THE ASYMPTOTIC DISTRIBUTION OF THE NUMBER
OF ZERO FREE INTERVALS OF A STABLE PROCESS

BY
R. K. GETOOR(})

1. Introduction. Let {X(#); t =0} be the one-dimensional symmetric stable
process of index a, 0 < a <2, that is, a process with stationary independent
increments whose continuous transition density f(t,y —x) relative to Lebesgue
measure is given by

(1.1) f(t,X) = (27'1:)-1 J‘w e_'Kl“ eixCdc.

We assume throughout this paper that X(0) =0 and that the sample functions
are normalized to be right continuous and have left-hand limits everywhere.

Let us also introduce the stable subordinator, {T(t):t=0}, of index f,
0 < B < 1, that is, a process with stationary independent and positive increment
whose continuous transition density, g(t,y —x), is given by g(t,x) =0 for x <0
and by

(1.2) e = f e~ %g(t,x)dx
o

for x > 0. We assume T(0) =0 and that the sample functions are normalized
to be right continuous and have left-hand limits everywhere. In addition almost
all sample functions of T are strictly monotone increasing. Finally we assume
that the processes X and T are completely independent and are defined over th2
same complete probability space, (Q, #, P). It is perhaps more reasonable to
assume that X and T are defined over different (complete) probability spaces,
but for notational convenience we prefer the above assumption.

Define
Aw)={:0=5t=1, X(t,w)=0 or X(t—,w) =0},
B(w)={t:0=t<1,T(t,w) =t or T(t—,w) =t for some 7}.

(1.3)

If 0 <@ <1 then A(w) = {0} for almost all w, and it is not difficult to see that
for general o, 0 <a <2,

Alw)={t: 05t <1, X(t,w) =0}
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for almost all w. However we will not need this fact and so we omit its proof.
In view of our regularity assumptions on the sample functions of X and T, it
follows that A(w) and B(w) are compact subsets of [0,1] for each w. Therefore
the complements of 4(w) and B(w) in [0,1] are relatively open subsets of [0,1],
and, as such, each can be written uniquely as the disjoint union of at most count-
ably many (relatively) open subintervals of [0,1]. If £>0, let N,(e) (N;(e)) be
the number of such intervals in the complement of A(w) (B(w)) which exceed &
in length. The following two theorems are the main results of the present paper.

- THEOREM A. N,(¢) and Nj(e) are random variables and if p=1—1/a,
1 < o £ 2, then they have the same distribution for each fixed ¢ > 0.

THEOREM B. If 0< B <1, then.lim, o P[T(1—B)e’N}(e) £ x] = Gy(x) where
Gy(x) is a Mittag-Leffler distribution which is uniquely determined by its
moments

(14 [ a6,0 = mra -+ np, n=0,...
0

The definition of the distribution Gy and the fact that its moments are given
by (1.4) is contained in [7]. The fact that G, is uniquely determined by its
moments follows from the criterion on p. 110 of [4].

An immediate consequence of Theorems A and B is the following corollary.
COROLLARY. If 1 <a <2, then

lim PLT(1/a)e" ™ *No(€) < x] = Fi(x) = Gy - 1o(%)-

Of course, in the case a = 2 these results are well known. Moreover the above
corollary should be compared with the recent result of Kesten [5]. In [5] Kesten
obtains the limiting distribution of the number, N (¢), of intervals of positivity
of Xin0<t<1foralla 0<a=2. We would like to thank Professor Kesten
for making his manuscript available to us. In particular, we owe references

[4;7] to him.

2. The proof of Theorem A. Given a complete probability space (Q, #, P),
a function A4 from Q to subsets of the real line, R, is said to be a random set if
- (i) A(w) is compact for almost all w,

(i) {w:A4(w)<E}e & for all open subsets E of R.
Two random sets A and B (not necessarily defined over the same probability
space) are stochastically equivalent if for every set E that is a finite union of
open intervals

.1) P{w: A(w)<E} = P{w:B(w) < E}.
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These definitions were introduced in [2]. A random set, 4, is contained in the
closed interval [a,b] if A(w) < [a,b] for all w. If a random set 4 is contained in
[a,b] then [a,b] — A(w) is an open subset of [a,b] for almost all w, and, as
such, can be written uniquely as the union of at most countably many disjoint
(relatively) open subintervals of [a,b]. If ¢ > 0, let N ,(¢) be the number of such
intervals whose length is greater than e. Clearly N 4(¢) is defined and finite for
almost all .

THEOREM 2.1. If A is a random set contained in [a,b], then N ,(¢) is a
random variable. If A and B are stochastically equivalent random sets con-
tained in [a,b] then N ,(¢) and Ny(e) have the same distribution for each ¢ > 0.

Proof. Let ¢ > 0 be fixed, and let k = 1 be an integer. Let E denote a finite
disjoint union of exactly k closed intervals I,,---,I, each of which has rational
end points, is contained in [a,b], and has length greater than e. Of course, if k
is too large there will be no such E’s. Let E,,E,,:-- be an enumeration of all
such E’s; then (# denotes the empty set)

22) Nz = Ua,
n=1
where
2.3) A, = {0:E,NA(w) =¢} = {0w: A(w)<E}.

Here E; is the complement of E, in [a,b] and hence is a finite union of (rela-
tively) open subintervals of [a,b]. Clearly this implies that N ,(¢) is a random
variable. Moreover

2.4 P{w: N &) 2 k} = lim P( LJ; Ai),

n-*oo
and for fixed n the inclusion-exclusion formula implies that
P ( U A,) = XPQA) — XPANA)+ .
Looking at a typical intersection we see that

P(AN...NA) = Plo: A) < EFN ... N ES}.

Since E{f N...N Ej is a finite union of open intervals (not necessarily disjoint),

it follows that if 4 and B are stochastically equivalent the left side of (2.4) is un-

changed if A4 is replaced by B. Thus N ,(¢) and Ny(e) have the same distribution.
Let a be a real number satisfying 0 < a <1, and define

Afw) ={t:a<t=1, X(t,w) = 0 or X(t—,w) =0},

B(w) = {t:tast<1, T(t,w) = t or T(1—,w) =t for some T},

(2.5)
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where X and T are the processes defined in §1. We assume from now on that
the index, a, of X satisfies 1 < o < 2. In particular, 4, and B, are the sets 4 and B
defined in (1.3). It was shown in [2, Proof of Theorem A] that A, and B, are
stochastically equivalent random. sets for each a >0 provided f=1—1/a.
Thus by Theorem 2.1 we see that N,(a,e) = N, (¢) and N;(a,s) = Np (¢) have
the same distribution for each fixed a > 0 and & > 0 provided # =1 — 1/a. Since
for almost all w the sets A(w) and B(w) contain points arbitrarily close to 0 (this
is an immediate consequence of Lemma 3.1 of [2]), it follows that N,(a,e) = N (&)
and N;,"(a,s)—>N;(s) as a— 0 for almost all . In fact for a sufficiently small
(depending on ¢ and w) we have N, (a,6,0) = N, (¢,w) and similarly for N*. Thus
N,(¢) and N;(¢) have the same distribution if f=1—1/x, and Theorem A is
proved.

3. First passage times. In this section we give a preliminary calculation that
will be needed in the proof of Theorem B. Let T = {T(t); t = 0} be the stable
subordinator of index f, 0 < § < 1, and we assume in this section that T(0) = 0.
Let us recall the Ito representation of T (see [3] or [6, §37]). In the present
case (T(#) strictly increasing) this is especially simple. For fixed w let p(dt, dx,w)
be the measure on [0,00) x (0,00) defined by the relationship that

p((tbtz]a (xla x2]’ (D)

is the number of points 7, t; <7 <t, such that [T(r,0) — T(t—,w)] € (x4, %,].
Here 0 <t, <t, and 0 < x, < x,. The measure, p, is called the Poisson measure
of T. The random variable p(dt,dx) has a Poisson distribution with expected
value dt v(dx) where v(dx) = B[[(1 — B)x' *#]'dx is the Lévy measure of T. See
[1, §6]. Moreover

G.1) T(tw) = | xp(04], dx,w),

Yo+

where in this case the integral is just the countable sum of the jumps of T(z,w)
on the interval 0 <t <t. Finally the random variable p([t,s),dx),s > t, is in-
dependent of %,_, the o-algebra generated by {T(z):t < t}, and if 4,,..., 4, are
disjoint Borel subsets of {(t,x):¢=0,x > 0} which are at a positive distance
from the t-axis, then [, p(dt,dx),..., [4,p(dt,dx) are independent random

variables.
If u >0 define

3.2) S(u,w) = inf {t: T(t,w) = u}.

Since T(¢) is strictly increasing, S(u) is continuous and nondecreasing. It is the
first passage time of T past u. We now state the main result of this section.

THEOREM 3.1. For each u > 0 and integer k = 0 we have

E(S(u)") = k'[T(1 + Bk)] ' u,
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Proof. For A >0 and s> 0, define

H(As)=E J‘ e AWy,
0

Now T(t,w) is a sum of jumps and so if we let ¢, be the places where T(f) jumps
and I, =[T(t,—), T(t,) then |JI,=[0,00) since T(0)=0 and T(f)— o as
t - o0. Of course, the t, depend on . For notational convenience let us write
T*(t) for T(t—). Thus

© 1 *
J e—).S(u)"e—sudu = ; Ee-lt,,[e ~sT*(tn) __ e —-sT(l,.)]
n
(1]

1o a* - - -
. _Ze A g s’l“(t..)[l — ¢ ~SIT(m) T‘('n)]]

S n

_1 f f MmO [ 1 — o= p(dt,dx).
SJo Jo
But T*(t) and p(dt,dx) are independent and

E[exp(—sT*(t))] = E[exp(—sT(9)] = e’

for fixed t. Therefore (these manipulations are easily justified by first approxi-
mating the integral by a sum and then passing to the limit)

l ® e — Atk —tsP s ﬂdtdx
sfo fo © e (1 ¢ )F(l—ﬁ)x“”
o

N
- -tk —¢sB
=s”J e Me "4t
0

I

H k('las)

Differentiating with respect to A and letting A — 0 we obtain (the interchange of
limit procedures is easily justified)

J E[SW)]e " du = &~* ‘. e~ dt
0o v 0
= kls~17F |

Inverting this Laplace transform we obtain Theorem 3.1.
It is an easy consequence of this theorem that the distribution function of S(u)
is Gy(u ~’x) where Gj is defined in (1.4).

4. Proof of Theorem B. Let M(¢) be the number of jumps of T(f) in the
interval 0 < ¢t < S(1) of length greater than e. Thus if Q(dt,e) = p(dt,(e,00)) where
p is the Poisson measure for T(t), then M(e) = Q([0,S,],e). Of course, S; = S(1)
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is defined in (3.2). Clearly 0 < M(e) — Nj(e) < 1 for almost all w. We will prove
that

(4.1) E{[T(1 - B)e’M()]} - k![T(1 + k)] ~*

as ¢ — 0 for each integer k = 0. From this the corresponding relation with M(e)
replaced by Nj(e) follows easily, and then Theorem B is a consequence of the
moment convergence theorem for distributions [4, p. 115]. Thus the proof of
Theorem B reduces to the proof of (4.1). Note that M(e) < [¢™'] + 2, where
[-] is the greatest integer function, and so all moments of M(g) exist.

It will be convenient to consider the subordinator T(¢) starting not only at 0
but also at any x = 0. We will write P, and E, for probabilities and expectations
when T(0) =x, and, as is usual in the general theory of Markov processes,
Er{ } stands for the evaluation of the function E,{ } at the point x = T(f).
Let G(t,x,A) be the transition probability function for T(f), and U(x,A)
= j':G(t,x,A)dt be the potential kernel. Since U(x,4) is just the expected
amount of time T'(¢) spends in A when T(0) = x, we have

U(x,[0,y]) = ELS(y)) = Eo(S(y — %))
provided y > x. Thus Theorem 3.1 implies

—1lr, -1 .
4.2 U(x,dy) = {g[r(l‘l‘ﬁ)] (y—xy""dy :gi;i’

We begin our calculations with several lemmas. Recall that T*(t) = T(1—)
and 4, is the o-algebra generated by T(t) for t < ¢.

LEMMA 1. Let g be a bounded Baire function with compact support; then
[ o= [ ELomas = s [T0 -0 o)

Proof. Since T*(t) = T(¢) for almost all w for each fixed ¢, we have using (4.2)

j " ELo(T]dt

0

) Bdgmna
0

=) ﬂ @ P
dt |G(t,x,d =t - dy.
fo f (t.x,dy)g(y) T T ﬂ)J; (y—=x)y""g(y)dy

It wilbl be conxenient tointroduce the following conventions. Let0 < a < b < oo;
then [,and [, are the integrals over the sets (a,b] and (a,0), respectively.
Also let

1 ifusl,
h(u) = {o if u>1.



1963] ZERO FREE INTERVALS 133

LEMMA 2. Let ¢ be a bounded non-negative continuous function; then

E, f “WT(THQdue) = AE, j T,
where A =[T(1 - p)]~*.

Proof. Since T*< 1 if and only if u £ S, we see that _[0 WTHH(THO(du,e)
< M(e)supo < ([s“] +2)sup¢, and [, Ch(T*)$(T*)du < S, sup ¢. Thus both
integrals exist for almost all w and have finite expectations. The result now
follows by a straightforward approximation argument making use of the
easily verified facts that (i) T,* and Q([u,v).¢), v > u, are independent, (ii)
W(THP(TY) is left continuous in u, and (iii) E.Q(du,t) = E,p(du,(e,0)) = Adu.

LeMMA 3. For each ¢> 0 let Y = {Y;;u = 0} be a stochastic process defined
on the sample space of {T(t); t 2 0} with right continuous sample functions.
Let H,(u,w) be a fixed version of E,{Y;|%#,} defined for u20 and all o which
is assumed to satisfy H (u,0) = g(T,)+ O(y(¢)) where g is a bounded continuous
function and the O-term is uniform in u,w, and x. Finally assume that
0= Yi(w) S M, < o for all u,w. Under these conditions

E. [ WT 0 = B, [ HEDa(TI0s + 06~

Yo
where the O-term is uniform in x.
Proof. Let 0 <b< oo and let yt;=jb/N, j=0,1,...,N, for each integer

N >0. Let Z(u) = h(T)), then since Z(u) is left continuous and Y(u) = ¥ is
right continuous we have for each fixed ¢ > 0 that

J(b)

b
E, [Z(u)Y,fQ(du,e)

v
-1

lim Z E {Z(nt))Y(ntj+1)Q(Ant;6)}

N-ow j=0

where Ayt; = (ytjntj+1]. But Z(yt;) and Q(Ayt;e) are %(yt;.,) measurable and
so using our fixed version of E,{Y; | #,} we have

N-1

J(b) = lim E, E Z(nt)) [9(T(wtj+ 1)) + O((e))]1Q (Ant )

N-ow

= &, [ HEaT)n0 + 0eE, | HTewne)
0

¢ 0

Using Lemmas 1 and 2 we see that

E, f wh(T:‘ )Q(du,e) = AE, f 71(T,,*)du =T + A1 — x)Ph(x) =0 (c7%)
V] 0
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uniformly in x. Thus letting b — oo in the above expression for J(b) we obtain
Lemma 3.

We are now ready to begin the proof of (4.1). Since t < S, if and onlyif T*(f) £ 1
we may write (Q assigns no mass to 0, so [§_ equals [§)

@3) Mo = | ” WT*w)Q(duse).
o
Using Lemma 2 with ¢ = 1 and then Lemma 1 we obtain
@) EME) = B0 600} = 1o (L - 9/HO).

Setting y =0 and recalling that A = [¢’I'(1 — B)]~' we have established (4.1)
when k=1.

In order to fix the ideas let us consider the case k =2 before proceeding to
the general case. Now

Eo(M(®)) = 2Eq f “(T)0(d1e) f “H(T)Q(duse)
° t

4.5)
+ Eq f H(THH(T)Q(d,)Q(duse).

0sSt=u

But for each w,Q is a purely discrete measure assigning mass one to each point
of a countable set (depending on w) and h® = h. Therefore the second term in
(4.5) reduces to Eo(M(g)) =O0(¢"*) by (4.4). Let us consider the first term.

Define Y,*= [° h(T,¥)Q(du,¢); then Y; is right continuous since the integral is
over the open interval (¢,c0), and is bounded by M(e) < [¢ '] + 2. Since T(?) is
a Markov process we note that

E{Y’| B} = Erg, f H(T)0(du,e)
0

for almost all w(P,). Thus using Lemmas 2 and 1 we can take as our fixed version
of E,{Y,°| 8} the expression Aq,(T;) where it is understood that T(0) = x, and
q:(x) = [T + A)]~*(1 — x)Ph(x). Therefore the hypotheses of Lemma 3 are
satisfied with y(¢) = 0. Applying Lemma 3 with x = 0 the first term in (4.5) be-
comes

24E, f “WTay(T)0e)
0

= 2JE, J h(T*)q(T")Q(dt,e) — 2AE, J h(T*) (T — 9:(T)]Q(dL.e).
o 0
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Call the first term above J, and the second J,. Using Lemmas 2 and 1, and then
the definition of ¢q,, we find

Iy

1
2A2B[T(1 + )] ~* j ¥~ lq,(y)dy
1]

22°[rd + 281"

Concerning J,, we note that g, is bounded by ¢ = [T'(1 + )] and satisfies
0<q,(x)—q.(x+ y) L cyf for all x =0 and y = 0. Moreover there can be at
most one jump of T(f) of magnitude greater than one in the interval 0 <t < S,
and so

Sy
|7,  deh + 24¢Es f (T, — T*p(dt, e,1]).
0

But this last integral is just E,[!x®p([0,S;],dx), and (4.4) implies that

(4.6) Eo{p([0,5,1,dx)} = B[T(1 + AT — B]~1x~*~1dx.

Thus using a simple approximation procedure we have that

1
[J2] S e4A + ch f xPx ™1 7Pdx = O(c*#|loge|).
e
Combining these estimates we finally obtain Eqo(M(e)?) = 2A*[T(1 +28)] ™"
+ O(¢™*|loge|), and this implies (4.1) in the case k = 2.
In order to attack the general case it will be necessary to introduce some nota-
tion. As above let q,(x) = E,f¢ h(T¥)dt = [T(1 + )]~ '(1 — x)’h(x), and define

%) 0,09 = E, [ WT)ape (T
0
for n = 2. Let us show by induction that
4.8) 2,(x) = [T(1 + nB)] (1 — x)"h(x).
This is true when n = 1, assuming it for n — 1 and using Lemma 1 we find

) = T . 0= 1O

[T+ nB)] ™11 — x)”h(x),
and so (4.8) is established.
Secondly letting go(x) =1 we define

49) Ly(t,w) = " 'Er,, f H(T) 4, (T)O(du.c)
0

for n =z 1. Of course, L, depends on ¢. Next we show that
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(4.10) L,(t) = 'q,(T)) + O(e ™"~ "’|loge|)

for n =z 1, where the O-term is uniform in ¢ and . If n = 1, applying Lemma 2
and the definition of ¢,, we have

Ly(t,0) = Ezg, f H(T)Q(du,6) = Aq(T),

which certainly implies (4.10) when n = 1. For n =2 we can write

(]

L) = 2" 'Ery | HT,- (T
(1]
— B Ergy [ M0y a(T2) = -1 (TI]0u
1]
= J 1~ J 2e
From Lemma 2 and (4.7) we see that J; = A%q,(T;). Concerning J,, we note

dn-4 is bounded, say by M, and that 0 < q,_;(X) — ¢, (x + V) S cy’ if n =2,
since 0 < § < 1. Thus exactly as in the case k = 2 we obtain

1

Jy S22 M + 7 Erggy f x%p([0,5,],dx).
But from (4.4) with y = T(¢) we see that

ET(:)P([O,Sl],dX) =c(1- T,)ﬁh(T,)x -l_ﬁdX,

and so J, = O(¢” "~ "’|loge|) uniformly in t and o since (1 — T’W(T) < 1.
Combining these results we obtain (4.10).
Finally we will show by induction that

@10 L= Eryy [ WD [ [ HI0U1H + 06~ Jloge)
Jo 51

th—1
provided n = 1, where again the O-term is uniform in ¢ and w. Denote the first

term on the right-hand side on (4.11) by J,(¢). If n = 1, (4.11) is immediate from
the definition of L,. Assume (4.11) for n — 1. Define

Yi(t,) = f “H(T0(dt,6) f C f " TN,

Clearly Y°(t,) is right continuous since the integral is over (t;,00), and
0= Y*(t,) < ([e”']+2)"'. Also since T(¢)isa Markov process it is easy to see
that for each y a version of Ey(Y‘(tl)| 2,,) is given by (T starts from y)

a0

Eray J :h(T::)Q(dtz,e) j o 7 W

th-1y
= L,_4(t,) + O " |loge|)
= 2" q,_(T;,) + O ~*" ?*|loge])
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where we have used the induction hypothesis and (4.10). Applying Lemma 3
whose hypotheses are satisfied we find that

1) = Erg f WY ()0t ,0)
0

P Erg, f H(T)dn- o(T,)Q(d11,6) + 0"~ | loge]),
0

which is (4.11) in view of the definition (4.9) of L.(?).
We are now ready to prove (4.1) for general values of k = 2. Assume (4.1) for
0,1,...,k —1; then

EM) = B ( | :h(T.,*)Q(du,e))k

(4.12)

KIE, f H(T)Q(d1,.0) j f H(T)Q(d1ee)
) ty tke—1
+ error term.

Now the error term consists of a finite sum of integrals over lower dimensional
hyperplanes obtained by identifying a subset of the variables ¢,,...,t,. Exactly as in
the case k =2 each such integral reduces to Eq(M(e)* "*') if n of variables
are identified, n=2,...,k. Thus by the induction hypothesis the error term
is O(¢~*~1#), But arguing exactly as in the proof of (4.11) and making use of
(4.11) and (4.10) the first term, J, on the right-hand side of (4.12) is just

J = kI 1E, J T, - (T)O(du,e) + k1O 428 lloge])E, j “WT*0(u,e).
0 1]

Writing g, (T,) = gi— 1«(T.") = [4k-1(T) — qi—1(T.)] and using an argument that
is by now familiar we find

J = kI*E, [ (T gs-(TF)du + 0= Y loge]).

Jo
Finally combining this with (4.7) and (4.8) we have

Eo(M(e)") = K\ [T(1 + BK)] ™' + 0™ 1*|loge|)

and this implies (4.1). Thus Theorem B is, at long last, established.

Note added in proof. The results of this paper and those of [2] are valid
for general stable processes of index a, 1 < a < 2. The proofs in the general case
are exactly the same as in the symmetric case once Lemma 3.1 of [2] is established
for general stable processes X of index a. However, a careful examination of
the proof of this lemma in the symmetric case (which goes back to Kac) reveals
that exactly the same argument works in the general case. See also a forthcoming
paper of C. J. Stone in the Illinois Journal of Mathematics.
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