and S = C(¢) = C(u); i.e., C(u) = S.

(4) implies (1). By Lemma 2, if ¢ is regular with C(¢) = S, then each element
of S is regular, so by q.i., S is an inverse semigroup. Now, as in (3) implies (4),
S = C(¢) = C(n) where p?> = u. Hence S is simple, S is a group, and the proof
is complete.

THEOREM 9. Let + be a continuous involution on a compact semigroup
T containing all regular elements of S. Let T denote the set of all ¢ €S with
C(¢) = T, and define for peT, p*(f) = Jrf(x*)du(x) where f is continuous and
complex valued. Then * is a continuous involution on T, ¢ e T implies C(¢*)
= C(¢)*, and T contains all regular elements of S. Finally, the following
conditions are equivalent: (1) * satisfies (B), (2) + satisfies (C), and (3) * satis-
fies (C).

Proof. It is clear that ¢ € T implies ¢* €S, and we show first that C(¢*)
= C(¢)". Let f be continuous with f|C(¢)* =0. Then f(x*)=0 for each
xeC(@), so ¢*(f) = [rf(x*)dd(x) = [c()f(x*)dp(x) =0. It follows that
C(¢*) = C(#)*. But then ¢**(f) = [rf(x*)dé*(x) = [rf(x**)do(x)
= [if(Dde(x) = [f(x)dd(x) = ¢(f), so ¢** = ¢.

By the first part of the proof C(¢) = C(¢p**) = C(¢*)*, so C(¢)* = C(¢*)
and they are equal. The fact that T contains all regular elements of S follows
from Lemma 2.

If now p,veT, then pve T by Lemma 1, and (u)*(f) = [rf(x*) (duv)(x).
Let f be a fixed continuous extension to S of the function f* : T— complexes de-
fined by f*(t) = f(t*). Then

fr S(xt)d(uv(x) = Lf x)d(uv) (x) = f Fep)du(x)dv(y)
= [ [ enaucoan) = [ [ s Jauwasn = [ [ 1ex dutaiani.

But the latter is, by Fubini’s theorem, [ [rf(y*x")dv(y)du(x), and this
is (v*u*)(f); ie., (uw)* = v*u* so * is an involution on T. To show * is
continuous on T, let {u,} be a net in T, and let pe T with p, — . Then p*(f)
= [rfON)dux) = [sfX)dp(x) > [sfx)du(x) = [rf(et)du(x) = u*(f),
so * is continuous.

We show next that * satisfies (B) if and only if + satisfies (C). Suppose +
satisfies (C), and let ¢? = ¢ € §. Then ¢p € T, and (¢*)(f) = [ [f(xy)dp*(x)dd*(y)
= [ [ (<7 )ABIA) = fir [rf[(1x)* 1A = [ [ *(yx)dg()db(r)
= [r oS (yx)dp(y)de(x) = $*(f+)=(f *)=*(f); i.e., p* €E(S). Note further,



30 H. S. COLLINS AND R. J. KOCH [October

if G = C(¢*) (a compact group), that C(¢*) = C(¢)* = G+ = G = C(¢). By
the uniqueness of Haar measure ¢ = ¢*, and * satisfies (B). Conversely, suppose
* satisfies (B), and fix a compact group G = S. Let ¢ be Haar measure on G.
Then ¢* = ¢, so G = C(¢) = C(¢*) =C(¢p)* =G+, and + satisfies (C).

To complete the proof, suppose * satisfies (B), and let I be a compact sub-
group of S. Since * is a quasi-involution on §, there exists a compact group
Gc S with I =uG = Gu, where u2=pel. But then, if ¢ €I, there exists
xeG with ¢ = ux, so ¢* = (ux)* = x*p* =x*u. Now x*(f) = [f(t*)dx(1)
=f(x*) =x*(f), so x* =x*. Hence x*eG (since * satisfies (B) implies +
satisfies (C)). Thus ¢* = x*u = x*ue Gu = T, and T'* < I'. The proof is complete.

THEOREM 10. Let + be a continuous involution on a compact semigroup
T containing the regular elements of S, and let * be the involution on T defined
in Theorem 9. Then + satisfies (D) if and only if * satisfies (D); in either case
both * and + satisfy (B) and (C) as well. Further, if either + or * satisfies (D)
and a and ¢ are regular elements (of S and S, respectively) then aa*, a*a,
dp*, and ¢p*¢ are self-involutory elements of order two, and ¢’ = ¢p*Pp¢p*, a’
=a*aa*, (a*)' =(a")*, and (¢*)' =(o")*.

Proof. It is clear that (D) implies (C), and hence (B), for any involution.
Now suppose + satisfies (D) and let I' be a compact subgroup of S. As before,
T = uG =Gy, where p2 =pel. If ¢ =puxel, then ¢* =x+u=x""yu, where
x~! denotes the inverse of x in the group G. But then ¢p¢* = uxx™'u = pep =p?
= u, since pe = u (u being right invariant on a subgroup of G containing the unit
e of G). Similarly, ¢*¢ = x *pux =x""px=px" ! x = pe =y, since p commutes with
each element of G. Thus ¢* is the inverse of ¢ in T, and * satisfies (D). Converse-
ly, suppose * satisfies (D), and let G be a compact group in S. Then G is also a
compact group in S, so x € G implies x* = x* = x Y ie., + satisfies (D).

Now suppose either + or * satisfies (D), and let a be a regular element in S.
It is clear that aa™ and a*a are self-involutory elements of S. Now by Lemma 4,
a* and a’ are in the same #-class of S, and it follows from Theorem 3 of [9]
that aa* and e = aa’ are in the same #-class; similarly for a+a and f = a’a.
However, H, and H, are groups [9, Corollary 2], and aa* and a*a are self
involutory elements thereof. It follows that aa* =(aa*)* = (aa*)~! (inverse
in H) and a*a =(a*a)* =(a*a)™' (inverse in H,). Hence (aa*)’ =e and
(ata)®> = f. From this we have a(ataa*)a = a, and (a*taa*)a(ataa*)
=a*(aa*aa*a)a*t =a*aa*, ie., a’'=ataa*. But then (a’)* =(a*aa*)*
= aa*a; we complete the proof by showing that aa*a is the inverse of a*. Note
that a*(aata)a* = at(aa*taa*) = ate=a*,and (aa*a)a* (aa*ta)=a(a*aata)
a*ta = afa*ta = (af)ata = aa*a, and the proof is complete.

We note that by a similar argument it can be shown that any regular self
involutory element is of order two.
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It may be of interest to correlate the involution discussed in the previous
theorem with some previous work along these lines by Wendel [11, p. 924].
In this particular situation S was a compact group and the involution * defined
by Wendel was u*(f) = jf(x")du(x); i.e., this * is the * defined in Theorem 9,
taking x* = x~'. Wendel showed that his * was an involution on § satisfying
(A) and (B). From Theorem 10 it follows that * satisfies (D) as well. A generaliza-
tion of Wendel’s involution is obtained by requiring S to be an inverse semi-
group. In this case we note that * is an affine mapping on S ie., (X7, a;¢)*
= X" a¢p*foralln=1, ¢,e8, and a; =0 with L"_,a;,=1.

THEOREM 11. Let S be an inverse semigroup and let * be the involution
on S defined in Theorem 9 (taking x+ = x'). Then * is the unique continuous
affine involution on S which satisfies (D) and coincides with ' on S.

Proof. It is obvious that * satisfies these conditions, and the restrictions
imposed insure that any other such involution must necessarily agree with * on
the set of convex combinations of point measures. This set is dense in S [1,
Lemmas 3.1 and 3.2], and thus by continuity the involutions agree on S.
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