RANDOM WALKS AND A SOJOURN DENSITY
PROCESS OF BROWNIAN MOTION(?)

BY
F. B. KNIGHT

The sojourn times for the Brownian motion process in 1 dimension have often
been investigated by considering the distribution of the length of time spent in
a fixed set during a fixed time interval. In this approach the sojourn time is either
treated as a functional leading to a differential equation (as in [9, Kac]) or else
the method of moments is used (as in [3, Darling and Kac] in a more general
situation). An alternative approach, however, is suggested by a theorem of H.
Trotter [14] that as a set function, the sojourn time up to a time ¢ is a. s. ab-
solutely continuous with respect to Lebesgue measure, and that, in fact, it has
a density function f(x,t,w) which is continuous in (x,t). This theorem creates
the possibility of considering the sojourn density function as a stochastic pro-
cess with parameter x, coexistent with the Brownian motion in ¢ from which
it is defined. The study of sojourn times then becomes equivalent to the study
of this new process.

The possible advantage of such an approach depends on the fact that when this
process is considered in a suitable random time interval it proves to be very
amenable to investigation. If one sets, for example, T =inf, : £(0,¢,w) > «, then
f(x, T,w) turns out to be the diffusion process with x = 0 as parameter, initial
value «, infinitesimal generator 4y(d?/dy?), and an absorbing barrier at 0. This
fact illustrates our main result, which is contained below in Theorem 2.2. Its
proof, together with a new proof of the theorem of [14], is accomplished by
using a strong approximation to Brownian motion by means of the classical
random walks (i.e., ‘‘coin tossing’’) which appeared in [10]. It seems of method-
ological interest that special properties of this construction are used essentially,
so that although the result concerns only Brownian motion there is apparently
no easy way to avoid using discrete random walks in the proof (*).

The first part of the paper introduces the random walk versions of the limiting
sojourn density processes and includes a weak limit of their joint distributions,
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(2) After the completion of this work, the author learned of the recent but prior paper
[13] of D. Ray, which contains a proof of Theorem 2.2 carried out briefly (and elegantly) by
analytical methods. It thus emerges that the random walks are not required. Even according to,
[13] however, they provide useful motivation for the theorem.
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taken in order to derive the joint distributions of the limit process. Since there
is no existence proof for the limit process at this stage (except that of [14]) and
since in any case it is not obvious what the implications of the random walk
limit distributions for the limit process are, the limit distributions have at first
only a formal significance for Brownian motion. In the second part of the paper
it is shown that these limit distributions belong to a sojourn density process
of Brownian motion. Only at this stage of the argument is the strong approxim-
ation of [10] required. This sojourn process is then used, along with a family
of related processes, to investigate the sojourn time density under the conditions
present in [14]. There follows a new proof of the theorem of [14] and a deriva-
tion of some estimates concerning it. The main problem considered is that of
estimating the distribution of the maximum in x of the sojourn density up to a
fixed time t. Whereas in [14] no estimate for this distribution could be derived
because of the neglect of the higher dimensional joint distributions which was
required by the method itself, the present method is not limited in this way.
It raises other problems, however, and the estimate which we give is only approx-
imate. Using this estimate it is proved that the sojourn density process is a limit
process of the random walk sojourn processes in the same sense (uniformly in
finite time intervals a.s.) that Brownian motion is a strong limit of the random
walks. This facilitates the construction, which was indicated in Remark 3 of
[10], of general 1-dimensional diffusion processes (the processes of Feller) by
means of the random walk approximation, and consequently, we present anew
this construction. In the final paragraphs are mentioned the sojourn density
processes defined on these general diffusion processes.

1. Let R(n), n =0, R(0) =0, be the classical random walk on the integers,
with transition function p(k,k + 1) = p(k,k—1) = 4 (a more complete definition
is given, for example, in [10]). In order to escape the necessity of referring re-
peatedly to certain exceptional sets of probability 0, we shall assume also that
for each pair ky,k, there are infinitely many disjoint intervals (m,n) for which
R(m) =k, and R(n) = k,. Since the set where this holds is of probability 1, as
is easily seen, its complement may be excluded from the basic probability space
without altering the joint distributions of R(n). The random variables of the
sojourn process require a special notation which is now introduced.

DEerINITION 1.1. For each k>0 and m =0, let S(m, k) be the number of
integers n > 0 such that R(n — 1) =k and R(n) =k + 1, and such that there
are at most m values of i, 0 < i < n, for which R(i — 1) = 0 and R(i) = 1. Stated
in words, S(m, k) is the number of steps of R(n) from k to k+1 up to the
(m + 1)th step from O to 1. Lastly, let S(m,0) = m.

In the remainder of this paper we shall usually give definitions and proofs
in the second style only, using such terms as ‘‘steps’’ and ‘‘passages’ from a
to b, to avoid excessive formality when no ambiguity can arise. There follows
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a key theorem. The statement is quite inescapable intuitively, but the proof is
unexpectedly complex.

THeoREM 1.1. For each m 20, S(m,k), k=0, is a homogeneous Markov
chain on the non-negative integers with S(m,0)=m and 1-step transition
function

P iz —i —(iy+iz
plinin) = (-1 (T Jame,

Proof. For k=0 fixed, let j, ;, 1 £i=<i,, be the least integers such that
R(n) makes exactly i steps from k to k+ 1 for 0 < n <j ;. Thus in particular
R(j;,;—1) =k and R(j, ;) = k+ 1. Let also j, ;, 1 £i =i, be theleast integers
greater than j, ;, respectively, such that R(j, ;) = k. It is easily seen that both
ji.; and j, ; are stopping times for R(n). Next, let F(i), 1 £ i < iy, be the field
generated by both R(n), 0<n<j,; (ie., all measurable sets S such that
S N{j;,; = r}is in the field generated by R(n), 0 < n < r, for all r =2 0, the ““past
of R(n) up to time j, ;”’) and jointly, R(j, ; +n), 0 =n < oo. It is clear that
S(m, k,), for 0 < k; <k, is measurable over F(i) for each i. Finally, let U,, ;,
k < k,, be the number of steps of R(n) from k,to k, + 1 for j; ; < n<j, ; and
let G(i), 1 <i < iy, be the field generated by R(j;,; + n), 0= n <j, ; — jy,i (the
“past of R(j, ;+ n), n =0, up to time j, ; — j, ;). Clearly U,, ; is measurable
over G(i), while G(i) and F(i) are independent. For j#i, 1 <j=<iy, Uy, is
also measurable over F(i), from which it follows that U,, ;, 1 < i < iy, are jointly
independent of each other and of the field F defined by F =n§‘= 1 F(i). Also,
S(m, k,) is measurable over F, while under the condition that S(m, k) = i; (which
we are going to take as given) we have S(m,k,) = XiL, U, ;. Since {S(m, k) = i,}
is in F, it follows that, given S(m, k) = i,, S(m, k,) and S(m, k,) are conditionally
independent. Therefore, S(m, k), k =0, is a Markov chain.

To find the transition probapbilities it is sufficient to determine the distribution
of the number of steps from k + 1 to k + 2 for j, ; < n <j,,,, since the above
reasoning shows that the conditional distribution of S(m, k+ 1) given
{S(m, k) =1i,} is that of the sum of i, independent and identically distributed
random variables equalling the numbers of steps from k+ 1 to k+ 2 in the
corresponding intervals j, ;< n<j,; 1<i<i;. Since R(i;;)=k+1, the
required distribution is that of the number of steps of R(n) from k + 1 to k + 2,
starting at k + 1, before reaching k, and this is a geometric distribution with

= 1. The corresponding generating function is (2—s) ~% and p(i,,i,) is
therefore the coefficient of s2in (2 —s)™**. Expansion using the binomial
theorem yields the coefficients easily, completing the proof.

The proof of this theorem extends to certain other processes related to S(m, k)
which are to be used in what follows. Accordingly, we extend Definition 1.1 to
a further parameter b, taking for convenience b < 0. The new definition reduces
to that of S(m, k) when b = 0.
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DEerINITION 1.2. Let S(b, m, k), for integer values of the arguments and
b=<0, m=0, k>0, be the number of steps of R(n) from b+ kto b+ k+1
up to the (m + 1)th step from b to b + 1, and let S(b, m, 0) = m.

By Theorem 1.1 the numbers of steps from b+ k to b+ k+ 1, k20, fol-
lowing the first arrival at b and up to the (m + 1)th step from b to b + 1 define
a Markov chain with initial value m. If it is shown that the numbers of steps
from b + k to b + k + 1 before the first arrival at b also define a Markov chain,
independent of the preceding one, it follows that S(b, m,k) is a Markov chain,
and its transition function can be formed from those of its components. In this
way one is led to a corollary of Theorem 1.1.

COROLLARY 1.1. S(b,m, k), k=0, is a Markov chain with 1-step transition
Sfunction given by

plksiy,is) = P(S(b,k+1,m) =i, | S(b,k,m) = iy)
|r(—1)iz (_("i+ D )2“"**“*“ for0sk<—b
= 3 2
[(-1)"2 (‘i’l)z*““z) for —b £ k.
2

Proof. For — b < k the proof of Theorem 1.1 applies directly to the present
situation. The only difference is that S(b,m, —b) replaces the initial value m
of Theorem 1.1. For 0 £ k < — b, one has to introduce an additional stopping
time j, o <j;,;, equal to the index of the first passage to b + k, and to include
in S(b,m,k,) the number of steps of R(n) from b+ k, to b+ k, + 1 for
0 = n £j,,0 as well as those following j, ;. If k, = k + 1, this addition is another
geometric random variable independent of R(j,,; + n), n =0, which implies
that the transition function p(k;i,,i,) is in this case the convolution of i; + 1
geometric random variables. The corollary is proved.

The next task is to compute the n-step transition function of S(m, k) and then,
after introducing the appropriate scale change, let n become large to derive the
transition function and joint distributions of a continuous parameter limit
process.

THEOREM 1.2. Let p™(iy,i,) be the n-step transition function corresponding
to p(iy,i,), and let pU([na), [nB]) =f.(x;%,B), x=0, a2 0, where [y] is
the largest integer not exceeding y. Then for > 0,

a+ﬁ)§1 1 (J(aﬂ))z"

X X

lim nf,(x;0f)= 2 exp ( -

k=0 k! (k+1)!

_ C’i—_—;—ﬁ) N (3,; J(aﬂ))’
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—x/x

where J, is the Bessel function of the first kind, and lim,, . f,(x;2,0) =e
Denoting the former limit by f(x;a,f), and the latter by F(x;a,0), and for
B=0 setting F(x;o,p)=F(x;a,0)+ j(ff(x;a,y)dy, the corresponding joint
distributions converge to those of F(x; a, B). More precisely, for all
0 <x; < <X and intervals [By,1,B2,1) s [B1woB2)> Br1,iS B2y 1SiZk,
we have

lim Z e 2 fn(xl;a, i(2,1)/n)

n> (i2,k/n)eB1,k,sB2,k)  (i2,1/n) €[B1,1,B2,1)

X2 — Xy i2,1y/m i(2,2)/n) o fulXe = X153 i(2,k=1)/ns i(2,k)/n)

- f f F(xy;,dBy) F(x; — x13 Byr dfy)
[B15k,sB25k) [B1,1,B2,1)

eee F(xk — Xg—-15 ﬁk—15dﬂk)‘

Proof. It will be shown first that p®X(1,i,) has the generating function
G (s)=(n—(n—1)s)/(n+1—ns). Thus G,(s)=(2—s) ", which we have
already seen is correct for n = 1. Assuming that G,(s) is correct for n we compute
the generating function for n + 1 by observing that each of the i, steps resulting
from p™(1,i,) gives rise independently to a geometrically distributed number
of steps contributing to p®*(1,-). This implies that the generating function is
the composite function G, (s) = G,((2 — s)™1), and the induction step follows
immediately by substitution. It is easily seen that p ®i,,i,) is the i;-fold con-
volution of p™(1,i,), and hence is the coefficient of s in (G,(s))** Rewriting

G,(s) in the form
1 1 + n—1
n(n+1) <1 _n ) n

n+1s

and expanding the i;th power by the binomial theorem it is seen that

P(n)(il,iz) = El (_l)iz (llt)(—lk) (n_ 1)!1'kni2—i1(n+ 1)—(iz+k).
k=1 2

It follows that
f(x;aaﬁ) = lim nf,,(x;oz,ﬂ)

n— o

i £ 0(07) () (- 5) (=) (00

= exp— 2 : B \imn [%] (=14 ([na]) ( _k) ([nx]2 - 1)-,‘.

k) \[np]

n=2o k=1
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It is not difficult to verify that the last expression converges term by term to
that given in the theorem, and since the latter has as its integral 1 — e~ */*
the convergence of the entire sum will follow from the convergence to e~ ** of
the constant terms f,(x;«,0). Going back to G,(s) it is seen that

lim f,(x;2,0) = lim (—[ﬂ) . =e %
. noow \[BX]+ 1

and the convergence is uniform for « and x bounded away from 0. For applica-
tion of these facts to show the convergence of the joint distributions, it is only
necessary to observe that the term by term convergence is uniform for o, §, and
x in finite intervals bounded away from 0 and for k bounded from above. From
this follows the convergence of the joint distributions for g, ;>0 and §, ; < o,
and since the asserted limit is a probability measure it must be valid without
these restrictions. The proof is therefore complete.

Theorem 1.2 shows that the processes S(0,m, k), k = 0, when suitably normal-
ized by setting m = [na,], k = [nx], and multiplying by n™!, converge in the
weak sense to a Markov process with homogeneous transition measure F(x;o,df),
where x = 0 denotes the parameter of the process, and o, the initial value. We
are going to extend this to the processes S(b,m, k), but shall do so by means
of the infinitesimal generators rather than the transition functions. It is there-
fore convenient to derive the infinitesimal generator of the process of Theorem
1.2 first, although it is known from [5] that this process is the diffusion process
with generator yd*/dy* and O as absorbing barrier. The proof then extends
to the general case.

COROLLARY 1.2. The transition measures F(x;a,dp) correspond to the homo-
geneous Markov process (diffusion process) with infinitesimal generator y d*/dy*
operating in the space of continuous functions converging at 0 and vanishing
at 0, which is an absorbing barrier.

Proof. In the derivation of Theorem 1.2 we introduced the change of scale
iy = [na], i, =[np], which in terms of the generating functions means that
we consider the function

[ [nal

- 1 + 1 1
[nx] = [nx]([nx] +1) ( 1 [nx]s )
[nx] + 1
forwhich n times the coefficient of s*2is approximately f(x; a, B). If this is replaced
by a Laplace transform, by setting s = e~*/, its limit as n becomes large is there-

b

J

fore [§e *F(x;a,dp). This limit is easily found to be exp — (Ax/1+ Ax), a
fact which may also be verified directly. Let T, be the semigroup of the process
acting on bounded measurable functions on [0,c0), i.e., T,f(y)= [of(B)F(x;y,dp).
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Since, for 1 > 0, Ty(e™*) = exp — (1y/1 + Ax), T, is strongly continuous on the
set of functions e ¥, 1 = 0, in the uniform topology. It follows from the Stone-
Weierstrass theorem that the uniform linear closure of this set consists of all
bounded continuous functions on [0, ) converging at co (i.e., continuous
functions on [0, «o]). Hence T, is strongly continuous on this space, and we can
consider it as operating here. For fixed A,

d A _ a: _
a0 (i) | e e
and the first term exists uniformly in y = 0, which means that e™* is in the domain
of the strong infinitesimal generator A and that A = yd*/dy® for e . Since,
obviously, A(1) = 0, the generator has the same form for the functions 1 — e~ %,
These functions generate the space of continuous functions vanishing at 0 and
converging at oo, for we have

(1 _ e_;"y)(l _ e-lzy) — (1 _ e-hy) + (1 - e-lzy) - (1 _ e—(h“-z)y)

and the Stone-Weierstrass theorem may be applied. It follows by considering the
identity lim,_, , AR,;(f) = f, where R, is the resolvent of the semigroup, that the
range of 4 — A acting on the functions 1 — e™**” likewise generates this space.
Since the diffusion process of the corollary is completely determined by its resolvent
acting on this range, the present process must be identical with that of the corollary.

Using the same method, we next will characterize the limit processes of S(b, m, k)
in terms of their infinitesimal generators and boundary conditions. The transition
probabilities of these processes are deferred until following the proof of Theorem
2.2.

COROLLARY 1.3. The joint distributions of (1/n)(S([nxo],[noo], [n(xo + x)])),
Xo =0, ag =0, x >0, converge to those of the inhomogeneous diffusion process
with parameter x =2 0, initial value oy, and two disjoint intervals of homogeniety
as follows. For 0 £ x < — x, the generator is yd*/dy* +d/dy and 0 is an
entrance boundary; for — x, < x the generator is yd?/dy?* and 0 is an exit

boundary with the absorbing barrier boundary condition.

Nortke. By “‘diffusion’’ is understood, in particular, a process with path functions
continuous in x, including at x = — x,,.

Proof. Let us suppose for the moment that it has been shown that the distri-
butions at x = — x, converge. Then it follows directly as in the proof of Corollary
1.2 that for x = — x, the process satisfies Corollary 1.3 with this limit distribution
at x = — x, as “‘initial’’ distribution. The corollary will therefore be proved if it is
shown that the limit distributions have the indicated form for 0 < x < — x,, and
that they define a process which is Markovian at x = — x,. In this interval, the
generator still contains the term yd?/dy? corresponding to the contribution of
the approximating random walks following their first arrivals at the (approximate)
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“starting point” [n(xy + x)]/n of the parameter at which the derivative of the
semigroup is computed (in particular, near x = 0). To this term must be added
the contribution preceding the first arrival. Since this does not contribute to the
initial value at [n(x,)]/ n we see as before that the initial value at x = Qis «p. Let
it now be assumed that x = k/n < — x,, and consider the generating function of
the number of steps of R(n) from [n(x, + k/n)] to [n(x, + (k + 1)/ n)] before
the first arrival at [ nx,]. These steps may be partitioned into k disjoint sets, where
the ith set consists of those steps which occur before the first arrival at
[n(xo + (k — i)/ n)], but after the first arrival at [n(xo + (k — i + 1)/n)], and
these sets obviously have an independent numbers of elements. The generating
function of the number of elements in the ithset is evidently G,(s) since the situation
is the same as in the proof of Theorem 1.2. The generating function of the total
number of steps is therefore [[¢-; G,(s). We again introduce Laplace transforms
by setting k = nx and s = e ~*". The result may be written
nx 1-— e—)./n
weond =11 (1= 1)

The limit as n becomes large is easily found, for one has, even without the

assumption that x = k/n,

lim L(x,n,A)
n—oo 2
. n n -
= limexp X — 7] o T [nx]O (1 — e~ *m)?
e o))

[nx] x
= lim exp % —% —11— =expf —H%dy=(lx+1)“,
noo  i=1 1+i() (} y

and the convergence is uniform in finite intervals of 1 and x. Under the assumption
that we are dealing with a Markov process, the generator of this part of the
process is thus (d/dx)(Ax + 1) "'],.o= — A= (d/dy)e” ], -, , and for the whole
process the generator is to be found by differentiating (Ax +1) ~'exp(— Ay/(1 + 1x))
since the two components are independent. In this way one derives

- 2
%(ﬂx + l)exp1 +?;c] = (= A+ 22y)e® = ( yd_dj)3 + %) e~V

indicating that generator has the form yd?/dy* + d/dy. For this generator, 0 is an
entrance boundary and no boundary conditions may be imposed. It is then easy to
see, as above, that the process must indeed be the diffusion with this generator.

It remains to establish, however, that the higher dimensional limiting joint
distributions exist and are those of a Markov process. Let X(x) denote a ver-
sion of the limit process (if any) for 0 < x < — xo, and let T f(y) denote
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E(f(X(xy + x))| X(x,) =), 0<x; <X; +x < — Xo. Then it has been shown
that T (e ™) =(=A+ A%y)e™™, and it follows by uniform limits that the distrib-
utions converge weakly (weak ) at each x. We consider now approximating
Riemann sums, with subdivisions of length A, for the joint distributions in a
product of intervals [B; ; B2,), B1,:>0, 1=i<k, at parameter values
0<x; <. <X,<— Xo. When n is large, it follows as in the proof of Theorem
2.1 that the conditional probabilities

P(%’S([nxo],["“o],["(xo +x;+x)Dely,y +4) I%S([nxo],[nao],[n(xo +x)]D=0)

converge uniformly in (a, x) for « and x in intervals of length A bounded away
from 0. In fact, the additional component of the process leading to the term
+ d/dy in the generator does not involve the initial value a, and since the limit
distributions are known to be continuous in (0, c0) the asserted uniformity fol-
lows from that of the convergence in Theorem 2.1 and of L(x, n, A). It is therefore
clear that the approximating sums are uniformly near to the actual joint dis-
tributions for all large n (and small A), and that their limits are the corresponding
Riemann sums for the joint distributions of the required diffusion process. It
is then seen by choosing A small that the joint distributions of the random walk
sojourn processes (1/n) S([nx,], [noo], [n(xo + x)]) converge to those of the
required diffusion process for 0 < x < — x,. Since the same argument shows
the Markovian nature of the limit joint} distributions about x = — x, the proof
is complete.

2. The effect of the last section was to establish a weak convergence of the
joint distributions of certain discrete Markov chains to the joint distributions
of corresponding diffusion processes. It is well known that with a suitable change
of parameter the joint distributions of the random walks from which these Mar-
kov chains are defined converge to those of Brownian motion, and it is therefore
to be expected that the limit diffusion processes have a direct interpretation
in terms of Brownian motion. To establish this interpretation, we strengthen
the weak convergence of distributions to an a.s. convergence based on the con-
struction of [10]. This necessitates two adjustments—first, the construction in
[10] was possible only for random walks of step size 27* k>0, and second, it
is necessary to change the scale of the step duration (i.e., the time parameter)
as well as the size, and the durations leading to Brownian motion from steps of
size 27% are well known to be 272*, We review quickly some notation and
basic material from [10]. Let Ry(nay), for each k = 1, be the symmetric random
walk with step size f, = 27* and duration o, = 27%*. Let M,, k = 2, be the map-
ping of the sample paths of R, onto those of R,_, determined by removing from
each R,-path all steps with values not of the form mf, _, then removing all the
remaining steps which are equal in value to their immediate predecessors, and
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finally reparametrizing the remaining sequence of steps by assignment of dura-
tion o;_, to each (3). The conclusion of [10] is that the R, and M, make up a
projective limit probability space (Q, F, P ) on which the R,-paths (taken either
as step functions or as polygonal lines) converge a.s. uniformly in all finite time
intervals to the paths of a Brownian motion R (f), t = 0, defined on (Q,F, P,).
It is sometimes conceptually easier to view this construction in reverse, by start-
ing with a Brownian motion process. The random walk R, is then defined by
reparametrizing the sequence of arrivals of the process on the lattice mp,, ex-
cluding “‘successive’’ repetitions. More explicitly, let the given Brownian motion
process be denoted by R, (t), and define inductively a sequence of stopping
times T(n, k) by

T(1,k) =inf|Ry(1)| Z B and T(n + 1,k) = inf :|R,()—R(T(n,k)|=p;.

t t>T(n,k)

Then, except on a set of probability 0, where some T(n,k) fails to be finite, we
define Ry(noy) = R (T(n,k)) for all k and n. Regarded in these terms the next
lemma is almost obvious.

DEerNITION 2.1. Let S(ky, k,, b,m,r), for integer-valued arguments such that
b<0,0<k; £k, 0<m,and (b+1)B,, <rpk,, be the number of steps of R,
from rp,, to (r + 1) B, by the end of the (m + I)th step of Ry, from bp,, to
(b +1)B,,, as defined on the joint probability space (Q,F,P,), and let
S(ky,k,, b,0,7) for bfy, < rfy, be the number of steps of Ry, from rf, to (r+1) §,,
before the first arrival of R,, at bf;,.

Lemma 2.1, For fixed ki,b,m >0, and x =nfy where nfiy = (b+1)p,,,
the random variables

V(kZ’ x)=ﬁk2(s(kla kZa ba m, xﬁk-zl)+s(kl, k2, b’ m, xﬁ;zl - 1) + 5)’

where 6=0 if x>0 or 1 if x <0, form a martingale in k, = max(K,k,). For
m = 0 the statement holds with x Z bf, .

Proof. Let us first rephrase the lemma. For m >0 and x>0, clearly
Bi; ' V(k,,x) is the total number of arrivals of R, at x before the (m+ 1)th step
of R, from by, to(b+1)fy,, while for (b+1) B, < x < 0this number of arrivals
is equal to Bg,' V(k,,x)+ 1. Hence the lemma states that the total numbers of
arrivals by R,, at x before the (m + 1)th step of Ry, from bf,, to (b+ 1),
when multiplied by f,,, form a martingale as soon as x is accessible for R;,. A
similar interpretation is evident for m = 0.

To prove the assertion, let there be given for some k, = max (K, k) the quan-
tities Ry,(no,,) for all n between 0 and the integer ar which R,, completes
its (m + 1th step from bp,, to (b+ 1), (m>0), (resp. first arrives at

(3) We assume that for each R, the set of probability 0 mentioned at the start of § 1 has
been removed from the space. It should be noted that «, has no connection with the notation
oo which is used to denote an initial value of a process.
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bpy,, (m = 0)), where R, is derived from R, by the mapping M, M,,_ M +,.
The number of arrivals of R,,.; at x is then a sum of B, 'V(k,,x), (x > 0), or
Be, V(kz,x)+ 1, (x £0), conditionally independent and identically distributed
random variables equalling the numbers of arrivals of R, at x starting with
each arrival of R, at x and before the next step of R,,. These variables have the
distribution of 1 + V¥, where V is geometrically distributed with generating func-
tion (2 —s)”'. Their expectation is accordingly 2, and since Bt Biyr1=2""1
the lemma follows upon taking the expectation over all (given) sets of values of
R,,(noy,) compatible with the given value of V(k,,x).

We are now able to prove an a.s. convergence sufficient for the present purposes.

LeMMA 2.2. For b<0=m, 0 <k,, and all x of the form nfx = (b + 1)f,,
(if m>0), or ZbB,, (if m=0), the limits lim,,_ B, S(ky, ky, b,m,xBe.")
exist simultaneously a.s.

Proof. Since the random variables V(k,, x) for b, m, and k, fixed, are non-
negative and have bounded expectations, as is easily seen, it follows from Lemma
2.1 and a martingale convergence theorem that the limits lim,,, ., V(k,,x) exist
a.s. If for a certain k, both V(k,,x) and R,,(na,,), for the range of n considered
in the proof of Lemma 2.1, are given, then S(ky, k, + 1,b,m,xf.%,) is the
sum of ﬁ,:;V(kz,x), (x> 0),or B,:zl V(k,,x)+1, (x £0), conditionally indepen-
dent and identically distributed random variables equalling the numbers of steps
of R;,+1 from x to x + B, between the successive arrivals of R, at x. These
have the distribution of a sum of 1 + Vindependent Bernouilli random variables
equal to 0 or 1 with p = 1, where Vs independent of these and has the generating
function (2 —s) ' The generating function of this composite random variable
is thus (1 + 5)/(3 — s), and its mean and variance are 1 and 4. The conditional
mean and variance of f,4S(ky,k, + l,b,m,xﬁ;zﬂl) are therefore 1 V(k,,x)
and 3f,, V(ky, %), if x>0, of 3V(ksx) + Biyry and 1By, Vkp, ) + 3821,
if x £0. Since Zﬁkz =1, it follows from the Borel-Cantelli lemma (slightly
generalized) that a.s.

lim By, S(ky,ky, bym,x Bit) =% lim V(k,,x).

k2w k2=
The convergence is extended to all b, m, k;, and x by noting that only coun-
tably many possibilities are involved.

The effect of Lemma 2.2 is to define for each k,, b, and m, a limit process on
the diadic rationals x = (b + 1) §; (resp. x = b f;,). By using the arguments of
§1 it will be shown that this process is the restriction to a diadic rational para-
meter of a diffusion process of the type considered there, although with a non-
degenerate initial distribution in the case of m > 0.

LemMA 2.3. The process
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(ki bym3x) = lim i, (SCks, o, b m, B! (5 4+ 1) By, + )
for b <0, m>0, and diadic rational x = 0 (where the definition is to be ad-
justed by using 0 if the limit for any x does not exist) is the restriction of a dif-
fusion process as defined in Corollary 1.3 with xo = (b + 1) B, and an initial
distribution of ay equal to that of s(k,,b,m;0). For b =0 the same statement
holds with xy, =0. Similarly,

s(k1,b,0;x) = lim By, (S(ky, ka, b,0, B, (bfy, + X))
k2=
exists for diadic rational x = 0 and is a realization of the process of Corollary
1.3 with xo=bp;, and ag=0.

Proof. The lemma follows directly from the proofs of §1. Suppose, in fact,
that in Corollary 1.1 ““R(n)”’ is replaced by B, R,, (noy)), “‘b> by (b + BB
and “m” by S(ky, ky, b,m,(b + 1) By, B, V), (for m > 0), which we denote tem-
porarily by m*. It is clear that, in the notation of the proof of Theorem 1.1, m*
is measurable over F(i) for each i (we allow here any k such that (b+1) B,, f.* <k).
This is evidently the only fact required of an initial value in order to establish,
by the same reasoning as given there, the Markovian character of
S((b + 1) By, Bt m*,k), k=0, and the form of the transition function. The
passage to the limit in k, now proceeds just as in Theorem 1.2 and corollaries,
except that we have to replace n by B;", [nx,] by (b + 1)B,,B;% and [nag]
by m*, and then use Lemma 2.2 to the effect that ti e distribution of the initial
value f,, m* converges to that of s(k,, b, m;0). The case of s(k,,b,0;x) is ana-
logous, except that the index of the first arrival at DS, is measurable over F(i)
for any k such that b ﬁklﬂk‘zl =< k, whence the initial value may be taken at
Xo = b py,, and is accordingly 0.

DErFINITION 2.2. Let s(ky,b,m;x), x = 0, be defined as the extension by con-
tinuity of the process of Lemma 2.3 to all x = 0 whenever the former is uniform-
ly continuous in all finite intervals of diadic rational x, and set s(k;,b,m;x) =0
otherwise.

The conclusion of Lemma 2.3 is that s(ky, b,m; x), m > 0, is a diffusion process
with generator yd*dy*+d/dy for 0<x< —(b+1)B,,, and yd?/dy* for
— (b + 1) B < x, where 0 is an absorbing barrier. This process has a nondegene-
rate initial distribution, and to derive the process with initial value o, > 0 fixed
it is necessary to take a further limit in k,. Before doing this, however, we show
that the present process is already a sojourn density process of the Brownian
motion R (f)

DerINITION 2.3. For b =0 < m, let T(k,, b, m) denote inf,: in 0 < 7 < ¢ there
are at least m +1 disjoint passages of R, () from bf,, to(b+1)§,,, where a “‘pas-
sage”’ is an interval (74,7;) such that R, (t,) = bf;,, R.(12) = (b + 1) f;,. Equi-
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valently, T(ky, b,m) = inf,: in 0 < 7 < t there are at least m + 1 steps of R, (noy,)
from b, to (b + 1)B,, where 7 is the time parameter of R, in (Q,F,P)
and maps onto the parameter of R,, as in [10]. Lastly, let T(k,, b,0) denote the
first passage time of R, to bf;,.

THEOREM 2.1. Let I, ,(x)=0 or 1 according to whether x¢(a,b) or
x€(a,b). Then for 0 < m,

1 d [1Cbm
s(ky,b,m;x) = 2dxJ, Ii— o 0+ 1pg, +9 (Ro(1)dt

for all x 20 a.s., while for 0 =m, a.s. for x =0,

d T(k1,b,0)

1
s(ky,b,0;x) = 3 & ), I ppy 40 (Reo(D)) dt.

In other words, 2s(ky,b,m;X) is a sojourn density process of R,(t).

Proof. For the course of this proof we set (b 4+ 1)f,, = y. Let there be intro-
duced the ‘‘approximate 4 sojourn density processes’’ based on the random walks
R,, and defined as follows:

S(kl’kZ’ b,m;x) = ﬁkz S(kl’ k2a b’ m, r) fOI' )’ _'S_ rﬂk; é X+ 'y < (r + l)ﬁkz

if m > 0, or similarly with bf,, in place of y if m = 0. It follows from known
results [11, p. 240] that [o"®***™I _, , (R (f))dt is continuous in y as. at
each y. It is therefore clear from the uniform pathwise convergence of [10] that,
in the case m > 0, for each y > y one has

y=v T(k1,b,m)

(2.1) lim2f s(ky,ky, b,m; x)dx = f I, .5 (Ry()dt
k20 0 0

a.s., where the factor 2 appears because only the steps in the positive direction

are counted from R,,, and the number of these is a.s. asymptotically 1 of the total

number of steps of R,, which start in (y,y) during (0, T(ky, b, m)). Similarly,

for m =0, a.s. for each y:

y-bﬂkl T(ky,b,0)
2.2) lim 2f s(ky,ky,b,0;x)dx = f Tiop, .y (Re(D))dt.
k2»w0 YO - 0 !
If it be shown that for each diadic rational y = y, for the case m > 0, the left side
of (2.1) is equal to 2 [§77 s(ky, b, m;x)dx a.s., then it will follow from the mono-
tonicity in y of [¢ "™ I, (R,(1)dt thata.s. forall y =y

T(ky,b,m)

y=v
2] s(ky, b,m;x)dx = f I, (Ry(D)dt,
0 0

and the theorem in this case is then obtained by differentiation. In the case m = 0,
the same method succeeds with y replaced by bf,,. Accordingly, let it be supposed
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that for a certain y this fails with positive probability. Then there exists an ¢>0
such that for all k, sufficiently large

y=v
P{ ] |s(ky,kz, b,m;x) — s(ky, b,m;x)|dx > & } > e
1)

It follows, however, from the convergence of the joint distributions of
s(ky, k,, b, m; x) to those of the diffusion s(k,, b, m; x), that the joint distributions
for products of intervals [, ;,8,..), 1 < i < k, and for x; on the lattice {x, = nd,}
converge to those of the diffusion for each §,, and since the diffusion is continuous,
one sees, by the standard argument based on the fact that the variance of the
transition function is uniformly small for small values of the transition parameter,
that a large increment of the process s(k;,k,,b,m;x) in a range (x;,x,) with
|x; — x, | < &, would “‘imply”’ a corresponding large increment on two successive
points x, = nd;, and hence finally that for §, > 0 given, §, > 0 sufficiently small,
and k, sufficiently large, with0 < x; <x, <y —7,
P‘ sup |s(ky, kyy b, m;x,) — s(ky, ky,bymsx,)| > 8, } <d,.
[x1—x2]<d,
The integral inequality above leads to a contradiction with this fact. It implies
that with probability e,
sup | s(ky, ky, b, m;x) — s(ky, b, m;x)| >yf-—y’
and hence, setting 6, = min(¢/2, ¢/ 2(y — 7)), we would have for all k, sufficiently
large a probability of at least ¢/2 that there exist an interval I of length §; in
(0, y — y) for which
| (ks gy by m; x) — s(ky, b,m; x) | > -2—(y—'°“_—y—)
holds for all x in I. Such an infinite collection of intervals must contain some
diadic rational infinitely often, and this contradicts the convergence of
s(ky, ky, b,m;x) to s(ky,b,m;x) at all diadic rationals a.s. The proof is thus
complete for the case m > 0, and the case m = 0 s treated analogously.

The next theorem is the existence theorem for the sojourn density processes
of R(t) corresponding to the limit distributions of Theorem 1.2 and corollaries.
At first, the complete meaning of the random time intervals involved in defining
these processes must be left partially open since it turns out that they are of the
form

.1 d ( '
(0, inf: 5 Tx I(_ o x0)(Rp(D))dT > ao)

t 0

and the existence of this derivative for all ¢ has not been established here. However,
if one refers to [12] or [14] for the existence of the derivative, it seems fairly clear
from the start that the above is the correct interpretation.
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THEOREM 2.2(%). For oy =0 and xo £ 0, let T(x,, o) denote

. d f‘
n'if. & J, I _ o 5 (Rp(2))dT > .

Then +f(xq + x, T(xq,%),w) is the diffusion process of Corollary 1.3.

More elaborately, the following statements hold. The limit

lim s(k, [xoB¢ '] - 1, [“o“;l]§x)

k—
exists a. s. uniformly in x = 0. Let s(x,, %y; X) denote this limit, or 0 when it fails
for some x to exist. Then s(x,, ®4; X) is a realization of the process of Corollary 1.3.
Moreover, it is a sojourn density process of R_(f), in the sense that the limit
T(x0,0t0) = limy_, o, T(k,[xoBs '] — 1,[oBx ']) exists a.s. and, in terms of the
notation f(x,t,w) used in the introduction,

1 d T(x0,20)

$(Xg, 0o X) = 3 ax I _ o xo+x) (Rep(D))dt
= % S(xo + x, T(xg,00), W) for all x a. s.
Finally,
1 d |

T(anaO) = ll"lf 7 E A I(—ao,xo)(Roo(T))dT > do

a.s., where the infimum is over those ¢ for which the derivative exists.

Proof. The proof is unfortunately rather complicated. We shall suppose at
first that x, and o, are diadic rationals, which for large k allows us to avoid the
“‘square brackets’’ notation, and that a, is strictly positive. The main obstacle in the
proofis to show that the limit T(x,, &) exists a.s. If this be granted, then evidently
R (T(x0,00)) = xo holds a.s. and the contribution to the sojourn times for ¢
between T(x, %) and T(k,xoB * — 1,a08; !) vanishes outside a neighborhood of
X, tending to {x,} as k increases. However, the simplest way to prove the existence
of T(x,,) seems to be by showing first, in essence, that the sojourn densities at
Xo up to time T(k,xofs ' — 1, aoBi '), which we shall abbreviate to T(k), con-
verge to 2u, a.s. Recalling that T(k) is the time of the ayf; ‘th disjoint passage
of R,, from x, — B, to x,, it is easy to see from the strong law of large numbers
that there are a.s. asymptotically 2005, * passages of R, () from X, to {xo + i}
up to time T(k). We wish to show that s(k,xof; ' — 1,08z * ;0) converges to o,
a.s., and it is convenient to consider the total duration of the passages from

(4) Part of this theorem was presented to the Society August 30, 1962 under thetitle 4 sojourn
density process of Brownian motion.
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Xo to {x, + B} (rather than only from x, to x, + B, or from x, to x, + f, and
from x, = B, to x,, etc.). Let D(ky,k,) denote the total duration of passages of
R (f) from xo to {Xo+f,} up to time T(k,). It will be shown that
limy, ., B, 'D(ky, ky) = 23(k1,x0ﬁ,;1,a0/3;l1 ;0) a.s.; this last expression we shall
abbreviate by 2s(k,), and that lim, _, , lim,,., , B, 'D(k;, k,) = 204 a.s. Combining
these results, one reaches the desired conclusion immediately(®).

By Lemma 2.3, B, times the number of passages from x, to x, + S, up to
time T(k,) converges to s(k;)a.s. This clearly implies that f,, times the corres-
ponding number of passages from x, tox,—f,, up to time T(k,) converges a.s.
to the same limit. When the number of passages from x, to {x, + B,} up to
time T(k,) is given, their durations are independent and identically distributed,
and are, in fact, independent of the given information altogether. It follows
from [10, p. 222 and Theorem 3] that each of these durations has mean «,, and
variance less than %af,. Therefore, the conditional mean of B, 'D(k,,k;) con-
verges to s(k,) a.s., and the conditional variance of the same quantity is asymp-
totically not greater than %82 s(k,). It follows easily from these facts that
limy, -, o Be, ' D(ky, ky) = 2s(k,) a.s.

The other statement is less immediate. Let N(k,,k,) denote the number of
(disjoint) passages from x, to {xo+ B;,} by timeT(k;), and set M(k,,k;) =
P, N(ky, ky). We suppose that M(k,,k,) is given, and compute the conditional
mean and variance of M(k,, k,), k, <k,.If M(k,, k,) isalso given, then N(ky,k,+1)
is the sum of N(k,, k,) independent and identically distributed random variables
equalling the numbers of passages from x, to {x, & By,+} during the N(ky,k;)
respective passages from x, to {x, + f,}. These numbers have the generating
function (2 — s) ! considered before, and in particular have mean and variance
both equal to 2. Therefore,

E(M(ky, k, + 1) | M(ky, k,)) = M(ky, k;)
and

E(M?*(ky, ky + 1) | M(ky, k) — EX(M(ky, ky + 1) | M(ky, kp)) = 3 By, M(ky, k3).

Taking expectations over M(k;,k,) on both sides, we have
E(M?*(ky,ky + 1)) — E(M?*(ky, ky)) = i, M(ky, k,), when the latter is given,
and therefore, still given M(k,, k,),

ka—1

E(M?(ky k) = X (E(M?(ky, k+1)) = E(M?(ky, k) + M?(ky, ky)
k=ky

1
< 'iﬂk; M(khkl) + Mz(klakl)’

whence the conditional variance of M(ky,k,), given M(k,,k,), is less than

(5) Added in proof. The argument may be shortened by replacing D(k1, k2) by ay,N(k1, k2)
throughout.
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1By M(ky, ky). From this it is seen that given M(k, k;), N(k,,k,) has mean
Bi,t M(ky,k,) and variance less than B2, M(ky, k,). The duration of each of
the passages contributing to N(ky,k,) has mean o, and variance less than
%o}, independently of M(k,,k,). In order to estimate D(k;,k,) we use the fact
that such a sum X!_, U;, where the V and U, are jointly independent, and
where E(U) = m,, E(V) =m,, ¢*(U)=0?, ¢°(V)=0% has mean m;m, and
variance m} o3 + m, 02, as is easily shown by differentiating the composite func-
tion of the generating function of V and the Laplace transform of U;. Setting
my =ay,, my =P 'M(ky, k), 67 = %02, and o3 = B2 B, M(ky, ky), we find
that E(D(ky, k,)| M(ky, ky)) = Bi,M(ky, ky), and that the conditional variance is
less than (o,pB, + % Be,) M (ki ky). Therefore, Bi,' D(ky,k;) has conditional
mean M(k,,k;) and variance less than (B, + %P, M(ky, k), and hence
limy, , ,, ﬁ;le(k,, k,) has the same conditional mean and variance no greater than
Bx, M(ky, ky). Since lim,, ., , M(ky,k,) = 2a, a.s., the Borel-Cantelli lemma im-
plies as in Lemma 2.2 that lim, _,lim,,., Bi;' D(ky, ky) = 2uo a.s., as was to
be shown.

[t can now be proved that lim,_, T(k) = T(x,,%,) exists a.s. and satisfies
the assertion of the theorem. One notes first that limsup, T(k) is finite a.s., for
in the contrary case the total sojourn time up to time T(k) would be unbounded
in k, which would lead to a contradiction with lim_ . s(k) =« a.s., in view
of Lemma 2.3 and Theorem 2.1. Since s(k) is a monotone function of T(k) as
k varies, it follows that whenever liminfT(k) < T(k,) < T(k,) < limsup T(k)
then s(k,) = s(k,). We now choose an ¢ > 0 and distinguish two cases. If for a
given path w there is a sequence k; with T(k;) | liminf T(k), while
liminf T(k) + ¢ < limsup T(k), then for k; large there is an increase of O in the
sojourn density at x, during the interval (T(k;), limsup T(k)), which has length
at least e. If, however, liminf T(k) + & < limsup T(k) but there is no such se-
quence k;, then the interval (liminf T(k), limsup T(k)) evidently has the same
property. Both T(k), for any k, and liminf T(k) are stopping times for R.(t)
and R (liminf(T(k))) = R_(T(k)) = x, a.s. for all large k. It will be shown by
using the strong Markov property of R, () that both of the above cases have
probability 0. It is enough to show that the probability of an increase of 0 in the
sojourn density of a Brownian motion R (f) at 0 during an interval (0,¢), ¢ > 0,
is 0. This is shown in [12], but it is also a consequence of the fact that the number
of returns to 0 of Ry(nx), 0 < n < e, ', when multiplied by (2e)"'/%B,, has a
distribution which converges to a truncated normal limit as k becomes large
[7, p. 83]. From this, it is clear that the duration of the passages of R(t) from 0O
to {+f} up to time &+ lim,,,L,,(¢) when multiplied by (2¢)”'/*p; has
this same limit distribution, where L, , is the “‘time lag’’ of [10, p. 221], and since
lim,, ,lim,, , L, ,(¢) = 0 a.s., [10], one sees that the increase of the density at 0
cannot be 0 with positive probability. Letting ¢ decrease to O one has limint T(k)
= limsup T(k) a.s. and the existence of T(xq,,) is proved.
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As noted at the start of the proof, the sojourn densities before time T(x,, %)
are thus identical with those before time T(k) for x outside a neighborhood
of x, which tends to {x,} as k increases a.s., and since the latter exist by Theorem
2.1 the former do likewise, and we have, therefore, proved the existence of
s(xq, g3 Xx), x >0, as stated, except for the uniformity of the convergence near
X = X, and the representation of T(xy,0,) as

t
iI;lf % %c | I -0, xRy (1)) dT > 0,
but under the restriction that x, and «, are diadic rationals with oy > 0. From
the existence of the sojourn density 2s(xq,q;x) for x > 0 follow its existence
at x = 0 as a right derivative and also the fact that this derivative equals 2a, a.s.
But by applying the same result to the process for x < 0, by using the symmetry
about x, following the first arrival there, one sees that the left derivative has
the same value a.s., and hence 2s(xq, 2y; X) exists as a sojourn density up to time
T(xq,%) for all x a.s., and is a combination of two diffusion processes with
oppositely directed parameters x = 0 and x < 0, and initial value 2x,. The fact
that the ‘‘initial increase’’ of the sojourn density of Brownian motion at the
starting point is a.s. strictly positive leads easily to the representation of T(x,, o)
as the inf. of ¢ for which the sojourn density exceeds 2o, at x,. In the contrary
case, one could let T denote the inf. of ¢ for which the derivative for the sojourn
density at x,, taken only with respect to the sequence of differential quotients
with increments f3;, existed and was at least 2«,, and T would clearly be a stopping
time for R (¢) for which, by hypothesis, P{T < T(x,,,)} > 0 would hold. There
would then be with positive probability a positive increase in the density during
(T, T(xy, &y)) in such a way that the density up to time T(x,, ®y) could not
be 20
To remove the restriction of x, to diadic rationals one may choose x; such that
]xil <e¢, x;<0, and x, — x; is a diadic rational. It is evident from Theorem 2.1
that the maximum of the sojourn density up to the first arrival at x; becomes
small with ¢ (even if x; is not diadic rational), and the theorem in this case follows
by its application to the process following the first arrival at x;. The uniformity
of convergence near x = x, will follow if it is shown that the maximum of the
sojourn density added during the interval between T(k) and T(x,,%,) becomes
small a.s. as k increases. This density is of course a diffusion process of the type
considered with initial value 2|s(k) — a,|, and the maximum tends to O along
with the initial value, being a monotone function of it for s(k) = a,, and for
s(k) < oy, considered separately. Lastly, to remove the restriction of a, to diadic
rationals, one has only to choose o, ;tag, ®,;|®, where «;; and a,; are
diadic rationals, and use the now apparent convergence of T(xo,a; ;) to T(x,,a; ;).
In this way the proof of Theorem 2.2 is concluded for o, > 0. In the special case
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of ay = 0, it is evident that T(x,, &y) becomes the first passage time to x,. Theorem
2.2 is then an immediate consequence of Theorem 2.1 with m = 0, coupled with
the preceding remarks to remove the limitation of x, to the diadic rationals.

A disadvantage of Theorem 2.2 from the standpoint of disclosing the general
behavior of the sojourn densities is that, except in the trivial case xo = ag =0,
the expectation of T(xq,) is infinite. The theorem, therefore, does not give
very direct information about the densities in short time periods. A better idea
is provided by considering the process up until the first arrival in {+ x,}. This
case is easily reduced to the former. Let T denote the first passage time of R (1)
to {+ 1}, and consider the conditional distributions of f(x,T,w) given that
R (T) = — 1. For —1 < x £ 1, since this condition is imposed at an endpoint,
it does not destroy the Markovian property, but the conditional process is no
longer homogeneous in —1<x<0 or in 0<x<1. Let p_y(¥1,%15 Va2, X2)s
— 1= x, <x, =1, denote the conditional transition density of f(x, T,w) given
that R (T) = — 1, where the existence will be shown immediately. Letting p
and P denote probability densities and probabilities, respectively, we have
P11 X105 Y2, %2) = ABC™" where

A p(f(x2, T(—1,0),w) = y, If(xl’T(_l,O)aW) = y1)
P(f(1,T(—1,0),w) = 0 |f(X2,T(—1,0),W) = Y2)s

1

B

and

C= P(f(l’T(_l’O)’W) 0 If(xl’T(_l’O)’w) = yl)

For 0 < x, <x, =1, this becomes, by use of Theorem 1.2 and a change of
variables corresponding to the factor 4 of Theorem 2.2,

p-1(V1> %15 V2:X3)

Vi Y1+ Y2 Y2 Y1 )
= ————exp [— - +
20x; — x2 P ( 2iy—x)  200—%3) AL —x,)

R 1 JOwa)
Eo kl(k+ 1! (2(x2 _le)) '

For — 1 £ x; < x, £ 0itis necessary to use the transition function corresponding
to the generator 4yd*/dy* + 2d/dy of f(—1+ x, T(—1,0),w). It was shown in
the proof of Corollary 1.3 that the transition function corresponding to
yd*dy* + d/dy (i.e., of s(—1,0;x)) is the convolution of that of Theorem 1.2
and another distribution whose Laplace transform is (A(x,— x;)+ 1) 7%
The latter distribution evidently has the density (x, — x;) ™ "exp(—y(x, — x;) '),
and the required transition function for the process of Corollary 1.3 in
0< x £ — x, is found to be
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{ Y1)z exp ( It J’2) E 1 (\/(.VlJ’z))zk}

(xz = xy)? x;— %) ySok+ D12\ x—x,
o1 ity
+ (X2 — x;) "exp ( X, — %, xl)-

To compute the probabilities P(f(1,T(—1,0),w)=0|f(x; T(—1,0),w) = y),
i=1or2, for —1 = x,<x, =<0, itis only necessary to use this transition function
as in the previous case to determine the conditional distribution in y of
f(0, T(—1,0),w), multiply by e~”, and integrate over y. The resulting formulas
will not be written down—it is clear that what has been said is sufficient to de-
termine p_(y,X;; Y2, X,) completely. The transition density p;(y;,%;;¥,,X,) of
f(x, T,w) given that R_(T) =1 is derived from p_,(y,,Xx;;V2,X,) by using the
symmetry of the process R, (t) about 0. This leads immediately to the relation
Pi(V1+X13Y2:X2) =P 1(V2s = X25 Y1, =X)P-1(0, =15 y2, —x2)p_5(0,— 1; 1, —x)).
Since we have P{R_(T)= —1} = P{R(T) =1} =1, the joint distributions of
f(x, T,w), —1 £ x £1, are determined as 1 times the sum of the corresponding
conditional joint distributions, and are thus completely known.

3. The purpose of this section is to derive from Theorem 2.2 the existence
and certain properties of the sojourn time densities f(x, t, w) for fixed ¢.
DEerINITION 3.1. Let

76000 = [ 1 (R

if the derivative exists for all x and ¢, and is continuous in (x,t). Otherwise, set
f(x,t,w)=0.

THEOREM 3.1 (THE THEOREM OF [12]). With probability 1, f(x,t,w) exists as a
derivative for all x and t, and is continuous in (x,1).

The proof of this theorem will be completed following a derivation of an estimate
for max, f(x,t,w). For the present we prove only that, for fixed ¢, the derivative
defining f(x,t, w) exists and is continuous in x, — 00 < x < o0, a.s. We shall use
the known fact that the derivative defining f(0,1, w) exist a.s. [12; 14], although
this also can be derived by the present methods (see §4). Let us set

S(t,a) ={w:t < T(0,0)}

(from Theorem 2.2). Then S(¢, ) is nondecreasing in «, and since it is easily seen
from the proof of Theorem 2.2 that lim,_, T(0,x) = co a.s., it is clear that
lim,, ,, P(S(t,)) = 1. Suppose that R_(t) and f(0,t,w) are given, and let
5*(x,09;x) be the replica of s(x,,a,;x) generated by the conditional Brownian
motion  process R,(t+ 1) — R,(f), ©=20. Theorem 2.2 implies that




76 F. B. KNIGHT [Octover

s*(— R (1),a — 1f(0,t,w);x — R (1)) on S(t,a) exists, is 3 of a sojourn density,
and is continuous in x a.s. with respect to the conditional probability. Therefore
the same process exists and is continuous in x unconditionally a.s. on S(t,a),
when R_(¢) and f(0,¢,w) are determined by R (t), 0 < v < t. Hence there also
exists on S(t,a) the process

F010) = 50.2:) = 5*(= R0, = 370, t,whix—R.(0)

and it is continuous in x a.s. Letting a become large, the assertion follows.

The next aim is to estimate the distibution of max, f(x,?,w). Since we are
concerned only to show that the probabilities of large values are sufficiently small,
it will be enough to make the estimate under the condition R (t) =0, it being
evident that this conditioning increases P{max,f(x,t,w)> y} for each y >0
(see note 6 below). It will also be assumed at first that o = 1£(0,¢,w) is given.
Defining the conditional probabilities by a method used in [12], the quantity to
be estimated equals lim,_, o P(max,f(x,t,w) > y ] for somet' e(t,t + A),R,(t)=0
and 1 f(0,¢',w) =a). We first show that P(T(0,0)= t!%f(O, t,w) = o and
R, (1) = 0) = 1. It has been seen in the proof of Theorem 2.2 that P{1f(0,t,w) = «
for some t > T(0,a)} = 0, and therefore, P (for some " < t, 1f(0,t",w) = a[ for
some t' e(t,t + A), R (t')=0 and 1f(0,t',w) =a) =0. Letting A approach 0,
the assertion is evident. It is now clear that if s(0,o; x) is considered as a function
of x, — o0 < x < 00, as suggested in the proof of Theorem 2.2, then one has the
relations

P(max f(x,t,w)> y|R,(t) =0 and %f(O, t,w) = cx)
=P (maXZS(O,a;x) > yl fw 25(0,a;x)dx = t)

= lim P(max2s(0,oz;x) >y f 25(0,a; x)dx e (t,t + A)) a.s.
A-0 x -

Let M(«) denote max, o2s(0,a; x), and I(«) denote J%% 25(0,0;x)dx, so that
the last term above is bounded by
2P(M() > y|I(a) = 1)

= lim 2P(I(0) € (t,t + A)| M(0) > y)P{M() > y}P™ ' {I(a) € (1,1 + A)}.

A—0

In the first place, since the process s(0,o;x) has no drift, comparison with a
Brownian motion process immediately shows that P{M(x) > y} = ay~'. We do
not propose to determine the ratio of the remaining two probabilities exactly,
but merely observe that if (¢,¢ + A) were replaced by (¢,2t) for A <t the ratio
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would be increased. Using the known distribution of f(0,t,w) [Lévy, 12, (39),
p. 316] one has

P{I(x) (1,2t)} = P{f(0,1,w) < 20} — P{f(0,2t,w) < 2a}

2 fZa x2

=)o ()
As concerns P(I(x) € (t,2t) [ M(a) > y), one can derive a bound by comparing
5(0,a;x), x = 0, with a Brownian motion and using the reflection principle argu-
ment of Désiré André. Under the supposition that M(«) > y and I(a) < 2t hold,
there must be a passage from y/2 to y/4 by the process s(0,a;x) within a para-
meter interval of length 4ty~! “following’’ the first arrival at y/2. Since the
infinitesimal generator of s(0,a; x) is zd?/dz?® = (d/dm)d/dz, where m(z)
=In(z), [6], it can be seen from the interpretation of m(z) as a ‘‘speed
measure’’, the speed of the process increasing at larger values, that the probability
of such a passage is less than it would be for a passage from y/2 to 3y/4 in the
same interval, which in turn is less than that of the same passage for the process
with generator (3y/4)d?/dz>. This process can be written as X(3yt/2) where
X(t) is Brownian motion, and its probability of reaching 3y/4 from y/2 before
time 4t y™ ' is 1/,/(3nt) [;7,exp (— x?/12f)dx. Combining all of these estimates,
we find that

P:max fx,t,w)> y: <2P (max f(x,t,w) > y| R (1) = 0)
x x20
3.1

«© —x2
& [yavene”™ ’de]
’

J-Za [Vt

<2E[
_x2/2
2aiyan € > 2dx

y
where the expectation is over « and must be taken with respect to the conditional

distribution of 2 7'f(0,t,w) given that R_(t)=0. This distribution has been
found by P. Lévy, who showed that

P(f(0,1,w) > x| R(t) = 0) = exp — x*(21) !

([12, p. 316], where f(0,1,w) has the same distribution as ‘“\/(n/2)S(¢)”, as is
also shown there). If we estimate the ratio of the terms involving « in (3.1) by
separating the integral into parts corresponding to the intervals (0,./f) and
({/t, ©©), replacing the denominator by the smaller quantity

at™ 1?2 — /2)exp(— 2%t7Y)

in (0, /1), and using the standard inequalities for the normal distribution [7, p.
166] to bound it from below by /(2f)4 ~*exp( — a®t~') in (/t, ), it follows that
this expectation is less than ¢/t for a constant ¢ < 10. Applying the other half of
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the normal inequalities to the resulting function of y in (3.1) we find that for a
constant K < 200,

3.2)(%) P{maxf(x, t,w) > y} < Kty *exp(— »*(1920 7 1)).

This is the required estimate.
The proof of Theorem 3.1 is now completed without difficulty. Choosing a
large number B, we subdivide (0, B) into subintervals of length B/ n, and note that

£ o) 520

B KB? ny?
= nP{mf,xf(x, 7,w) > y} < yz &P (‘ 1923) ’

As n becomes large this approaches 0, and it is evident that if S is a countable
dense set in (0, B) then since the existence and continuity in x of f(x,¢,w) for
te S a.s. may be assumed, f(x,t,w) is a.s. both jointly continuous in x and te S
and continuous in ¢ € S uniformly in x. Let it be assumed, for purposes of showing
that the corresponding event has probability 0, that (x,,,, w) is a point at which
either the derivative f(x,t,w) is not defined, or at which f(x,t,w) is defined but
not continuous in (x,t). In the first instance there exist sequences of sojourn-
density-approximating differential quotients approaching either oo or two dif-
ferent values at (xq,t,). By choosing t; <ty <t,; t;,t,€S; t, —t; small, and
considering the corresponding quotients at (xq,t;, w),i =1 or 2, using the mono-
tonicity of each quotient in ¢ and the continuity of their limits (for fixed ¢ in S)
a.s., it seen that the first instance represents a set of probability 0. In the second
instance, having established the existence of f(x,t,w), one selects ¢; and ¢,
as before and observes that outside of a set of probability 0 one has
f(x,t,w) S f(x,t,w) < f(x,t,,w) while f(x,t,,w) — f(x,t;,w) < & and both terms
are continuous in x. It follows from this that f(x, ¢, w) is continuous in (x,f), and
the proof of Theorem 3.1 is complete.

4. In this section attention is returned to the random walks R,(nc;), and the
convergence of their discrete “sojourn density processes’ to f(x,t,w) on
(Qo» Foos Poy)-

(6) A further remark concerning the use of the hypothesis that R (t) = 0 is in order, since
no proof has been indicated for the assertion that an upper bound for P{max,, flx, t,w) >y}
derived under this hypothesis is also an unconditional upper bound (although this is clear
intuitively). It is possible, in fact, to carry out estimates analogous to those given here but under
the condition that R (¢#) = b, and then take an expectation in b. Using a formula of Lévy for
the conditional distribution of the first passage time to b given that R (¢) = b [12, (43), p. 318]
it follows that for each b the estimate (3.2) remains valid, and, therefore is unaffected by the
expectation over b.




1963] A SOJOURN DENSITY PROCESS OF BROWNIAN MOTION 79

DEeriNITION 4.1. Let fi(x,t,w) = 26,S(t,1) for if, < x < (i + 1)B,, where S(t,i)
is the number of steps of Ry from if to (i + 1)B, in the first [, ' ¢] steps.

What is to be shown is that f,(x, t, w) converges to f(x, t,w). It is first necessary
to transfer the estimate of max,f(x,t,w) to an estimate of max_f,(x,t,w).

LemMa 4.1. For k> K(t) sufficiently large,

P{maxfk(x, fw) > y} <Kty ~?exp(— (X(Ka0) ™)

where K, and K, are fixed constants.

Proof. It is obviously sufficient to prove the lemma for ¢ of of the form no,. Let
the quantities R,(may), 0 < m < n, be given, and for r 2 k let 5, ,(x, t, w) denote
B.(S™(k,r,t,i) + S*(k,r,t,i)) for if, <x<(i+1)B,, where S*(k,r,t,i) are,
respectively, the numbers of steps of R, from if, to (i + 1)B, up to the time when
R, completes its first n steps. Under these conditions it is clear that, for x of the
form iBy, s;,(x,t,w) is a martingale in r = k, and the martingale convergence
theorem applies to yield that lim, s ,(x,t,w) exists a.s. In fact, s, , is directly
analogous to M, ,, in the proof of Theorem 2.2. Let x = i, be a point at which
fi(x,t,w) attains its maximum, and let T be the time at which R (¢) completes
the nth consecutive disjoint passage of a distance f,. It will be shown that with
(conditional) probability at least }, for k > K(?) sufficiently large, the inequalities

4.1) filx,t,w) < 3f(x, T,w) < 3f(x,t,w)

hold. From this result and (3.2) the lemma follows immediately.

It is not hard to see, first of all, that lim,, s, ,(x,?,w) = f(x, T,w) a.s. This
becomes apparent upon noting first that for x = if, one has as in the proof of
Lemma 2.2 (or by the law of large numbers)

lims, ,(x,t,w) = lim2B,S* (k,r,t,xB,” ") a.s.

r—>o r-+wo

For each fixed m* and b such that (b + 1)f; < x, Theorem 2.2 implies that
lim 28,S(k,r, b,m*,xp,~*) = f(x, T(k, b, m*),w) a.s.

r—+o

(see Definitions 2.1 and 2.3). When R,(ma,), 0 < m < n, are given, then one sees
as in Theorem 2.1 that

lim 28(S(k,r,b,m*,xp"*) — S *(k,r,t,xB, 1))
=f(x, T(k, b, m*),w) — f(x, T,w) a.s. on the set {T(k, b, m*) > T},

which is determined by the given data, and that this limit is independent of
lim,, 28,8 *(k,r,t,xB,”!). Letting m* become large, the assertion follows. By
the proof of Theorem 2.2, s, ,(x,t,w) has (conditional) variance less than
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1Bisii(x,t,w) and the same, therefore, holds for f(x, T, w). The Tchebycheff ine-
quality implies that

Bi sk (x,1,w)
I

P{f(x, T,w) = siulx,t,w)| > &} < 7

and, therefore, setting ¢ = %s; ,(x,¢t,w) when k is large, the inequalities
filx,t,w) < 25 4(x,t,w) < 3f(x, T,w) hold with probability near to 1. Finally,
letting n and k increase with ¢ fixed, the central limit theorem shows that T (de-
pending on (n, k)) regarded as a sum of n (conditionally) independent random
variables (1st passage times), is asymptotically normally distributed with mean ¢,
and hence that P{T < t} > } holds for large k. The inequalities (4.1) are therefore
proved, and the lemma follows.
Using this lemma, we are in a position to prove the intended theorem

THEOREM 4.1. With probability 1, lim,, . fi(x,t,w) =f(x,t,w) uniformly in
(x,t) for t in any finite interval.

Proof. The method of proofis as follows. We assume that for a large constant C
it is given that max,f;(x,t,w) < C, where ¢ has the form na,, and consider for x of
the form mp, the total sojourn time period of R, during steps of R, from x to
{x £ B,} in the first n steps, which we denote by S,(x,t, w). The main point is then
to estimate

Plma [sua0ent,) = B SuCrat, )| > .

It is shown that this is sufficiently small to conclude, after using Lemma 4.1 to
remove the conditioning by C, that as k increases max,, ] Se(Xs 1, W) — B 1S, (x, t, w) |
converges to 0 a.s. It is not very hard to realize thats, ,(x,t,w) —f,(x,?,w) converges
to 0 and that 8, !S,(x,1,w) converges to f(x,t,w), from which the theorem
follows.

Turning to the details, let it be given that max_f,(x,t,w) < C (for a ¢ of the form
nay) so that, for x of the form mp,, s, (x,t,w) < C + f; holds. The essential
observation is that the distribution of s, ,(x,t,w) — B 1S,(x,t,w) is identical
with that of g *lim,_ Ly . (Bis (x,t,w)) where L, ,(-)is the “‘time lag’’ between
R, and R,, as defined in [10], and where L, ,() and s, ,(x,t,w) are independent.
This fact is clear from the definition of L, (). To show that is small enough,
however, it is not sufficient to use the methods of [10], based only on the variance
of L,,. Instead we shall need the central limit theorem for large deviations
[Cramer, 2]. To justify this application we note first that lim,, ,, L; (B¢ (X, 1, W)
is (conditionally) a sum of f, lsk,k (x,t,w) independent and identically distributed
random variables with mean O and variance less than %aZ— a fact used
above in another context. It must be shown that for some a > 0 these variables
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satisfy Cramer’s condition Ee®!* l< 0. But since they are merely the 1st passage
times of R, from x to {x + B}, centered at their expectation, their exact distribu-
tion is well known [11], and the condition is obviously met. The theorem on large
deviations now yields that for &> 0, e(Bisi (X, 1 W) ™% < B “sia(x, t, W), and
0<a<1/6,

P{ |45 1, W) — B L Sex W) | > s} < 1= $e(Busenrt, W) )

where ¢ is the normal distribution. Under our hypotheses this probability would
only be increased by setting s; ,(x,t,w) = C + B, which yields the conclusion that
for C, = Br?,y> (1 —2a)(1 +2a) 7%,

P{ [sialx,t,w) — B 'Si(x, 1, w)| > s}
4.2)

1/2
< PO exp(=6epCot )

The only values of x for which s, ;(x,¢,w) does not vanish are those for which
| x| £ maxo <] Ri(v)| holds, and for this maximum the usual reflection principle
argument shows that for N large

4/

4.3) P{max > N: <I—V——(2Ln)- exp(—- %N’t'l).

We now set « = 1, Ny = f; */? and C, = t'/28,%/3. Combining (4.2), (4.3), and
Lemma 4.1, it follows by considering only — N, < x £ N, that

P{ max |s; (%, 1,w) — B¢ 'Si(x,t,w)| > e}

x,k2k1

o 2ﬂk-1/2(t1/2ﬂk_3/5 + ﬂk)
<Z[ e/ (2n)

4B
J@n

(4.4) exp(—(e*Q2But"* B *° + b))

¥ exp (= 3B ) + 2K, exp = (K39

The sum is clearly finite, proving that for ¢ fixed s, ;(x,t,w) converges uniformly
to By 1Su(x,t,w). The restriction on ¢t can be removed by noting that if each
summand in (4.4) is multiplied by [te, ], corresponding to the number of
discrete values of ¢’ <t which need to be considered, the result remains finite.
A more natural method, however, is to use the fact that, for t' = me,,
six(%,t,w) — Br 'Si(x, 1, w) is a martingale in m, as is clear from [10] (or directly).
For large k the variance is small for m < ta; ', and the extension of conver-
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gence to all t'=ma, <t is completed by a conditional ‘‘reductio ad absurdum”
in the standard way. It has thus been established that for each ¢
S lim max s u(x, 1, w) — By 'Si(x, 1, w) | =0
k=0 x,t'=map<t
a.s. It remains to prove the analogous statements for lsk,k(x, t,w) — fi(x,t, w)| and

for | By ' Si(x,1,w) —f(x,t,w)|. Using the central limit theorem for Bernoulli
trials (DeMoivre-Laplace) one finds that for large & and D > 0,

P(lsk,k) x,t, W) _fk(x9 L W)I > slsk,k(x’ t,W) = D) =1- ¢(8(Dﬁk)_”2)7

¢ being the normal distribution. Combining this with the bound of Lemma 4.1
and the fact that s; ;(x,t,w) —fi(x,t,w) is a martingale in m for t = moy, the
first statement is immediately evident as in the previous case. The second state-
ment requires more delicate treatment, because the time spent in (x — f,, x + ;)
during passages of R (#) from x + B, “‘back to x”’ is not included in S;(x,t,w)
and these periods have a somewhat different distribution than those during
passages from x to {x + f,}, which are entirely spent in (x — f;, x + ). One
is led to consider the passages from x to x + f§, and from x + f§, back to x only,
treating those from x to x — B, separately by the same method. Let Z, (x,t,w)
denote the sojourn period of R, in (x,x + ;) before time ¢ during the succes-
sive disjoint passages from x to x + B, where from x immediately upon reaching
x + B, the process begins a ‘‘passage from x + f, back to x”’ (thereupon, after
reaching x, beginning a new passage from x to x + S, etc.) and let Z, (x,t,w)
be the analogous period during passages from x + B back to x. Also, let T(n,x)
be the time of the nth return to x from x4+ B, in this alternation. Then
Zy (x, T(n,x),w) — Z (x, T(n,x),w) is a sum of n independent and identically
distributed symmetric random variables each with variance less than 40,2/ 3. Since
the number of passages from x to x + f, by time T(n, x) is equal to n, Lemma 4.1
and [10] show that for t of the form noy,0; < n,

P{min T(oz!,x) < lim L,‘,,(t)} = P{maxfk(x,t,w)> 2[1,"1}
(4'5) x r—>o x

< (K1/) B¢ exp(—(4fc * (K207 H).

Combining this with Tchebycheff’s inequality and [10, Theorem 2] we find that
for large k and 6 > 0,

(4.6) P{maxﬁ,:1 |Z{ (x,t—6,w) — Z; (x,t—5,w)| > e} <A+ :—::— + %‘%,

x
where A is the last expression in (4.5). Since the distributions of Z;— Z;
are symmetric, the same inequality holds uniformly in = ma, <t — 6 after

multiplication by 2 on the right. Summing over k the result is finite, implying
that for all ¢,
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4.7 lim max B ZS(x,t',w) — Z (x,t",w)| = 0 as.
k= x,t'=map=<t

From the uniform convergence of the time lag L, (f) to 0 a.s. when k and r
become large and 0 < t' <t, which is proved in [10], one readily sees that the
time of the (x; 't’)th step of R,, which figures in the definition of S,(x,t’,w),
converges uniformly to ¢t', 0 <t' <t, and from the continuity of f(x,t,w) it is
clear that the quantity B *(Z{ (x,t’,w)+ Z; (x — B, t’,w)) converges uni-
formly to Bi * Sy(x,t’,w) a.s.,— 0 < x < 0, 0 £ t' < t. By the same continuity,
the quantity (28,)” *(Z (x,t', W)+ Z; (x — B t', W)+ Z (x,t', W) + Z (X — P, t', W)
converges uniformly a.s. to f(x,t’,w). By (4.7) it is evident that the second quan-
tity is uniformly near the first when k is large, and the proof is complete for ¢
of the form n*w, (for all k). But this obviously implies that the theorem holds
as stated.

By application of Theorem 4.1 we shall construct all diffusion processes on
the real line in an interval of their regularity, and with absorbing barriers as end-
points (in the case of accessible endpoints). If the interval is (a,p),
—w=a<0<f =+ o, as may be assumed, then after a change of scale the
process is determined by an infinitesimal generator in the form of a generalized
differential operator (d/dm)(d/dx), [6], operating in an appropriate space of
continuous functions on the image (a, b) of («,), — 0 < a <0< b < co. Here
m(x) is a strictly increasing right continuous function on the interval (a, b), and
conversely, any such function gives rise to a unique diffusion process on (a,b)
with no “‘drift’> and with absorbing barriers at the accessible endpoints.

The construction could be based directly on the functions f,(x,t,w), but it
is more natural to replace them by functions h,(x,t,w) defined as follows:

DEFINITION 4.2. Let hy(x,t,w) = B(S(t,i) + Q(t,1)), ifi < x < (i + 1)B;, where
Q(t,i) is the number of steps of R, from (i + 1) B to if; in the first [0y 't]
steps, and S(t,i) is introduced in Definition 4.1.

Since | hy(x,t,w) — fi(x,t,w)| < B, holds without exception, it is clear that
Theorem 4.1 applies essentially to h,(x,t,w). For a given function m(x) of the
type considered, let there be introduced the ‘‘time parameters’

b
() =27 f . 1, w) dm(x),

and

b
T (1) = 2'1f f(x,t,w)dm(x).

Further, let T denote inf, : R (¢) ¢ (a, b), where T= o is permitted. It is evident
from Theorem 4.1 and the continuity of R.(¢) that the limit lim,_, , T,(¢) = T, (f)
holds a.s., for all ¢ in [0, T) and uniformly in [0, c] for all ¢ < T, and that T, ()
is a monotone continuous mapping of [0, T) onto [0, T, (T)). It follows from
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the uniform convergence of R, to R, that lim,_ ., Ri(Ti(?)) = R (T, (1)) for all
t in [0, T) a.s., uniformly in [0, cJ for all ¢ < T. According to a theorem of Ito
and McKean [8], the process RX(t*) defined by

RE(t*) = R(t) for t*=T,(1), 0<t*<T.(T)

if such t exist; 0 otherwise, is the required diffusion process with initial value 0,
generator (d/dm)(d/dx), and an absorbing tarrier at each accessible endpoint.
In order to derive RX(t*) as a uniform limit of processes R¥(t*¥) depending only
on the random walks R,, define R¥(t*) = R(na,) where n is determined
by the inequalities Ti(nay) < t* < Ti((n + 1)oy). Then from the assumption
t*= T_(¢) follow the inequalities T(n(t),) = T,,(t) < T((n(t) + 1)ay), and since
T, (t) is strictly increasing it is easily seen that lim,_, (n(t)o, — t) = 0 a.s. for all
t < T, and consequently, that lim,_  R¥(t*) = RX(t*) a.s., for all t* < T (T)
and uniformly in [0,c] for ¢ < T, (7).

A final consideration is warranted for the sojourn density processes corres-
ponding to R%(t*). In order to avoid irrelevant complication, we shall assume
that a = — oo, and b = + oo, which implies that both endpoints are inaccessible.
Then it is clear from the definition of T, (f) that T, (T) = oo, and that for t > 0
and all y a.s.

T (t) y
f I pREE*)dt* = 271 f f(x,t, wydm(x).
o —

The sojourn density processes of RX(t*) are therefore identical with those
of R_(t), but their definition is obtained by differentiating with respect to the
measure 2~ *dm(x). More precisely, if ay = 0 and x, < 0 are fixed, and if we set

. d [ .
Teoa) = inf 3 76 [ oy REOME> a6

the process

T(x0,20)

Crntoi) = s [ Iy RE@E
is identical with that of Theorem 2.2 a.s. For a fixed ¢, however, the sojourn
density of R¥(T,(t)) with respect to 2~ 'dm(x) is the same as that of R_({)
with respect to dx, and in going from one to the other the change of time scale
from t tc T,(f) cannot be avoided.

As an application of these facts, we consider the radial component Y(t) of
a Brownian motion in N > 1 dimensions. This is known to be a diffusion process
for which

2 rvt o,
Pi¥=r} = _2NF(%N).[op e




1963] A SOJOURN DENSITY PROCESS OF BROWNIAN MOTION 85

holds. Using this and the spacial homogeneity of Brownian motion, it can be
shown that the generator of this process is 4(8%/dr?) + ((N—1)/2r)i(d/0r).
With this generator as starting point, we cannot apply the preceding analysis
directly because of the presence of a ‘‘drift’” in the positive direction, implying
that the generator does not have the form (d/dm) (d/dx). However, if a change
of scale is introduced by the transformation z = f(r), where f is a solution of
(3(06%/0r?) + (N—1)/2r)(8/dr))f = 0, it is known that the generator assumes
the required form. We shall consider only the case N > 2; the case N =2 may
be treated similarly but requires special formulas. For N > 2 the necessary change
of scale is z = (N —2)"*r~ ™2 in terms of which if the corresponding process

is written Z(t) = z(Y(t)), then the generator of Z(t) assumes the form (d/dm)(d/dz)
with

m(z) =2(N — 2)—2_2/(”'_2)]2 x"2THN=D gy,
ro
We consider for the moment a change of starting point letting Y(0) = ro > 0.
The total sojourn time period of Y(¢) in (0, r,) before reaching r,, for ro = ry =7,
is the same as that of Z(¢) in (r; ¥~?)/(N—2), ), which in view of the above
considerations can be written in the form

r;(N-Z))
N-2,

(4.8) j X(x)dm (x + = f (2((N—2)x+r;‘”‘2’)’2‘2/<“‘2’X(x)dx
where a = (r; ¥ —r; ®~2) /(N — 2) and X(x) is the process of Corollary 1.3
with — xo = (rg®™ P =% 2) /(N-2) and a,=0. Letting ro approacﬁ
0 and r, approach o, the total sojourn time period of Y(f) starting at 0 in
(0,r,) becomes

(4.9) f 2((N — 2)x) ~27 2N =D x(x)dx,
(N=2)-1p, —(N=2)

where X(x) s the diffusion process with initial valueOand generator zd*/dz* +d/dz.
The new feature of this representation is that it presents the total sojourn time
as a stochastic process with parameter r,. For r, fixed, the distribution of this
random quantity is completely given in [1]. Let us remark, finally, that in [1]
it is shown that for N > 2 the distribution of the total sojourn time in a sphere
of radius r, is identical with that of the first passage time to the sphere of radius
r, in dimension N—2. It is to be noted here that this first passage time may be
represented for N > 4 by letting r, =, and ro =0 in (4.8), which gives the
expression

(4.10) f: 2((N = 4)(x + ry NN — 4)" 1) 2720 ¥(x)dx.
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Using the easily verified facts that E(X(x)) = x and E(X(x,)X(x,)) = x,(x, + x,)
it can be shown directly that the first two moments of the distributions of (4.9)
and (4.10) are the same. To verify directly the identity of the two distributions,
however, remains an open problem.
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