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1. Introduction and summary. Let {X(t), O^t^l} be a real, centered

stochastic process with independent increments with no fixed points of disconti-

nuity and with X(0) = 0. The random variable X(t) has then, for any 0 ^ t ^1,

an infinitely divisible distribution function F(t,x) with characteristic function

4>(t, v) satisfying Levy's [9] formula

(1)       log     v) = iy(t)v - lu2(t)v2 +[f + f" A{u, v)duH(t,") ,

where y(t) and o(t) 0 are continuous functions and a{t) is nondecreasing,

A(u,v) = e'"" — 1 — ivu/(l + u2), H(t,u) is, for any te[0,1], defined and non-

decreasing for u < 0 and u > 0, H(t, - oo) = H(t, + oo) = 0 and, for any finite

£>0,

[ I    + J   u2d«H^ ")] < 00 •

For any t£[0,1] and u<0(u>0), the function H(t, u) (-H(t, u)) is equal

to (see Doob [3, VIII, §7]) the expected number of jumps of the process X(t) be-

fore time t of size less than u (larger than u).

We remind the reader that an infinitely divisible distribution function F(x)

is said to belong to the class L(FeL) if it is a limit, in the sense of weak conver-

gence, of a sequence of distribution functions Fn{x) of the form

F„(x)=p[Xi+-Bn+x--A„<xy

where {Xj} (j = 1, 2, 3, ...) is a sequence of independent random variables,

B„ > 0 and A„ are some sequences of constants, and Xj/B„ is asymptotically

constant.

If F e L, the function H(t, u) assigned to F by formula (1), has for every t e [0,1],

at any point u < 0 and u > 0 right and left derivatives in u and uH'(t, u) is non-

increasing for u < 0 and w > 0, where H'(t,u) denotes either the right or the left
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derivative in u. The function H(t,u) satisfies for arbitrary wt < u2 < 0 and for

arbitrary 0 < ut < u2 the inequality

for any 0 < a < 1. (See Gnedenko and Kolmogorov [5, §30].)

We introduce the following

Definition. The stochastic process {X(i), 0 ^ t ^ 1} with independent incre-

ments will be called a L-process if, for any 0 ;£ t ^ 1, the distribution function

F(t, x) of X(t) belongs to L.

By Kolmogorov's [7] theorem, any real stochastic process {X(t), 0 ;S t ^ 1}

induces in the space 91 of real functions a probability measure Px, defined on the

minimal Borel field & of subsets of 51, generated by the cylindric sets, i.e., by the

sets of all real functions/(r) such that, for n = 1,2,3, and any tu---,t„ from

the interval [0,1], the vector {/(tj,...,/~(r„)} takes on values from Borel sets in

the n-dimensional Euclidean space.

Let now Pt and P2 be two measures defined on a Borel field 3F from some

space 91. The measure P2 is said to be absolutely continuous with regard to Pt

(P2 < Pj) if, for any set A e <F, the equation P^A) = 0 implies P2(A) = 0. If

both Pt P2 and P2 < Plt the measures Pi and P2 are called equivalent

(Px ~ P2). The measures Pt and P2 are said to be orthogonal or mutually sin-

gular (Pj -L P2) if for some AeF both of the equations

The question of equivalence and orthogonality of measures in function spaces

has attracted much attention. The pioneering work is due to Kryloff and Bogoli-

uboff [8], An important result is due to Kakutani [6] who has shown that if P;

(i = 1,2) is a probability measure induced by a sequence of independent random

variables Xtj (j = 1,2, •••) and for every j the probability measures of X^-and X2J

are equivalent, then either Pt ~ P2 or Pt _L P2. The problem of equivalence and

orthogonality of measures induced by Gaussian processes has been discussed by

Cameron and Martin [2], Prohorov [10], Baxter [1] and Feldman [4]. Necessary

and sufficient conditions for the relation P2 <^ Pt when Pj and P2 are probability

measures induced by processes with independent increments whose parameter

range is finite have been given by Skorohod [11]. It is the purpose of this note

to give conditions for PXi ±PX2 when PXl and PX2 are induced by centered

L-processes with finite parameter range. It is shown, in particular, that if the

L-processes are stable processes with unequal H(t,u) functions, then PXl A-PXr

2. Theorems and proofs. Let {X^t), O^t^l} (i = l,2) be L-processes

with H;(t, u) in formula (1). If, for some ( and —oo<u<0or0<u<oo, both

(2)

P^A) = 0,      P2(% -A) = 0

hold.
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H^t, u) and H2(t, u) are identically 0, we shall agree to say that, on the considered

half-line in the plane (r,w), H2(t,u)//fi(<,u) = 1. We shall prove the following

theorems.

Theorem 1. Let PXl and PXl be probability measures induced in the space

of real functions by the centered L-processes {X^f), 0 ^ t ^ 1} and {X2(t),

0 ^ t ^ 1} with no fixed points of discontinuity, with -X\(0) = X2(0) = 0 and

with yi(t), Oi(t) and Hi(t,u) (i = 1,2) in formula (1). Let H[{t,u) (i = 1,2,) denote

the left-hand and right-hand derivatives in u of H(t,u) for u < 0 and u > 0, re-

spectively. If, for some t0e(0,1], H^t^u) and H2(t0,u) are not identically 0,

the limits in (3) and (4), finite or infinite, exist, and at least one of the relations

(3) P-(to)= lim|#4=l.

(4) P+(to)= lim#&4 = l

does not hold, then PXl±PXr

^o-H[(t0,u)

Um *f>ul
«io + Hjfto,")

Theorem 2. Let PXl and PXl have the same meaning as heretofore. If X^t)

and X2(t) are centered, stable processes and, for some toe(0,1], H^o,w) #

H2(t0,u), thenPXiLPXl.

The proof of Theorems 1 and 2 will be preceded by the proof of three lemmas

concerning the H function of F e L. For the sake of brevity, we shall write in the

formulation of the lemmas and their proofs H(u), without referring to the argu-

ment t.

Lemma 1. Let the distribution function FeL and let H(u) correspond to F

by formula (1). Then for u < 0 (u > 0) the relation

(5) lim H(u) = oo (lim H(u) = - oo)
«to— «10+

holds, unless H(u) = 0 for u < 0(u > 0).

Proof of Lemma 1. Suppose that H(u) ^0 for u < 0 and that relation (5)

does not hold. Since H(u) is nondecreasing,

(6) lim H(u) = a < oo,
M t 0 —

and, by the continuity of H(u), it would be possible to find for arbitrary e > 0 and

« > 0 two numbers ut < u2 < 0 such that 1| < n and H(u2) — H(ut) < e. Since

r\ is arbitrary, it would then follow from formula (2) that the increment of H on

an arbitrary large interval [t^/a, u2/a] is less than £. Taking into account that
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£ > 0 may be arbitrarily small, we would get 77(u) m 0 for u < 0, contrary to the

assumption; relation (5), therefore, holds.

The case of u > 0 may be proved in the same way.

Lemma 2. Let F e L anu let H(u) be the function assigned to F by formula (1).

If, at some point u0<0 (u0 > 0), 77(u0) > 0 (H(u0) < 0), the function H(u) is for

all u0 ^ m < 0 (0 < u ^ u0) strictly increasing.

Proof of Lemma 2. Let H(u0) > 0 at u0 < 0 and suppose that at two points

u' and u" (u0 <; u' < u" < 0) the equality H(u') = H(u") holds. Since H(u) is

nondecreasing this would imply H(u) = const, for u' ^ u ^ u".

Now relation (2) implies that for any ulf u2 such that ux <u2<u" and u2 — ux

= u" — m' the inequality

(7) 77(u")-77(U')^77(m2)-77(Ui)

holds. Indeed, suppose for the moment that u' < u2 and take a = u "/u2. We have

then by (2)

77(u") - 77(u') 2 77(u2) - 77 (^r-) ^ B(u2) - 77(Ul).

If we drop the assumption «' < u2, we arrive at (7) by repeating the argument a

finite number of times.

Take now points wx < w0 < u2 < ••• < uk < u' < uk+1 < u" < 0 such that

Uj — Uj-! = u" — u' (J = 2, fc + 1). Since 77(u) is constant for u' ^ u ^n",

the same will, by relation (7), be true for the interval [«i,«"]. Since we can extend

this procedure to any interval [a,«"] with a < «0, the increase of 77(u) on an ar-

bitrary large interval (a, u") would be equal 0, contrary to the assumption that

77(m0)-77(-oo)>0.

For u > 0 the proof runs along the same lines.

Lemma 3. Let 77(u) be the function assigned to FeL by formula (1). Then

77(m) is an absolutely continuous function on (-co, 0—) and on (0+, co).

Proof. For the proof it is sufficient to show that 77(u) is absolutely continuous

on any interval [a,o] with a<fc<0 or 0<a<b. Let a < b < 0 and 77(fe) =A 0.

For an arbitrary £ > 0 take c < b such that 77(b) - 77(c) < £. Put 5 = b - c and

consider the disjoint intervals (ahbt) (i = 1,2, --^n) with a ^ ax < bx < a2 < b2

< ■■■ < a„< b„^ b such that £"= x (bt - at)<5 and otherwise arbitrary. By (7)

we get

I [77(b;) - 77(a,)] < e.
i= 1

Since n is arbitrary, the absolute continuity of 77(u) on [a, b] has been proved.

For intervals on the half-line u > 0, the proof is analogous.
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Proof of Theorem 1. We remark first of all that, without restricting the

generality of our considerations, we may assume that X^t) and X2(t) are sepa-

rable. Indeed, if they were not separable, we would consider the separable pro-

cesses X*(t) and X*(t) that are stochastically equivalent to Zt(t) and X2(t),

repectively. (See Doob [3, p. 57].) Since, for i = 1,2, the finite dimensional

distributions of Xt(t) and Xf(t) are identical, the probability measure Px* induc-

ed in 51 by Xf(t) is equal to PXi for any set A from !F. Therefore, to show that

PXl -LPx2 it would be enough to show that for some set A from !F both of the

equations Px\ {A) = 0, Px* (A) = 1 hold. We therefore assume, in the proofs of

Theorems 1 and 2, that X^t) and X2(t) are separable and, in proving orthogo-

nality, we shall use sets A e & only.

We remark now that the sample functions of a centered, separable L-process

{X(t),0 ^ t g 1} with no fixed points of discontinuity and with H(t0,u) ^0 for

some roe(0,1] are discontinuous, with probability 1. Indeed, let N„ denote the

number of jumps before t0 either of sizes (—2"", — 2~"-1] or of sizee(2~"_1,2-'1].

Then the N„ form a sequence of independent Poisson variables with

Xn = £(N„) = tf(- 2-"-1) - H(- 2-") + H(2~n) - H(2_"_1).

By Lemma 1, we have Z„"iAB = oo. This implies (see [3, p. 115, Theorem 2.7

(ii)]) that Entity, = oo, with probability 1.

Let now H^to,") and H2(t0,u) not be identically 0. Denote by Ni(to,0—) and

Ni(ro>0 +) (i = 1,2) the number of jumps before t0 of the process X^t), of ne-

gative and positive size, respectively. If H^to^) = 0 for w<0 and H2(t0,u)

= 0 for u>0, we have EN^O -) = EN2(t0,0 +) = 0. Since the sample

functions of X^t) and X2{t) are discontinuous, the Xt(t) and X2(t) processes

are entirely concentrated on functions with negative and positive jumps, re-

spectively. Hence PXi±.PXl. Denote for i = 1,2

and suppose now that both ax < 0 and a2 < 0. Make the unrestrictive assump-

tion that a2 ^ at. We shall show that for any uuu2 with at ^ ut < u2g 0—

To see this, let us notice first that, by Lemma 2, Hi(t0,u) > 0 for at < u < 0.

Next, the derivatives of Hi(t0,«) in u exist everywhere, except possibly at points u

belonging to a set of Lebesgue measure 0. By Lemma 3, this exceptional set has

/^-measure equal to 0y thus relation (8) holds.

Let us now assume that relation (3) does not hold; hence p_ = p-(t0) ¥* 1.

Suppose p_ < oo. For e > 0 arbitrary, we could then find a c < 0 such that for all

u from [c, 0)

°i = fliCo) = inf {u: u < 0, //,(f0, u) > 0}

(8)
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<e.

Take e = (1/2) 11 — p_ | and a number c such that (9) holds. Let us choose a

sequence of points un from [c,0) such that if^o,«,,) — H^to, c) = n (n = 1,2,

3, ••■)• Denote by Mi(t0,c,un) (i = 1,2) the number of jumps of sizee[c,w„] of the

process X^t) before r0- Then M1(r0,c,M„) is a Poisson variable with parameter

equal to n, while M2(f 0, c, u„) is a Poisson variable with parameter equal to

H2(t0,u„)-H2(t0,c).

By the Chebyshev Inequality, we have for any 5 > 0

(10) •■(
MxOo, c, u„) - 1 >s) < -L-.= ) = sw

By the Borel-Cantelli Lemma, since £„°=i 1/n2 < co, relation (10) implies

•Mi(r0, c,un)
(11) PXl| lim

Write H2(t0, u„) - H2(r0> c) = G(t0, c, u„). We have, as before, for any S > 0

(12)
Af2(<o>c,uB) - 1 1

G(r0, c, u„)

By relations (8) and (9), we have

(13) (p- - e)n ^ G(t0, c, u„) ^ (p_ + e)n ;

hence

(14) Z-T^TT-^<0°-

Again, by the Borel-Cantelli Lemma

ÖW^t0,c,u„) •

(15)
p   (lim   M2(t0,c,un)       \ =1

*2Uoo goo,c,u„) ;

Now, if p_ < 1, p_ + £ < 1. Since, by (13),

M2(r0, c, u„)
(16)

we have by (15)

(17)

^ (p_ + e)
M2(t0,c,un)

G(t0,c,un) '

„   /.• M2(t0,c,u„)
PXl (hm sup —2V 0        < 1

\n-»oo "

Similarly, if p_ > 1, p_ — £ > 1. Since, again by (13),

(18)
M2(f0,c,Mn) > ^   _ ^ M2(r0, c, u„)

G(f0,c,w„)
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we have by (15)

(19) I lim inf
\ n-*oo

M2(t0, c0, "„)
> 1 1

It follows from (11), (17) and (19) that PXt±PX2.

If />_ = co, one gets the same result by interchanging the role of H2 and Ht.

The proof is analogous if H^o*u) ar>d H2(t0, w) are not identically 0 for u > 0.

This remark completes the proof of Theorem 1.

Proof of Theorem 2. Let Xt(t) and X2(t) be separable, centered stable pro-

cesses, without fixed discontinuity points, and let, for some t0 e (0,1], rY1(t0, w)

#f/2(f0,u). If the exponent, say, at of the process X^t) equals 2, H1(t0,w) = 0,

while jF/2(f 0, w) # 0. We have thus PXl ±PXl, since the sample functions of Xt(t)

are continuous, with probability 1, while those of X2(t) are almost all (PXl)

discontinuous. Let now 0 <a, < 2(i = 1,2). If H^t^u) = 0 for all u < 0 while

H2(t0> m) = 0 for all u > 0, then evidently PXi 1 PXl. If both HA[tQ, u) and H2(t0,u)

are not identically equal to 0 for, say, all u < 0, we have

(20)
H'2(t0,u)

H[(t0,u)
= k\u I

where k is some constant. Since Hi(f0, u) ^ H2(t0> u), we have either ax # a2, or

k # 1, or both. Consequently, p_ equals either 0, or oo, or k / 1. By Theorem 1,

it follows PXl 1PX2.

Remark. The following example shows that there exist L-processes X^t)

and X2(t) such that PXl is absolutely continuous with regard to PXl. Relations

(3) and (4) are, of course, then satisfied.

Example. Consider stationary, centered L-processes with yt = y2 = <rx = a2 = 0

and with

#i(") =

and

H2{u)

ro
21ogu

2 log u/2

L0

(u<0),

(0<Mgl/2),

(1/2^ u ^2),

("^2),

(u<0),

(0<u^l),

(« ̂  1).

By using Skorohod's [11] results, it is easy to check that PXl is absolutely con-

tinuous with regard to PXl.
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