ON A THEOREM OF D. RIDOUT
IN THE THEORY
OF DIOPHANTINE APPROXIMATIONS

BY

AVIEZRI S. FRAENKEL(?)

1. Introduction. The following extension of the Thue-Siegel-Roth Theorem (5]
was proved by D. Ridout [4].

‘THEOREM I. Let a be any algebraic number not 0. Let {P,,...,P,} and
{Q1,...,Q,} be sets of primes. Let p, v, ¢ be real numbers satisfying

(1.1) 0Su<1,0Svsl, c>1.

Let p, q be restricted to integers of the form

(1.2) p=p*P{"...P{*, q=q%0%'...00",

where py,...,Ps, Oy, ...,0; Gre non-negative integers and p*,q* are any integers
satisfying

1.3) |p*| <c|p|*, 0<g*<cq”

Then the inequality

1.4 0<|a—plg|<q ®**0

has only a finite number of solutions in p, q for every {>0.

In §2 we show that the case of Theorem I is the usual case, in that inequality
(1.4) has infinitely many solutions for almost no real a. In fact, we shall prove
a stronger result. Let C, and C, be two classes of positive integers p’ and q’
with the properties

Z()yt<wo X (@)*<ow

p'eCy q’'eC,

for every ¢ > 0. Let r be a positive integer, u, v, ¢ satisfy (1.1), and let
(1.5 pi=p'p, 4=4%, p'eCy, q'€C,,
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where p¥, q* are integers satisfying

(1.6) |p¥| <c|pl" 0<gq* <cqv.

We prove

THEOREM II. Let { > 0. The set of inequalities
|o; — pifg| < g~ ® 9 ’ (i=1,...,7)

has infinitely many solutions in vectors (p,/q,...,p,/9), pi» q of the form (1.5),
Sfor almost no real vectors (ay, ...,a,).

The assertion that (1.4) has only a finite number of solutions for almost all
real a, is what Theorem II specializes to for r = 1, and p;, q of the form

(1.7 pi=p'P{. P q=q%07"..0"
Indeed, in this case C, and C, consist of integers of the form
p'=P{'..P}y  q' =071..0,
and X, ., (p) "= [Tia —P7%7 ! < 0, and similarly Zrec,(@)78 < oo

On the other hand, there are clearly infinitely many (transcendental numbers for
which (1.4) has infinitely many solutions. Thus, numbers of the form

a= Y 107,
j=0

where i; —i;_, 2 2(i;_, for infinitely many j, i, =1, { >0, are transcendental,
because the rationals

k
Dildx = X 107"
: j=0

satisfy (1.4) with 4 = 1, v = 0 for infinitely many k.
In §2 we also prove

THEOREM III. Let k,n>0, and let 0<u<1,0<v=<1, c>1, ra positive
integer, v and r not both 1. Let p,, q be restricted to integers of the form (1.5),
where p}', q*are integers satisfying

|pf|<|pi|*™", O<g*<cq® Gi=1,..r).
Then the set of inequalities
|as — pilg | < 1/kg(p"y#*/r= DI =m (i=1,..,r)

has infinitely many solutions in vectors (p,/q, ..., p,/q) for almost no real vectors
(agy...r ). '
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In §3 we prove Theorems IV and V below. Theorem III is used as a lemma
in the proof of Theorem V.

THEOREM 1V. Let a,...,a, be real numbers, and let

(1.8) S, ={Py,....P} , S;={0;,....0:}
be sets of primes. Let K > 0, and let u,v satisfy (1.1), and either

u+vrz1
or v =0
or 4=0.

Then there is a constant ¢ > 1 depending on K, max|«]|, p,v,r and the primes
in S; and S,, such that the set of inequalities

(l°9) |al - P./q I < Kq_(“+"/r) (l = 1’ ---'r)

has infinitely many solutions in vectors (p,/q,-..,,/q), Pi»q of the form (1.7)
subject to (1.6), with the provision that K =1 ifu=v=1.

Let r = 1. If « is irrational, (1.9) can be replaced by the stronger inequality
(1.10) 0<|a—plg|<Kqg ®* .

If however a = a/b is rational, (1.10) clearly has only a finite number of solutions

if p+v> 1. Similarly, if p+v=1, K<1/|b|, then 0 < |a — p/q| <Kq'is

satisfied only finitely often(?). But for p=0, 0<v<1 or v=0, 0 £ u <1, (1.10)
has infinitely many solutions under certain conditions also when « is rational.
Thus, Theorem IV with « = 1 states for the case u = v =0, that

0<|PP-Q°|<Q°

for infinitely many positive integers p, o if P # Q. Hence by Ridout’s Theorem I,
if € > 0, we have actually

Q19 < IPp_ Qal <Q°
infinitely often.
THEOREM V. Let a,,...,a, be real numbers and let 6 > 0. Lét u,v satisfy
(1.11) O<pu<l1,0<v<,
(1.12) vEu+vr<l1.
(?) Forthecasespy +v>1land u+v=1, K< 1/ |b|, the theorem thus states in particular,

that given any rational a/b, there are infinitely many rationals p/g=a/b, where p, q are of the
form (1.2) subject to (1.3).
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Then if S; NS, #0, the result of Theorem IV holds. If u, v satisfy
O<u<l,0<vs1l
v>u+ v,
orif S{ NS, =0, u+ v/r <1, then the set of inequalities
|oy — pilg| <q~®*r=? (i=1,..,r
has infinitely many solutions in vectors (p,/q, ..., p,/q), P, q of the form (1.7)
subject to (1.6), for almost all real vectors (a4, ...,2,).

The specializations r = 1, « algebraic not 0 of Theorems IV and V show that
Ridout’s Theorem I is best possible for the case S; NS, # 0. We do not know
at present whether the set of excluded vectors (4, ...,,) in the case S; NS, =0
or v> u + v[r is empty or not.

In the final §4 we give an upper bound to the number of solutions of (1.4).
Using a method of Davenport and Roth[2], we prove

THEOREM VI. Let
(1.13) fE)=x"+ax""'+ .. +a,

a; (rational) integers, be the defining polynomial of a, and let 0 < { < 1/3. Then
(1.4) has less than

DD +2)+
(2" 'log C + exp (280(n + 1)) ._Z (

Mn

s—1

u+s+i—1 ut+t+i—1
i=1 t—l

solutions in integers p, q of the form (1.2) with (p,q) = 1, where (®)

(1.13) D = 2°%%% 4 (2] | tf) %% 4 ¢ #100/K90-0)
(1.15) C = 3+ log(1+|a])+2log (1 + A),
A = max (|a,],....|a.]),

u = [90 max (s, 1)/(] + 1.

A corresponding result for algebraic numbers which are not integers, is con-
tained in the following

THEOREM VII. Let B satisfy the irreducible polynomial
g(x) = box" + byx""! + ... + b, b; (rational) integers, by 2 2.
Then if 0<E<2p3,
the inequality

(3) [x] stands for the integral part of x, and {x} for the fractional part.
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(1.16) 0<|B—plg|<q ®**?
has less than

F(F +2) + (4 *loglog(1 + 2B") + exp(1122(n + 1)* £72)) 5: (
i=1

)': (u+t+i—1)

i=1 t—1

u+s+i—1
s—1

solutions in integers p,q of the form (1.2) with (p,q) =1, where
B = max (| bo/,....| ba),
F = 2180/§ + (2/bolﬁ|)180/§ + 2(cb0)1801/§(180—§) .
2. Proof of Theorems II and III. The proof is preceded by two lemmas.

LEMMA 1. Let N(x) be the number of p’' <x, p'eC,. Then N(x) = 0(x®)
for every ¢>0.

Proof. If ¢, > O has the property that N(x) > x® for arbitrarily large x, then
clearly N(p,") > (p,")® for arbitrarily large p,’ € C,. Hence,

X @)% 2 NP > ()P > o,
p'eCy, p’Spr’

contradicting the convergence of the series X (p’) ~* .

LemMMA 2. Let {(xy,...,%.))} (j=1,2,...) be a sequence of real vectors, and
let ¢ be a positive function defined on the sequence satisfying

2 (P(Xyj s X)) < 00
Then the set of inequalities
|t — x| < @ (Xqjs..0r Xy i=1,..,rj=12..)
has infinitely many solutions (x,;, ...,X,;) for almost no real vectors (a,...,a,).

This is an immediate generalization of Lemma 1, Chapter VII of [1].
Proof of Theorem II. If we let {(x,},...,x,)} = {(p1/q, ..., P:/2)}, P> q Of the
form (1.5), then by Lemma 2 it is sufficient to show that

E Z q-(M+V/r+C)' < oo,
qa P

where the summation extends over all vectors (py/g, ..., p,/q), Pi,q of the form
(1.5). Let M be a positive number, and consider the expression

S = 2 Z q—(n+v/r+C)r
’
g 0<pi<Mg



1962] THEORY OF DIOPHANTINE APPROXIMATIONS 89

i.e., the summation extends only over those vectors which approximate numbers
in the range 0<o; =M (i =1,...,r). It is sufficient to show that S+ S’ < ©
for arbitrarily large M, where

S = z Z q—(n+v/r+§)r ]

q —Mg<pi<0
Let M =1 be fixed for the present, and introduce the notation
S, = Y g w0y S, =X S8, S;=X85,
P’ q*

* .
pist

S§S4 = 253,
Y

where p’, q are fixed in the first summation, g is fixed in the second [and g’ is
fixed in the third summation.
We first consider the case

2.1) 0su<l, 0=v<l

The first inequality of (1.6) can then be written in the form
.2) |p2“| <c 1/(l-u)(pl)n/(l-n) .
Similarly, the second inequality of (1.6) is equivalent to
(2.3) 0< g* < (g™,

We may also assume, without loss of generality, that { is sufficiently small to
satisfy

(2.4) 0<d=Ulr—3<1—v.

Since p; < Mg, we have
S, = Xg rero-,
summed over all p¥ satisfying 0 < p¥ < min (¢’ “¥(p'y"/*~¥, Mq[p"), 1Si<r,
or,
S, < q"(’”o""(min (Cll(l—n)(pr)n/(l -n)’ Mq/p'))'.
We thus have two cases, depending upon the value of p’. Either

cl/(l -u)(p')n/(l —u) < Mq/p’,
i.e.,

(2.5 p'<c '(Mg)'H
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or p' = ¢~ '(Mg)' ™" Since p’ < p; < Mg we have
(2.6) ci(Mq)' "< p'<Mq
for the second case. Hence,
Sp S g OV TIOR3 (Mg/p')),

where the first summation is over all p’ satisfying (2.5), and the second over
all p’ satisfying (2.6). From this we obtain easily (for all sufficiently large q),

S, 2270V E (Mg (' < My).

By Lemma 1,

S, < g7 "0 (M) O(Mg)t?).
Thus,
Q.7 S, <cyM™+égTv4

where ¢, is a constant independent of ¢ and M, and & is given by (2.4). Hence
by (2.3),

Sy <e Mg L (g (¢* <R),

where R = ¢!/~ (g")"'* ™Y, Now

R
2 (q*)—v—6< 1 + J;x—v—b dx <(1 -y _6)—1 c(l—v—6)/(1—v)(qr)v—w)/(l—v)
(by (2.4)). Hence
Sy < ;M™% ("),
where c, is a constant independent of M and q’. Hence
S<eM** X (9%  (4'eC)).

The series X.(gq’)"% converges by hypothesis, and thus S < co for arbitrarily
large M. these arguments can be repeated for « in the range — M < o < 0. Hence
the theorem follows subject to (2.1).

We now turn to the case

O=su<lt, v=1.
The above proof up to (2.7) is still valid, except that (2.3) and (2.4) do not apply
and { > 0 is unrestricted. It follows from (2.7) that

@
S<e,M™H Y 717« o,
q=1

which proves the result for this case.
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If
n=1, 0sv<l,
then

S, = 2 q-r(1+C)-v < qu—(r;+v) < Mr+6q—v—6.
pi<Mg,15isr - -

The rest of the proof is the same as the above from (2.7) on.
We finally have to consider the case

p=v=1,

which, for r =1, is the case arising from the Thue-Siegel-Roth Theorem. Here

o0 0
s= 3 )X gt MY g < oo,
4=1 pi<Mg,15isr T =1

The proof is complete by Lemma 2.
Proof of Theorem III. The proof is very similar to the proof of Theorem II.
We estimate

S = Z Z I/qur(p/)r(u+v/r—l)l(l-u), M g 1’

q 0<pi<Mq

and show that S < oo for arbitrarily large M. Using the notation of the proof
of Theorem II, we write

S Tfkgr(pry @iy,
summed over p¥ < min (c'/ ~#* P (p")# MU=kt Aalp’), and 1 £ i < r. Thus,

1

Sis krqr(p'y BV DIG —(min (V74P (pr) (TWETHED, Mg[p'))'.

We thus have again the cases (2.5) and (2.6) of Theorem II, with u replaced by
u — 1, and hence

1 _ w1 i
S2§k'q' Ec"“ u+n)(pf)(r(l w=v(1=p+n)/(1—p)(1—p+n)

+ Z(Mq)'(p')'"’“'"’) ,

where the first summation is over all p’ < ¢~ '(Mg)'™**", and the second is
over all p’ satisfying ¢” ! (Mq)' **" < p’ < Mq. For 5 sufficiently small, as we
may assume without loss of generality, the exponent of p’ in the first summand
is positive unless r = v = 1. Hence if r and v are not simultaneously 1, we obtain

200/

S T(Mgy T (< (Mg) !+,

S, <
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Let 0 < ¢ < vy. By Lemma 1,

63M8+r-"(l-u+ﬂ)/(l-u) CBM6+r-V(1—n+n)/(l—n)

S; < qra-p+mia-m-, = qv+8 ’
where c; is a constant independent of M and ¢, and 6 =vn/(1 — ) —e>0. It is
thus seen that S < oo if v =1, and the same holds for 0 < v < 1 by the proof of
Theorem II following (2.7). The result now follows by Lemma 2.

Proof of Theorems IV and V.

LemMmA 3. Let u,v satisfy (1.1). Then there are positive] constants ki, k,
and infinitely many pairs (p,q’) of the form
3.9 p =P{'...P%* q =Q7..0
which satisfy
(3.2 ky < (@) P T <k

Proof. By choosing ki, k, to satisfy 0 < k, <1 < k,, we see that the lemma
is true if either u =1 or v=1. Hence we may assume 0 s u<1, 0<v<1.
Pick two (not necessarily distinct) primes P =P;eS;, Q =Q;eS, from the
sets (1.8). We now restrict our attention to p’ = P%, ¢’ = Q°. It suffices to show
that

log k, <o6(1 — p)log @ — p(1 — v) log P < log k,,

or equivalently, that

_ log k, (1-pwlogQ _ log k, _
C=T=WlogP ~° G=wiogp "< T=wiogP 1

has infinitely many solutions in positive integers p, o for suitable positive ky, k,.

If (1 — p) log Q/(1 — v) log P =6 is irrational, then by Kronecker’s Theorem
(see e.g.[3]), there are infinitely many numbers of the form g0 — p in the interval
(G,H) for every 0 <k, <k,.

If (1 — p) log Q/(1 — v) log P = l/m is rational, then the Diophantine equation
ollm — p = a has infinitely many solutions in positive integers p, o for any
integer a. Thus, if k,/k, > P'~" then the interval (G, H) contains an integer a,
and hence this interval contains

,(-plogQ
(1-v)logP

for infinitely many positive integers p, o.

LeMMA 4. Let ay,...,a, be real, k = 1 real, and let pu,v satisfy

(3.3) 0<u<1,0<v<l.



1962] THEORY OF DIOPHANTINE APPROXIMATIONS 93

Then for c sufficiently large, the set of inequalities

7

(4 | — pilq] < p'lkq™(g")" " Y (i=1,..,r)

has infinitely many solutions in vectors (p,/q;...,P,/q), Pi»q of the form (1.7)
subject to (1.6), where p’,q’ are integers of the form (3.1) satisfying (3.2).

Proof. We proceed in analogy to proofs of this type where p and g are un-
restricted. Pick a pair (p’,q’) satisfying (3.2). Let

4 =[2K(g)"" ),

Divide the r-dimensional unit cube into A" boxes, by dividing each of its edges
into A parts by means of the points 0,1/4,2/4, ...,(4 — 1)/4,1. Consider the A"
+ 1 vectors

({xa:q’/p’}, {xa2q'Ip'}, ..., {x%q'[p’})

for x =0,1,... A4". By Dirichlet’s box principle, there exist x,,x, with0 £ x, < x,
< A', such that
| {x2040'[P"} = {x,0'[P'}| < 47" (i=1,..,7).

Since k = 1, this implies
(3.5) |(x2 = xp)auq’[p’ = ([xo2q'[p'] =[xy’ [p' ]| < 1/k(g") 7.
Now 1 £ x, —x; £ A" < (2k)(g")"" ™, and, for p < 1,
I[xzaiq'/p’] - [xlai‘I'/P']I = I[xzoziq'/p']l
< @R (@) )
< (2k) 'l @, l k;/(l —u)(l-\')(pf)u/(l—u)
by the right side of (3.2). Thus letting
¢ > max (k)Y ™7, (kY |«]) k'), o] = miaxlac,|,

we see from (2.2) and (2.3) that [x,a,q"/p'] — [x,9'/p"] and x, — x; have the
form p} and q* respectively of (1.6). However, any c satisfying the weaker
nequality

(3.6) ¢ > (2k)ya ™

already satisfies (2.3). If u =1 we choose c to satisfy (3.6), and define p, = p}'
=[x,049"/p'] — [x12:9'[p’]. Since ¢ > 1, (1.6) is satisfied. In either case (3.5) can
be rewritten in the form

|oia/p’— p¥| < 1/k(g")""* ™,
leading to (3.4).
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Now repeat the application of the box principle with another pair (p’,q’)
satisfying (3.2), where g’ is larger than the common denominator g of the first
solution vector. This gives rise to a second solution vector which is distinct from
the first. Repeating this process, which is possible since (3.2) has infinitely many
solutions, an infinite sequence of solution vectors is obtained.

LeEmMA 5. Let a,,...,a, be real nonzero, k = 1 real, and let
Osu<l1, O0=svsl.
Then for c sufficiently large, the set of inequalities
3.7) o = pilg | < 1/kg(p"yo+ir=Di=» (=1,...7

has infinitely many solution vectors (p,/q, ..., p,/q)s P»q of the form (1.7) sub-
ject to (1.6), where p’,q’ are integers of the form (3.1) satisfying (3.2).

Proof. The proof of Lemma 4 with
A =[2K(py" ]
applies. If v < 1 we let
¢ > max ((2ky’* ™ kf"/“"“’,((2k)'|al)l"‘kz), Iocl = miaxloc,l .

Then [x,,q'/p'] — [x,2q’/p'] and x, — x, have the required form p;" and ¢*.
Any c satisfying
(3.8) ¢ 2 (kYA + o) "k,

already satisfies (2.2). If v = 1 we choose c to satisfy (3.8) and let ¢ = g* = x, — x;.
Thus
|ewalp’ — pi¥| < 1k(p')" 7P,

leading to the desired result.
Proof of Theorem IV. We consider several cases:
() 0gsu=<t, 0=v<l, u+vfrzl.
By Lemma 4 and by the left side of (3.2), the set of inequalities

3.9 |ai — Pt/‘ll < cl/q*(q')ww(u—v»/ru-v) (i=1,..,7

has infinitely many solution vectors (p,/q, ..., P,/q), P;»q of the form (1.7) subject
to (1.6), where ¢, = (kk,*/*~")™*, This is equivalent to

|o; — pilg| < cyfq(g)+r /A= (i=1,.y7).
From (2.3),

(ql)ll(l -v) > c—l/(l—v)q,
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where ¢ is sufficiently large to satisfy (3.6), say ¢ = (3k)"*™". Thus, since
1+ v/r 2 1, the set of inequalities
les = pilg| < calg"™™" (i=1,..7)
has infinitely many solutions of the required form, where
¢, = clc(u+v/r-l)/(l—v) — (kklll(l—v))—l(3k)r(u+v/r-l)
< 3rk;l/(l—v)k-(r(l—[t)+l—v) < K

for all sufficiently large k. This completes the proof for this case.

i) 0su<l,v=1, p+vfrzl.
By renaming the o; if necessary, we may assume that a,...,a; are not zero,
@iy =... =a,=0. From (2.2)

1/(1- -1/(1-
@) 1A-p L~/ |p‘|’

where ¢ is sufficiently large to satisfy (3.8). For 1 <i <j, (3.7) has infinitely
many solutions with p; # 0.
Hence by Lemma 5 and since p + 1/r = 1, the set of inequalities

| = pilg| < LTI | p Y (i=1,.,0)

has infinitely many solutions of the required form. There is a constant ¢’ >0
depending only on «,, ..., a;, such that | pi| > ¢'q for all p,,q satisfying this set of
inequalities. Hence

|°‘i - Pi/‘1| < cafqttir (i=1,..,J))
has infinitely many solutions of the required form, where (with equality in (3.8)),

c; = cwtir=1/d-p (c/)l-n—llrk—l
= (2k)'(ﬂ+1/r—l)(1 + I“I)”+ 1/"lkz(u+1/r-1)/(l—u)(c')l-n—1/r k! <K

for all sufficiently large k. For i =j + 1,...,r, we let p, =0, and thus the set of
inequalities (1.9) has infinitely many solutions of the required form.

(iii)) p=0, O<v=1.
By Lemma 5, the set of inequalities

|, = pila| < @) kg < |p| kg S ¢"q* T kg <KqT" (i=1,...,))

has infinitely many solutions, where c¢” is a positive constant depending only on
ay,...,%; and k is sufficiently large so that ¢k <K. For i>j, take p;=0
as before.

@iv) v=0, O0=su<l1.
By (3.9), the set of inequalities

| = pila| < eila*(@') S ed/(@®)*(@') = c4/g* (i=1,..r)
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has infinitely many solution vectors of the required form, and ¢; £ K for all
sufficiently large k.

WMu=v=1
The set of inequalities (1.9) reduces to

| — pilg| < q~ @ *" (i=1,..,7),

where p;,q are arbitrary integers with g > 0, and the result specializes to a well
known theorem (see e.g Theorem 200 of [3]).

Proof of Theorem V. Let P be a prime belonging to both S, and S,. For
every pair (u, v) satisfying (1.11) and (1.12) we choose a pair u,, v, satisfying

O<pu; <1, O<v;Z1, p+vfrz1
and

(3.10) mlp = vyfv.

Such a pair can always be found, by choosing h to satisfy u+v/r=h™' >,
h™' > p, and letting pu, = hy, v; = hv. By Theorem IV, the set of inequalities

(3.11) |0y = pi,lgy | < KP™®+Ing7@atviin (i=1,..r
has infinitely many solution vectors (p,,/q,, ..., P;,/q,), Where
P, = P, a1 =a*a’, |pl| <e|p, |, 0<g*<cqy',

¢ a sufficiently large constant. For each g, satisfying (3.11) define

po [t ben]

v log P
Then
P (vi—v)loggq1/v logP< PP < PP(VI‘V)IOBm/v lo“,’
so that
(3.12) q(l"l"')/" < pP é quw-v)/v
Letting

qa=q,P*, p=p,P
we obtain, on multiplying (3.12) by ¢, and | Di, |,
(3.13) a'” < ¢ £ Pg,""

and
|pi|d ™" < |pi -

There is a constant ¢; >0, depending only on «;, such that g, > ¢/|p;,| for
all p;,, g, satisfying (3.11). Thus, by (3.10) the last inequality becomes

|Pi1 Im/ll < (CI)_(‘“—")/"IPil , ¢ = m‘in ¢
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Hence

(3.19) |p¥| < c|pi, | < )™ 79| pi "
By the left side of (3.13),

(3.15) 0<g*<cqi'<cq"

By the right side of (3.13) and by (3.10),
q‘:1+v|/r2 (P—lq)v(m +v1/r)v1= (P—lq)u+v/r

Thus letting ¢, = max(c,c(c’)”** ™), it follows from this and from (3.14) and
(3.15) that for each solution vector (py,/qy, ..., Pr,/41) Of (3.11) there is a solution
vector (p,/q, ..., p,/q) to the set of inequalities.

|°‘i - pilq | < Kq-wﬂm >
where
|p¥| <calpil* s 0<g*<cag'

Now suppose that either v > u + v/r, or that S, NS, =0, u+ v/r <1. Then
not both v and r are 1. Let n > 0 satisfy 2n(1 — u — v/r)/(1 — u) < 4. Since (3.7)
has infinitely many solutions, it follows from Theorem III that all but a finite
number of them satisfy | p;*| 2 | p;|*™" for some i, say i =1, for almost all
(%, ..-,%,). But then also | p*| 2 | pi[*™""* (i = 2,...,7) for any & > 0 and for all
sufficiently large p,, since p;/q — a;. Choosing & =17, we have

P |l
Since p + v/r <1, (3.7) now becomes, for the nonzero a,
I“i - p‘/ql < (kq)'l IP;|(1-"-v/’)(1_“+2")/(1_“)
< (kq)-'l |pi|l-u—v/r+6
< (c;)l—u—v/r+6/kqu+v/r—6
ptv/r—3a

< 1/q

for all sufficiently large k. If o; =0, we let p; =0. This completes the proof of
Theorem V.

4. Proof of Theorems VI and VII.  Following Roth [5], Ridout’s proof
[4] consists of showing that if m is a sufficiently large positive integer and
é > 0 a sufficiently small integer, then (1.4) has less than m solutions in relatively
prime integers p,q of the form (1.2) arising from the same vectors % = (by, ..., b,)
% =(cy, ..., c,) defined in §4 of [4], such that

4.1 [p¥| <|pil**®, O0<4q}<qi™, |pj|>q;7° G=1,...,m),
4.2) logg, > Cmé 2
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4.3) logg;/logq;—; > 267" G=2,....,m),

where C is given by (1.15), the same as (5) of [2], (4.1) is (26) of [4], (4.2) is (14)
of [2] and (4.3) is (15) of [2]. As in [2], we restrict { to satisfy 0 < { < 1/3,
but we do not restrict n. Let ¢ > 0 be a fixed fraction of {. Replace the  appearing
in (26) and in §4 of [4] by & throughout(4). Then (4.1) reads

vte

(44) [pf[<lp***s O<af<ai™, [ps|>a;™  G=1..m),
and the next to last inequality of [4] becomes
45 (1+40)0—-(y—mr+m(+9)

>(U-p-A-2@-n+U-v=-91 -2y
where
K=p+ v+, y=m=N2, 2=_81+35)n+m" n=10"""

The parameters m,0 have to be chosen so that
(4.6) 0<d<m!
which is (13) of [2], and so that

) 0<'”"(2;""")”<x,

which is (25) of [4], and so that (4.7) contradicts (4.5), which is the basic contra-
diction materializing Ridout’s proof. It is sufficient to choose them so as to satisfy
(4.6) and

4.8) 0 < M

'y —
since it is easily verified that (4.8) implies (4.7) and denies (4.5) if m = 3. We
choose
4.9) € = {/90.
As in [2], with n replaced by n+1, we let m =[400(n + 1)2,"%] + 1 and

n=1, ie,

< 2+ ¢ - G

§ =10"m2",

With these choices it is evident that (4.6) is satisfied and y — n > 0. Since the
fraction in (4.8) decreases as m increases, we have

(1+28) ., _8(1+38)(n+m*+2n+25m 8(n + Hm"+ 3
y—n m2 —4(1 +35) (n+1)m%»—n =~ m2 —4m+1)m%—2
160(n+1)% "' +¢ ! 161, 14,
20001 + 207 — 80(n + DL-T—2 173 < i5¢ =t~ &

(4) The parameter ¢ is introduced here merely for the purpose of improving the estimates.
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by (4.9), and so (4.8) is verified. For proving the theorems we require the following
two lemmas.

LeMMA 6. Let M ,M,,n 2 0. The number of solutions of
(4.10) |o—plg| < My/q"

in integers p,q with
O<gq<M,
is at most
M,(1 + M, + M{M,).

Proof. For every solution p/q of (4.10) we have
g —M,;q'""<p<ag+Mq' "

This interval contains less than 2M 1q"" +1=<2M,q + 1 integers p. Hence
the number of solutions of (4.10) of the required form is less than

Y (M,q+1) < My + M, + M;M,).

0<g<M;

LeMMA 7. Let p,/q,, p./q, be two distinct solutions of (1.4) in integers
of the form (1.2) with (py,q,) = (P2,92) =1, D £ q, < q,, which arise from the
same B and € vectors, where D is given by (1.14). Then

logq,/logq, > 1 + 14{/15.
Proof. We write

é ql—(n+v+89z)

(4.11) ?—‘—&’gia—-’l‘- ’2[<

91 92 q q2
by (1.14) and (4.9). For any solution p, g of (1.4) of the form (1.2) with g = D
we have,

+ Ioc -
q1n+V+C

Lol 5 J|
q

1\

IS U R S |
qe+v+§ qc

céqe(l—s) <Iple’ c<q83

i.e, pr qx (k = 1,2) satisfy (4.4). Hence using the method of §4 of [4], we have
by his (20),

bi'—l "‘—1
pik) > W(l—#—s) log p, > W(l—#"e)(l“e) log g,

(i=1,..,ys),
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and similarly,

¢ — 1 .
Ui(k) > Tog—é‘(l—v—s) log 9k (l = l, vee ,t).

It follows that a common factor

> ls‘[ Pf(bi-l)l(ulosPi))(l-lt-z)(l-t)lostn= I:I q(l(bi-l)/u)(l-ll-t)(l-e)
i=1 i=1
> q(ll-u-e)(l-c)2

can be extracted from p, and p,, and similarly, a common factor

> q(ll—v—a)(l—e)
can be extracted from g, and q,. Also p,/q, # p,/4,, since (p;,41) =(p2,92) = 1.
Hence

‘ > qgl—u—e)(l—z)z+(1—v—e)(1—e)—lq2-l.

IA_P_2‘= |P1‘12—Pz¢11
| USUP) !

91 492
Comparing this with (4.11), we obtain

(ll—y—e)(l—c)1+ (1-v-¢g)(1—e)—~1 1—(u+v+89e)

q g;'<gq

’

or

4, > q;lt+v+893 +(-p-e)(1-2e)2+ (1-v=-g)(1—-2)—1

But
pu+v+8%+(1l—-—p—-d—-e2+4(1—-v—g@—-¢ -1

=14+87c—e(R—-e)(l—pu—e)+1—v—g)>1+84c=1+ 14{/15,

completing the proof.

Proof of Theorem VI. Choose any vectors #, % subject to the conditions
imposed on them in §4 of [4]. Let g,/h,,g,/h,,... be an enumeration of all
solutions of (1.4) of the form (1.2) arising from % and ¥ with the properties
@gph)=1(=1,2,...),and DEh; <h,<.... By Lemma 7,

log ., /log h; > 1 + 14/15 G=12..).

We now define integers k and I exactly as in [2], but with { of [2] replaced by
14{/15. The number of solutions arising from # and ¥ must be less than
k + (m — 1)1, where

-2 -1
k_3slog(Cm6 (log 2) )< 2

log (2Cmé™%),

= "log (1 + 14L/15) T
log (26~%) 2 -1
V=12 e+ iagasy <7 8@
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As in [2] we then obtain
k+(m—1)<2{ ~* log C + 24 m2 (17"
< 27! log C +(121-00%m
<2¢{"'log C + exp (280(n + 1)’¢"?).

Letting u = [max (s,f)/e] + 1 = [90 max (s,£)/{] + 1 (see §4 of [4]), it is plain
that the total number of # and ¥ vectors is

g(u+s+i—l) and z’:(u+t+i-—1)

1 s—1 i=1 t—1

respectively.

By Lemma 6 with M, =1, M, = D, the number of solutions with ¢ <D is
at most D(D + 2). This gives the estimate of Theorem VI.

Proof of Theorem VII. As in [2], this case is reduced to the case of the al-
gebraic integer « = byf, and the same estimate C < 7 log (1 + 2B") is obtained.
Every solution p/q with (p,q) =1 of (1.16) gives rise to exactly one solution
bop/q = p1/q, with (py,q,) =1 of

4.12) |°C - p1/q4 l < bo‘h_(”””;),

where ¢ = 2{. Obviously, p,,q, have the form (1.2) with ¢ replaced by cb,. The
constant D of (1.14) now becomes

(413) 2004 @bo| B)'E 4 (eby) OO0,

If ¢} = by, then (4.12) implies (1.4). By Lemma 6 with M, = by, M, = b/,
the number of solutions cf (4.12) with qf < byis at most ba/*(1 + by + by**/%)
< 3by*?/%, Absorbing the square root of this in the expression (4.13) gives the
new constant F, on using b, = 2, and establishes the estimate of Theorem VII.

REFERENCES

1. J. W. S. Cassels, An introduction to Diophantine approximation, Cambridge, 1957.

2. H. Davenport and K. F. Roth, Rational approximations to algebraic numbers, Mathe-
matika 2 (1955), 160-167.

3. G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, 4th. Ed., Oxford,
1960.

4. D. Ridout, Rational approximations to algebraic numbers, Mathematika 4 (1957), 125-131.

5. K. F. Roth, Rational approximations to algebraic numbers, Mathematika 2 (1955), 1-20.

UNIVERSITY OF OREGON,
EUGENE, OREGON



