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by
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Chapter 1. Introduction

The concept of a finite p-group being regular was first defined and studied by

P. Hall in two papers [3; 4]. Besides proving structure theorems for such groups

and showing they had several properties in common with abelian groups, Hall

gave a few sufficient conditions for a p-group to be regular. These criteria, in a

vague sense, showed that if the "commutator structure" or "power structure"

of a p-group was suitably restrictive then the group was regular. For example,

if the class of a finite p-group, as a nilpotent group, is less than p, then the group

is regular. This result evokes the converse question, namely, if a p-group is regular,

is its class necessarily bounded by some function of p. This is, however, false

for odd primes p, since there are metacyclic p-groups which are regular and of

arbitrarily high class. Nevertheless, we can weaken the query and ask whether,

for any regular p-group G, is there necessarily any bound on the derived length

of G as a solvable group? This is true if p = 2, since every regular 2-group is

abelian. However, for p _ 5, P. Hall, in yet unpublished work, has constructed

regular p-groups of arbitrary derived length. This leaves only the prime p = 3

to be considered. We shall answer the question raised above by the following

result:

Theorem 1.  Any regular 3-group is metabelian.

The proof of this assertion is by induction on the group order and involves

obtaining a contradiction in the structure of a minimal counterexample. In fact,

if G is such a counterexample, then we are able, at long length, to construct a

subgroup H of G such that H can be generated by two elements but 77', the

derived group of 77, is not cyclic. This contradicts the fact that all regular 3-

groups that are generated by two elements have cyclic derived groups.

In view of this last statement the following theorem contains the above one as

a special case.

Theorem 2. If G is a finite nilpotent group of odd order in which every

two-generator subgroup of G has a cyclic derived group, then G is metabelian.

It is this assertion that we shall prove, and this proof will constitute the major
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part of this work. The title of this paper derives from the fact that any finite

p-group satisfying the hypothesis of this theorem is necessarily regular.

Whether the restriction to groups of odd order is necessary is not known to us.

That is, if a group G is of order a power of two and satisfies the hypotheses of

Theorem 2, then we are not able to prove that G is metabelian. In fact the proof

of Theorem 2 breaks down in three different places if the prime two is considered.

However, no counterexample is known to us to the possibility that Theorem 2

remains true for all finite nilpotent groups.

Nevertheless, we are able to prove the following infinite analogue of Theorem 2,

namely:

Theorem 3. // G is a torsion-free nilpotent group in which every two-

generator subgroup has a cyclic derived group, then G is metabelian.

In the course of proving Theorem 2 it is necessary to investigate groups in

which every subgroup, which can be generated by at most three elements, is

metabelian. B. H. Neumann [7] has studied such groups with relation to questions

on varieties of groups. He showed that such a group is not necessarily metabelian.

However, the example he constructed to show this was a finite group of order

a power of two. The next result shows that this was not mere chance.

Theorem 4. If G is a finite, nilpotent group of odd order in which every

three-generator subgroup is metabelian, then G is metabelian.

Although subgroups and factor groups of regular p-groups are regular, direct

products of regular p-groups need not be regular. For this reason the following

assertion becomes interesting.

Theorem 5. // G is a regular 3-group then G x H is regular for all regular

3-groups H if and only if G' is of exponent at most three.

Theorem 2 arouses the question of whether the restriction to nilpotent groups

was necessary. The concluding theorem, due to G. Higman, for which we have

found an elementary proof, gives a partial answer to that question:

Theorem 6. Let G be a finite group in which every subgroup which can

be generated by two elements has a cyclic derived group. Then G is solvable

and moreover, if p is the largest prime dividing the order of G, then a Sylow

p-subgroup of G is normal in G.

The proofs of these theorems are organized in the following fashion. In the

remainder of Chapter 1 the pertinent definitions and notations are described and

a summary of the basic results on finite p-groups, which we shall require, is

given. Chapter 2 contains the proof of Theorem 2 with the proof of Theorem 4

inserted in §2.2. Chapter 3 is devoted to the proof of two consequences of Theorem
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2, namely, Theorem 1 and Theorem 3. The proofs of Theorem 5 and Theorem 6

are to be found in Chapters 4 and 5, respectively.

Before proceeding further, the author would like to acknowledge, with deep

appreciation, the advice and encouragement given him by Professor G. Higman.

1.1. Notation and definitions. Let G be any group and x,y,xl,y1,x2,y2, ■■■

be some of its elements. Then | G | is the order of G and | x | is the order of the

element x. We denote the subgroup of G generated by xux2,by {x!^,...}.

Furthermore, we define a commutator

(x,y) = x"1^"1^

and inductively

(x1, ...,x„,xn+l) = ((Xi, ...,xn),xn+1).

We also let xy = y~1 xy = x(x,y) and

(x1,...,xm; yu...,yR) = ((xu...,xj, (yu ...,yB)).

If K,H,HUH2,... are subgroups of G then we denote by (H,K) the subgroup

of G generated by all elements (h, k) for heH, ke K. And recursively,

{Hu ...,Hn,HB+1) — ((Hi,...,H„), Hn+1).

The derived series of G is defined as follows:

G' = (G,G),

G(»+D = (G(«0 GW)

and G(n) is called the nth derived group of G. G' is also called the commutator

subgroup of G. The lower central series of G is obtained by letting

Gj = G,

G„+i = (G„,G).

Note that G2 = G'. If G" = 1 then we say that G is metabelian and if Gc+1 = 1

but Gci=\ then we say that G is nilpotent of class c. The center of the group

G is denoted by Z(G).

A finite group of prime-power order, say pm, is called a p-group. If G is a p-

group then U'G denotes the subgroup of G generated by all elements xp*, where

x € G. The subgroup of G generated by all elements of order at most p" is

denoted by QaG. The Frattini subgroup of G is written 0(G), and is the inter-

section of the maximal subgroups of G.

A p-group G is said to be regular provided for any two elements x and y of

G we can express, for each positive integer a,

(xyY' = xpy"cfcr...cf
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for suitable elements c1,c2,...,cs of the derived group of the subgroup generated

by x and y. Of course, cu ...,cs depend on a as well as x and y. From this de-

finition it is clear that subgroups and factor groups of regular groups are regular

and that a p-group G is regular if and only if every two-generator subgroup

of G is regular.

1.2. Basic results on ^-groups. In this section we summarize the fundamental

facts on p-groups that we shall require in later arguments. For the proofs of

these assertions the reader should consult [2] (especially Chapters 10 and 12)

and [3]. Throughout this section G will denote a finite p-group.

A very fundamental result is the Burnside Basis Theorem. The factor group

G/0(G) is an elementary abelian group. If this factor group has order pr then any

set of elements which generate G contains a subset of r elements which generate

G and which map onto a basis of G/0(G) under the natural homomorphism.

Conversely, any set of r elements of G, which map onto a basis of G/<1»(G), will

generate G.

Because of this theorem the phrase "G is an r-generator group" is unambiguous

and if we say that G is generated by r elements then we mean the number r

defined by the theorem. If however, we should say G can be generated by s ele-

ments then we mean only r ^ s.

Since G/0(G) is elementary abelian we have that 0(G) ^ G'U^G). However,

equality holds, that is, 0(G) = G'U^G). Also, the above theorem then implies

that if G is generated by xu ...,xs and G' then G can be generated by xt, ...,xs.

Let G = Gt S G2^ G3 ^ ... be the lower central series of G. There exists

some integer k such that Gk = 1 so that G is nilpotent. If G is generated by

xx,...,x, then G„ can be generated by all elements (xh.xin), for xtl,...,xtll

among the Xj, and G„+1. If N is a normal subgroup of G then the nth member

of the lower central series of G/N is (G/N)„ = GnN/N.

If H is a nonidentity normal subgroup of G then H O Z(G) # 1. In particular,

if H has order p then H £ Z(G). Finally, there exists a normal subgroup K

of G such that Ksfl and the index \H : K] of K in H is equal to p.

The following commutator identities will be frequently used in later arguments.

If x, y and z are elements of G then

(xy,z) = (x,z)(x,z,y)(y,z),

(x,yz) = (x,z)(x,y)(x,y,z).

As with all the material in this section, no reference will be given to these

equations when they are used. If the derived group of G is central and of ex-

ponent at most p and if n is a positive integer then

(xy)"" = xpY"
provided p is an odd prime.
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We can now prove the well-known assertion we made above that any regular

2-group is abelian. For let G be a regular and nonabelian 2-group. Then G/U'(G')

is nonabelian. But the definition of regularity, for a = 1, insures that if x and y

are elements of G/U^G') then

{xyf = x2y2.

If we cancel an x on the left and a y on the right of this equation then we have

xy = yx which is a contradiction because this holds for all x and y in G/U^G').

Chapter 2. Proof of Theorem 2

We first note that it is sufficient to prove this theorem for finite p-groups,

where p is an odd prime. If the theorem is not true then we can choose a finite

p-group G which is a minimal counterexample to the theorem. That is, Theorem 2

holds for every p-group having its order smaller than the order of G. This group

G shall remain fixed throughout Chapter 2, and we shall study G and finally

obtain a contradiction to its supposed structure.

The proof proceeds in four stages. In §2.1 we prove some lemmas which give

a general description of G. In §2.2 we insert the proof of Theorem 4 and make

an application of that theorem to G. §2.3 contains many technical lemmas which

give detailed information on G. The last section contains the final contradiction.

2.1. A general description of G. The first lemma of this section is a technical lemma

which we shall use in various calculations with commutators. The last two lem-

mas give us a general description of the structure of the group G. For example,

we determine the order of G", the class of G' and the structure of the center of G.

Lemma 2.1.1. Let H be any group.

(i) If(H2,H3) = 1 and xeH', yeH then

(x.yy1 = (x-\y).

(ii) If H" = l and x,y,zeH then

(x,y,z)(y,ztx)(z,x,y) = 1.

(iii) IfH" = 1 and xeH',y,zeH then

(x,y,z) = (x,z,y).

(iv) // x,yeH such that (x,y,x) = 1 then for any positive integer n,

(xn,y) = (x,yT.

(v) If H" = 1 and x,yeH then for any positive integer n,

(x,/) = (.x,yP(x,y,yP ...(x,y7^TyP.
Proof, (i) First note that (x, y, x~l) e (H2, H, H2) = (H3, H2) = 1 so (x, y, x~ *)

= 1. Hence   1 = (xx~\y) = (x,y)(x,y,x~1)(x~\y) = (x,y)(x~1 ,y).
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(ii) This statement follows from the equation (x, y)z = (xz, y*) (see Zassenhaus

[8, p. 83]).
(iii) First (y, z,x) = 1 because (y, z)eH'. Thus, from part (ii) of this lemma,

we have

1 = {x,y,z){z,x,y)

so (x, y, z) = (z, x, y)~1 = ((z, x)~l, y) = (x, z, >>), by part (i).

(iv) We shall prove this assertion by induction on n. For « = 1 the equation

is trivial. If it is true for n then

(x"+1,y) = (x"x,y) = (x",y)(xn,y,x)(x,y)

= (x,yn(x,yT,x)(x,y)

by the inductive hypothesis, so

= (x,y)"(x,y,xy(x,y)

= (x,y)n+1

follows from the inductive hypothesis applied to the elements (x, y) and x since

(x,y,x;x,y)'=(l;x,y)** 1.
(v) This part will also be proved by induction on n. If it is true for n then

= (x,y"y) = (x, y) (x, /) (x, /, y)

= (x,y)- (x,y)Kl\x,y,yf2) ...(x,y.yfn)

■ (x, yr\x, y, yf2)... (x, jC3)U, V

which is, because ff" = l and by part (iv),

= (x,y)- {x,y)Cl\x,y,yP + (S) ...

• .•■•(*, jC3rJ

- tw)1 1 \x,y,yJ 2} ...(x,y~?yr+l) .

Lemma 2.1.2. (i) Every proper subgroup and proper factor group of G satisfies

the hypothesis of the theorem and so is metabelian.

(ii) G has either three or four generators in a minimal generating set.

(iii) The center Z(G) of G is cyclic.

(iv) G" has order p.

(v) G' is of class two.

(vi) U^C) is a central subgroup of G'.

(vii) G is a regular p-group.
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Proof, (i) Since G is assumed to be a minimal counterexample to the theorem,

the last part of the assertion is implied by the first part. However, every subgroup

of G clearly satisfies the hypothesis of the theorem. Finally, if JV is a normal

subgroup of G and xN and yN are elements of G/N, for elements x and y of

G, then (x, y)N generates the derived group of the group generated by xN and yN.

(ii) Since G is not metabelian G' cannot be generated by a commutative set.

Hence, there exist elements a, b, c, and d of G such that (a, b;c,d) / 1. The sub-

group of G generated by a, b, c and d is not metabelian, so by part (i), this sub-

group is G itself. Hence, G has at most four generators. But, if G could be generated

by two elements then G' would be cyclic so that G" = 1 and this would be a

contradiction. Therefore, G has either three or four generators.

(hi) If the center of G is not cyclic then we may choose central subgroups

Zl and Z2 of G, each of order p, such that Zt n Z2 = 1. The mapping of G into

G/Zj x G/Z2 defined by sending geG to <g(Z1,gZ2> is consequently a mono-

morphism. But G/Zl and G/Z2 are metabelian, by the first part of this lemma,

so we have G embedded in a metabelian group (which does not necessarily

satisfy the hypothesis of the theorem) so G is metabelian, and this is a contra-

diction.

(iv) If G" has order greater than p then we may choose a normal subgroup

H of G contained in G" and of index p in G". Then (G/H)' = G'/H so G/H is

not metabelian and this contradicts part (i) of this lemma.

(v) Since G" is normal in G' and of order p it is contained in the center of

G' so (G')3 = (G",G') = 1 and G' has class two.

(vi) The subgroup Ö1(G') is generated by all elements xp for x e G'. Therefore,

it is enough to show that (xp,y) = 1 whenever x,yeG'. But (xp,y) = (x,y)p by

Lemma 2.1.1.(iv) and part (v) and (x,y)p = 1 because G" has order p.

(vii) For any elements x and y of G we need only show the existence of the

equation defining regularity for <x= 1 (see M. Hall [2, p. 184]). That is, it is enough

to show there exists an integer k such that (xy)p = xp.yp(x, y)kp. If H is the sub-

group of G generated by x and y then H' is cyclic and hence generated by (x, y).

The derived group of H/ül(H') is H'/U\H') and therefore of order p. Thus

Hf&(H') is of class two and

(xy)p = xpyp(y,xfPlXmoc\\AoV\H')),

or

(xy)p = xyOnoduloü'Cff')),

because p is odd. Since (x,y)p generates 13\H') we are done.

Lemma 2.1.3. (i) G/l5l(G') is of class at most three if p = 3 and is of class at

most two if p > 3.

(ii) G'(U\G') is abelian so <D(G') = Ul(G').

(iii) If xu ...,x„ generate G then the elements (x,-,x;),/or i < j, and (xi,Xj,xk),
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for i <j < k, generate G'. However, if p > 3 then G' is generated by the elements

(x„ Xj), for i < j.

(iv) // x and y are elements of G then (x,y,y), (y,x,y)eö1(G'). If

p > 3 and zeG then (x,y,z)e 151(G').

(v) // Xi, x2 and x3 are elements of G and a is a permutation of {I, 2, 3} then

(xffl,xff2,x„3) = (-iy(xux2,x3) (modulo U\G'))

where (—1)" = — 1 if a is an odd permutation and {— Vf = 1 otherwise.

Proof. If x and y are elements of G then let H be the subgroup generated

by them. H' will be generated by (x,y). If H' = 1 then (x, y,y) = 1 and if H' 1

then H3 is a proper subgroup of H' so (x, y, y) is an element of the cyclic subgroup

generated by (x,y)p. In either case, in G/15X{G') every two elements a and b

satisfy the identical relation (a,b, b) = 1. From this identity the structure of

G/l3l{G') follows, Levi, [5], and we have (i), the first part of (ii), (iv) and (v). Also

<D(G') = 15\G')G" but since G'/ü\G') is abelian implies &(G') G" we have

<D(G') = &(G'). Finally, (iii) follows from (i) and (ii).

This last lemma surprisingly shows that the case p = 3 is the most difficult

with which to deal. In fact, several lemmas that we shall prove later are trivial

if p > 3.

2.2. Proof of Theorem 4. We wish now to improve the statement of Lemma

2.1.2.(ii). To do this it will be necessary to prove Theorem 4. Indeed, Theorem 4

has the following consequence:

Corollary 2.2.1. The group G has exactly three generators in a minimal

generating set.

Proof. By Lemma 2.1.2.(ii) we know that G has either three or four generators.

Suppose that the latter possibility occurs. Then every three-generator subgroup

of G is a proper subgroup and hence is metabelian, by Lemma 2.1.2.(i). By

Theorem 4, G is metabelian and this is a contradiction.

We now turn to a proof of Theorem 4. Let H be a group which satisfies the

hypotheses of the theorem and assume that every group which also satisfies these

hypotheses, but has smaller order than H, is metabelian. It is enough to show

that H is metabelian. To do this we require the following sequence of three lemmas.

Lemma 2.2.2. (i) Every proper subgroup of H is metabelian.

(ii) H has four generators in a minimal generating set or H" = 1.

Proof, (i) The hypotheses of the theorem are clearly inherited by subgroups

so by assumption every proper subgroup of H is metabelian.

(ii) If H can be generated by less than four elements then it is clearly metabel-

ian. Suppose, however, that H cannot be generated by four elements so every

four-generator subgroup of H is a proper subgroup. Then, if x,y,u,veH, the

subgroup {x, y, u, v} = K is proper so K" = 1 and therefore (x, y : u, v) = 1
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Hence, H is metabelian, because we have just shown every two commutators

commute.

Lemma 2.2.3.  i/ H is generated by four elements then (H2,H3) = 1.

Proof. It is sufficient to demonstrate that if xu ...,xm, yu ...,y„eH and

m ^ 2, n }z 3 then (x1;...,xm; yu...,y„) = l. Consider the subgroup K generated

by (x1,...,xm_1),xm,(yu...,y„-1) and yn, where (xl,,..,xm-1) = x?f-.i if m = 2.

Since (yu ...,y„-i) eH' and the subgroup ...,xm_i),xm,y„} is proper, having

less than four generators, it follows that K is proper and therefore metabelian.

Thus, the elements (xu ...,xm) and (yu ...,y„) of K' commute.

Lemma 2.2.4.  // H has four generators then H" = 1.

Proof. Let a,b,c and d be generators of H. The subgroup H2 is generated by

the elements (a, b), (a, c), (a, d), {b, c), (f>, d), (c, tf) and H3. By the previous lemma

it is enough to show these six elements commute with each other. But any two

of these which involve together only three of the generators, for example (a, b)

and (a,c), must commute by the hypothesis of the theorem. Therefore, it is

enough to prove that each of the elements

£ = (a,b; c,d),  w = (a,c; b,d),  C = (a,d;b,c)

is equal to 1. Since H has odd order it is sufficient to show that £2 = n2 = £2 = 1.

However, by the hypotheses of the theorem we have

1 = (a, be; bc,d),

so expanding this commutator and using Lemma 2.2.3 we have

1 = ((a,c)(a,b)(a,b,c),(b,d)(b,d,c)(c,d))

= (a,c; c, d)(a,c; b, d){a,b; c, d){a, b;b,d)

= (a,c;b,d)(a,b;c,d) = n£,.

Similarly, from 1 = (ad,b;c,ad) we obtain

1 = (a, b; c, d) (d, b; c, a)

= (^bjcdXa.cjM)"1 = iff1

by Lemma 2.1.1.(i). Hence n = £ = ti~1 so w2 = 1. Similarly, one can show

e = i2 = i.

2.3. Detailed lemmas. In this section we shall prove a series of six lemmas

each of which gives us detailed information about some aspect of the structure

of G. These results are all to be applied to the final lemmas in the next section,

at which time their roles will be clear. The first of these lemmas is analogous

to Lemma 2.2.3.
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Lemma 2.3.1.  (G2,G3) = 1.

Proof. By Corollary 2.2.1 we may choose three elements a, b and c which

generate G. By Lemma 2.1.3.(iii) G' is generated by {a,b), (a,c), (b,c), (a,b,c)

and O(G'). Also that lemma implies that G3 is generated by (a, b, c) and G3 n <J>(G').

Since 3>(G') is a central subgroup of G', to prove this lemma it is enough to show

that (a, b, c) commutes with each of (a, b), (a,c) and (b,c). But if (a, b,c) and

(a, b) did not commute then (a, b) and (a, c, b) would not commute because

(a, b, c) = (a, c, b)~ '(modulo <D(G'))

by Lemma 2.1.3.(v). However, if (a, b; a, c, b) # 1 then the proper subgroup of G

generated by a, b and (a,c) would not be metabelian, contradicting Lemma

2.1.2.(i). Also if (a, c; a, b, c) ^ 1 or (b, c; a, b, c) ^ 1 then either the proper sub-

group of G generated by a, c and (a, b) or the proper subgroup of G generated

by b, c and (a,b) would not be metabelian.

Lemma 2.3.2. If a,b and c generate G then (a,b,c)p= 1 or (a,b,c) gener-

ates a cyclic normal subgroup containing G".

Proof. Let H be the subgroup of G generated by G" and (a,b,c). We shall,

as a first step, prove that H is a normal subgroup of G. Since G" is a central

subgroup of G it suffices to show that every conjugate of (a, b, c) is contained in H.

To do this it is enough to prove that (a, b, c)a, (a, b, cf and {a, b, c)c lie in H. But

this is true if and only if (a, b, c, a), (a, b, c, b) and (a, b, c, c) are elements of H.

By Lemma 2.1.1.(iii),

(a,b,c,a) = (a,b,a,c) modulo G".

Also (a,b,a) is some power of (a, b), say (a,b,a) = (a,b)k. By Lemma 2.1.1.(iv)

it follows that (a, b, a, c) = (a, b, c)k since (G2, G3) = 1. Hence (a, b, c, a) e H. Sim-

ilarly (a, ft, c, b) e ff. Finally, (a, b, c, c) is an element of the derived group of the

group generated by (a,b) and c, so (a,b,c,c) is a power of (a,b,c) and thus lies in H.

Since G" is central in G every element of H can be written as a product of

an element of G" and a power of (a,b,c). Such elements clearly commute so H

is abelian. Then either H is cyclic and we are done or H is of type (pn, p) and is the

direct product of the cyclic group generated by (a,b,c) of order p" and G".

In this case either n = 1 so (a,b,c)p = 1 or U'(/7) is a characteristic subgroup

of H. In the latter case 151(H) will be a normal subgroup of G such that U'Cff)

nG" = (1). However, U^fl) must contain nonidentity central elements and, be-

cause Z(G) is cyclic, must contain G". Hence, we have a contradiction unless n = 1.

Lemma 2.2.3. Let a, b and c generate G. Then {(a, b)} n Z(G) ^ 1 if and

only if\(a,b,c)\ < \(a,b)\.

Proof. If (a,b) has order p" then {(a,fc)} nZ(G) # 1 if and only if (a,&)"""'

eZ(G). However, this holds if and only if (a, b)p"~' commutes with a, b and c.
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There exist integers s and t such that

(a,b,a)  = (a,by,(a,b,b) - (a,b),p

so

((a,by"-*,a)  = ifi,b,df-x = 1,

((a,byn",b) = (a,b,b)"'1 = 1

by Lemma 2.1.1.(iv). Since (G2,G3) = 1, ((a,^"""' ,c) = (a.b.c)"""1 so {(a, ft)}

n Z(G) # 1 if and only of (a,M""~' = 1. that is | (a, b, c) \ < | (a, b) |.

Lemma 2.3.4. There exist generators a, b and c of G such that no two of the

elements (a, b), (a, c) and (fc, c) commute.

Proof. Let a', b' and c' be any set of generators for G. Then G' is generated

by (a',b'), (a',c'), (b',c') and {a',b',c'). Since (a', fe'.c') e G3 it is central in G'.

Since G' is not abelian at least two of the elements (a',b'), (a',c') and (b',c')

must not commute.

First suppose that (a',b'\ a',c') = l but that (a',b'\ b',c')=Al and

(a',c'; b',c') ^ 1. Then let a = a'c', b = b', c — c' so that a, b and c generate

G and

(c,6;a,c) = ((a',6')(fl',&',c')(c',6'),(a',0(a',c',0)

= (a',b';a',c')(c',b';a',c')

= (a',c';&',c')*l,

(a,ft; ft,c) = ((a',6')(a',6',c')(c',b').(6'>c'))

= (a',fc';&',c')(c',&';fc',c')

= (a',b';b',c')*l,

(a,c;b,c) = ((a',c')(a',c',c');b',c')

= (a',c';Z>',c')*l.

However suppose that we have instead that (a', b'; b ,c') = (a',b'; a',c')= 1

but that (a',c'; b',c') # 1. Then, let a = a'c', b = b'c',c = c', so that

(a,b; a,c) = (a'c',b'c'; a'c',c')

= ((a',c'Ka',b')(c',b')g; (a',c')(a',c',c'))

where g is some element o/U^G'), so

(a,b;a,c) = ((a',c')(a',b')(c',b'),(a',C))

= (a',b';a',c')(c',b';a',c')

= (a'.c'; f>',c')# 1.
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Similarly

(a,b;b, c) = (a'c',b'c'; b'c',c')2

= ((a',b')(a',c')(c',b'),(b',c'))

= (a',c'; b',c') * 1

and

(a,c;b,c) = (a'c',c'; b'c',c')

= (a',c'; b',c') * 1.

All other possibilities may be handled in an entirely similar manner.

Lemma 2.3.5. Let a, b and c be any set of generators of G. Then, among

the elements (a,b,c), {a,c,b) and (b,c,a), the highest order appears twice.

Proof. Since (a, c,b) = ((a, c)~\ by1 = (c,a, b)'1 by Lemma 2.1.1.(i) and

Lemma 2.3.1, we have, by Lemma 2.1.1.(ii) that

(a, b, c)(a, c, b)~ 1(b, c, a) e G".

But suppose this lemma is not true. Then without any loss of generality we may

assume (a,b,c) has order p" and (a,c, h)p""' =(b,c,a)p" 1 = 1. We then have,

because G" has order p,

(a, b, cY"'1 (a, c, by""'' (6, c, a)""'' = 1

unless n = 1. This gives a contradiction unless n = 1. To conclude the poof

of this lemma we need only show this case cannot arise. If it did then,

(a,b,cy = i,(a,c,b) = (b,c,a) = 1.

If we can now show that (a, b; a,c) = (a,b; b,c) = (a,c; b, c) = 1 this would

imply G" = 1, by the argument in the first paragraph of the proof of the previous

lemma. However,

1 = (a,c,b,c) = ((a,c),b,c)

= {b,c,{a,c))~\c,(a,c),byx

by Lemma 2.1.1.(iii) and Lemma 2.1.2.(i). Hence, by Lemma 2.1.1.(i),

1 = (a,c; b,c) (a,c,c,b).

But (a, c, c) = (a, c)sp for some integer p so that

(a,c,c,b) = ((a,cy,b) = (a,c,by =1.

Thus (a,c; b, c) = 1. Similarly, we have

1 = (a, c, b, a) = ((a, c), b, a)

= (b,a,{a,c)T\a,(a,c),byl

= (a,b; a,c)(a,c,a,b) = (a,b; a,c),
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and finally
1 = (ft, c, a, ft) = ((ft, c), a, ft)

= (a,b,{b,c)T\b,(b,c),a)-'

= (a,b; b,c)~\b,c,b,a) = (a,b; b,c)~l.

Lemma 2.3.6. Suppose G is generated by a, b and c such that (a,b;a, c) 1

and {(a,ft)} n{(a,c)} = {1}. If G' has exponent p" then Un_1(G') is generated

by (a, b)p"'1, (a, c)""'' and (b, c)p"~1.

Proof. Since G' is generated by (a, b), (a,c), (ft, c) and (a,b,c), 15 _1(G') is

generated by the p"~1th powers of these four elements. Since n > 1, or else

U^G') = $(G') = 1 so G' is abelian, we will have proved this lemma if we can

show that (a, b, c)p = 1 or {(a, b, c)} n {(a, b)} {(a, c)} # 1. For in the latter case

(a, b, c)p" ' can be expressed as a product of a power of (a, b) and a power of (a, c).

But I (a, b, c) I ̂  I (a, ft) |, since (a, b, c)p = ((a, b)p, c) for any integer i, so this ex-

pression shows that either (a, b, c)p" 1 = 1 or (a, b, c)p" 1 can be expressed as a

product of a power of (a, b)p" 1 and a power of (a, c)p" 1.

However, suppose that (a, b, c)p # 1 and that {(a, b, c)} n {(a, fe)} {a, c)} = 1.

Then, by Lemma 2.3.2, {(a, ft, c)} contains G", so the product H = {(a, b)} {(a, c)}

•{(a, ft, c)} is a subgroup. Our assumption that {(a, b, c)} n {(a, ft)} {(a, c)} = 1

implies that every element of H can be expressed uniquely as a product

(a, fc)s'(a, c)S2(a, ft, c)s\ 0 ^ sx < | (a, ft) |,

0£s2<j(a,c)|,

0gs3<|(a,ft,c)|.

For suppose that

(a,by'(a,c)sXa,b,cy> = (fl,ft)"(a,c),2(a,ft,c)'3

so

(a,ft)s'(a,ft,cr-,3(a,c)S2 = (a, ft)"(a, c)'2

because (G2, G3) = 1. Hence

(a,ft,cr-'> = (a,ft)''-s'(a,c)'2-52

so Sj = tl5 s2 = i2, s3 — r3.

Now consider the subgroup of G generated by the two elements a and be.

Therefore, (a, be, a) must be a power of (a, be)". But

(a, be) = (a,c)(a,b)(a,b,c),

(a, be, a) = (a,c,a)(a,b,a)(a,b,c,a)

= (a, ft, a) (a, c, a) (a, ft, c, a).

Also {a,bc)p = {{a, b)(a,c)(a, b,c))p because (a, ft; a,c)p= 1. Furthermore,

(a,ft,c,a)  = ((a,b),c,a) = (c,a,(a,b))~1(a,(a,b),cyl

= (a,c; a,b)(a,b,a,c).
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LetAt and A2 be integers such that

(a,b,a) = (a,b)pA\(a,c,a) = {a,c)pA\

Then (a, b, c, a) = (a, c; a, b) (a, b, c)p*' and the condition that (a, b c, a) is a power

of (a, be) is that

(a,bYA*(a,cfAKa,c;a,b)(a,b,cYAt

is a power of (a,b)\a,c)p{a,b,c)p. Hence (a,c)p(i42_j4,)(a,c; a, fc) is a power of

(a, i>)p(a, c)p(a, b, c)p. But by Lemma 2.3.2 (a,c; a,b) is an element of {(a, b, c)}.

Therefore, we must have \(a, b, c) \ > \(a, b)\. This however contradicts the fact

that if i is a positive integer then (a, b, c)p' = ((a, b)p , c) and | (a, b, c) \ ^ | (a, b) |.

2.4 Conclusion of the proof. If the elements a, b and c generate G then (a,b),

(a, c), (6, c) and (a, c) generate G'. In fact one can easily see that every element

of G' can be expressed as a product (a, b)\a, c)\b, c)\a, b, c)' for suitable integers

i, j, k and /. We should like such expressions to be as unique as possible. The

next lemma shows that a given set of generators of G may sometimes be replaced

by a more "suitable" set of generators. This lemma will be applied to obtain a

set of generators of G which satisfy many special conditions. Once we obtain

these generators we shall be able to pick out a two-generator subgroup of G

which does not have a cyclic derived group and the theorem will be proved.

Lemma 2.4.1. Suppose G is generated by a, b and c such that | (a, c) | ^ \(a,b)\

and {(a,c)} is not a subgroup of {(a,b)}. Then we may define, for suitable non-

negative integers t and y,

a" = a, b" = b, c" = cbtp>
so that

(i) {(a',&")} n{(a",c")} = 1,

(ii) (a",b") = (a,b),

(iii) {(b",c")} = {(fe,c)},
(iv) (a",b";b",c") = (a,b; b,c), (a",b"; a",c") = (a,b;a,c),

(v) a", b" and c" generate G.

Proof. First let us show that parts (ii)-(v) hold for any elements a", b"

and c" so defined. Part (ii) is immediate and part (iii) follows from

(b",c") = (b,cbtpy) = (b,c)(b,c,b,pV)

because {b, c, btpV) must be a power of (b, c)p. Similarly, since (G2, G3) = 1, we

may prove (iv):

(a",b";b",c") = (a,b;(b,c)(b,c,b,pV))

= (a,b; b,c),

(a",b";a",c") = (a,b;(a, b'pV) (a, c) (a, c, b'pV))

= (a,b; a,c),
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for (a, b'p) is a power of (a, b) because {a, ft} has a cyclic derived group. Part (v)

is clear because a = a", b = b" and c = (b")~,pY c".

There remains only to choose t and y so that (i) holds. We show that such t

and y exist by induction on the order | (a, c) | of (a, c). If | (a, c) | = p then f = y = 0

suffice because {(a, b)} n {(a, c)} = 1. If | (a, c) | > p then either {(a, ft)} n {(a, c)}

= 1 and t = y =0 again suffice or this does not hold. In that case one of the

subgroups u'Ka.c)}, U2{(a, c)},... of {(a,c)} must be contained in {(a,b)} be-

cause these are all the subgroups of {(a,c)}. Let u"{(a,c)} be the first of these

subgroups contained in {(a, b)} so that ß > 0 and we must have a relation

(a,c)pß = (a,*)""*

where a ^ /?, because | (a, c) | ^ | (a, ft) |, and u is an integer with « f£ 0 (modulo

p). We can write this equation, denoting a = ß + y and s = — w, in the form

(a,c)p\a,bypß+7 = 1.

Before defining an intermediate set of generators a', b' and c' we pause to

record a consequence of this equation. We have, in fact,

{{a,c)p\a,by"\b°py)  = 1,

((a,c)pß,b°py)((a,bypß+\b*pV) = 1,

(a,c,bspy)pß(a,b,bspVYpß+y = 1

by using Lemma 2.3.1 and Lemma 2.1.1.(iv). But, since (a, b, bsp>) is equal

to a power of (a, b)p, we have that

(a,c,b°PYe{(a,b)pß+y+l}.

Now let a' = a, b' = b and c' = cbs"y. We need now only prove that

(a',c'y"e{(a,b)p"+l}. Förthen \(a',c') \ <\(a,c)\ and {(a',c')} is not a sub-

group of {(a', b')}. Indeed,

(a',c') = (a,bspy)(a,c)(a,c,bspy)

is a power of (a', ft') = (a, ft) if and only if

(a,c)(a,c,bspy)e{(a,b)}

or

(a,c)6SpVe{(a,ft)}

or

(a,c)e { (fl.ft)6^}  £ {(a, ft)}

which is against our original assumption. Hence, by the inductive hypothesis

we can now choose integers yt and tt such that if

a" = a', b" = b', c" = c'(ft'),",Tl-
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then

{(a",b")}n{(a",c")} = 1.

But then

a" = a, b" = b, c" = cbsp7b'lpV'

and we are done.

Thus we need only do the following calculation

(a',c')pß = (a,cbspY

= [_(a,b*pV)(a,c)(a,c,bsp7)y''

= (a,b°PY(a,c)PXa,c,b*PY-

But since ß > 0 this is

(a',c')pß = {a,c)p\a,bspy\a,c,bspY-

From above we know that (a, c, bsp )p is an element of {(a, b)p } = {(a, b)p }.

Thus to show that (a', c')pß e {(a, b)p"+'} we need only prove that

(a,cf(a,bspYe{(a,b)p^}.

However, by Lemma 2.1.1.(v), we have

(a, c)p\a, bspy)= (a, c)p" [ (a, bf1 > ... (a, b~b)

= [(a>cy\a,by"+v\ [(a,b,bt2K..(a,b,...,b)^\ .

But the original relation with which we began was that the first factor of this

expression was equal to 1. Therefore, to conclude the proof of this lemma, it

is enough to prove that

(a,b~bp h{(a,bf + '}

for i = 2,3, ...,spy. We shall do so by induction. Since (a, b, b) e {(a, b)p} and

Py\(S() forp>2,

we have

(a,b,bf2)e{(a,bf + '}.

Suppose that the assertion is true for i. Say that

i

(a,fe~fe)£{(a,b)pJ}

and pk divides

) so /'+ fe^y + 1.
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If pk is the highest power of p dividing

(f)
then py k is the highest power of p ^ i so the highest power of p ^ i +1 is at most

pv-k+1 and so

1 (£)■
Also

(ö,6~6)6{(ö,6y+4}

and so, since (j + 1) + (k - 1) = j + k 2: y + 1, we are done.

Lemma 2.4.2.   There exist generators a, b and c of G such that

(i) |(a,fc)| £ |(a,c)| ^ |(fl,M)|,

(ii) j (a, 6) I > \(a,b,c)\,
(iii) {(a, 6)} n {(a,c)} = 1,

(iv) (a,b; a,c) 56 1.

Proof. By Lemma 2.3.4 we may choose generators au bt and ct for G such

that no two of the elements (a^bj), {fluc^), (b^Cj) commute. Without any loss

of generality we may assume that

I(a^)I ;> \(alteO\ ^ \(PltcJ\.

For if this is not the case then we may rename the generators suitably.

We also wish to show that we may assume that {(a^bj)} n Z(G) =£ 1. There

are two possibilities to consider. First, suppose that {(a1,b1)} n {(fli,^)} 1.

Then there is an integer s such that

{aubjr-1 = (aljCl)J

where p" = | (ai, öt) |. Let r be an integer such that

(«i.Ci.Ci)   = Oi,c1)pr.

Then

(a^Lc/"' = ((alf *!)"""',

= (fll.Cl.Cl)'

= (a1,fei)'"""i = 1

so {(au bj)} n Z(G) ̂  1 by Lemma 2.3.3.

On the other hand suppose that {(a1;&i)} n{(a1,c1)} = 1. We may assume

that I     f»!,ct) I = p" or we can again apply Lemma 2.3.3. Similarly, if
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l^i»^)! = p" then we may assume | (at,c±, bx) | = p" and if | cx)[ = p" we

may then assume \ (b1,c1,a1) \ = p" or v/e can have our assumption by renaming

the generators. However, let us show that all these possibilities cannot occur.

By Lemma 2.3.6, U"~ \G') is generated by {au bl)p"~ \ {auclY"~' and (bi,cl)'n~1.

Also CT~1(G'), being a characteristic subgroup of G', is certainly a normal

subgroup of G and so contains central nonidentity elements of G. But n > 1,

or else <D(G') = 1 and G" = 1, so these three given generators of U"-1(G') com-

mute with one another, by Lemma 2.1.2. Therefore, any element g^\,geö"~ 1(G')

may be expressed as

g = iaubl)ipn-\a1,ciyn-\bucirn-1

for suitable integers i, j and k. Suppose (a1,b1)tpn~1 # 1. Then

(g,Cl) = ((aM***-',Cl) = (aub1,cirn-i #1

since

((ai,ciy"-,,c1) = (a1,ci,ciy<'n-1 = 1

and

((b1,c1)tp""I,c1) = (&1,c1,Cl)kp""1 =1.

Similarly, g will not commute with by or ax if(a1,ciyp"-Vlor (ft^q)*""-' # 1

respectively. Thus g is not central in G for any     1, # e Un_1(G'), a contradiction.

Thus we have just shown that there are generators alt b^ and cx of G such that

(i) No two of (a^bi), (a^q) and (i^q) commute,

(ii) \{aM\ ^ |(a1)Cl)| £ \(buCl)\,

(iii) {(fli.Mn Z(G)#1.
Because of (i) neither {(a1,c1)} or {(bn^)} are subgroups of {(a^bj)}. Thus

we are in a position to apply Lemma 2.4.1. In fact we may apply it to (a^bx)

and (ai.cj and so obtain another set of generators a2, b2 and c2 such that

(i) {(a2,b2)}r\{(a2,c2)} = \,

(ii) (a2,b2; a2,c2) # 1, (a2,b2; b2,c2) # 1,

(iii) |(a2,t2)| ^ |(fl2.c2)|, I («2.62) I ^ |(^2.c2)|,

(iv) {(a2,y}nZ(G)#l.

The third statement is clear oecause (a2,b2) = (aubi) has order equal to the

exponent 01 G'.

We may now apply Lemma 2.4.1 again, this time to the elements (a2, b2) and

(b2, c2) and obtain a new set of generators a3, b3 and c3 such that

(i) {(a3,b3)} n {(a3,c3)} = 1, {(a3,b3)} n {(fc3,c3)} = 1,

(ii) (a3, b3; a3, c3) ^ 1, (a3, c3; fc3, c3) ^ 1,

(iii) j (£13,63) I ^ |(«3.C3)|.|(fl3.*3)| ^ |(*3.C3)|,

(iv) fey}nZ(G)/l.
On account of (iv) we have |(a3,b3)|>|(a3)b3,c3)|. If \ (a3,c3)\^\(a3,b3,c3)\

then the elements a = a3, b = b3 and c = c3 will satisfy the conclusions of this

lemma. Similarly, if | (b3, c3) | ^ | (a3, fc3, c3) | then by defining a = b3, b = a3,
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c = c3 we would be done because (a3,b3,c3) = (h3,a3,c3)_1 by Lemma 2.1.1.(i).

Thus we need only show that we cannot have | (a3, b3, c3) | > | (a3, c3) | and

|(a3,&3,c3)| > |(ft3,c3)|. But if this did occur then we would have, since

|(fl3»c3)| ^ \(a3,c3,b3)\ and \(b3,c3) | £ | (fc3,c3,a3)|, that \{a3,b3,c3)\

> |(ß3>c3>*>3)| and \(a3,b3,c3)\ > \(b3,c3,a3)\, contradicting Lemma 2.3.5.

Thus, the lemma is proved.

We now conclude the proof of the theorem.

Lemma 2.4.3. Let a, b and c be generators of G as in the previous lemma.

Let H be the subgroup of G generated by ab and c. Then H' is not cyclic.

Proof. Denote x = (a, b), y = (a, c) and w = (a, b, c). Let At and A2 be in-

tegers such that (x, a) = xpA\ (y, a) = ypA\ Then using Lemma 2.1.1,

(w,a) = (x,c,a) = (c.a.x)"^^,^-1

= 0,x)(x,a,c) = (y,x)(xpAi,c)

= (y,x)(x,c)pAl = (y,x)wpA>.

Since | w | < | x |, we have by Lemma 2.3.3 that {x} nZ(G) ¥= 1 so G" = ß^ZtG))

is a subgroup of {x}. If | x \ = p" then there is an integer r, r # 0 (modulo p) such

that(y,x) = x,p"-1.

Before proving the assertion of this lemma we first shall determine a relation

between the constants Ax and A2. This is done by considering the subgroup

of G generated by a and be,

(a,be)    = yxw,

(a,bc,a) = ypA*xpAixtpn~lwpA\

However, (a,bc,a) is a power of (a,be) and this implies yP^-AOxtP"'1

is a power of yxw. Therefore, there exist integers m and s, 0 < m ^ n — 1 and

s#0 (modulo p) such that

(yxwr"" = y'^-^'x""-1

so
W»P""  _ yPAi~pAi-spmxtp"-i-spm

If m < n — 1 this implies | w | = | x since {x} o {y} = 1. Hence m = n — 1 and

wp" 1 = 1, because | w \ < | x |, and thus

yPA2-pA,-spn-1xtpn-l-spn-1 _ j

Therefore we may assume that

s =

P^2 = pÄ! + tp"'1 .

Now we are in a position to deal with the subgroup H.
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(a", c) = (a(a, b), c) = (ax, c) = y(y, x)w

= yx p    w ,

(ab, c, ab) = (yx'p" ' w, ax) = (yw, ax)

= (yw,x)(yw,a)(yw,a,x)

= (y,x)(y,a)(w,a)

= xtp"'lypAl+"''"ixtp"'iwpAi

— x       yp w

If (a^.c.a6) is a power of (ab,c)p = (yw)p then we must have that x2tp"''1

is a power of (y w)p. If wp = 1 this is impossible because {x} n {y} = 1. Hence

wp j= 1 and by Lemma 2.3.2 {w} contains G" as a subgroup. But G" = {xp"'1 } so

we must now have that {y} n {w} = 1. But then there must exist integers q and

r with r =^ 0 (modulo p) so that

Then q < n — 1 because | w | < | x |. Hence

But this implies yrp9 = y'p" = 1. Then wrp' = 1 since | w| ^ \ y\ so we finally

have that x2tp" = 1, which contradicts one assumption that x has order pre-

cisely p .

Chapter 3. Consequences of Theorem 2

3.1. Proof of Theorem 1. The following lemma gives Theorem 1 as a corol-

lary of Theorem 2.

Lemma 3.1.1. // H is any regular 3-group which can be generated by two

elements then H' is cyclic.

Proof. Since H is a regular 3-group, given any element u and v of H we can

express

/    \3 3 3(uv)     =« V w

when w is a product of cubes of commutators in u and v. Hence the group

H/X5X(H') satisfies the identical relation

(xyj3 = x3j>3.

By results of Levi [6] any group which satisfies that identical relation satisfies

the identical relation

(x,y,y) = 1.



1963] ON A SPECIAL CLASS OF REGULAR p-GROUPS 97

But since H/l5l{H') can be generated by two elements this implies H'/U\H')

is cyclic so H' is cyclic.

However, instead of using Levi's results, we can apply the "collection process"

and prove the next lemma, which completes the above proof without a reference

to Levi.

Lemma 3.1.2.  Let H be a 3-group such that

(i) H can be generated by two elements,

(ii) H satisfies the identical relation (xy)3 = x3y3,

(iii) Every element of H' has order at most three. Then H is of class at most

two.

Proof. If H is not of class two then neither is H/HA and this factor group

also satisfies conditions (i), (ii), and (iii). Therefore we may assume that H has

class at most three. Therefore, if x, y e H,

x3y3 = (xy)3 = xyxyxy

= x2y(y,x)yxy

= x3y(y,x)2(y,x,x)y(y,x)y

= x3y\y, x)\y, x, y)\y, x, x) (y, x) y

= x3y\y, x)\y, x, y)\y, x, x) (y, x) (y, x, y).

Hence

(y, x, y)\y, x, x) = 1.

But this must also hold if we replace y by y2, so

(y,x,y)2(y,x,x)2 = l

and

(y,x,x) = (y,x,y) = 1.

Therefore, H has class at most two.

3.2. Proof of Theorem 3. Let G be any torsion-free nilpotent group in

which every two-generator subgroup has a cyclic derived group. Suppose

G" # 1 so that there exist elements a, b, c and d of G such that (a, b; c,d) ^ 1.

Consequently, the subgroup K generated by a, b, c and d is not metabelian.

However, since K is a finitely generated, torsion-free, nilpotent group, it is re-

sidually a finite p-group for any prime p (Gruenberg, [1]). This means, given

any element u of K, that there exists a normal subgroup N of K such that u

does not lie in N and K/N is a finite p-group. In particular, if u = (a,b; c,d)

and p is an odd prime, then K/N satisfies the hypotheses of Theorem 2 but

is not metabelian, and this is a contradiction. Hence G" = 1.
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Chapter 4. Direct products of regular 3-groups

In this section we shall prove Theorem 5. First, however, we shall prove a

lemma, which incidentally justifies the title of this work.

Lemma 4.1. Let G be a finite p-group, for an odd prime p, such that every

two-generator subgroup of G has a cyclic derived group. Then G is regular.

Proof. The proof of part (vii) of Lemma 2.1.2 may be used.

As a consequence of this lemma and Lemma 3.1.1, we now have

Lemma 4.2. // G is a finite 3-group then G is regular if and only if every

two-generator subgroup of G has a cyclic derived group.

We may now use this lemma to prove Theorem 5. Indeed, let G be any regular

3-group in which U^G') = 1. Furthermore, let H be any other regular 3-group.

Denote elements of G x H by <a,h> for geG, heH. Suppose that (gl,h1y,

(g2,h2y are elements of G x H, gteG, hieHu i = 1,2. Then

«01>"l>> <02>«2» = <l9i,9i), (fci,n2)>

and

«ffi.*i>. <02>«2>> <02."2» = <(9i>92,92)>(hi,h2,h2)y.

To show that G x H is regular we need only prove that the second of these ele-

ments is a power of the first one. But (glt g2,g2) = 1 since it must be a power of

(g1,g2)3 = 1. Therefore, the second element, (l,(hl,h2,h2)y is the same power

of <(ai,02)>("i>"2)> as («i.«2.«2) is of (huh2).

Conversely, suppose G is a regular 3-group and U^G') # 1. Let gt and g2

be elements of G such that (ai,gr2)3 ^ 1- Then we may choose positive integers

a and m, with m # 0 (modulo 3), such that

(0i,02»0i) = (9u92)m3*-

Let H be the group generated by ht and h2 with relations

h{   . = h2     = (hl,h2)       = 1,

(huh2,h2) = 1,

(h»hM = (huh2ym3*

so H is a regular 3-group, by Lemma 4.2. Now consider the subgroup K of

G x H generated by (fl,..^) and <fl2,n2>. Then

«0i,ni>. <02>"2» = <(9i,92)Ahi,h2)y

and
((9uhyy,<9M,(9uKy) = <(9u92)m3",(h1,h2)-m3"y

so X' is not cyclic. Therefore G x H is not regular.
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Chapter 5. The solvability of a certain class of groups

In this final section we shall prove Theorem 6. It is sufficient however to prove

instead the following assertion: If G is a finite group in which every two-generator

subgroup has a cyclic derived group and p is the largest prime dividing the order

of G then a Sylow p-subgroup S of G is normal in G. Since the conditions of

the hypothesis of this statement are inherited by subgroups and factor groups,

this assertion implies that G is solvable. We now shall prove this statement by

induction on the order of G. We may assume S is not normal in G and that D

is a maximal intersection of Sylow p-subgroups of G. If JV is the normalizer of

D in G then N contains more than one Sylow p-subgroup (Zassenhaus [8,

p. 138]), so by induction we must have JV=G. Therefore D is a normal subgroup

of G. If D i= 1 we may conclude by applying the inductive hypothesis to G/D.

Therefore, we may assume that any two Sylow p-subgroups of G have a trivial

intersection.

Thus, to finish the proof it will be enough to prove the following: If x is an

element of G of order a power of p, say pm, and y is any element of G then x and

xy generate a subgroup of G of order a power of p. But suppose x and y are

two such elements. The derived group K' of the group K generated by x and y

is cyclic. The element (x, y) generates a characteristic subgroup of K', since

every subgroup of a cyclic group is characteristic. Therefore {(x, y)} is a normal

subgroup of K. But K' is generated by (x,y) and its conjugates in K so

K' = {(x, y)}. Let (x,y) = uv where u is of order a power of p and v has order

prime to p and uv = vu. Now xy = x(x,y) has order pm, being a conjugate of x.

Hence 1 = (xuv)pm = (xu)pmvpm because x must commute with v, since p is the

largest prime dividing the order of G. But x normalizes {«} so xu has order a

power of p so vpm = 1. Hence v = 1 and (x, y) = u, K = {x,xy} = {x, u} is a p-

group.
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